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Foreword

This volume contains papers selected for presentation at the 26th International
Symposium on Mathematical Foundations of Computer Science — MFCS 2001,
held in Marianské Lazné, Czech Republic, August 27 — 31, 2001.

MFCS 2001 was organized by the Mathematical Institute (Academy of Sci-
ences of the Czech Republic), the Institute for Theoretical Computer Science
(Charles University, Faculty of Mathematics and Physics), the Institute of Com-
puter Science (Academy of Sciences of the Czech Republic), and Action M
Agency. It was supported by the European Research Consortium for Informatics
and Mathematics, the Czech Research Consortium for Informatics and Math-
ematics, and the European Association for Theoretical Computer Science. We
gratefully acknowledge the support of all these institutions.

The series of MFCS symposia, organized on a rotating basis in Poland, Slo-
vakia, and the Czech Republic, has a well-established tradition. The aim is to
encourage high-quality research in all branches of theoretical computer science
and bring together specialists who do not usually meet at specialized confer-
ences. Previous meetings took place in Jablonna, 1972; Strbské Pleso, 1973; Jad-
wisin, 1974; Maridanské Lazné, 1975; Gdansk, 1976; Tatranskd Lomnica, 1977; Za-
kopane, 1978; Olomouc, 1979; Rydzina, 1980; Strbské Pleso, 1981; Prague, 1984;
Bratislava, 1986; Karlovy Vary, 1988; Porabka-Kozubnik, 1989; Banska Bystrica,
1990; Kazimierz Dolny, 1991; Prague, 1992; Gdansk, 1993; Kosice, 1994; Prague,
1995; Krakéw, 1996; Bratislava, 1997; Brno, 1998; Szklarska Poreba, 1999; and
Bratislava, 2000.

It is our pleasure to announce that at the opening of MFCS 2001, Dana
Scott (Carnegie-Mellon Univ., Pittsburg, PA, U.S.A.) was awarded the Bolzano
Honorary Medal of the Academy of Sciences of the Czech Republic for his con-
tribution to the development of theoretical computer science and mathematics
in general and his cooperation with Czech scientists in particular.

The MFCS 2001 proceedings consist of 10 invited papers and 51 contributed
papers. We are grateful to all the invited speakers for accepting our invitation
and sharing their insights on their research areas. We thank the authors of all
submissions for their contribution to the scientific program of the meeting.

The contributed papers were selected by the Program Committee out of
a total of 118 submissions. All submissions were evaluated by three or four
members of the committee, with the assistance of referees, for a total of more
than 450 reports. After electronic discussions, the final agreement was reached
at the selection meeting in Prague on May 11-12, 2001 (the program committee
members denoted by * in the list below took part in the meeting). We thank all
the program committee members and referees for their work which contributed
to the quality of the meeting. We have tried to make the list of referees as
complete and accurate as possible and apologize for any omissions and errors.



VI Foreword

Special thanks go to Jochen Bern who provided a reliable software system
used for electronic submissions and reviewing (tested before on STACS 1999
through 2001), and volunteered a fair amount of his night-time to maintain
and further improve the system according to our unrealistic specifications and
expectations.

Finally, we would like to thank Milena Zeithamlova, Lucie Vachova, and
Andrea Kutnarova from Action M Agency for their excellent work on local ar-
rangements.

We wish MFCS 2002, to be held in Warsaw, success and many excellent
contributions.

June 2001 Jiti Sgall
Ales Pultr
Petr Kolman

Program Committee

Manfred Broy (TU Munich)

Harry Buhrman (CWI, Amsterdam)

Anne Condon (Univ. of British Columbia, Vancouver)
Peter van Emde Boas (Amsterdam Univ.)
Martin Grohe (Univ. of Illinois, Chicago)

Petr Héjek * (Academy of Sciences, Prague)
Juraj Hromkovic * (RWTH Aachen)

Russell Impagliazzo (UC San Diego)
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A New Category for Semantics

Dana S. Scott

Carnegie Mellon University,
Pittsburgh, PA, USA

Abstract. Domain theory for denotational semantics is over thirty years
old. There are many variations on the idea and many interesting con-
structs that have been proposed by many people for realizing a wide
variety of types as domains. Generally, the effort has been to create cat-
egories of domains that are cartesian closed (that is, have products and
function spaces interpreting typed lambda-calculus) and permit solutions
to domain equations (that is, interpret recursive domain definitions and
perhaps untyped lambda-calculus).

What has been missing is a simple connection between domains and the
usual set-theoretical structures of mathematics as well as a comprehensive logic
to reason about domains and the functions to be defined upon them. In December
of 1996, the author realized that the very old idea of partial equivalence relations
on types could be applied to produce a large and rich category containing many
specific categories of domains and allowing a suitable general logic. The category
is called Equ, the category of equilogical spaces.

The simplest definition is the category of Ty spaces and total equivalence
relations with continuous maps that are equivariant (meaning, preserving the
equivalence relations). An equivalent definition uses algebraic (or continuous)
lattices and partial equivalence relations, together with continuous equivariant
maps. This category is not only cartesian closed, but it is locally cartesian closed
(that is, it has dependent sums and products). Moreover, it contains as a full
subcategory all Ty spaces (and therefore the category of sets and the category
of domains).

The logic for this category is intuitionistic and can be explained by a form
of the realizability interpretation, as will be outlined in the lecture. The project
now is to use this idea as a unifying platform for semantics and reasoning. In
the last four years the author has been cooperating with faculty and students
at Carnegie Mellon on this program, namely Steven Awodey, Andrej Bauer,
Lars Birkedal, and Jesse Hughes. A selection of papers (in reverse chronolog-
ical order) follows. These (and futute papers) are available via the WWW at
http://www.cs.cmu.edu/Groups/LTC.

J. Sgall, A. Pultr, and P. Kolman (Eds.): MFCS 2001, LNCS 2136, pp. 1-2, 2001.
© Springer-Verlag Berlin Heidelberg 2001
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On Implications between P-NP-Hypotheses:
Decision versus Computation in Algebraic
Complexity

Peter Biirgisser

Dept. of Mathematics and Computer Science, University of Paderborn,
D-33095 Paderborn, Germany
buergisserQupb.de

Abstract. Several models of NP-completeness in an algebraic frame-
work of computation have been proposed in the past, each of them hing-
ing on a fundamental hypothesis of type P#ANP. We first survey some
known implications between such hypotheses and then describe attempts
to establish further connections. This leads us to the problem of relat-
ing the complexity of computational and decisional tasks and naturally
raises the question about the connection of the complexity of a polyno-
mial with those of its factors. After reviewing what is known with this
respect, we discuss a new result involving a concept of approximative
complexity.

1 Introduction

Algebraic complexity theory is the study of the intrinsic difficulty of compu-
tational problems that can be posed in an algebraic or numerical framework.
Instead of basing this study on the model of the Turing machine, it uses “alge-
braic models” of computation. Besides the fact that these models form a natural
theoretical framework for the algorithms commonly known to solve the problems
under consideration, the main motivation for this choice of model is the idea that
various methods from pure mathematics like algebraic geometry or topology
can be employed to establish lower bounds in this more structured world. This
project has been successful for problems of polynomially bounded complexity,
as illustrated by the large body of work presented in the textbook [14].

The theory of NP-completeness is one of the main cornerstones of computa-
tional complexity, although still resting on the unproven hypothesis that P # NP.
In seminal works by Valiant [45,47] and Blum, Shub and Smale [9] models of
NP-completeness in an algebraic framework of computation have been proposed,
motivated by the hope to prove the elusive separation of P and NP in these
frameworks. So far, this hope has not been fulfilled except in rather trivial cases.
However, there have been successful attempts in relating these different mod-
els to each other and in establishing implications between the various P-NP-
hypotheses presently studied. The known “transfer theorems” either relate such
hypotheses of the same type refering to different fields, or provide implications

J. Sgall, A. Pultr, and P. Kolman (Eds.): MFCS 2001, LNCS 2136, pp. 3-17, 2001.
© Springer-Verlag Berlin Heidelberg 2001



4 Peter Biirgisser

from the separation of P and NP in the classical bit model to a corresponding
separation in an algebraic model of computation. As an exception to this rule,
Fournier and Koiran [20] (see also [31]) recently proved an implication in the
reverse direction for a restricted algebraic model. This has challenged the hope
that a P-NP-separation in the algebraic model might be easier to prove than in
the bit model. We review some of the known transfer results in Section 3.

In Section 4 we will discuss an attempt [12] to relate the P-NP hypothesis
in Valiant’s framework to the one in the Blum, Shub, Smale (BSS) framework,
as well as an attempt [12] to establish a connection to the complexity of certain
univariate polynomials. This leads us to the problem of relating the complexity
of computational and decisional tasks and naturally raises the question about
the connection of the complexity of a polynomial with those of its factors. This
relationship is not well understood and turns out to be the bottleneck in both
attempts.

In Section 5 we review what is known about the complexity of factors. We
mention a result by Kaltofen [27], which seems to be widely unknown in the
community (and has been independently discovered by the author). It states that
the complexity of an irreducible factor g of a polynomial f can be polynomially
bounded in the complexity of f, the degree of g, and the multiplicity of g. We
believe that the dependence on the multiplicity is not necessary, but we have
been unable to prove this. Instead, we present a new result [10], which states that
the dependence on the multiplicity can be avoided when replacing complexity
by the related notion of “approximative complexity”, which is introduced in
Section 6.

As a major application, we obtain the following relative hardness result about
decision complexity over the reals: Checking the values of polynomials forming
complete families in Valiant’s sense cannot be done with a polynomial number
of arithmetic operations and tests, unless the permanent has a p-bounded ap-
proximative complexity, which seems unlikely. This hardness result extends to
randomized algorithms with two-sided error, formalized by randomized algebraic
computation trees.

2 Algebraic Models of NP-Completeness

2.1 Blum-Shub-Smale Model

Blum, Shub, and Smale [9] have extended the classical theory of NP-completeness
to a theory of computation over arbitrary rings, the three most interesting cases
being the field of real or complex numbers, and the finite field Fy. In the latter
case, the classical theory of computation is recovered. As usual in algebraic
complexity theory, a basic computational step is an arithmetic operation, an
equality test, or a <-test if the field is ordered, and we make the idealizing
assumption that this can be done with infinite precision. Moreover a uniformity
condition is assumed to be satisfied. For a recent account see [3]. Poizat [10]
describes an elegant approach to a P-NP-framework over general structures.
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Many ideas of discrete structural complexity can be extended to such a
framework; in particular the complexity classes P, NP and the notion of NP-
completeness. In this framework, a natural NP-complete problem turns out to
be the feasibility problem to decide for a given system of polynomials whether
they have a common root. In all three settings (Fo, R, C) it is a fundamental
open problem whether P # NP is true. It has been shown [7] that this question
has the same answer over all algebraically closed fields of characteristic zero.

Over the reals, no corresponding transfer theorem is known.

2.2 Valiant’s Algebraic Model

In [45,47] Valiant proposed an analogue of the theory of #P-completeness in a
framework of algebraic complexity, in connection with his famous hardness re-
sult for the permanent [46]. This theory features algebraic complexity classes VP
and VNP as well as VNP-completeness results for many families of generating
functions of graph properties, the most prominent being the family of perma-
nents. For a comprehensive presentation of this theory, we refer to [21,14] and
to the recent account [12].

While the complexity classes in the BSS-modell capture decision problems,
the Valiant classes deal with the computational problem to evaluate multivariate
polynomials. Only straight-line computations are considered and uniformity is
not taken into account. The basic object studied is a p-family over a fixed field k,
which is a sequence (f,) of multivariate polynomials such that the number of
variables as well as the degree of f, are polynomially bounded (p-bounded)
functions of n. The complexity class VP over k consists of the p-families (f,)
which are p-computable, which means that the straight-line complexity of f,
is p-bounded in n. Note that although X2" can be computed with only n mul-
tiplications, the corresponding sequence is not considered to be p-computable,
as the degrees grow exponentially. A p-family (f,,) is called p-definable iff there
exists (gn) € VP such that for all n

fn(Xla"va(n)): Z gn(Xla"'7X'u(n)7e'u(n)+17"'7eu(n))'
ee{0,1}u(m—v(n)

The set of p-definable families form the complexity class VNP. The class VP is
obviously contained in VNP, and Valiant’s hypothesis claims that this inclusion
is strict. It has been shown in [12, § 4.1] that over algebraically closed fields, this
hypothesis depends at most on the characteristic of the field.

3 Known Implications between P-NP-Hypotheses

In each of the algebraic models discussed before we have raised the fundamental
question whether P # NP. Recently, a considerable amount of research has
been directed towards establishing “transfer theorems” that provide implications
from the separation of P and NP in the classical bit model to a corresponding
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separation in an algebraic model of computation. These results rely on various
techniques to eliminate the real or complex constants that may be used by a
computation in the algebraic model on a Boolean input. One of the first results
of this kind was established by Koiran [29] for the additive BSS-model over the
reals, which allows additions and subtractions as the only arithmetic operations.
Koiran showed that

P # NP nonuniformly = P # NP over R as an ordered group. (1)

Here, the elimination of constants is based on polyhedral geometry, in par-
ticular on the fact that a nonempty polyhedron defined by a system of in-
equalities with small coefficients has a small rational point. Quite astonishingly,
the converse of the above implication is also true, as recently established by
Fournier and Koiran [20]. The proof of the converse of (1) relies on Meyer auf
der Heide’s [37,39] construction of small depth linear decision trees for locating
points in arrangements of hyperplanes.

For the unrestricted BSS-model over the reals (with order) no implication
in either direction is known. Over the complex numbers, we know the following
about the unrestricted BSS-model

P # NP nonuniformly = P # NP over C, (2)

as noticed independently by several researchers. The essential point here is that
using modular arithmetic, it is possible to test in random polynomial time
whether an integer given by a straight-line program equals zero. Actually, the
left-hand side can be replaced by the weaker statement NP & BPP. (A proof can
be found in Cucker et al. [18], although somewhat hidden.) We do not know how
to efficiently test for positivity of an integer given by a straight-line program,
and this seems to be the main obstacle for establishing an implication analogous
to (2) over the reals.

In [13] we have shown the following implication for Valiant’s model over Fa:

NC? # @P nonuniformly = VP # VNP over Fs. (3)

More specifically, by interpreting families of polynomials over Fy as Boolean
functions, we can assign to an algebraic class C its Boolean part BP(C). It turns
out that over Fy we have

NC!/poly € BP(VP) € NC?/poly, BP(VNP) = @P/poly,

which immediately implies (3). Note that the class VNP over Fy is by definition
closely related to @P. On the other hand, the Boolean function corresponding
to a p-computable family lies in NC? /poly, due to the fact [6] that an algebraic
straight-line program of size n°(!) computing a polynomial of degree n©") can
be efficiently parallelized, i.e., simulated by a straight-line program of size n©(*)
and depth O(log2 n). A challenging open problem is to find out to what extent
implication (3) might be reversed: does BP(VP) = BP(VNP) imply that VP =
VNP over Fy?7 As a first step in this direction, it seems rewarding to locate
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BP(VP) exactly in the hierarchy of known complexity classes between NC! /poly
and NC?/poly.

For Valiant’s model in characteristic zero, we have proved in [13] the following
implication similar to (3):

FNC? # #P nonuniformly => VP # VNP in characteristic zero,

conditional on the generalized Riemann hypothesis. Besides the ideas mentioned
for the field Fy, the proof is based on some elimination of constants, which is
achieved by a general result about the frequency of primes p with the property
that a system of integer polynomial equations solvable over C has a solution
modulo p.

In Section 4.2 we will address the question whether VP # VNP implies
P # NP over C. The difficulty here is not to eliminate constants, but to link the
complexity of decisional problems to the complexity of computational problems.

4 Attempts to Establish Further Connections

4.1 Linking Decisional to Computational Complexity

Are there functions, whose value can be checked in polynomial time but which
cannot be computed in polynomial time? In fact, this is a basic assumption in
cryptography, since it turns out to be equivalent to the existence of one-way
functions [24,41]. We ask now this question for a real or complex polynomial
function g. More specifically, we ask whether deciding g(z) = 0 can be done
considerably faster than just by computing g at input x?

In order to make this formal, we introduce the computational complexity L(g)
and the decisional complexity C(g). The first one refers to the straight-line model
of computation and counts all arithmetic operations (divisions are not allowed
for simplicity). The decisional complexity refers to algebraic computation trees
and counts besides arithmetic operations also branchings according to equality
tests (and <-tests over the reals). Clearly, C'(g) < L(g) + 1. In both cases, we
allow that any real or complex numbers may be used as constants.

Assume that g is the product of m real linear polynomials: g = hy -+ hypy.
In the case n = 1 we have obviously C(g) = O(logm) using binary search. The
result by Meyer auf der Heide [37,39] and Meiser [36] extends this to higher
dimensions and states that it is possible to locate a given point z € R" in the
hyperplane arrangement given by hq, ..., h, by an algebraic computation tree
with depth (nlogm)®™M. (In fact, linear decision trees are sufficient for this,
see [19].) We therefore have C(g) = (nlogm)®™M). On the other hand, one can
show that the complexity for evaluating g equals ©(mn) if the h; are in general
position [14, Chap. 5]. This example shows that computational and decisional
complexity may differ dramatically. In Section 7.1 we will provide strong evidence
that this phenomenon does neither occur over the complex numbers nor over the
reals if g is irreducible and has a degree polynomially bounded in its complexity.
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The following well-known lemma [16,8] provides a link from decisional to
computational complexity. It naturally leads to the question of relating the
complexity of a polynomial to those of its multiples, which will be investigated
systematically in Section 5.

Lemma 1. There exists a nonzero multiple [ of g such that L(f) < C(g).
Over C this is true without additional assumption, over R we have to require
that g is irreducible.

4.2 Does Valiant’s Hypothesis Imply the BSS Hypothesis over C?

In [12, §8.4] we have conjectured that Valiant’s hypothesis implies the BSS
hypothesis over C. Loosely speaking, this means that if the permanent is in-
tractable, then solving systems of polynomial equations over C is intractable
as well. The following reasonings from [12], similar as in Heintz and Morgen-
stern [25], have lead us to this conjecture.

The real, weighted cycle cover problem is the following decision problem:
given a real n x n matrix [w; ;| of weights and a real number s, one has to decide
whether there exists some permutation © € S, such that Z?:l w; (i) = 5. (Note
that a permutation can be visualized as a cycle cover.) By the above mentioned
result [37,39], this decision problem can be solved by algebraic computation trees
over the reals with depth n®("). We reformulate this problem now as follows:
let x; ; = 2% and y = 27°. Then the above question amounts to test whether
the (reducible) polynomial

9n ‘= HTrESn(l - YXlxﬂ'(l) o Xn’ﬂ—(n))

vanishes for a given (positive) real matrix = = [x; ;] and y > 0.

If we expand g, according to powers of Y, we see that the permanent of
the matrix [X; ;] is the coefficient of Y in fact, g, = 1 — Y PER,(X) + O(Y'?).
A variant of a well-known result on the computation of homogeneous parts im-
plies L(PER,,) < 4L(g,) (compare [14, § 7.1 ]). Therefore, g, is hard to compute
if Valiant’s hypothesis is true.

It is easy to see that the problem to check whether g,(x,y) = 0 gives rise
to a problem in the BSS complexity class NP over the reals. Indeed, for a given
matrix z and y € R it suffices to guess the permutation 7 and to check that
YZin(1) " Tnym(n) = 1.

We present now an attempt to deduce P # NP over C from Valiant’s hy-
pothesis, based on the decision problem g, (x,y) = 0 over the complex numbers.
Assume that P = NP over C. Then the above decision problem would lie in
P and therefore could be solved by algebraic computation trees of depth poly-
nomially bounded in n, hence C(g,) = n®® . By Lemma 1 there is a nonzero
multiple f,, of g, for each n such that L(f,) < C(gn), hence L(f,) = n®®).
If we could derive from this that the factor g, has a complexity polynomially
bounded in n, then we could conclude L(PER,,) = n°®, which contradicts
Valiant’s hypothesis, as the the permanent family is VNP-complete.
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4.3 Univariate Polynomials and P # NP over C

For given n € N consider the problem (“Twenty Questions”) to decide for a given
complex number z whether x € {1,2,...,n}. The complexity of this problem in
the model of computation trees over C thus equals C(p,,), where

pu(X) = (X =1)(X =2)--- (X —n)

are the Pochhammer-Wilkinson polynomials. Shub and Smale [412] made the fol-
lowing reasoning similar to the one in Section 4.2. By considering the parameter n
also as an input, the above decision problem is easily seen to lie in the class NP
over C, when we consider the pair (n,z) as an instance of size { = [logn]. The
point is that one can check whether x is an integer in the range 0,1,...,2¢ —1
by guessing complex numbers wy, ..., wy—1 and checking that x = Zf;é w;2°
and w;(w; — 1) = 0 for all 7.

Assume that P = NP over C. Then the above decision problem would lie in P
and we would have C(p,) = n°M). By Lemma 1 there would exist a nonzero
multiple f,, of p, with complexity L(f,) < C(pn,) = n®W) . This argument
can be refined: by eliminating the finite set of complex constants used by a
BSS-machine, it is possible to achieve that the multiple f,, of p, is an integer
polynomial computed by a straight-line program of length n°() using 1 as the
only constant. We call the minimal length of a straight-line program satisfying
this additional condition the 7-complexity 7(f). Clearly, L(f) < 7(f).

Shub and Smale [42] set up the so-called T-conjecture, which claims the
following connection between the number z(f) of distinct integer roots of a
univariate integer polynomial f and its 7-complexity:

2(f) <@+7()°,

where ¢ > 0 is a universal constant. The 7-conjecture thus implies P # NP over
the field of complex numbers.

In order to illustrate that the 7-conjecture is of a number theoretic quality, let
us ask a more general question. Let k be a field, f be a polynomial in n variables
over k, and d € N. We write Ng(f) for the number of irreducible factors of f
over k having degree at most d, not counting multiplicity. For a fixed field k, we
raise the following question:

3> 0 Vn,d Vf € k[X1, ..., Xn] : Na(f) < (L(f) + d)°. (4)

It is clear that this statement over Q implies the 7-conjecture: the difference being
that we take n = d = 1, count all rational roots of f, and measure complexity
with L instead of 7. Refering to question (4), we observe the following:

(i) If (4) is true over some field k, then it must be true over the rationals.
(if) Question (4) is false over finite fields, real or algebraically closed fields, and p-
adic fields.
(iii) Over number fields one may equivalently take n = 1 in (4).
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The proof is simple: first note that property (4) is inherited by subfields of k.
A counterexample over k = I is provided by the factorization of f = X  _x
into the product of all monic irreducible polynomials over I, whose degree is
a divisor of d. This example can be lifted to the p-adics. Over R and C one
may use f = X™ — 1 or the Chebychev polynomials. The proof of (iii) is an
immediate consequence of the Hilbert irreducibility theorem [32]. (We note that
a corresponding conclusion with 7 instead of L is not clear.)

It is interesting to note that the Pochhammer-Wilkinson polynomial p,, can
be evaluated with O(y/nlog? n) arithmetic operations. Indeed, assume n = m?
and write for z € R

Pm?2 (JJ) = HOS‘K’" (LL' —qm — T) = H;n:_ol hm(Q)a
0<r<m

where h, (V) := [[7 (x —mY —r) = 37 a;(2)Y?. Using FFT-based fast
arithmetic (cf. [14, Chap. 2]) one can compute on input z all coefficients a;(x)
and then use multiple evaluation to obtain h,,(q) for all ¢ < m using only
O(mlog? m) arithmetic operations. A more detailed reasoning yields 7(py,2) =
O(mlog® mloglogm). We remark that a similar idea was first formulated for
the efficient computation of factorials [44].

We do not know whether the sequence of Pochhammer-Wilkinson polyno-
mials (p,) is hard to compute in the sense that L(p,) > n° for some e > 0.
However, we can make the following interesting observation:

pn(X?) = qn -G, = H?:1(X -Vi)- H?:l(X +V7)-

Using techniques of algebraic complexity theory, Heintz and Morgenstern [25]
were able to prove that each of the sequences (¢,) and (g,,) is hard to compute
(see also Baur [4]).

If we were able to extend the hardness proof for ¢, to all of its nonzero
multiples, then we had proved that all nonzero multiples of p,, are hard and thus
P # NP over C. The problem to relate the complexity of a polynomial with its
nonzero multiples appears here closely related to the P-NP problem over the
complex numbers. _

We remark that Aldaz at al. [1] showed that [}, (X —22") is hard to compute
and Baur and Halupczok [5] proved a corresponding lower bound for all the
nonzero multiples of these polynomials.

5 Complexity of Factors

We proceed now with a systematic investigation of the relationship in complexity
of a polynomial f with those of its factors. The first question to ask is whether
the complexity of a factor g can always be polynomially bounded in the com-
plexity of f. Our developments in Section 4.3 already indicate that the answer
to this question is negative, since a positive answer would provide a proof of
P # NP over C. The answer is indeed negative, as first discovered by Lipton
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and Stockmeyer [35]. The simplest known example illustrating this is as follows:
consider fn, = X" —1 =[]0 (X — ¢7), where ¢ = exp(2mi/2"). By repeated
squaring we get L(f,) < n+ 1. On the other hand, one can prove that for almost
all M C {0,1,...,2" — 1} the random factor [];c,, (X — ¢’) has a complexity
which is exponential in n, cf. [14, Exercise 9.8]. A similar reasoning can be made
over the rationals based on the factorization into the cyclotomic polynomials.
This idea yields reducible factors of high complexity.

Problem 1. Construct a sequence of irreducible polynomials g,, with complexity
exponential in n, which have a nonzero multiple f,, with complexity polynomially
bounded in n.

In the above example, the degree of the factor g is exponential in the complex-
ity of f. We restrict now our attention to factors having a degree polynomially
bounded in the complexity of f. A well-known result by Kaltofen [28] describes
a randomized polynomial time algorithm for factoring a multivariate polyno-
mial f given by a straight-line program. Hereby, the upper bound is polynomial
in the straight-line complexity of f and the degree of f. In a widely unknown
paper, Kaltofen [27] also proved that the complexity of any irreducible factor g
is polynomially bounded in the complexity of f, the degree of g and the multi-
plicity of g. This result, stated explicitly below, was independently found by the
author, compare [12, Thm. 8.14]. Hereby, the notation M (d) stands for an upper
bound on the complexity for the multiplication of two univariate polynomials of
degree d over k, e.g. M(d) = O(dlogd) if the field k “supports” fast Fourier
transforms.

Theorem 1. Assume f = g°h with polynomials g,h € k[X1,..., X,] which are
coprime. Let d > 1 be the degree of g and suppose that k is a field of characteristic
zero. Then we have

L(g) = O(M(d3e)(L(f) + dloge)).

In [12, Conj. 8.3] we have conjectured that the dependence on the multiplic-
ity e can be omitted, that is, we think that the complexity of the factor g is
polynomially bounded in the complexity of f and the degree d of g.

In Section 7.1 we will present a new result [10] stating that the dependence on
the multiplicity in Theorem 1 can indeed be omitted when replacing complexity
by the related notion of “approximative complexity”, to be defined next.

The fact that a computation with a polynomial number of steps may produce
intermediate results of exponential degree is well-known to cause considerable
complications. Actually, the so-called weak BSS model of computation [30] was
defined in order to cope with this phenomenon, simply by forbidding such an
exponential growth of degree. The fact that the P-NP separation in the weak
model is trivial to obtain clearly shows that this model is a large oversimplifi-
cation. We remark that the Valiant model also excludes an exponential growth
of degrees during a computation. However, one can show [43] that this is no
restriction for the study of polynomials of p-bounded degree, like permanents.
Note that resultants of systems of polynomial equations have a huge degree and
are not captured by Valiant’s framework.
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6 Approximative Complexity

The concept of approximative complexity has been systematically studied in the
framework of bilinear complexity (border rank) and there it has turned out to
be one of the main keys to the currently best known fast matrix multiplication
algorithms [17]. For computations of polynomials or rational functions, approx-
imative complexity has been investigated in less detail. Griesser [22] generalized
most of the known lower bounds for multiplicative complexity to approxima-
tive complexity. Lickteig [33] as well as Grigoriev and Karpinski [23] employ the
notion of approximative complexity for proving lower bounds. We refer to [14,
Chap. 15] and the references there for further information.

6.1 Algebraic Definition and Topological Characterization

Let f = fo(X1,. ., Xp)Y? + for1(Xq,...,X,)Y9™t + ... be the expansion
of a polynomial f with respect to the variable Y. We do not know whether
the complexity of the leading coefficient f, can be polynomially bounded in
the the complexity of f. However, we can make the following observation. For
the moment assume that k is the field of real or complex numbers. We have
limy oy~ 7f(X,y) = fo(X) and L(f(X,y)) < L(f) for all y € k. Thus we can
approximate f, with arbitrary precision by polynomials having complexity at
most L(f). We could say that f, has “approximate complexity” at most L(f).
We will formalize this in an algebraic way; a topological interpretation will

be given later. In what follows, K := k(e) is a rational function field in the
indeterminate e over the field £ and R denotes the local subring of K consisting
of the rational functions defined at ¢ = 0. We write F.—¢ for the image of

F € R[X] under the morphism R[X] — k[X] induced by € — 0.

Definition 1. Let f € k[Xy,...,X,]. The approximative complexity L(f) of
the polynomial f is the smallest natural number r such that there exists F in
R[X1,...,X,] satisfying Fe—g = f and L(F) < r. Here the complexity L is to
be interpreted with respect to the larger field of constants K.

Even though L refers to division-free straight-line programs, divisions will
occur implicitly since our model allows the free use of any elements of K as
constants. In fact, the point is that even though F' is defined with respect to the
morphism € +— 0, the intermediate results of the computation may not be so.
Note that L(f) < L(f).

We remark that the assumption that any elements of K are free constants is
made for achieving conceptual simplicity. We could as well require to build up
the needed elements of K from €, ¢! and elements of k. One can show that this
would not significantly change our main conclusions.

The topological characterization of approximative complexity, to be pre-
sented next, shows that this is a very natural notion from a mathematical point
of view. Assume k to be an algebraically closed field. There is a natural way to
put a Zariski topology on the polynomial ring A4,, := k[X1,..., X,,] as a limit of
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the Zariski topologies on the finite dimensional subspaces {f € A,, | deg f < d}
for d € N. If k is the field of complex numbers, we may define the Euclidean
topology on A, in a similar way. If f € A,, satisfies L(f) < r, then it easy to see
that f lies in the closure (Zariski or Euclidean) of the set {f € A,, | L(f) < r}.
Alder [2] has shown that the converse is true and obtained the following topo-
logical characterization of the approximative complexity.

Theorem 2. The set {f € A, | L(f) < r} is the closure of the set {f € A, |
L(f) < r} for the Zariski topology. If k = C, this is also true for the Euclidean

topology.

6.2 Computation of p-adic Coefficients

Let f,p € k[X1,...,X,][Y] and assume p to be monic of degree d > 1 in Y.
Let f = Y, fip' be the p-adic representation of f, that is, f; € k[X,Y] and
degy fi < d. Using the idea in [14, § 7.1] it is not hard to see that the complexity
of the coefficient polynomial f; of Y? can be polynomially bounded in d, 1,
and L(f). The following observation shows that the dependence on the degree i
cannot be avoided in general.

Proposition 1. The complezity of coefficient polynomials in a p-adic represen-
tation of a polynomial f is not polynomially bounded in L(f) and d = degp,
unless Valiant’s hypothesis is false.

Consider the Y-adic representation of the following polynomial f,, of com-
plexity L(f,) = O(n?)

Ini= H?:l (E?ZI XinjSl) =2 Fai(X)Y!

and observe that the coefficient f,, on_1(X) equals the the permanent of the
matrix [X;;]. This already provides the proof of Proposition 1.

Assume now that the p-adic representation f = fop’+ frr1p?*1 4. .. starts at
order ¢, f; # 0. We can consider f; as the leading coefficient of f with respect to
the basis p. By contrast with Proposition 1, we can say the following about the
approximative complexity of the leading coeflicient in relation to the complexity

of f (cf. [10]).

Proposition 2. The approximative complexity of the leading coefficient f; is
polynomially bounded in d and L(f): we have

L(fe) = O(M(d)L(F))-

7 Decision versus Computation

7.1 Approximative Complexity of Factors

Here is the result from [10], which eliminates the dependence on the multiplicity
in Theorem 1 by switching to approximative complexity. The number 2 < w <
2.38 denotes the exponent of matrix multiplication (cf. [14, Chap. 15]).
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Theorem 3. Assume that g is an irreducible factor of degree d of a polynomial
f € R[Xy,...,X,]. We assume that the zeroset of g is a hypersurface in R™.
Then we have for any € > 0 that

L(g) = O(M(d*)L(f) + d****M(d)).

A corresponding result holds over C. Moreover, we remark that in the special
situation, where g is the generator of the graph of a polynomial function, we
obtain considerably better bounds, valid over any infinite field of characteristic
Zero.

The idea of the proof of Theorem 3 is as follows: After a suitable coordinate
transformation, one can interpret the zeroset of the factor g locally around the
origin as the graph of some analytic function ¢. In order to cope with a possibly
large multiplicity of g, we apply a small perturbation to the polynomial f without
affecting its complexity too much. This results in a small perturbation of ¢. We
compute now the homogeneous parts of the perturbed ¢ by a Newton iteration
up to a certain order. Using efficient polynomial arithmetic, this gives us an upper
bound on the approximative complexity of the homogeneous parts of ¢ up to a
predefined order. In the special case, where the factor g is the generator of the
graph of a function, we are already done. Otherwise, we view the factor g as the
minimal polynomial of ¢ in the variable Y := X,, over the field k(X1,..., X,—1).
We show that the Taylor approximations up to order 2d? uniquely determine the
factor g and compute the bihomogeneous components of g with respect to the
degrees in the X-variables and Y by fast linear algebra.

7.2 Applications to Decision Complexity

By combining Theorem 3 with Lemma 1 we immediately get the following result
stating that the approximative complexity of a polynomial g can be bounded
polynomially in the decision complexity and the degree of g.

Corollary 1. Let g be the generator of an irreducible hypersurface in R™ or
in C", d =degg. Then we have for any € > 0 that

L(g) = O(M(d")C(g) + d**T*M(d)).

It is quite natural to incorporate the concept of approximative complexity
into Valiant’s algebraic framework of NP-completeness.

Definition 2. An approximatively p-computable family is a p-family (f,) such
that L(fy) is a p-bounded function of n. The complexity class VP comprises all
such families over a fized field k.

It is obvious that VP C VP. If the polynomial f is a projection of a poly-
nomial g, then we clearly have L(f) < L(g). Therefore, the complexity class
VP is closed under p-projections. We remark that VP is also closed under the
polynomial oracle reductions introduced in [11].

At the moment, we know very little about the relations between the com-
plexity classes VP, VP, and VNP.
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Problem 2. 1. Is the class VP strictly contained VP?
2. Is the class VP contained in VNP?

Since the class VP is closed under p-projections, the following strengthening
of Valiant’s hypothesis is equivalent to saying that VNP-complete families are
not approximately p-computable.

Conjecture 1. The class VNP is not contained in the class VP.

This conjecture should be compared with the known work on polynomial
time deterministic or randomized approximation algorithms for the permanent
of non-negative matrices [34,3,26]. Based on the Markov chain approach, Jerrum,
Sinclair and Vigoda [26] have recently established a fully-polynomial random-
ized approximation scheme for computing the permanent of an arbitrary real
matrix with non-negative entries. We note that this result does not contradict
Conjecture 1 since the above mentioned algorithm works only for matrices with
non-negative entries while approximative straight-line programs work on all real
inputs.

Under the hypothesis VNP ¢ VP, we can can conclude that checking the val-
ues of polynomials forming VNP-complete families is hard, even when we allow
randomized algorithms with two-sided error, formalized by randomized algebraic
computation trees. This follows for deterministic computations easily from Corol-
lary 1. The extension to randomized trees is straight-forward using [38,15,18].

Corollary 2. Assume VNP € VP over R. Then for any VNP-complete fam-
ily (gn), checking the value y = gn(x) over the reals cannot be done by deter-
ministic or randomized algebraic computation trees with a polynomial number of
arithmetic operations and tests in n.

By applying Corollary 1 to the permanent polynomial, we see that Conjec-
ture 1 implies the following separation of complexity classes in the BSS-model
of computation (cf. [8]).

Corollary 3. If VNP & VP is true, then we have P # PAR in the BSS-model

over the reals.
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Abstract. Combinatorial games lead to several interesting, clean prob-
lems in algorithms and complexity theory, many of which remain open.
The purpose of this paper is to provide an overview of the area to encour-
age further research. In particular, we begin with general background in
combinatorial game theory, which analyzes ideal play in perfect-informa-
tion games. Then we survey results about the complexity of determining
ideal play in these games, and the related problems of solving puzzles, in
terms of both polynomial-time algorithms and computational intractabil-
ity results. Our review of background and survey of algorithmic results
are by no means complete, but should serve as a useful primer.

1 Introduction

Many classic games are known to be computationally intractable: one-player
puzzles are often NP-complete (as in Minesweeper), and two-player games are
often PSPACE-complete (as in Othello) or EXPTIME-complete (as in Checkers,
Chess, and Go). Surprisingly, many seemingly simple puzzles and games are
also hard. Other results are positive, proving that some games can be played
optimally in polynomial time. In some cases, particularly with one-player puzzles,
the computationally tractable games are still interesting for humans to play.

After reviewing some of the basic concepts in combinatorial game theory
in Section 2, Sections 3-5 survey several of these algorithmic and intractabil-
ity results. We do not intend to give a complete survey, but rather to give an
introduction to the area. Given the space restrictions, the sample of results men-
tioned here reflect a personal bias: results about “well-known” games (in North
America), some of the results I find interesting, and results in which I have
been involved. For a more complete overview, please see the full version of this
paper [12].

Combinatorial game theory is to be distinguished from other forms of game
theory arising in the context of economics. Economic game theory has applica-
tions in computer science as well, most notably in the context of auctions [11]
and analyzing behavior on the Internet [33].
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2 Combinatorial Game Theory

A combinatorial game typically involves two players, often called Left and Right,
alternating play in well-defined mowves. However, in the interesting case of a
combinatorial puzzle, there is only one player, and for cellular automata such
as Conway’s Game of Life, there are no players. In all cases, no randomness or
hidden information is permitted: all players know all information about gameplay
(perfect information). The problem is thus purely strategic: how to best play the
game against an ideal opponent.

It is useful to distinguish several types of two-player perfect-information
games [3, pp. 16-17]. A common assumption is that the game terminates after
a finite number of moves (the game is finite or short), and the result is a unique
winner. Of course, there are exceptions: some games (such as Life and Chess)
can be drawn out forever, and some games (such as tic-tac-toe and Chess) define
ties in certain cases. However, in the combinatorial-game setting, it is useful to
define the winner as the last player who is able to move; this is called normal
play. If, on the other hand, the winner is the first player who cannot move, this
is called misére play. (We will normally assume normal play.) A game is loopy
if it is possible to return to previously seen positions (as in Chess, for example).
Finally, a game is called impartial if the two players (Left and Right) are treated
identically, that is, each player has the same moves available from the same game
position; otherwise the game is called partizan.

A particular two-player perfect-information game without ties or draws can
have one of four outcomes as the result of ideal play: player Left wins, player
Right wins, the first player to move wins (whether it is Left or Right), or the
second player to move wins. One goal in analyzing two-player games is to deter-
mine the outcome as one of these four categories, and to find a strategy for the
winning player to win. Another goal is to compute a deeper structure to games
described in the remainder of this section, called the value of the game.

A beautiful mathematical theory has been developed for analyzing two-player
combinatorial games. The most comprehensive reference is the book Winning
Ways by Berlekamp, Conway, and Guy [3], but a more mathematical presen-
tation is the book On Numbers and Games by Conway [8]. See also [21] for
a bibliography. The basic idea behind the theory is simple: a two-player game
can be described by a rooted tree, each node having zero or more left branches
correspond to options for player Left to move and zero or more right branches
corresponding to options for player Right to move; leaves corresponding to fin-
ished games, the winner being determined by either normal or misere play. The
interesting parts of combinatorial game theory are the several methods for ma-
nipulating and analyzing such games/trees. We give a brief summary of some of
these methods in this section.

2.1 Conway’s Surreal Numbers

A richly structured special class of two-player games are John H. Conway’s
surreal numbers [3], a vast generalization of the real and ordinal number systems.
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Basically, a surreal number {L | R} is the “simplest” number larger than all Left
options (in L) and smaller than all Right options (in R); for this to constitute a
number, all Left and Right options must be numbers, defining a total order, and
each Left option must be less than each Right option. See [8] for more formal
definitions.

For example, the simplest number without any larger-than or smaller-than
constraints, denoted { |}, is 0; the simplest number larger than 0 and without
smaller-than constraints, denoted {0] }, is 1. This method can be used to gener-
ate all natural numbers and indeed all ordinals. On the other hand, the simplest
number less than 0, denoted { |0}, is —1; similarly, all negative integers can be
generated. Another example is the simplest number larger than 0 and smaller
than 1, denoted {01}, which is %; similarly, all dyadic rationals can be gen-
erated. After a countably infinite number of such construction steps, all real
numbers can be generated; after many more steps, the surreals are all numbers
that can be generated in this way.

What is interesting about the surreals from the perspective of combinatorial
game theory is that they are a subclass of all two-player perfect-information
games, and some of the surreal structure, such as addition and subtraction,
carries over to general games. Furthermore, while games are not totally ordered,
they can still be compared to some surreal numbers and, amazingly, how a game
compares to the surreal number 0 determines exactly the outcome of the game.
This connection is detailed in the next few paragraphs.

First we define some algebraic structure of games that carries over from
surreal numbers. Two-player combinatorial games, or trees, can simply be rep-
resented as {L| R} where, in contrast to surreal numbers, no constraints are
placed on L and R. The negation of a game is the result of reversing the roles of
the players Left and Right throughout the game. The (disjunctive) sum of two
(sub)games is the game in which, at each player’s turn, the player has a binary
choice of which subgame to play, and makes a move in precisely that subgame.
A partial order is defined on games recursively: a game x is less than or equal to
a game y if every Left option of x is less than y and every Right option of y is
more than z.

Note that while {—1]|1} =0 = {|} in terms of numbers, {—1|1} and {|}
denote different games (lasting 1 move and 0 moves, respectively), and in this
sense are equal in wvalue but not identical symbolically or game-theoretically.
Nonetheless, the games {—1|1} and {|} have the same outcome: the second
player to move wins.

Amazingly, this holds in general: two equal numbers represent games with
equal outcome (under ideal play). In particular, all games equal to 0 have the
outcome that the second player to move wins. Furthermore, all games equal
to a positive number have the outcome that the Left player wins; more gener-
ally, all positive games (games larger than 0) have this outcome. Symmetrically,
all negative games have the outcome that the Right player wins (this follows
automatically by the negation operation).
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There is one outcome not captured by the characterization into zero, positive,
and negative games: the first player to move wins. An example of such a game
is {1]0}; this fails to be a surreal number because 1 > 0. By the claim above,
{1/0} ]/ 0. Indeed, {1]0} ||z for all surreal numbers z, 0 < z < 1. In contrast,
x < {1]0} for all x < 0 and {1|0} < z for all 1 < x. In general it holds that a
game is fuzzy with some surreal numbers in an interval [—n,n| but comparable
with all surreals outside that interval.

For brevity we omit many other useful notions in combinatorial game theory,
such as additional definitions of summation, super-infinitesimal games * and T,
mass, temperature, thermographs, the simplest form of a game, remoteness, and
suspense; see [3,3].

2.2 Sprague-Grundy Theory

A celebrated result in combinatorial game theory is the characterization of im-
partial two-player perfect-information games, discovered independently in the
1930’s by Sprague [39] and Grundy [25]. Recall that a game is impartial if it
does not distinguish between the players Left and Right. The Sprague-Grundy
theory [39,25,8,3] states that every finite impartial game is equivalent to an in-
stance of the game of Nim, characterized by a single natural number n. This
theory has since been generalized to all impartial games by generalizing Nim to
all ordinals n; see [8,38].

Nim [5] is a game played with several heaps, each with a certain number of
tokens. A Nim game with a single heap of size n is denoted by *n and is called a
nimber. During each move a player can pick any pile and reduce it to any smaller
nonnegative integer size. The game ends when all piles have size 0. Thus, a single
pile xn can be reduced to any of the smaller piles %0, %1, ..., x(n — 1). Multiple
piles in a game of Nim are independent, and hence any game of Nim is a sum of
single-pile games *n for various values of n. In fact, a game of Nim with & piles
of sizes ny, no, ..., ng is equivalent to a one-pile Nim game *n, where n is the
binary XOR of ny, ng, ..., ng. As a consequence, Nim can be played optimally
in polynomial time (polynomial in the encoding size of the pile sizes).

Even more surprising is that every impartial two-player perfect-information
game has the same value as a single-pile Nim game, *n for some n. The number n
is called variously the G-value, Grundy-value, or Sprague-Grundy function of
the game. It is easy to define: suppose that game x has k options y1, ...,y for
the first move (independent of which player goes first). By induction, we can
compute y1 = *nq, ..., yp = *ng. The theorem is that x equals xn where n
is the smallest natural number not in the set {ny,...,ng}. This number n is
called the minimum excluded value or mez of the set. This description has also
assumed that the game is finite, but this is easy to generalize [3,38].

The Sprague-Grundy function can increase by at most 1 at each level of the
game tree, and hence the resulting nimber is linear in the maximum number
of moves that can be made in the game; the encoding size of the nimber is
only logarithmic in this count. Unfortunately, computing the Sprague-Grundy
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function for a general game by the obvious method uses time linear in the number
of possible states, which can be exponential in the nimber itself.

Nonetheless, the Sprague-Grundy theory is extremely helpful for analyzing
impartial two-player games, and for many games there is an efficient algorithm to
determine the nimber. Examples include Nim itself, Kayles, and various general-
izations [27]; and Cutcake and Maundy Cake [3, pp. 26-29]. In all of these exam-
ples, the Sprague-Grundy function has a succinct characterization (if somewhat
difficult to prove); it can also be easily computed using dynamic programming.

2.3 Strategy Stealing

Another useful technique in combinatorial game theory for proving that a par-
ticular player must win is strategy stealing. The basic idea is to assume that
one player has a winning strategy, and prove that in fact the other player has
a winning strategy based on that strategy. This contradiction proves that the
second player must in fact have a winning strategy. An example of such an argu-
ment is given in Section 3.1. Unfortunately, such a proof by contradiction gives
no indication of what the winning strategy actually is, only that it exists. In
many situations, such as the one in Section 3.1, the winner is known but no
polynomial-time winning strategy is known.

2.4 Puzzles

There is little theory for analyzing combinatorial puzzles (one-player games)
along the lines of two-player theory summarized in this section. We present one
such viewpoint here. In most puzzles, solutions subdivide into a sequence of
moves. Thus, a puzzle can be viewed a tree, similar to a two-player game except
that edges are not distinguished between Left and Right. The goal is to reach
a position from which there are no valid moves (normal play). Loopy puzzles
are common; to be more explicit, repeated subtrees can be converted into self-
references to form a directed graph.

A consequence of the above view is that a puzzle is basically an impartial two-
player game except that we are not interested in the outcome from two players
alternating in moves. Rather, questions of interest in the context of puzzles are
(a) whether a given puzzle is solvable, and (b) finding the solution with the fewest
moves. An important open direction of research is to develop a general theory
for resolving such questions, similar to the two-player theory. For example, using
the analogy between impartial two-player games described above, the notion of
sums of puzzles makes sense, although it is not clear that it plays a similarly key
role as with games.

3 Algorithms for Two-Player Games

Many nonloopy two-player games are PSPACE-complete. This is fairly natu-
ral because games are closely related to boolean expressions with alternating
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quantifiers (for which deciding satisfiability is PSPACE-complete): there exists
a move for Left such that, for all moves for Right, there exists another move for
Left, etc. A PSPACE-completeness result has two consequences. First, being in
PSPACE means that the game can be played optimally, and typically all posi-
tions can be enumerated, using possibly exponential time but only polynomial
space. Thus such games lend themselves to a somewhat reasonable exhaustive
search for small enough sizes. Second, the games cannot be solved in polynomial
time unless P = PSPACE, which is even “less likely” than P equaling NP.

On the other hand, loopy two-players games are often EXPTIME-complete.
Such a result is one of the few types of true lower bounds in complexity theory,
implying that all algorithms require exponential time in the worst case.

In this section we briefly survey some of these complexity results and related
positive results, ordered roughly chronologically by the first result on a particular
game. See also [18] for a related survey. Because of space constraints we omit
discussion of games on graphs, as well as the board games Gobang, Shogi, and
Othello. For details on these and other games, please refer to the full version of
this paper [12].

3.1 Hex

Hex [3, pp. 679-680] is a game designed by Piet Hein and
played on a diamond-shaped hexagonal board; see Fig. 1.
Players take turns filling in empty hexagons with their
color. The goal of a player is to connect the opposite sides
of their color with hexagons of their color. (In the figure,
one player is solid and the other player is dotted.) A game
of Hex can never tie, because if all hexagons are colored Fig.1. A 5 x 5 Hex
arbitrarily, there is precisely one connecting path of an board
appropriate color between opposite sides of the board.
Nash [3, p. 680] proved that the first player to move can win by using a
strategy stealing argument (see Section 2.3). In contrast, Reisch [35] proved that
determining the outcome of a general position in Hex is PSPACE-complete.

3.2 Checkers (Draughts) o[ ol 1ol o [©

The standard 8 x 8 game of Checkers (Draughts), like many |09 O
classic games, is finite and hence can be played optimally in
constant time (in theory). The complexity of playing in a [Te[ o[ je |®
general n x n board from a natural starting position, such as @@ @ 1@ i@
the one in Fig. 2, is open. However, deciding the outcome of an (@ @[ (@[ @] [®
arbitrary configuration is PSPACE-hard [22]. If a polynomial

bound is placed on the number of moves that are allowed in Fig.2. A nat-
between jumps (which is a reasonable generalization of the ural starting
drawing rule in standard Checkers [22]), then the problem is configuration for
in PSPACE and hence is PSPACE-complete. Without such a  10x10 Checkers,
restriction, however, Checkers is EXPTIME-complete [37]. from [22]
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On the other hand, certain simple questions about Checkers can be answered
in polynomial time [22,13]. Can one player remove all the other player’s pieces in
one move (by several jumps)? Can one player king a piece in one move? Because
of the notion of parity on n x n boards, these questions reduce to checking
the existence of an Eulerian path or general path, respectively, in a particular
directed graph; see [22,13]. However, for boards defined by general graphs, at
least the first question becomes NP-complete [22].

3.3 Go

Presented at the same conference as the Checkers re- f |
sult in the previous section (FOCS’78), Lichtenstein
and Sipser [32] proved that the classic oriental game
of Go is also PSPACE-hard for an arbitrary configu-
ration on an n X n board. This proof does not involve
any situations called ko’s, where a rule must be in-
voked to avoid infinite play. In contrast, Robson [36]
proved that Go is EXPTIME-complete when ko’s are
involved, and indeed used judiciously. The type of ko used in this reduction is
shown in Fig. 3. When one of the players makes a move shown in the figure, the
ko rule prevents (in particular) the other move shown in the figure to be made
immediately afterwards.

Recently, Wolfe [411] has shown that even Go endgames are PSPACE-hard.
More precisely, a Go endgame is when the game has reduced to a sum of Go
subgames, each equal to a polynomial-size game tree. This proof is based on
several connections between Go and combinatorial game theory detailed in a
book by Berlekamp and Wolfe [2].

|

Fig. 3. A simple ko

3.4 Chess

Fraenkel and Lichtenstein [23] proved that a generalization of the classic game
Chess to n x n boards is EXPTIME-complete. Specifically, their generalization
has a unique king of each color, and for each color the numbers of pawns, bish-
ops, rooks, and queens increase as some fractional power of n. (Knights are not
needed.) The initial configuration is unspecified; what is EXPTIME-hard is to
determine the winner (who can checkmate) from an arbitrary specified configu-
ration.

3.5 Hackenbush

Hackenbush is one of the standard examples of a combinatorial game in Winning
Ways; see e.g. [3, pp. 4-9]. A position is given by a graph with each edge colored
either red (Left), blue (Right), or green (neutral), and with certain vertices
marked as rooted. Players take turns removing an edge of an appropriate color
(either neutral or their own color), which also causes all edges not connected
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to a rooted vertex to be removed. The winner is determined by normal play.
Chapter 7 of Winning Ways [3, pp. 183-220] proves that determining the value
of a red-blue Hackenbush position is NP-hard.

3.6 Domineering (Crosscram)

Domineering or crosscram [3, pp. 117-124] is a partizan game involving place-
ment of horizontal and vertical dominoes in a grid; a typical starting position
is an m x n rectangle. Left can play only vertical dominoes and Right can play
only horizontal dominoes, and dominoes must remain disjoint. The winner is
determined by normal play.

The complexity of Domineering, computing either the outcome or the value
of a position, remains open. Lachmann, Moore, and Rapaport [31] have shown
that the winner and a winning strategy can be computed in polynomial time
for m € {1,2,3,4,5,7,9,11} and all n. These algorithms do not compute the
value of the game, nor the optimal strategy, only a winning strategy. We omit
discussion of the related game Cram [3, pp. 468-472].

3.7 Dots-and-Boxes and Strings-and-Coins

Dots-and-Boxes [1], [3, pp. 507-550] is a well-known children’s e—¢—e—e—e

game in which players take turns drawing horizontal and vertical

edges connecting pairs of dots in an m X n subset of the lattice. ¢ o o {—.

Whenever a player makes a move that encloses a unit square {

with drawn edges, the player is awarded a point and must then e o ¢

draw another edge in the same move. The winner is the player

with the most points when the entire grid has been drawn. See Fig. 4.

Fig. 4 for an example of a position. A Dots-
A generalization arising from the dual of Dots-and-Boxes is and-Boxes

Strings-and- Coins. This game involves a sort of graph whose ver- endgame

tices are coins and whose edges are strings. The coins may be

tied to each other and to the “ground” by strings; the latter connection can

be modeled as a loop in the graph. Players alternate cutting strings (remov-

ing edges), and if a coin is thereby freed, that player collects the coin and cuts

another string in the same move. The player to collect the most coins wins.
Winning Ways [3, pp. 543-544] describes a proof that Strings-and-Coins

endgames are NP-hard. Eppstein [18] observes that this reduction should also

apply to endgame instances of Dots-and-Boxes.

3.8 Amazons

Amazons is a game invented by Walter Zamkauskas in 1988, containing elements
of Chess and Go. Gameplay takes place on a 10 x 10 board with four amazons of
each color arranged as in Fig. 5 (left). In each turn, Left [Right] moves a black
[white] amazon to any unoccupied square accessible by a Chess queen’s move,
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and fires an arrow to any unoccupied square reachable by a Chess queen’s move
from the amazon’s new position. The arrow (drawn as a circle) now occupies its
square; amazons and shots can no longer pass over or land on this square. The
winner is determined by normal play.

Gameplay in Amazons typically split into - - O
a sum of simpler games because arrows par-
tition the board into multiple components.
In particular, the endgame begins when each
component of the game contains amazons of &f
only a single color. Then the goal of each | M
player is simply to maximize the number of O
moves in each component. Buro [7] proved W | ™
that maximizing the number of moves in a
single component is NP-complete (for n x n
boards). In a general endgame, deciding the
outcome may not be in NP because it is diffi-
cult to prove that the opponent has no better
strategy. However, Buro [7] proved that this
problem is NP-equivalent [24], i.e., the problem can be solved by a polynomial
number of calls to an algorithm for any NP-complete problem, and vice versa.

It remains open whether deciding the outcome of a general Amazons position
is PSPACE-hard. The problem is in PSPACE because the number of moves in
a game is at most the number of squares in the board.

=O

Ee

[Ele

©)
I

Fig.5. The initial position in
Amazons (left) and black trap-
ping a white amazon (right)

3.9 Phutball

Conway’s game of - | |
Philosopher’s Foot- x P
ball or Phutball [3, % x N %\}* gf

pp. 688 691] in- T T |
volves white and
black stones on a
rectangular grid such
as a Go board. Initially, the unique black stone (the ball) is placed in the middle
of the board, and there are no white stones. Players take turns either placing
a white stone in any unoccupied position, or moving the ball by a sequence of
Jumps over consecutive sequences of white stones each arranged horizontally,
vertically, or diagonally. See Fig. 6. A jump causes immediate removal of the
white stones jumped over, so those stones cannot be used for a future jump in
the same move. Left and Right have opposite sides of the grid marked as their
goal lines. Left’s goal is to end a move with the ball on or beyond Right’s goal
line, and symmetrically for Right.

Phutball is inherently loopy and it is not clear that either player has a winning
strategy: the game may always be drawn out indefinitely. One counterintuitive
aspect of the game is that white stones placed by one player may be “corrupted”
for better use by the other player. Recently, however, Demaine, Demaine, and

Fig. 6. A single move in Phutball consisting of four jumps
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Eppstein [13] found an aspect of Phutball that could be analyzed. Specifically,
they proved that determining whether the current player can win in a single move
(“mate in 1”7 in Chess) is NP-complete. This result leaves open the complexity
of determining the outcome of a given game position.

4 Algorithms for Puzzles

Many puzzles (one-player games) have short solutions and are NP-complete.
However, several puzzles based on motion-planning problems are harder, al-
though often being in a bounded region, only PSPACE-complete. However, when
generalized to the entire plane and unboundedly many pieces, puzzles often be-
come undecidable.

This section briefly surveys some of these results, following the structure of
the previous section. Again, because of space constraints, we omit discussion
of several puzzles: Instant Insanity, Cryptarithms, Peg Solitaire, and Shanghai.
For details on these and other puzzles, please refer to the full version of this

paper [12].

4.1 Sliding Blocks

The Fifteen Puzzle [3, p. 756] is a classic puzzle consisting of 15 numbered square
blocks in a 4 x 4 grid; one square in the grid is a hole which permits blocks to
slide. The goal is to order the blocks as increasing in English reading order.
See [29] for the history of this puzzle.

A natural generalization of the Fifteen Puzzle is the n? —1 puzzle on an nxn
grid. It is easy to determine whether a configuration of the n?—1 puzzle can reach
another: the two permutations of the block numbers (in reading order) simply
need to match in parity, that is, whether the number of inversions (out-of-order
pairs) is even or odd. However, to find a solution using the fewest slides is NP-
complete [34]. Tt is also NP-hard to approximate within an additive constant,
but there is a polynomial-time constant-factor approximation [34].

A harder sliding-block puzzle is Rush Hour, distributed by Binary Arts, Inc.
Several 1 x 2, 1 x 3, 2 x 1, and 3 x 1 rectangles are arranged in an m X n
grid. Horizontally oriented blocks can slide left and right, and vertically oriented
blocks can slide up and down, provided the blocks remain disjoint. The goal is
to remove a particular block from the puzzle via an opening in the bounding
rectangle. Recently, Flake and Baum [20] proved that this formulation of Rush
Hour is PSPACE-complete.

A classic reference on a wide class of sliding-block puzzles is by Hordern [29].
One general form of these puzzles is that rectangular blocks are placed in a rect-
angular box, and each block can be moved horizontally and vertically, provided
the blocks remain disjoint. The goal is to re-arrange one configuration into an-
other. To my knowledge, the complexity of deciding whether such puzzles are
solvable remains open. A simple observation is that, as with Rush Hour, they
are all in PSPACE.
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4.2 Minesweeper

Minesweeper is a well-known imperfect-information computer puzzle popularized
by its inclusion in Microsoft Windows. Gameplay takes place on an n x n board,
and the player does not know which squares contain mines. A move consists
of uncovering a square; if that square contains a mine, the player loses, and
otherwise the player is revealed the number of mines in the 8 adjacent squares.
The player also knows the total number of mines.

There are several problems of interest in Minesweeper. For example, given a
configuration of partially uncovered squares (each marked with the number of
adjacent mines), is there a position that can be safely uncovered? More generally,
what is the probability that a given square contains a mine, assuming a uniform
distribution of remaining mines? A different generalization of the first question
is whether a given configuration is consistent, i.e., can be realized by a collection
of mines. A consistency checker would allow testing whether a square can be
guaranteed to be free of mines, thus answering the first question. A final problem
is to decide whether a given configuration has a unique realization.

Kaye [30] proved that testing consistency is NP-complete. This result leaves
open the complexity of the other questions mentioned above.

4.3 Pushing Blocks

Similar in spirit to the sliding-block puzzles in Section 4.1 are pushing-block
puzzles. In sliding-block puzzles, an exterior agent can move arbitrary blocks
around, whereas pushing-block puzzles embed a robot that can only move adja-
cent blocks but can also move itself within unoccupied space. The study of this
type of puzzle was initiated by Wilfong [40], who proved that deciding whether
the robot can reach a desired target is NP-hard when the robot can push and
pull L-shaped blocks.

Since Wilfong’s work, research has concentrated on the simpler model in
which the robot can only push blocks and the blocks are unit squares. Types of
puzzles are further distinguished by how many blocks can be pushed at once,
whether blocks can additionally be defined to be unpushable or fized (tied to
the board), how far blocks move when pushed, and the goal (usually for the
robot to reach a particular location). Dhagat and O’Rourke [17] initiated the
exploration of square-block puzzles by proving that PUSH-*, in which arbitrarily
many blocks can be pushed at once, is NP-hard with fixed blocks. Bremner,
O’Rourke, and Shermer [6] strengthened this result to PSPACE-completeness.
Recently, Hoffmann [28] proved that PuUsH-* is NP-hard even without fixed
blocks, but it remains open whether it is in NP or PSPACE-complete.

Several other results allow only a single block to be pushed at once. In this
context, fixed blocks are less crucial because a 2 x 2 cluster of blocks can never
be disturbed. A well-known computer puzzle in this context is Sokoban, where
the goal is to place each block onto any one of the designated target squares.
This puzzle was proved PSPACE-complete by Culberson [10]. A simpler puzzle,
called PUsH-1, arises when the goal is simply for the robot to reach a particular
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position. Demaine, Demaine, and O’Rourke [14] have proved that this puzzle is
NP-hard, but it remains open whether it is in NP or PSPACE-complete.

A variation on the PUSH series of puzzles, called PUSHPUSH, is when a block
always slides as far as possible when pushed. The NP-hardness of these ver-
sions follow from [14,28]. Another variation, called PUSH-X, disallows the robot
from revisiting a square (the robot’s path cannot cross). This direction was sug-
gested in [14] because it immediately places the puzzles in NP. Recently, Demaine
and Hoffmann [16] proved that PUSH-1X and PUSHPUSH-1X are NP-complete.
Hoffmann’s reduction for PUSH-* also establishes NP-completeness of PUSH-*X
without fixed blocks.

4.4 Clickomania (Same Game) ! -
Clickomania or Same Game [1] is a o 1 E i E
computer puzzle consisting of a rect- || ‘

angular grid of square blocks each

colored one of k colors. Horizontally Fig.7. The falling rules for removing a
and vertically adjacent blocks of the group in Clickomania. Can you remove all
same color are considered part of the remaining blocks?

same group. A move selects a group

containing at least two blocks and removes those blocks, followed by two “falling”
rules; see Fig. 7 (top). First, any blocks remaining above created holes fall down
in each column. Second, any empty columns are removed by sliding the succeed-
ing columns left.

The main goal in Clickomania is to remove all the blocks. Biedl et al. [4]
proved that deciding whether this is possible is NP-complete. This complexity
result holds even for puzzles with two columns and five colors, and for puzzles
with five columns and three colors. On the other hand, for puzzles with one
column (or, equivalently, one row) and arbitrarily many colors, they show that
the maximum number of blocks can be removed in polynomial time. In partic-
ular, the puzzles whose blocks can all be removed are given by the context-free
grammar S — A ]SS | cSc|eSeSe where ¢ ranges over all colors.

Various cases of Clickomania remain open, for example, puzzles with two
colors, and puzzles with O(1) rows. Richard Nowakowski suggested a two-player
version of Clickomania, described in [4], in which players take turns removing
groups and normal play determines the winner; the complexity of this game
remains open.

4.5 Moving Coins

Several coin-sliding and coin-moving puzzles fall into the following general frame-
work: re-arrange one configuration of unit disks in the plane into another config-
uration by a sequence of moves, each repositioning a coin in an empty position
that touches at least two other coins. Examples of such puzzles are shown in
Fig. 8. This framework can be further generalized to nongeometric puzzles in-
volving movement of tokens on graphs with adjacency restrictions.
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Coin-moving puzzles
are analyzed by Demaine, @ — @ (@) —— 000000
Demaine, and Verrill [15].

In particular, they study

puzzles as in Fig. 8 in (a) Turn (b) Rejarrange t_he
which the coins’ centers the  pyramid pyramid into a line
upside-down in seven moves

remain on either the trian-
gular lattice or the square
lattice. Surprisingly, their

in three moves.

LS S

results for deciding solv- TS RARNE

ability of puzzles are pos- . 50 -~ k-

itive. iﬁj Q Q %&
For the triangular T T T T

lattice, nearly all puzzles
are solvable, and there
is a  polynomial-time
algorithm characterizing
them. For the square Fig.8. Coin-moving puzzles in which each move
lattice, there are more places a coin adjacent to two other coins; in the
stringent constraints. For bottom two puzzles, the coins must also remain on
example, the bounding the square lattice. The top two puzzles are clas-
box cannot increase by sic, whereas the bottom two puzzles were designed

(c) Flip the diagonal (d) Invert the V in 24
in 18 moves. moves.

moves; more generally, in [15]

the set of positions reach-

able by moves given an

infinite supply of extra coins (the span) cannot increase. Demaine, Demaine,
and Verrill show that, subject to this constraint, there is a polynomial-time
algorithm to solve all puzzles with at least two extra coins past what is required
to achieve the span. (In particular, all such puzzles are solvable.)

5 Cellular Automata and Life

Conway’s Game of Life is a zero-player cellular automaton played on the square
tiling of the plane. Initially, certain cells (squares) are marked alive or dead. Each
move globally evolves the cells: a live cell remains alive if it between 2 and 3 of
its 8 neighbors were alive, and a dead cell becomes alive if it had precisely 3 live
neighbors. Chapter 25 of Winning Ways [3, pp. 817-850] proves that no algo-
rithm can decide whether an initial configuration of Life will ever completely die
out. In particular, the same question about Life restricted within a polynomi-
ally bounded region is PSPACE-complete. Several other cellular automata, with
different survival and birth rules, have been studied; see e.g. [12].

6 Open Problems

Many open problems remain in combinatorial game theory. Guy [26] has com-
piled a list of such problems (some of which have since been solved). An example
of a difficult unsolved problem is Conway’s angel-devil game [9].
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Many open problems also remain on the algorithmic side, and have been
mentioned throughout this paper. Examples of games and puzzles whose com-
plexities remain completely open, to my knowledge, are Toads and Frogs [19], [3,
pp. 14-15], Domineering (Section 3.6), and rectangular sliding-block puzzles
(Section 4.1). For many other games and puzzles, such as Dots and Boxes (Sec-
tion 3.7) and pushing-block puzzles (Section 4.3), some hardness results are
known, but the exact complexity remains unresolved. More generally, an inter-
esting direction for future research is to build a more comprehensive theory for
analyzing combinatorial puzzles.
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Some Recent Results on Data Mining and Search

Amos Fiat

Department of Computer Science, Tel Aviv University

Abstract. In this talk we review and survey some recent work and
work in progress on data mining and web search. We discuss Latent
Semantic Analysis and give conditions under which it is robust. We also
consider the problem of collaborative filtering and show how spectral
techniques can give a rigorous and robust justification for doing so. We
consider the problems of web search and show how both Google and
Klienberg’s algorithm are robust under a model of web generation, and
how this model can be reasonably extended. We then give an algorithm
that provably gives the correct result in this extended model. The results
surveyed are joint work with Azar, Karlin, McSherry and Saia [2], and
Achlioptas, Karlin and McSherry [1].

1 A General Data Mining Model and Applications

We begin by presenting a general model that we believe captures many of the
essential features of important data mining tasks. We then present a set of con-
ditions under which data mining problems in this framework can be solved using
spectral techniques, and use these results to theoretically justify the prior em-
pirical success of these techniques for tasks such as object classification and web
site ranking. We also use our theoretical framework as a foundation for devel-
oping new algorithms for collaborative filtering. Our data mining models allow
both erroneous and missing data, and show how and when spectral techniques
can overcome both.

*
Generative Error Probabilistic A
Data Model Process Omission
m; ?
ij M y4
i 2y

with prob. p i

Fig. 1. The data generation model

The data mining model we introduce assumes that the data of interest can
be represented as an object/attribute matrix. The model is depicted in Figure 1

J. Sgall, A. Pultr, and P. Kolman (Eds.): MFCS 2001, LNCS 2136, pp. 33-36, 2001.
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which shows how three fundamental phenomena combine to govern the process
by which a data set is created:

1. A probabilistic model of data M: We assume that there exists an under-
lying set of probability distributions that govern each object’s attribute val-
ues (in the degenerate case, these values could be deterministically chosen).
These probability distributions are captured by the probabilistic model M in
the figure, where the random variable describing the ith attribute of the j-th
object is denoted M; ;. The actual value of this attribute is then obtained
by sampling from the distribution M; ;; we denote the resulting value my;.
We assume that the M;;’s are independent.

2. An error process Z: We assume that the data is noisy and error-ridden.
The error process Z describes the manner by which the error is generated. We
assume that the data value m;; is corrupted by the addition of the error z;;.

3. An omission process P: Some of the data may not be available to the data
miner. In our model, we assume that there is a probability distribution P
governing the process by which data is omitted or made available. In partic-
ular, the value m;; + z;; is available to the data miner with probability p;;,
and is omitted from the data set (which we represent by the presence of a
“?7) with probability 1 —p;;. We denote by A* the resulting data set (which
is then input to the data mining algorithm).

The goal of the data mining algorithm: given A* as input (and no knowl-
edge of M, P or Z), obtain meaningful information about M. In particular,
we are interested in obtaining information about the matrix E(M), whose (7, j)
entry is the expectation of the random variable M;;.

Clearly, without any assumptions about M, Z and P, it is hopeless to achieve
the data mining goal just laid out. We present a general set of conditions under
which it is possible to efficiently retrieve meaningful information about E(M).
In essence, our results show that if the underlying data model is sufficiently
“structured”, then the randomness of a probabilistic process, the addition of
error and the fact that a significant fraction of the data may be missing will
not prevent the data miner from recovering meaningful information about the
“true” data.

More formally, we prove the following general theorem:

Theorem 1. Suppose that the availability matriz P is known to the data mining
algorithm, and its entries are bounded away from 0. In addition, suppose that
E(M) is a rank k matriz, and the 2-norm of the error matriz Z is o(oy), where
oy, is the k-th singular value of E(M). Then there is a polynomial time algorithm,
that takes as input only P and A*, that is guaranteed to reconstruct 1 — o(1) of
the entries of BE(M) to within an additive o(1) error.

Many of the data mining problems can be expressed as special cases of the
above theorem. We can model Latent Semantic Analysis, (LSA) pioneered by
Deerwester et al. [4], via this model. We can also extend the work of Papadim-
itriou, Raghavan, Tamaki and Vempala [7] on latent semantic indexing to deal
with arbitrary matrices rather than perturbed block matrices.
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A fundamental problem in data mining, usually referred to as collaborative
filtering (or recommendation systems) is to use partial information that has been
collected about a group of users to make recommendations to individual users. To
our knowledge, there has been very little prior theoretical work on collaborative
filtering algorithms other than the work of Kumar, Raghavan, Rajagopalan and
Tomkins who took an important first step of defining an analytic framework for
evaluating collaborative filtering [5].

We model the collaborative filtering problem within the framework of our
general data mining model as follows: We assume that the utility of product j
for individual 7 is given by a random variable M;; and which data is missing is
determined by a probabilistic omission process P.

Kleinberg’s seminal work on web hubs and authorities has had a true impact
on the real world [0].

It is an immediate consequence of our results that Kleinberg’s definition of
importance is robust in the sense that the important sites will remain important
(almost) irrespective of the actual random choices made when the “real world”
is constructed.

2 Web Search

We present a generative model for web search which captures in a unified man-
ner three critical components of the problem: how the link structure of the web
is generated, how the content of a web document is generated, and how a hu-
man searcher generates a query. The key to this unification lies in capturing the
correlations between each of these components in terms of proximity in latent
semantic space. Given such a combined model, the correct answer to a search
query is well defined, and thus it becomes possible to evaluate web search al-
gorithms rigorously. We present a new web search algorithm, based on spectral
techniques, and prove that it is guaranteed to produce an approximately correct
answer in our model. The algorithm assumes no knowledge of the model, and is
well-defined regardless of the accuracy of the model.
We like to think of the task at hand for web search as being the following;:

1. Take the human generated query and determine the topic to which the query
refers. There is an infinite set of topics on which humans may generate
queries.

2. Synthesize a perfect hub for this topic. The perfect hub is an imaginary
page, no page remotely resembling this imaginary hub need exist. On this
imaginary hub the authorities on the topic of the query will be listed in order
of decreasing authoritativeness.

We present a new algorithm that is a multi-dimensional generalization of
both Kleinberg’s algorithm and of Google [3], which provably gives the correct
result in the model.
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Abstract. This paper surveys recent results related to the concept of
hypertree decomposition and the associated notion of hypertree width.
A hypertree decomposition of a hypergraph (similar to a tree decomposi-
tion of a graph) is a suitable clustering of its hyperedges yielding a tree or
a forest. Important NP hard problems become tractable if restricted to
instances whose associated hypergraphs are of bounded hypertree width.
We also review a number of complexity results on problems whose struc-
ture is described by acyclic or nearly acyclic hypergraphs.

1 Introduction

One way of coping with an NP hard problem is to identify significantly large
classes of instances that are both recognizable and solvable in polynomial time.
Such instances are often defined via some structural property of a graph G(I)
that is associated in a canonical way with the instance I. For example, many
problems that are NP complete in general become tractable for instances I whose
associated graph has bounded treewidth (cf. Sect. 4). Treewidth is a measure of
the degree of cyclicity of a graph. Note that instances of bounded treewidth are
also easy to recognize given that deciding whether the treewidth of a graph is
at most k is decidable in linear time for each constant k.

The structure of a large number of problems is, however, more faithfully de-
scribed by a hypergraph than by a graph. Again, several NP complete problems
become tractable if restricted to instances with acyclic hypergraphs. In order to
obtain larger tractable instance-classes of hypergraph-based problems, we thus
investigated measures of hypergraph cyclicity that play a similar role for hyper-
graphs as the concept of treewidth does for graphs. In particular, an appropriate
notion of hypergraph width (and an associated method of hypergraph decompo-
sition) should fulfil both of the following conditions:

1. Relevant hypergraph-based problems should be solvable in polynomial time
for instances of bounded width.
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2. For each constant k, one should be able to check in polynomial time whether
a hypergraph is of width k, and, in the positive case, it should be possible
to produce an associated decomposition of width k of the given hypergraph.

Existing measures for hypergraph cyclicity we were aware of do either not
fulfil one of these two conditions (e.g. recognizing hypergraphs of bounded query
width is NP complete, cf. Section 4.3), or are not general enough (such meth-
ods are mentioned in Section 10). In particular, various notions of hypergraph
width can be obtained by first transforming a hypergraph into a graph (there
are several ways of doing so, see Section 4.2) and then considering the treewidth
of that graph. However, it is not hard to see that such measures of cyclicity are
not very significant due to a loss of structural information caused by the trans-
formation of the hypergraph to a graph (cf. Sect. 4.2). In summary, it appeared
that a satisfactory way of determining the degree of cyclicity of a hypergraph
was missing, on the basis of which large tractable instances of relevant NP-hard
problems could be defined.

Consequently, after a careful analysis of the shortcomings of various hyper-
graph decomposition methods, we introduced the new method of hypertree de-
composition and the associated notion of hypertree width. To our best knowledge,
the method of hypertree decomposition is currently the most general known hy-
pergraph decomposing method leading to large tractable classes of important
problems such as constraint satisfaction problems or conjunctive queries. The
notion of hypertree decomposition and the associated notion of hypertree width
are the main topics of the present survey paper. However, we will also report
on a number of other closely related issues, such as the precise (parallel) com-
plexity of acyclic database queries, and the notion of query decomposition. Our
results surveyed here are mainly from the following sources, where formal proofs,
details, and a number of further results can be found:

— Reference [17], where the precise complexity of acyclic Boolean conjunctive
queries (ABCQs) is determined, and where highly parallel database algo-
rithms for solving such queries are presented. (In the present paper, we will
not discuss parallel database algorithms and refer the interested reader to [17]
and [22]).

— Reference [19], where we first study query width, a measure for the amount
of cyclicity of a query introduced by Chekuri and Rajamaran [6], and where
we define and study the new (more general) concept of hypertree width.

— Reference [21], where we establish criteria for comparing different CSP de-
composition methods and where we compare various methods including the
method of hypertree decomposition. The comparison criteria and the results
of the comparison are reported in Section 10 of the present paper.

— Reference [24], where hypertree width is compared to Courcelle’s notion of
clique width [7,8].

— Reference [23], where we give a game theoretic and a logical characterization
of hypertree width. These results are reported in Sections 8 and 9 of the
present paper, respectively.
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This paper is organized as follows. In Section 2 we define a number of im-
portant hypergraph-based problems. In Section 3 we discuss the complexity of
acyclic instances of these problems. In Section 4, discuss graph treewidth and a
generalization termed query width. In Section 5 we define the concepts of hyper-
tree decomposition and hypertree width. In Section 6, we show how hypergraphs
of bounded hypertree width can be recognized in polynomial time. In Section 7,
we show how CSPs can be solved in polynomial time for instances of bounded
hypertree-width. In Section 8, we describe the Robber and Marshals game which
characterizes hypergraphs of bounded hypertree width. In Section 9, we briefly
describe our logical characterization of queries of bounded hypertree-width. In
Section 10, we give a brief account on how the notion of hypertree decomposition
compares to other related notions. Finally, in Section 11, we state some relevant
open problems.

2 Hypergraph-Based Problems

A relational vocabulary (short: vocabulary) consists of a finite nonempty set of
relation symbols P, @, R ..., with associated arities. A finite relational structure
(short: finite structure) C' over a vocabulary 7 consists of a finite universe Uc
and for each k-ary relation symbol R in 7 a relation R® C UfL. For a tuple
(c1,...,cr) € RE we often write R“(c1,...,cx). We denote the vocabulary of a
structure C by vo(C).

Let A and B be two finite structures such that vo(A) C wvo(B). Then a
mapping h : A — B is a homomorphism from A to B if for each relation
symbol R € wo(A) it holds that whenever (ci,...,c;) € R for some ele-
ments ci,...,c; € Ug, then it also holds that (h(c1),...,h(c;)) € RP. The
following is a fundamental computational problem in Algebra:

Definition 1 (The Homomorphism Problem HOM). Given two finite
structures A and B, decide whether there exists a homomorphism from A to B.

We denote such an instance of HOM by HOM(A, B)

It is well-known (cf. [12]) that HOM is an NP-complete problem. For ex-
ample, checking whether a graph (V, E) is three colorable amounts to solve the
HOM(A, B) problem for structures A and B over a vocabulary with a unique
binary relation symbol R, where R4 = E and R? = {(red, blue), (blue, red),
(red, green), (green, red), (blue, green), (green, blue)}.

In [12,30] it was observed that HOM is equivalent to (and actually, in essence,
the same as) the important constraint satisfaction problem (CSP) of Artificial
Intelligence [9], which, in turn, is equivalent to the database problem BCQ of
evaluating Boolean conjunctive queries:

Definition 2 (The Constraint Satisfaction Problem CSP.). Given a fi-
nite set Var of wvariables, a finite domain U of values, a set of constraints
C={C1,Cs,...,C4}, where each constraint C; is a pair (S;,r;), and where S; is
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a list of variables of length m;, called the constraint scope, and r; is an m;-ary re-
lation over U, called a constraint relation, decide whether there is a substitution
¥ : Var — U, such that, for each 1 < i <gq, S;0 € r;.

Definition 3 (The Boolean Conjunctive Query Problem BCQ.). A re-
lational database is formalized as a finite relational structure D. A Boolean
conjunctive query (BCQ) on D is a sentence of first-order logic of the form:
IX1, ..., X, Ry(th ... 7t(13¢(1)) A oo N Rp(thth ,t’;(k)), where, for 1 <
i <k, R; is a relation symbol from vo(D) of associated arity (i), and for
1<i<kandl <j < a(i), each t; is a term, i.e., either a variable from
the list X1,...,X,, or a constant element from Up. The decision problem BCQ
is the problem of deciding for a pair (D,Q), where D is a database and Q is
a Boolean conjunctive query, whether @ evaluates to true over D, denoted by

Dk Q.

Given that all variables occuring in a BCQ are existentialy quantified, we
usually omit the quantifier prefix and write a BCQ as a conjunction of query
atoms. For example, let emp denote a relation containing (employee#,project#)
pairs, and let rel be a relation containing a pair (n1, ng) if ny and ng are numbers
of distinct employees who are relatives, then the BCQ emp(X, Z) A emp(Y, Z) A
rel(X,Y) expresses that there are two employees who are relatives and work on
the same project.

Note that by simple logspace operations (selections and projections on the
corresponding relations) one can always eliminate constants occurring in BCQ
atoms. We thus assume w.l.o.g. that query atoms contain only variables as ar-
guments. By this assumption, CSP and BCQ are exactly the same problem,
where each constraint scope corresponds to a query atom, each constraint rela-
tion corresponds to a database relation, and vice-versa. Now each CSP (or BCQ)
instance I can in turn be identified with HOM(A, B), where A is the structure
whose universe U 4 consists of the set Var of all variables of I and whose relations
contain constraint scopes (or query atoms) as tuples, and where B is the struc-
ture whose universe Up is the finite domain U of I and whose relations are just
the constraint relations (or the database relations). In this sense, we can speak
about instances CSP(A, B) and BCQ(A, B), where A is a structure representing
the constraint scopes or the query, and B denotes the set of constraint relations,
or the database, respectively. On the other hand, each instance I = HOM(A, B)
of HOM can be identified in the obvious way with a CSP instance (or a BCQ
instance) by interpreting the elements of Uy as variables and those of Up as
domain elements of the constraint (or database) relations.

Thus all three problems HOM, CSP, and BCQ are the same and are NP-
complete (for BCQ this was first shown in [5]). Therefore, it is important to
find large classes of instances that can be evaluated in polynomial time. Such
classes can be defined by imposing structural restrictions on the problem in-
stances. In particular, for HOM(A, B), CSP(A, B), or, equivalently, BCQ(A, B),
one could impose restrictions on the structure A, or on the structure B, or on
both (cf. [35,33,30]). In this paper we are interested in restrictions on the struc-
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ture A. In database terms, we can recast this by saying that we are interested in
the structure of the query, rather than on the properties of the database content.

If A denotes a set of structures, then HOM(.A), CSP(A), and BCQ(A) denote
the restrictions of HOM, CSP, and BCQ to instances HOM(A, B), CSP(A, B),
and BCQ(A, B) respectively, where A € A.

Each finite structure C over universe Uc defines a hypergraph H(C) = (V, H)
as follows: The set V' of vertices V' of H(C') coincides with Ug; the set of hy-
peredges H of H(C') consists of all sets {c1,...,cx} such that there exists a
relation R in voc(C) and (c1,...,c;) € RC.

To each problem instance I = HOM(A, B) or I = CSP(A4,B), or I =
BCQ(A, B), we define the associated hypergraph H; by H; = H(A). In particu-
lar, this means, that for an instance I of CSP, H; denotes the hypergraph whose
vertices are the variables of I and whose hyperedges are all sets {X7,..., Xx}
such that there exists a constraint scope S = (X1, ..., Xx) belonging to I.

For an instance I = (D, @) of BCQ, H; denotes the hypergraph whose vertices
are all the variables occurring in ) and whose hyperedges are the sets var(a) of
variables occuring in «, for each query atom .

Ezample /4. Figure 1(a) shows H;, for an instance I; of BCQ having query @1 :
a(S, X, T,R) Nb(S, YU P)A f(R,P,V)Ng(X,Y)ANc(T, U, Z) N d(W,X,Z) A
oY, 2)

It is furthermore easy to see that HOM, BCQ, and CSP are all equivalent (via
logspace transformations) to the following fundamental problems in database
theory and artificial intelligence [17]: The Query Output Tuple Problem: Given a
conjunctive query ), a database db, and a tuple ¢, determine whether ¢ belongs
to the answer Q(db) of @ over db. The Conjunctive Query Containment: Decide
whether a conjunctive query 1 is contained in a conjunctive query Q. Query Q1
is contained in query Q2 if, for each database instance db, the answer Q)1 (db) is a
subset of Q2(db). The Clause Subsumption Problem: Check whether a (general)
clause C' subsumes a clause D, i.e., whether there exists a substitution ¢ such
that CY C D. A (general) clause is a disjunction of (positive or negative) literals,

a(SX,TR), b(S, Y UP)

JREY] (g, etzU)

(b)
Fig. 1. (a) Hypergraph Hy,; (b) a width 2 hypertree decomposition of Hy, ; and
(¢) the primal graph of Hj,
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possibly containing function symbols. Note that subsumption is an extremely
important technique used in clause-based theorem proving [1].

Just for the sake of presentation, we will focus in the rest of this paper on
the constraint statisfaction problem (CSP).

While, as we will see, many interesting structural properties of a CSP instance
I = CSP(A, B) can be identified by looking at the associated hypergraph H; =
H(A), which in AT is called the constraint hypergraph, some structural properties
of I may be also detected using its primal graph, i.e., the primal graph of the
hypergraph associated to A, which coincides with the Gaifman graph of A [15].
Let H; = (V, H) be the constraint hypergraph of a CSP instance I. The primal
graph of I is a graph G = (V, E'), having the same set of variables (vertices) as H;
and an edge connecting any pair of variables X,Y € V such that {X,Y} C h for
some h € H. Note that, if the vocabulary of A contains only binary predicates,
then all constraints of I are binary and its associated hypergraph is identical to
its primal graph. The primal graph of the hypergraph of query @; (and of the
equivalent CSP instance) is depicted in Fig. 1(c).

Since in this paper we always deal with hypergraphs corresponding to CSP
or BCQ instances, the vertices of any hypergraph H = (V, H) can be viewed
as the variables of some constraint satisfaction problem or of some conjunctive
query. Thus, we will often use the term variable as a synonym for vertex, when
referring to elements of V. For the hypergraph H = (V, H), var(H) and edges(H)
denote the sets V and H, respectively. When illustrating a decomposition, we will
usually represent hyperedges of the hypergraph H; of a BCQ or CSP instance I
by their corresponding query atoms or constraint scopes.

3 Acyclic Instances

The most basic and most fundamental structural property considered in the
context of CSPs and conjunctive queries is acyclicity. It was recognized in Al
and database theory that acyclic CSPs or conjunctive queries are polynomially
solvable. A CSP instance I is acyclic if its associated hypergraph H; is acyclic.

A hypergraph H is acyclic if and only if its primal graph G is chordal (i.e.,
any cycle of length greater than 3 has a chord) and the set of its maximal cliques
coincide with edges(H) [2].

A join tree JI'(H) for a hypergraph H is a tree whose nodes are the edges of
‘H such that whenever the same vertex X € V occurs in two edges A; and A,
of H, then A; and Ay are connected in JI'(H), and X occurs in each node on
the unique path linking A; and Ay in JI'(H). In other words, the set of nodes
in which X occurs induces a (connected) subtree of JI'(H). We will refer to this
condition as the Connectedness Condition of join trees.

Acyclic hypergraphs can be characterized in terms of join trees: A hypergraph
H is acyclic iff it has a join tree [3,2,32].

Note that acyclicity as defined here is the usual concept of acyclicity in the
context of database theory and AL Tt is referred to as a-acyclicity in [11]. This
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is the least restrictive concept of hypergraph acyclicity among all those defined
in the literature.

Acyclic CSPs and conjunctive queries have highly desirable computational
properties:

1. Acyclic instances can be efficiently solved. Yannakakis provided a (sequen-
tial) polynomial time algorithm solving BCQ on acyclic queries® [11].

2. Acyclicity is efficiently recognizable, and a join tree of an acyclic hypergraph
is efficiently computable. A linear-time algorithm for computing a join tree
is shown in [37]; an LSY method has been provided in [17] (LSY denotes
logspace relativized by an oracle in symmetric logspace; this class could also
be termed “functional SL”).

3. The result of a (non-Boolean) acyclic conjunctive query @ can be computed
in time polynomial in the combined size of the input instance and of the
output relation [11].

4. Arc-consistency for acyclic CSP instances can be enforced in polynomial
time [9,10].

Intuitively, the efficient behavior of acyclic instances is due to the fact that
they can be evaluated by processing any of their join trees bottom-up by perform-
ing upward semijoins, thus keeping small the size of the intermediate relations
(which could become exponential if regular join were performed).

We have recently determined the precise computational complexity of BCQ),
and hence of HOM, CSP, and all their equivalent problems. It turned out all
these problems are highly parallelizable on acyclic structures, as they are com-
plete for the low complexity class LOGCFL [17]. This is the class of all deci-
sion problems that are logspace-reducible to a context-free language. Note that
NL € LOGCFL C AC! € NC? C P where NL denotes nondeterministic logspace
and AC! and NC? are logspace-uniform classes based on the corresponding types
of Boolean circuits (for precise definitions of all these complexity classes, cf. [29]).
Let AH be the set of all finite acyclic relational structures.

Theorem 5 ([17]). CSP(AH) is LOGCFL-complete.

Moreover, the functional version of these problems belongs to the functional
version of LOGCFL, i.e., a solution for a CSP instance can be computed in
LLOGCFL 1 e functional logspace with an oracle in LOGCFL. Efficient parallel
algorithms — even for non-Boolean queries — have been proposed in [22]. They run
on parallel database machines that exploit the inter-operation parallelism [40],
i.e., machines that execute different relational operations in parallel.

The important speed-up obtainable on acyclic instances stimulated several
research efforts towards the identification of wider classes of queries and con-
straints having the same desirable properties as acyclic CQs and CSPs.

! Note that, since both the database db and the query Q are part of an input-instance
of BCQ, what we are considering is the combined complezity of the query [38].
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4 Treewidth, Query Width, and Hypertree Width

4.1 Tree Decompositions and Treewidth of Graphs

The treewidth of a graph is a well-known measure of its tree-likeness introduced
by Robertson and Seymour in their work on graph minors [34]. This notion plays
a central role in algorithmic graph theory as well as in many subdisciplines of
Computer Science.

Definition 6. A tree decomposition of a graph G = (V, E) is a pair (T, x),
where T' = (N, F) is a tree, and x is a labeling function associating to each
vertex p € N a set of vertices x(p) C V, such that the following conditions are
satisfied: (1) for each vertex b of G, there exists p € N such that b € x(p); (2)
for each edge {b,d} € E, there exists p € N such that {b,d} C x(p); (3) for
each vertex b of G, the set {p € N | b € x(p)} induces a (connected) subtree
of T.

The width of the tree decomposition (T, x) is maxpen |x(p)—1|. The treewidth
of G is the minimum width over all its tree decompositions. The treewidth of a
CSP instance is the treewidth of its associated primal graph.

The notion of treewidth is a generalization of graph acyclicity. In particular,
a graph is acyclic if and only if its treewidth is one [34].

Checking whether a graph has treewidth at most & for a fixed constant k,
and in the positive case computing a k-width tree decomposition, is feasible in
linear time [41]. Moreover, this task is also parallelizable. Indeed, Wanke [39] has
shown that, for a fixed constant k, checking whether a graph has treewidth k£ is
in LOGCFL. By proving some general complexity-theoretic results and by using
Wanke’s result, the following was shown in [18]:

Theorem 7 ( [18]). For each constant k, there exists an LFOGCFL trans-

ducer Ty, that behaves as follows on input G. If G is a graph of treewidth < k,
then Ty, outputs a tree decomposition of width < k of G. Otherwise, Ty halts with
empty output.

Thus, a tree decomposition of width at most k can be also computed in (the
functional version of) LOGCFL, and thus by logspace uniform AC? and NC?
circuits.

An important feature of treewidth is that many NP-complete problems are
decidable in polynomial-time on structures having bounded treewidth, i.e., hav-
ing treewidth at most k for some fixed constant k > 0. In particular, Courcelle
proved that every property expressible in monadic second order logic is decidable

7

in linear time over bounded treewidth graphs [7].

4.2 Treewidth of Hypergraphs

As mentioned in the previous section, many NP-complete problems become
tractable on bounded treewidth graphs. In order to exploit this nice feature
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for CSP, BCQ, and their equivalent problems, many researchers in the Al and
the database communities considered the primal graph (of the hypergraph) as-
sociated to the relational structure. Let TW[k] be the set of all finite relational
structures whose associated primal graph has treewidth at most k. It has been
shown that CSP(TW]/k]) is solvable in polynomial time [14] and has the same
properties of CSP(AH), including its precise computational complexity.

Theorem 8 ([17]). CSP(TWIk]) is LOGCFL-complete.

Note that considering the primal graph associated to a hypergraph is not
the one possible choice. Given a CSP instance I, the dual graph [9,10,32] of the
hypergraph H; is a graph G¢ = (V, E) defined as follows: the set of vertices V'
coincides with the set of (hyper)edges of H;, and the set E contains an edge
{h, '} for each pair of vertices h,h’ € V such that h N1/ # (). That is, there is
an edge between any pair of vertices corresponding to hyperedges of H; sharing
some variable.

The dual graph often looks very intricate even for simple CSPs. For in-
stance, in general, acyclic CSPs do not have acyclic dual graphs. However, it
is well known that the dual graph G¢ can be suitably simplified in order to
obtain a “better” graph G’ which can still be used to solve the given CSP in-
stance I. In particular, if I is an acyclic CSP, G¢ can be reduced to an acyclic
graph that represents a join tree of Hy. In this case, the reduction is feasible
in polynomial (actually, linear) time. (See, e.g., [32].) However, in general, it
is not known whether there exists an efficient algorithm for obtaining the best
simplified graph G’ with respect to the treewidth notion, i.e., the simplification
of G% having the smallest treewidth over all its possible simplifications (see [30]
for a formal statement of this open problem and [21] for a comparison of this
notion with some hypergraph-based notions).

Another possibility is considering the so called incidence graph [6]. Given
a CSP instance I, the incidence graph G%(H;) = (V',E) associated to the
hypergraph H; = (V, H) has a vertex for each variable and for each hyperedge
of Hy. There is an edge {z, h} € E between a variable x € V and and hyperedge
h € H whenever z occurs in h.

The class of all CSP instances whose dual graphs (resp. incidence graphs)
have bounded treewidth are solvable in polynomial time and, actually, they are
LOGCFL-complete. However, note that none of these classes of CSP instances
generalize the class CSP(AH). Indeed, there are families of acyclic hypergraphs
whose associated primal graphs, dual graphs (without considering simplifica-
tion), and incidence graphs have unbounded treewidth.

Note that by results of [25] bounded treewidth is most likely the best and
most general structural restriction for obtaining tractable CSP and BCQ in-
stances, when the structure of a CSP or BCQ is described via a graph (e.g.
the primal graph), rather than by a hypergraph. Further interesting material on
BCQ and treewidth can be found in [13].
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4.3 Query Decompositions and Query Width

A more general notion that generalizes hypergraph acyclicity is query width [6].
The notion of bounded query-width is based on the concept of query decomposi-
tion [6]. We next adapt this notion to the more general setting of hypergraphs,
while it was originally defined in terms of queries. Roughly, a query decomposi-
tion of a hypergraph H consists of a tree each vertex of which is labelled by a
set of hyperedges and/or variables. Each variable and hyperedge induces a con-
nected subtree (connectedness condition). Each hyperedge occurs in at least one
label. The width of a query decomposition is the maximum of the cardinalities
of its vertices. The query-width qu(H) of H is the minimum width over all its
query decompositions.

Ezxample 9. Consider the CSP instance I> having the following constraint scopes:

a(S, X, X',C, F),b(S,Y,Y',C", F"),¢(C,C", Z),d(X, Z),e(Y, Z),
JEFLZ0),9(X" 20, h(Y!, 27), 5(, X, Y, X7, YY)

The query-width of Hj, is 3. Figure 2 shows a query decomposition of Hy, of
width 3. W.l.o.g. we represent hyperedges by the corresponding constraint scopes
or query atoms in such decompositions.

a(s’x’x”C’F)9 b(S’Y5Y,’C”F’)

i3XY,X,Y%), oC,C.Z) | aS.X,X,CF), bS,Y,Y,CF), f(FF,7Z%)

d(X,Z) e(Y,Z) 8X%,Z2%) h(Y’,2’)

Fig. 2. A 3-width query decomposition of Hy,

Each hypergraph whose primal graph has treewidth at most k& has query
width at most k, too. The converse does not hold, in general. Moerover, this
notion is a true generalization of the basic concept of acyclicity: A hypergraph
is acyclic iff it has query width 1.

Let k be a fixed constant. Chekuri and Rajaraman [6] proved that, given a
BCQ instance I and a query decomposition of H; having width at most k, I is
solvable in polynomial time. In [17] it was shown that this problem is LOGCFL-
complete (and thus highly parallelizable).
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However, when the notion of query-width was defined and studied in [0],
no polynomial algorithm for checking whether a hypergraph has query-width
at most k& was known, and Chekuri and Rajaraman [6] stated this as an open
problem. This problem is solved in [19], where it is shown that is unlikely to find
an efficient algorithm for recognizing instances of bounded query-width.

Theorem 10 ([19]). Determining whether the query-width of a hypergraph is
at most 4 is NP-complete.

Fortunately, it turned out that the high complexity of determining bounded
query-width is not, as one would usually expect, the price for the generality of
the concept. Rather, it is due to some peculiarity in its definition. In the next
section, we present a new notion that does not suffer from such problems. Indeed,
this notion generalizes query width (and hence acyclicity) and is tractable.

5 Hypertree Decompositions and Hypertree Width

A new class of tractable CSP instances, which generalizes the class CSP(AH) of
CSP instances having an acyclic hypergraph, has recently been identified [19].
This is the class of CSPs whose hypergraph has a bounded-width hypertree
decomposition [19].

A hypertree for a hypergraph H is a triple (T, x, A), where T = (N, E) is a
rooted tree, and x and A are labeling functions which associate to each vertex
p € N two sets x(p) C var(H) and A(p) C edges(H). If T/ = (N',E') is a
subtree of T', we define x(T") = [J,cn: X(v). We denote the set of vertices N
of T by vertices(T), and the root of T by root(T). Moreover, for any p € N, T},
denotes the subtree of T rooted at p.

Definition 11. A hypertree decomposition of a hypergraph H is a hypertree
HD = (T, x, \) for H which satisfies all the following conditions:

1. for each edge h € edges(H), there exists p € vertices(T') such that var(h) C
X(p) (we say that p covers h);

2. for each variable Y € var(H), the set {p € vertices(T) | Y € x(p)} induces
a (connected) subtree of T

3. for each p € vertices(T), x(p) C var(A(p));

4. for each p € vertices(T'), var(A(p)) N x(Tp) € x(p).

Note that the inclusion in Condition 4 is actually an equality, because Con-
dition 3 implies the reverse inclusion.

Anedge h € edges(H) is strongly covered in HD if there exists p € vertices(T)
such that var(h) C x(p) and h € A(p). We then say that p strongly covers h.

A hypertree decomposition HD of hypergraph H is a complete decomposition
of H if every edge of H is strongly covered in HD.

The width of a hypertree decomposition (T, x, ) is maz,cpertices(T)|A(D)]-
The hypertree width hw(H) of H is the minimum width over all its hypertree de-
compositions. A c-width hypertree decomposition of H is optimal if ¢ = hw(H).
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The acyclic hypergraphs are precisely those hypergraphs having hypertree
width one. Indeed, any join tree of an acyclic hypergraph H trivially corresponds
to a hypertree decomposition of H of width one. Furthermore, if a hypergraph
‘H’ has a hypertree decomposition of width one, then, from this decomposition,
we can easily compute a join tree of H’, which is therefore acyclic [19].

It is worthwhile noting that from any hypertree decomposition HD of H, we
can easily compute a complete hypertree decomposition of H having the same
width in O(||H| - |HD||) time.

Intuitively, if H is a cyclic hypergraph, the x labeling selects the set of vari-
ables to be fixed in order to split the cycles and achieve acyclicity; A(p) “covers”
the variables of x(p) by a set of edges.

(L XY, X' Y")

a(8,X,X',C,F), b(S,Y,Y',C', F')

(L XY, ), oC,Cz)| i XY, F(FF,Z)

’ d(X,2) ‘ ’ e(Y,Z) ‘ 9(X’,Z") nY', Z")

Fig. 3. A Hypertree decomposition of Hs

Example 12. Figure 3 shows an hypertree decomposition HDs of the cyclic hy-
pergraph Hs associated to the CSP instance in Example 9. Each node p in the
tree is labeled by a set of hyperedges representing A(p); x(p) is the set of all
variables, distinct from ‘_’; appearing in these hyperedges. Thus, the anonymous
variable ‘_” replaces the variables in var(A(p)) — x(p)-

Using this graphical representation, we can easily observe an important fea-
ture of hypertree decompositions. Once an hyperedge has been covered by some
vertex of the decomposition tree, any subset of its variables can be used freely
in order to decompose the remaining cycles in the hypergraph. For instance,
the variables in the hyperedge corresponding to constraint j in Hy are jointly
included only in the root of the decomposition. If we were forced to take all
the variables in every vertex where j occurs, it would not be possible to find a
decomposition of width 2. Indeed, in this case, any choice of two hyperedges per
vertex yields a hypertree which violates the connectedness condition for variables
(i.e., Condition 2 of Definition 11).
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Figure 1(b) shows a complete hypertree decomposition of width 2 of the
hypergraph H;, in part (a) of the figure. Note that this decomposition also
happens to be a query decomposition of width 2.

Let k be a fixed positive integer. We say that a CSP instance I has k-bounded
hypertree width if hw(Hy) < k, where H; is the hypergraph associated to I.

6 Computing Hypertree Decompositions

Let H be a hypergraph, and let V' C var(H) be a set of variables and X,Y €
var(H). Then X is [V]-adjacent to Y if there exists an edge h € edges(H) such
that {X,Y} C h—V. A [V]-path 7 from X to Y is asequence X = Xo,..., Xy, =Y
of variables such that X; is [V]-adjacent to X;+1, for each i € [0...¢-1]. A set
W C war(H) of variables is [V]-connected if, for all X, Y € W, there is a
[V]-path from X to Y. A [V ]-component is a maximal [V]-connected non-empty
set of variables W C war(H) — V. For any [V]-component C, let edges(C) =
{h € edges(H) | hN C # 0}.

Let HD = (T,x,)\) be a hypertree for H. For any vertex v of T, we
will often use v as a synonym of x(v). In particular, [v]-component denotes
[x(v)]-component; the term [v]-path is a synonym of [y(v)]-path; and so on. We
introduce a normal form for hypertree decompositions.

ALTERNATING ALGORITHM k-decomp
Input: A non-empty Hypergraph H.
Result: “Accept”, if H has k-bounded hypertree-width; “Reject”, otherwise.

Procedure k-decomposable(Cr: SetOfVariables, R: SetOfHyperedges)
begin
1) Guess a set S C edges(H) of k elements at most;
2) Check that all the following conditions hold:
2.a) VP € edges(Cr), (var(P)Nwvar(R)) C var(S) and
2.b) var(S)NCr #0
3) If the check above fails Then Halt and Reject; Else
Let C := {C Cwar(H) | Cis a [var(S)]-component and C C Cr};
4) 1If, for each C € C, k-decomposable(C,S)
Then Accept
Else Reject
end;

begin(* MAIN *)
Accept if k-decomposable(var(H), D)
end.

Fig. 4. A non-deterministic algorithm deciding k-bounded hypertree-width
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Definition 13 ([19]). A hypertree decomposition HD = (T, x, A) of a hyper-
graph H is in normal form (NF) if, for each vertex r € vertices(T), and for each
child s of r, all the following conditions hold:

1. there is (exactly) one [r]-component C,. such that x(Ts) = C.U(x(s)Nx(r));
2. x(s) N C, # B, where C, is the [r]-component satisfying Condition 1;

3. var(A(s)) Nx(r) € x(s).

Intuitively, each subtree rooted at a child node s of some node r of a normal
form decomposition tree serves to decompose precisely one [r]-component.

Theorem 14 ([19]). For each k-width hypertree decomposition of a hypergraph
H there exists a k-width hypertree decomposition of H in normal form.

This normal form theorem immediately entails that, for each optimal hy-
pertree decomposition of a hypergraph H, there exists an optimal hypertree
decomposition of H in normal form.

Importantly, NF hypertree decompositions can be efficiently computed. Fig-
ure 4 shows the algorithm k-decomp, deciding whether a given hypergraph H has
a k-bounded hypertree-width decomposition. k-decomp can be implemented
on a logspace ATM having polynomially bounded tree-size, and therefore entails
LOGCFL membership of deciding k-bounded hypertree-width.

Theorem 15 ([19]). Deciding whether a hypergraph H has k-bounded
hypertree-width is in LOGCFL.

From an accepting computation of the algorithm of Figure 4 we can efficiently
extract a NF hypertree decomposition. Since an accepting computation tree of a
bounded-treesize logspace ATM can be computed in (the functional version of)
LOGCFL [18], we obtain the following.

Theorem 16 ([19]). Computing a k-bounded hypertree decomposition (if any)
of a hypergraph H is in LYOGCFL i e in functional LOGCFL.

As for sequential algorithms, a polynomial time algorithm opt-k-decomp
which, for a fixed k, decides whether a hypergraph has k-bounded hypertree
width and, in this case, computes an optimal hypertree decomposition in normal
form is described in [20]. As for many other decomposition methods, the running
time of this algorithm to find the hypergraph decomposition is exponential in
the parameter k. More precisely, opt—k-decomp runs in O(m?*v?) time, where m
and v are the number of edges and the number of vertices of H, respectively.

7 Solving CSP Instances of Bounded Hypertree Width

Figure 5 outlines an efficient method to solve CSP instances of bounded Hy-
pertree Width. The key point is that any CSP instance I having k-bounded
hypertree width can be efficiently transformed into an equivalent acyclic CSP
instance (Step 4.), which is then evaluated by the well-known techniques defined
for acyclic CSPs (see Section 3). Let HWI[k] be the set of all finite relational
structures whose associated hypergraph has hypertree width at most k.
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ALGORITHM
Input: A k-bounded hypertree width CSP instance 1.
Result: A solution to I, if I is satisfiable; “No”, otherwise.

begin

1) Build the hypergraph H; of I.

2) Compute a k-width hypertree decomposition HD of H; in normal form.

3) Compute from HD a complete hypertree decomposition HD' = (T, x, \) of H;.

Evaluate I employing any efficient technique for solving acyclic CSPs.
If I is satisfiable, then return a solution to I'™;
Else Return “No”

)
)
)
4) Compute from HD' and I an acyclic instance I* equivalent to 1.
)
)

Fig. 5. An algorithm solving CSP instances of k-bounded hypertree-width

Theorem 17 ([21]). Given a CSP instance I € CSP(HWIkK]) and a k-width
hypertree decomposition of Hr in normal form, I is solvable in O(|I||*T* log ||I||)
time.

We have also determined the precise computational complexity of solving
CSP instances having bounded hypertree-width.

Theorem 18 ([19]). CSP(HWIk]) is LOGCFL-complete.

8 Game Theoretic Characterization of Hypertree Width

In [36], graphs G of treewidth k are characterized by the so called Robber-and-
Cops game where k+1 cops have a winning strategy for capturing a robber on G.
Cops can control vertices of a graph and can jump at each move to arbitrary
vertices. The robber can move (at infinite speed) along paths of G but cannot go
over vertices controlled by a cop. It is, moreover, shown that a winning strategy
for the cops exists, iff the cops can capture the robber in a monotonic way,
i.e., never returning to a vertex that a cop has previously vacated, which implies
that the moving area of the robber is monotonically shrinking. For more detailed
descriptions of the game, see [36] or [23].

In order to provide a similarily natural characterization for hypertree-width,
we defined in [23] a new game, the Robber and Marshals game (REMs game).
A marshal is more powerful than a cop. While a cop can control a single vertex
(=variable) only, a marshal controls an entire hyperedge. In the R€Ms game, the
robber moves on vertices just as in the robber and cops game, but now marshals
instead of cops are chasing her. During a move of the marshals from the set of
hyperedges E to to the set of hyperedges E’, the robber cannot pass through the
vertices in B = (UE) N (UE'), where, for a set of hyperedges F', UF denotes the
union of all hyperedges in F. Intuitively, the vertices in B are those not released
by the marshals during the move. As in the monotonic robber and cops game,
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it is required that the marshals capture the robber by monotonically shrinking
the moving space of the robber. The game is won by the marshals if they corner
the robber somewhere in the hypergraph.

Example 19. Let us play the robber-and-marshals game on the hypergraph H,
of query @1 of Example 4 (see Fig 1). We can easily recognize that two marshals
can always capture the robber and win the game by using the following strategy:
Independently of the initial position of the robber, the two marshals initially
move on edges {a,b}, and thus control the vertices (=variables) T, X, S, R, P,
Y, U, as shown in Figure 6.A. After this move of marshals, the robber may be
in V,in Z or in W. If the robber is on V', then the marshals move on edge f,
and capture the robber, as shown in Figure 6.B (note that the robber cannot
escape from V during this move, as both P and R — the only possible ways to
leave V' — are kept under the marshals’ control during the move). Otherwise, if
the robber is on W or on Z, then the marshals move on {g, ¢} (see Figure 6.C).
Since they keep the control of X, Y, T, and U during the move, then the robber
can escape only to vertex W. Therefore, a further move on edge d allows the
marshals to eventually capture the robber, as shown in Figure 6.D.

ANVAN
a .
(©)
Fig. 6. (A) The first move of the marshals playing the game on Hy,; (B) move
of the marshals if the robber stands on V' (capture position); (C) move of the

marshals if the robber stands on W or on Z; (D) the marshals capture the robber
in W

In [23] we prove that there is a one-to-one correspondence between winning
strategies for k£ marshals and hypertree decompositions of width at most & in a
certain normal form.

Theorem 20 ([23]). A hypergraph H has k-bounded hypertree width if and
only k marshals have a winning strategy for the REMs game played on H.

9 Logical Characterization of Hypertree Width

Denote by L the fragment of first-order logic (FO) whose connectives are re-
stricted to existential quantification and conjunction (i.e., =, V, and V are dis-
allowed). Kolaitis and Vardi [30] proved that the class of all queries having
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treewidth < k coincides in expressive power with the k-variable fragment L* of
L, i.e., the class of all L formulas that use k variables only. Se also [13].

In [23], we characterize HW[k] in terms of a guarded logic. We show that
HWI[k] = GFj(L), where GFy(L) denotes the k-guarded fragment of L. The
1-guarded fragment coincides with the classical notion of guardedness, where
existentially quantified subformulas ¢ of a formula are always conjoined with a
guard, i.e., an atom containing all free variables of . In the k-guarded fragment,
up to k atoms may jointly act as a guard (for precise definitions, see [23]). For
the particular case k& = 1, this gives us a new characterization of the acyclic
queries stating that the acyclic queries are precisely those expressible in the
guarded fragment of L. In order to prove these results, we played the robber and
marshals game on the appropriate query hypergraphs.

10 Comparison of Hypertree Width with Other Methods

We report about results comparing the Hypertree decomposition method with
other methods for solving efficiently CSPs and conjunctive queries, which are
based only on the structure of the hypergraph associated with the problem (we
consider tractability due to restricted structure, as discussed in Section 2). We
call these methods decomposition methods (DM), because each one provides a
decomposition which transforms any hypergraph to an acyclic hypergraph. For
each decomposition method D, this transformation depends on a parameter
called D-width. Let k be a fixed constant. The tractability class C(D, k) is the
(possibly infinite) set of hypergraphs having D-width < k. D ensures that ev-
ery CQ or CSP instance whose associated hypergraph belongs to this class is
polynomial-time solvable.

The main decomposition methods considered in database theory and in ar-
tificial intelligence are: Treewidth [34] (see also [30,17]), Cycle Cutset [9], Tree
Clustering [10], Induced Width (w*) cf. [9], Hinge Decomposition [27,26], Hinge
Decomposition + Tree Clustering [20], Cycle Hypercutset [21], Hypertree Decom-
position. All methods are briefly explained in [21]. Here, we do not consider
the notion of query width, because deciding whether a hypergraph has bounded
query width is NP-complete. However, recall that this notion is generalized by
hypertree width, in that whenever a hypergraph has query width at most k, it
has hypertree width at most k, too. The converse does not hold, in general [19].
For comparing decomposition methods we introduce the relations <, >, and <<
defined as follows:

Dy < D5, in words, Dy generalizes Dy, if 30 > 0 such that, V& > 0,
C(D1,k) C C(Da,k +6). Thus Dy = D if every class of CSP instances which
is tractable according to D; is also tractable according to Das.

Dy > Dy (Dq beats Do) if there exists an integer k such that Vm C(D1,k) €
C(D2,m). To prove that D; > Da, it is sufficient to exhibit a class of hypergraphs
contained in some C(D1, k) but in no C(Da, j) for j > 0. Intuitively, Dy > Do
means that at least on some class of CSP instances, D; outperforms Ds.
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Dy < Dy if Dy < Dy and Dy > D;. In this case we say that Do strongly
generalizes Dy .

Mathematically, < is a preorder, i.e., it is reflexive, transitive but not antisym-
metric. We say that Dy is <-equivalent to D5, denoted D1 = Do, if both D < D»
and D> < D; hold.

The decomposition methods D; and Dy are strongly incomparable if
both Dy > Dy and Dy > D;. Note that if D; and Do are strongly incompa-
rable, then they are also incomparable w.r.t. the relations < and <<.

Figure 7 shows a representation of the hierarchy of DMs determined by the
—< relation. Each element of the hierarchy represents a DM, apart ;from that
containing the three <-equivalent methods Tree Clustering, Treewidth, and w*.

Theorem 21 ([21]). For each pair D1 and D2 of decompositions methods rep-
resented in Figure 7, the following holds. There is a directed path from Dy to Do
iff D1 =< Do, i.e., iff Do strongly generalizes D1. Moreover, D1 and Ds are
not linked by any directed path iff they are strongly incomparable. Hence, Fig. 7
completely describes the relationships among the different methods.

EHypertree Decomposition}

AN

Hinge Decomposition
+ Cycle Hypercutset
Tree Clustering

Tree Clustering =
Hinge Decomposition

w* = treewidth

EBiconnected Components} Cycle Cutset

Fig. 7. Constraint tractability hierarchy

Recently, a comparison between hypertree width and Courcelle’s concept of
clique-width [7,3] was made [24]. Given that clique-width is defined for graphs,
it had to be suitably adapted to hypergraphs. Defining the clique-width of a
hypergraph H as the cliquewidth of its primal graph makes no sense in the con-
text of CSP-tractability, because then CSPs of bounded clique-width would be
intractable. Therefore, in [24], the clique-width H is defined as the clique-width
of its incidence graph G%(H). With this definition it could be shown in [24] that
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(a) CSP’s whose hypergraphs have bounded clique-width are tractable, and (b)
bounded hypertree width strongly generalizes bounded clique-width.

11 Open Problems

Several questions are left for future research. In particular, it would be inter-
esting to know whether the method of hypertree decompositions can be further
generalized. For instance, let us define the concept of generalized hypertree de-
composition by just dropping condition 4 from the definition of hypertree de-
composition (Def. 11). Correspondingly, we can introduce the concept of gen-
eralized hypertree width ghw(H) of a hypergraph H. We know that all classes
of Boolean queries having bounded ghw can be answered in polynomial time.
But we currently do not know whether these classes of queries are polynomially
recognizable. This recognition problem is related to the mysterious hypergraph
sandwich problem [31], which has remained unsolved for a long time. If the latter
is polynomially solvable, then also queries of bounded ghw are polynomially rec-
ognizable. Another question concerns the time complexity of recognizing queries
of bounded hypertree width. Is this problem fixed-parameter tractable such as
the recognition of graphs of bounded treewidth?
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Abstract. We study the expressive power non-size increasing recursive
definitions over lists. This notion of computation is such that the size of
all intermediate results will automatically be bounded by the size of the
input so that the interpretation in a finite model is sound with respect to
the standard semantics. Many well-known algorithms with this property
such as the usual sorting algorithms are definable in the system in the
natural way. The main result is that a characteristic function is definable
if and only if it is computable in time O(2P (”)) for some polynomial p.
The method used to establish the lower bound on the expressive power
also shows that the complexity becomes polynomial time if we allow
primitive recursion only. This settles an open question posed in [1,0].
The key tool for establishing upper bounds on the complexity of deriv-
able functions is an interpretation in a finite relational model whose
correctness with respect to the standard interpretation is shown using a
semantic technique.
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Consider the following recursive definition of a function on lists:

twice(nil) = nil
twice(cons(z,1)) = cons(tt, cons(tt, twice(l)))

(1)

Here nil denotes the empty list, cons(z,!) denotes the list with first element x
and remaining elements [. i, ff are the members of a type T of truth values.
We have that twice(l) is a list of length 2 - |I| where |I| is the length of I. Now
consider
exp(nil) = cons(tt, nil)
exp(cons(z,1)) = twice(exp(l))

(2)
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We have |exp(l)| = 2/l and further iteration leads to elementary growth rates.

This shows that innocuous looking recursive definitions can lead to enor-
mous growth. In order to prevent this from happening it has been suggested
in [?,10] to rule out definitions like (2) above, where a recursively defined func-
tion, here twice, is applied to the result of a recursive call. Indeed, it has been
shown that such discipline restricts the definable functions to the polynomial-
time computable ones and moreover every polynomial-time computable function
admits a definition in this style.

Many naturally occurring algorithms, however, do not fit this scheme. Con-
sider, for instance, the definition of insertion sort:

insert(z, nil) = cons(z, nil)
insert(z, cons(y, 1)) = if < y then cons(x,cons(y,!)) else cons(y, insert(x,))
sort(nil) = nil
sort(cons(z,l)) = insert(x, sort(l))

(3)
Here just as in (2) above we apply a recursively defined function (insert) to
the result of a recursive call (sort), yet no exponential growth arises.

It has been argued in [3] and [6] that the culprit is definition (1) because
it defines a function that increases the size of its argument and that non size-
increasing functions can be arbitrarily iterated without leading to exponential
growth.

In [3] a number of partly semantic criteria were offered which allow one to
recognise when a function definition is non size-increasing. In [6] we have given
syntactic criteria based on linearity (bound variables are used at most once) and
a so-called resource type & which counts constructor symbols such as “cons” on
the left hand side of an equation.

This means that cons becomes a ternary function taking one argument of
type <, one argument of some type A (the head) and a third argument of type
L(A), the tail. There being no closed terms of type < the only way to apply cons
is within a recursive definition; for instance, we can write

append(nil,l3) = ls ()
append(cons(d, a,l1),l2) = cons(d, a, append(ly, l2)
Alternatively, we may write

append(l1,l2) = match [ with nil=-l2 | cons(d, a,l})=-cons(d, append(l1,l2) (5)

We notice that the following attempted definition of twice is illegal as it violates
linearity (the bound variable d is used twice):

twice(nil) = nil (6)
twice(cons(d, x,1)) = cons(d, tt, cons(d, tt, twice(l)))

The definition of insert, on the other hand, is in harmony with linearity pro-
vided that insert gets an extra argument of type <& and, moreover, we assume
that the inequality test returns its arguments for subsequent use.
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The main result of [6] and [1] was that all functions thus definable by struc-
tural recursion are polynomial-time computable even when higher-order func-
tions are allowed. In [7] it has been shown that general-recursive first-order
definitions admit a translation into a fragment of the programming language
C without dynamic memory allocation (“malloc”) which on the one hand al-
lows one to automatically construct imperative implementations of algorithms
on lists which do not require extra space or garbage collection. More precisely,
this translation maps the resource type < to the C-type void * of pointers. The
cons function is translated into the C-function which extends a list by a given
value using a provided piece of memory. It is proved that the pointers arising
as denotation of terms of type < always point to free memory space which can
thus be safely overwritten.

This translation also demonstrates that all definable functions are com-
putable on a Turing machine with linearly bounded work tape and an unbounded
stack (to accommodate general recursion) which by a result of Cook! [1] equals
the complexity class DTIME(2°(™). Tt was also shown in [7] that any such func-
tion admits a representation.

In the presence of higher-order functions the translation into C breaks down
as C does not have higher-order functions. Of course, higher-order functions can
be simulated as closures, but this then requires arbitrary amounts of space as
closures can grow proportionally to the runtime. In a system based on structural
recursion such as [6] this is not a problem as the runtime is polynomially bounded
there. The hitherto open question of complexity of general recursion with higher-
order functions is settled in this work [8] and shown to require a polynomial
amount of space only in spite of the unbounded runtime.

We thus demonstrate that a function is representable with general recur-
sion and higher-order functions iff it is computable in polynomial space and an
unbounded stack or equivalently (by Cook’s result) in time O(2P(™)) for some
polynomial p. The lower bound of this result also demonstrates that indeed all
characteristic functions of problems in P are definable in the structural recursive
system. This settles a question left open in [1,6].

In view of the results presented in the talk (see also [3]), these systems of
non size-increasing computation thus provide a very natural connection between
complexity theory and functional programming. There is also a connection to
finite model theory in that programs admit a sound interpretation in a finite
model. This improves upon earlier combinations of finite model theory with
functional programming [5] where interpretation in a finite model was achieved
in a brute-force way by changing the meaning of constructor symbols, e.g. suc-
cessor of the largest number N was defined to be N itself. In those systems it
is the responsibility of the programmer to account for the possibility of cut-off
when reasoning about the correctness of programs. In the systems studied here
linearity and the presence of the resource types automatically ensure that cutoff

! This result asserts that if L(n) > log(n) then DTIME(2°=(")) equals the class of
functions computable by a Turing machine with an L(n)-bounded R/W-tape and
an unbounded stack.
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never takes place. Formally, it is shown that the standard semantics in an infinite
model agrees with the interpretation in a certain finite model for all well-formed
programs.

Another piece of related work is Jones’ [9] where the expressive power of
cons-free higher-order programs is studied. It is shown there that first-order
cons-free programs define polynomial time , whereas second-order programs de-
fine EXPTIME. This shows that the presence of “cons”, tamed by linearity and
the resource type changes the complexity-theoretic strength. While loc. cit. also
involves Cook’s abovementioned result (indeed, this result was brought to the
author’s attention by Neil Jones) the other parts of the proof are quite differ-
ent.
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Abstract. We discuss some of the recent progress in quantum algorith-
mics. We review most of the primary techniques used in proving upper
and lower bounds and illustrate how to apply the techniques to a vari-
ety of problems, including the threshold function, parity, searching and
sorting. We also give a set of open questions and possible future research
directions. Our aim is to give a basic overview and we include suggestions
to further reading.

1 Introduction

The most famous quantum algorithms are Shor’s [38] algorithms for integer
factorization and computing discrete logarithms and Grover’s [28] algorithm for
searching an un-ordered set of elements. In this paper, we discuss and survey
many of the quantum algorithms found since the discoveries of Shor and Grover.

The algorithms of Shor and Grover, as well as most other existing quantum
algorithms, can be naturally expressed in the so-called black box model. In this
model, we are given some function f as input. The function f is given as a
black box so that the only knowledge we can gain about f is in asking for its
value on points of its domain. We may think of f as an oracle which, when asked
some question x, replies by f(z). Our measure of complexity is the number of
evaluations of f required to solve the problem of interest.

On a quantum computer, the only two types of operations allowed are unitary
operators and measurements. We may without loss of generality assume that all
measurements are performed at the end of the computation, and thus any quan-
tum algorithm can be modeled as a sequence of unitary operators followed by a
single measurement. Consequently, we need to model our queries to function f
so that they are unitary. Let f : X — Z be any function with Z = {0,1}™ for
some integer m. Define the unitary operator Of by

[2)[2)|w) — [x)]z @ f(z))w) (1)

forall x € X, z € Z and w € Z, where z @ f(z) denotes the binary exclusive-or
of bit-strings z and f(x). Applying the operator Oy twice is equivalent to ap-
plying the identity operator and thus Oy is unitary (and reversible) as required.

* Supported in part by Canada’s NSERC and the Pacific Institute for the Mathema-
tical Sciences.

J. Sgall, A. Pultr, and P. Kolman (Eds.): MFCS 2001, LNCS 2136, pp. 62-74, 2001.
© Springer-Verlag Berlin Heidelberg 2001



Introduction to Recent Quantum Algorithms 63

It changes the content of the second register (|z)) conditioned on the value of
the first register (|z)). The purpose of the third register (Jw)) is simply to allow
for extra work-space. We often refer to Oy as the black box or as the oracle. On a
quantum computer, we are given access to operator Of and our objective is to
use the fewest possible applications of O to solve the problem at hand. This
model of computation is often refered to as the quantum black box model, and
sometimes also to as quantum decision trees [10].

A quantum algorithm Q that uses T applications of Oy (i.e., uses T' queries)
is a unitary operator of the form [16,4,31]

Q= (Uoy)'u (2)

for some unitary operator U. We always apply algorithm Q on the initial state |0).
The superposition obtained by applying Q on |0) is Q|0), which is (UO;)TU|0).
The operators are applied right to left: first apply U, and then iterate UOy a
total number of T times. After applying Q on |0), we always measure the final
state in the computational basis. The outcome of the measurement are classical
bits, and the rightmost bit(s) of those is the output of the algorithm.

Prior to the discoveries of Shor and Grover, notable quantum algorithms were
found by Deutsch [20], Deutsch and Jozsa [21], Bernstein and Vazirani [6] and
Simon [39]. Deutsch [20] considered the problem that we are given a function
f :{0,1} — {0,1} as a black box Oy, and we want to determine whether
£(0) = f(1) or f(0) # f(1). Deutsch gave a zero-error quantum algorithm that
uses only 1 application of Oy and outputs the correct answer with probability %,
and the answer “inconclusive” with complementary probability %

The algorithm of Deutsch [20] is generalized and improved by Deutsch and
Jozsa [21], Cleve, Ekert, Macchiavello and Mosca [18], Tapp [40] and others.
Deutsch’s algorithm, as well as the early algorithms by Bernstein and Vazirani [(]
and Simon [39], are discussed in many introductions to quantum computing,
including the excellent papers by Berthiaume [7], Cleve [17] and Reiffel and
Polak [37]. For a thorough introduction to quantum computing, see the recent
book by Nielsen and Chuang [34].

The two most widely used tools for constructing quantum algorithms are
Fourier transforms and amplitude amplification. Fourier transforms is an intrin-
sic ingredient in the algorithms of Bernstein and Vazirani [6], Simon [39] and
Shor [38]. See for instance Ivanyos, Magniez and Santha [32] and the references
therein for applications of Fourier transforms in quantum algorithms. Amplitude
amplification was introduced by Brassard and Hgyer [J] as a generalization of the
underlying subroutine used in Grover’s algorithm [28]. We discuss this technique
further in Sect. 3 as most of the newer quantum algorithms utilize amplitude
amplification.

In the rest of this paper, we review some of the main techniques used in
proving upper and lower bounds on quantum algorithms. For the purpose of
illustrating the techniques, we also discuss nine concrete problems, each of them
hopefully being considered fundamental. Section 2 contains an overview of the
nine problems, including the best known upper and lower bounds. We discuss
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techniques for proving upper bounds in Sect. 3, and lower bounds in Sect. 4.
We conclude in Sect. 5 by mentioning some open questions and possible future
research directions.

2 Overview of Problems

Below, we give a list of nine problems that have been considered in the quantum
black box model. The problems fall in 3 groups. The first group consists of
decision problems with solutions depending only on |f~!(1)], the number of
elements being mapped to 1. Let [N] = {0,1,..., N — 1}. We say a problem P
is symmetric if P(f) = P(f on) for all inputs f : [N] — Z and all permutations
7 : [N] — [N]. All problems in the first group are symmetric. Generally speaking,
the quantum complexities of symmetric problems are much more well-understood
than those of non-symmetric problems. In the second group, we have put the
fundamental computational tasks of searching and sorting, and finally, in the
third group, some decision problems related to sorting. Table 1 gives the best
known lower and upper bounds for each of these nine problems.

ORr  Given Boolean function f : [N] — {0,1},is [f~'(1)| > 0?

THRESHOLDs  Given Boolean function f : [N] — {0,1},is [f~(1)| > S?

MAJORITY  Given Boolean function f : [N] — {0,1},is [f~1(1)| > N/2?

PARITY  Given Boolean function f : [N] — {0,1},is |f~1(1)| odd?

ORDERED SEARCHING  Given monotone Boolean function f : [N] — {0,1}
and promised that f(N — 1) = 1, output the smallest index = € [N] so that
f(z)=1.

SORTING  Given function f : [N] — Z, output a permutation 7 : [N] — [N] so
that f o7 is monotone.

CorLLISION  Given function f : [N] — Z and promised that f is either 1-to-1
or 2-to-1, decide which is the case.

ELEMENT DISTINCTNESS Given a function f : [N] — Z, do there exist distinct
elements x,y € [N] so that f(z) = f(y)?

CLAW (monotone case) Given two monotone functions f,g : [N] — Z, does
there exist (z,y) € [N]? so that f(z) = g(y)?

3 The Quantum Algorithms

For the five problems OR, THRESHOLDg, COLLISION, ELEMENT DISTINCTNESS
and CLAW, the quantum complexities listed in Table 1 are asymptotically smaller
than the corresponding randomized decision tree complexities. In each case, the
speed-up is at most quadratic and is achieved by applying amplitude amplifica-
tion and estimation. Many newer quantum algorithms rely on these two tech-
niques, and we therefore now give a brief description of them and sketch how
to apply them to each of these five problems. For more details on amplitude
amplification and estimation, see Brassard, Hgyer, Mosca and Tapp [10].
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Table 1. The best known lower and upper bounds in the quantum black box
model for each of the nine problems defined in Sect. 2. These are the asymptotic
bounds for two-sided bounded-error quantum algorithms, with the exception of
the bounds for ORDERED SEARCHING which are for exact quantum algorithms.
The two rightmost columns contain references to the proofs of each non-trivial
lower and upper bound, respectively. We assume the input to each of the four last
problems are given as comparison matrices. For the threshold problem, ST =
S+1and ST =5 —1. We use log* to denote the log-star function defined below,
and c is some (small) constant

Problem Lower Upper References
ORr VN VN [5] [8,28]
THRESHOLDg VSTIN=87) | /SHN -=S7) | [4] [4]
MAJORITY N N [4]

PARITY N N [23,4]

ORDERED SEARCHING | 0.220log,(N) | 0.526 log,(N) [31]

SORTING Nlog(N) Nlog(N) [31]

COLLISION N2 log(N) [11]
ELEM. DISTINCTNESS | /N log(N) N**log(N) [31]  [14]
CLAW (monotone case) VN VNeles™ (V) [14]

Consider we want to solve some problem using some quantum algorithm A.
The algorithm A starts on the initial state |0) and produces some final su-
perposition [¥) = >, a;]i). We assume A is a quantum algorithm that uses
no measurement during the computation. This assumption is mostly technical
and can be safely ignored for the purposes of this paper, so we do not elabo-
rate any further on this. What is crucial, is that we from the output of algo-
rithm A somehow can deduce if we have solved the problem or not. We formalize
this by assuming that we, in addition to A, are given some Boolean function
X : Z — {0,1}. We say algorithm A succeeds if a measurement of |¥) yields an
integer i so that x(i) = 1. Let a denote the success probability of .4, that is, let
a= |Ziex*1(1) O‘i|i>|2 = Ziexfl(n |ai|2-

There are (at least) two types of questions one may consider concerning
algorithm A4 with respect to function y. Firstly, we may consider the problem of
finding an integer ¢ so that x(i) = 1, i.e., finding a solution 4, and secondly, we
may ask for the value of a, i.e., what is the success probability of A7 These two
questions concern searching and estimation, respectively.
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Amplitude amplification [10] is a technique that allows fast searching on a
quantum computer. On a classical computer, the standard technique to boosting
the probability of success is by repetition. By running algorithm A a total number
of j times, the probability of success increases to roughly ja (assuming ja < 1).
Intuitively, we can think of this strategy as each additional run of algorithm A
boosting the probability of success by an additive amount of roughly a. To find
an integer i with x(i) = 1, we require an expected number of O(L) repeti-
tions. A quantum analogue of boosting the probability of success is to boost
the amplitude of being in a certain subspace of the Hilbert space. Amplitude
amplification is such a technique. It allows us to boost the probability of success
to roughly j2a using only j applications of algorithm A and function y, which
implies that we can find an integer ¢ with x (i) = 1 applying A and y an expected
number of only O(\/ia) times.

Theorem 1 (Amplitude amplification) [10]. Let A be any quantum algo-
rithm that uses no measurements, and let x : Z — {0,1} be any Boolean func-
tion. Let A|0) = 3 .., a;li) be the superposition obtained by running A on the
initial state [0). Leta = |3 ;e —1(1) a;|i)|? denote the probability that a measure-
ment of the final state A|0) yields an integer i so that x(i) = 1. Provided a > 0
we can find an integer i with x(i) = 1 using an expected number of only O(\/LE)

applications of A, the inverse A~' and function x.

This theorem is a generalization of Grover’s result [28] that a database can be
searched for a unique element in O(v/N) queries. The quantum algorithm [8] for
OR can be phrased in these terms: Let A be any quantum algorithm that maps
the initial state |0) to an equally weighted superposition of all possible inputs

to function f, A|0) = LN Zi]igl i). If we measure state .A|0), our probability

of seeing an integer i so that f(i) = 1 is exactly a = |f~1(1)|/N, since every i is
equally likely to be measured. Let x = f. Thus using an expected number of only
O(ﬁ) = O(\/N/|f~1(1)]) applications of function f we can find an integer i
so that f(i) = 1, provided there is such an ¢. This implies that there is a one-
sided error quantum algorithm for OR that, using only O(v/N) applications of f,
outputs “no” with certainty if | f~1(1)| = 0, and “yes” with probability at least %
if [f71(1)] > 0.

The quantum algorithm [11] for COLLISION also uses amplitude amplification.
First, pick any subset B of [N] of cardinality N'/3 and sort B with respect to
its f-values using O(N'/3log(N)) comparisons of the form “Is f(i) < f(4)?”.
Once B is sorted, check that no two consecutive elements in the sorted list
map to the same value under f, using an additional N*/? — 1 comparisons. If a
collision is found, output “2-to-1" and stop. Otherwise, proceed as follows. Define
X : [N] —{0,1} by x(i) = lif and only if i ¢ B and f(i) = f(j) for some j € B.
A single evaluation of x can be implemented using only O(log(N)) comparisons
of f-values since B is sorted. If function f is 2-to-1 then |y~ '(1)| = N'/2, and
if f is 1-to-1 then |x~*(1)] = 0. As in the case of OR, there thus is a one-

sided error quantum subroutine A that, using only O(y/N/N'/3) applications
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of x, outputs “no” with certainty if [x~1(1)| = 0, and “yes” with probability at
least 2 if [x~'(1)| = N'/3. If subroutine A outputs “yes”, then output “2-to-1”
and stop, otherwise output “1-to-1” and stop. The total number of comparisons
of f-values is O(N/?log(N)) + (N'/3 — 1) + O(y/N/N'/? x log(N)), which is
O(N'/310g(N)) as specified in Table 1.

The quantum algorithm [14] for ELEMENT DISTINCTNESS is similar to the
algorithm for COLLISION, except that we now require two nested applications of
amplitude amplification. Interestingly, the algorithm for ELEMENT DISTINCT-
NESS uses only O(N3/*log(N)) comparisons, which is not only sublinear in N,
but also much less than the number of comparisons required to sort on a quan-
tum computer. The algorithm [14] for CLAW uses O(v/N¢'°8 (N)) comparisons
for some (small) constant ¢ with O(log™(N)) nested applications of amplitude
amplification. The log-star function log*() is defined as the minimum number
of iterated applications of the logarithm function necessary to obtain a num-
ber less than or equal to 1: log"(M) = min{s > 0 | log® (M) < 1}, where
log®) = logolog®* ™! denotes the s iterated application of log, and log'® is
the identity function.

Amplitude estimation [10] is a technique for estimating the success prob-
ability a of a quantum algorithm A. This technique is used in the quantum
algorithm [4] for THRESHOLDg. On a classical computer, the standard technique
to estimating the probability of success is, again, by repetition: If algorithm A
succeeds in j out of k independent runs, we may output @ = j/k as an approxi-
mation to a. A quantum analogue of estimating the probability of success is to
estimate the amount of amplitude of being in a certain subspace of the Hilbert
space. The following theorem provides a method for doing this.

Theorem 2 (Amplitude estimation) [10]. Let the setup be as in Theorem 1.
There exists a quantum algorithm that given A, function x and an integer M > 0,
outputs a (0 < a <1) such that

_ a(l—a) w2
gl < 9N T 7
|a —al < 27 i e
with probability at least %. The algorithm uses O(M) applications of A, the
inverse A~ and function x.

A straight-forward classical algorithm for THRESHOLDg is as follows. Let
A denote the algorithm that outputs a random element z € [N], taken uni-
formly. The probability that A succeeds in outputting an z so that f(z) =1 is
exactly a = |f71(1)|/N. Apply A a total number of k times, and let j de-
note the number of times A succeeds. If L% + 4] > S, then output “yes”,
otherwise output “no”. A simple quantum version of this algorithm is as fol-
lows. First, we find an estimate a of a by applying the above theorem with
M = 100,/SH(N — S—), where St = S+ 1 and S~ = S — 1. Our estimate a
satisfies that |a —a| < 2m\/a(l — a)/M + I with probability at least £, which

7
implies that if [f~(1)| > S then |aN + %J > S with probability at least 2,
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and if [f71(1)] < S —1 then [aN + 3] < S — 1 with probability at least 5.
Thus, if |aN + %J > S then output “yes”, otherwise output “no”. The number
of evaluations of f used by this algorithm is O(M), which is O(y/S*T (N — S7))
as specified in Table 1.

3.1 Other Quantum Algorithms

The quantum complexities of the four symmetric decision problems in the first
group in Table 1 are all tight, up to constant factors. The quantum complexities
of symmetric decision problems are reasonably well-understood, especially since
the seminal work of Beals, Buhrman, Cleve, Mosca and de Wolf [4]. We also
have a fair understanding of the quantum complexities of some symmetric non-
decision problems that are related to statistics. Four examples of such problems
are:

COUNTING ~ Given Boolean function f : [N] — {0, 1}, compute |f~1(1)

MINIMUM  Given f : [N] — Z, find = € [N] so that f(z) is minimum.

MEAN  Given f : [N] — Z, compute + > zein f(@)

MEDIAN  Given function f : [N] — Z, find z € [N] so that f(z) has rank | N/2]
in f([N]).

All of these problems have efficient quantum algorithms: COUNTING can be
solved via amplitude estimation [10], MINIMUM by repeated applications of am-
plitude amplifications [22], and MEAN and MEDIAN by using both amplitude
amplification and estimation [33,27,30].

Often, amplitude amplification and estimation are used in conjunction with
techniques from “classical” computing: Novak [35] considers the quantum com-
plexities of integration, Hayes, Kutin and van Melkebeek [29] MAJORITY (see
also Alonso, Reingold and Schott [1]), and Ramesh and Vinay [36] string match-
ing.

As mentioned in the introduction, Fourier transforms are also widely used in
quantum algorithms, the most famous examples being in Shor’s algorithms [38]
for factoring and finding discrete logarithms. We refer to [32] and the references
therein for many more examples. The quantum algorithm for ordered searching
by Farhi, Goldstone, Gutmann and Sipser [25] is one of the few remarkable exam-
ples of quantum algorithms based on principles seemingly different from those
found in amplitude amplification and Fourier transforms. A generic bounded-
error quantum algorithm for solving any problem using at most N/2 + VN
applications of f is given by van Dam in [19].

4 The Lower Bounds

Much work has been done on proving lower bounds for the quantum black box
model. If trying to categorizing the many approaches, we may consider there
being two main methods, the first being by inner products, the second by degrees
of polynomials. Very roughly speaking, so far the simplest and tightest lower
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bounds are proven by the former method for bounded-error quantum algorithms,
and by the latter for exact and small-error quantum algorithms.

The primary idea of the latter method is that to any problem P, we can
associate a polynomial and the degree of that polynomial yields a lower bound
on the number of queries required by any quantum algorithm solving P. The
method is introduced by Beals, Buhrman, Cleve, Mosca and de Wolf in [4], and
also implicitly used by Fortnow and Rogers in [26]. A beautiful survey of this
and related methods for deterministic and randomized decision trees is given by
Buhrman and de Wolf in [16]. See also Buhrman, Cleve, de Wolf and Zalka [13] for
bounds on the quantum complexity as a function of the required error probability
via degrees of polynomials.

The first general method for proving lower bounds for quantum computing
was introduced by Bennett, Bernstein, Brassard and Vazirani in their influential
paper [5]. Their technique is nicely described in Vazirani’s exposition [411], where
it is refered to as a “hybrid argument”. Recently, Ambainis [3] introduced a very
powerful lower bound technique based on entanglement considerations, which
he refers to as “quantum arguments”. The techniques in [5] and [3] share many
properties, and we may view both as being based on inner product arguments.
In the rest of this section, we discuss general properties of lower bound techniques
based on inner products.

Suppose we are given one out of two possible states. That is, suppose we are
given state |¢)) and promised that either |1)) = [¢g) or |[¢) = |ip1). We want to
find out which is the case. We assume |t)p) and |¢);) are known states. Then we
may ask, what is the best measurement we can perform on |¢) in attempting
correctly guessing whether |¢)) = [1g) or [¢b) = |11). The answer can be expressed
in terms of the inner product (¢|1)1).

Lemma 1. Suppose we are given some state |) and promised that either |1)) =
[o) or [¢) = [¢1) for some known states [vo) and |[1). Then, for all0 <e < 3,
the following two statements are equivalent.

1. There exists some measurement we can perform on |) that produces one bit b
of outcome so that if [) = |1o) then b = 0 with probability at least 1 — ¢,
and if |) = |11) then b =1 with probability at least 1 — ¢.

2. |(volvr)| < 2¢/e(1—¢).

Two states can be distinguished with certainty if and only if their inner product
is zero, and they can be distinguished with high probability if and only if their
inner product has small absolute value.

With this, we now give the basic idea in the former lower bound method.
Our presentation follows that of Hgyer, Neerbek and Shi [31]. Consider some
decision problem P. Suppose Q = (UO)TU is some quantum algorithm that
solves P with error probability at most € using T queries to the oracle. Let
e =2y/e(l1—¢). Let Ry C{f:[N]— Z|P(f) =0} be any non-empty subset
of the possible input functions on which the correct answer to problem P is 0.
Similarly, let Ry € {g : [N] — Z | P(g) = 1} be any non-empty subset of the
1-inputs.
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Initially, the state of the computer is [0). After j iterations, the state is
[@1) = (UO;)’U0) if we are given oracle f, and it is [77) = (UO,)7U|0) if we
are given oracle g. Suppose that f € Rg and g € Ry. Then we must have that
|<!I/;;F|!I/g )| < &’ since the presumed algorithm outputs 0 with high probability
on every input f in Ry, and it outputs 1 with high probability on every input g
in Ry. We thus also have that [} cp >° <LPfT|LPqT>| < &'|Rol|Ry|.

For each j € {0,1,...,T}, let

W= > () (3)

fERo geER:

gER,

denote the sum of the inner products after j iterations. We may think of W; is the
total “weight” after j iterations. Initially, the total weight Wy = | Ro||R1| is large,
and after T iterations, the absolute value of the total weight |Wr| < &'|Ro||R:|
is small. The quantity |W; — W;41] is a measure of the “progress” achieved by
the j' query.

Theorem 3 ([3]). If A is an upper bound on |W; — Wiiq| for all 0 < j < T,
then the algorithm requires at least (1 — a’)% queries in computing problem P
with error probability at most €.

Proof. The initial weight is Wy, and by the above discussion, |Wr| < &’ W, where
g/ = 24/e(1 —¢). Write Wo —Wr = Z;‘-Fz_ol(Wj — Wjt1) as a telescoping sum.
Then |[Wy — Wr| < Z |W Wit1| <TA, and the theorem follows. O

By Theorem 3, we may prove a lower bound on the quantum complexity of
some problem P by proving an upper bound on max; |W; — W;11| that holds
for any quantum algorithm for P.

Each of the lower bounds for the five problems OR, THRESHOLDg, MAJO-
RITY, PARITY and CLAW listed in Table 1 can be proven using this inner product
method. For instance, for OR, let Ry = {f : [N] — {0,1} | |f~1(1)] = 0} be
the singleton set consisting only of the function identical 0, and let Ry = {f :
[N] — {0,1} | |f~Y(1)] = 1} consists of the N functions mapping a unique
element to 1. Then Wy = |Ry||R1| = N. Using these sets, we can show [3,31]
that |W; — Wjy1| < 2V/N for all 0 < j < N, and thus we require at least
(1—¢ )2\/— € 2(V/N) queries to the oracle to solve OR with error probability e.

The lower bounds for the three problems ORDERED SEARCHING, SORTING
and ELEMENT DISTINCTNESS listed in Table 1 can be proven using a general-
ization proposed in [31]. Re-define the weight W; to be a (possibly non-uniform)
weighted sum of the inner products,

W= > > wlf,g)(@wg). (4)

fERo gER

where w(f,g) > 0 for all oracles f € Ry and g € R;. Allowing non-uniform
weights yields lower bounds that are a logarithmic factor better than the corre-
sponding almost-trivial lower bounds [31].



Introduction to Recent Quantum Algorithms 71

4.1 Other Lower Bounds

Many more good lower bounds on the quantum black box complexities besides
the ones we have mentioned so far are known. These include the following. Nayak
and Wu [33] prove optimal lower bounds for MEAN and MEDIAN by the polyno-
mial method. Buhrman and de Wolf [15] give the first non-trivial lower bound
for ORDERED SEARCHING by a reduction from PARITY. Farhi, Goldstone, Gut-
mann, and Sipser [23] improve this to log,(N)/21og, logs(N), and Ambainis [2]
shows the first 2(log(N)) lower bound. Buhrman, Cleve and Wigderson [12]
prove several lower bounds on quantum black box computing derived from their
seminal work on quantum communication complexity. Zalka [42] shows that
Grover’s original algorithm for finding a unique marked element in a database
is optimal also when considering constant factors and low order terms.

5 Conclusion and Open Problems

In this paper, we have tried to present some of main ideas used in quantum
algorithmics. The reader interested in studying quantum computing further may
benefit from reading some of the many excellent introductions and reviews. Good
starting points include [7,16,17,18,34,37,41], all of which can be found at the
authors’ home pages or on the so-called e-print archive (to which we have given
a pointer after the references).

A primary unsolved question in quantum algorithmics is the quantum com-
plexity of COLLISION. How many queries are necessary and sufficient for distin-
guishing a 1-to-1 function from a 2-to-1 function? Basically all we know, is that
it is easy to distinguish the set of 1-to-1 functions from certain highly struc-
tured subclasses of the 2-to-1 functions [39,9]. Can this result be extended to for
instance subclasses based somehow on pseudo-random number generators?

We also find it interesting to compare the quantum black box model with
other models. Let P be any of the nine problems listed in Table 1, and let 7' b

e the quantum complexity of any known quantum algorithm for P. Then the
randomized decision tree complexity for P is known to be in O(7?). We are thus
naturally lead to ask for what problems the randomized decision tree complexity
is always at most quadratic in the quantum complexity? A related question is
to consider time-space tradeoffs—see the conclusions in [14,31].

A challenging and interesting quest is finding new quantum algorithms. Many
existing quantum algorithms seem to benefit from symmetries, periodicities, re-
peated patterns, etc. in the problems under consideration. Maybe other problems
that also contain such properties can be solved efficiently on a quantum com-
puter? Does the lack of such properties rule out efficient quantum algorithms?
Are there new problems not known to be NP-complete that can be solved in
polynomial time on a quantum computer?

Acknowledgements

I am grateful to Richard Cleve for helpful discussions.



72 Peter Hgyer
References
1. ALONSO, L., REINGOLD, E. M., SCHOTT, R.: Determining the majority. Information
Processing Letters 47 (1993) 253-255 68
2. AMBAINIS, A.: A better lower bound for quantum algorithms searching an ordered
list. Proc. of 40th IEEE Symposium on Foundations of Computer Science (1999)
352-357 71
3. AMBAINIS, A.: Quantum lower bounds by quantum arguments. Journal of Com-
puter and System Sciences (to appear) 69, 70
4. BEALS, R., BunrMAN, H., CLEVE, R., Mosca, M., bDE WoOLF, R.: Quantum lower
bounds by polynomials. Journal of the ACM (to appear) 63, 65, 67, 68, 69
5. BENNETT, C.H., BERNSTEIN, E., BRASSARD, G., VAZIRANI, U.: Strengths and

10.

11.

12.

13.

14.

15.

16.

17.

18.

19.

weaknesses of quantum computation. SIAM Journal on Computing 26 (1997)
1510-1523 65, 69

BERNSTEIN, E., VAzZIRANI, U.: Quantum complexity theory. SIAM Journal on
Computing 26 (1997) 1411-1473 63

BERTHIAUME, A.: Quantum computation. In: Hemaspaandra, L., Selman, A.L.
(eds.): Complexity Theory Retrospective II. Springer-Verlag (1997) Chapter 2,
23-50 63, 71

BOYER, M., BrRASSARD, G., H@YER, P., TApP, A.: Tight bounds on quantum
searching. Fortschritte Der Physik 46 (1998) 493-505 65, 66

BRASSARD, G., HOYER, P.: An exact quantum polynomial-time algorithm for Si-
mon’s problem. Proc. of 5th Israeli Symposium on Theory of Computing and Sys-
tems (1997) 12-23 63, 71

BRASSARD, G., HOYER, P., MoscaA, M., TApP, A.: Quantum amplitude amplifica-
tion and estimation. quant-ph/0005055, 2000 64, 66, 67, 68

BRASSARD, G., HOYER, P., TAPP, A.: Quantum algorithm for the collision problem.
ACM SIGACT News (Cryptology Column) 28 (1997) 14-19 65, 66

BuHRMAN, H., CLEVE, R., WIGDERSON, A.: Quantum vs. classical communication
and computation. Proc. of 30th ACM Symposium on Theory of Computing (1998)
63-68 71

BunrMAN, H., CLEVE, R., DE WOLF, R., ZALKA, Ch.: Bounds for small-error and
zero-error quantum algorithms. Proc. of 40th IEEE Symposium on Foundations of
Computer Science (1999) 358-368 69

BUHRMAN, H., DURR, C., HEILIGMAN, M., HOYER, P., MAGNIEZ, F., SANTHA, M.,
DE WOLF, R.: Quantum algorithms for element distinctness. Proc. of 16th IEEE
Computational Complexity (2001) (to appear) 65, 67, 71

BunrMAN, H., DE WOLF, R.: A lower bound for quantum search of an ordered list.
Information Processing Letters 70 (1999) 205-209 71

BunrMAN, H., DE WOLF, R.: Complexity measures and decision tree complexity:
A survey. Theoretical Computer Science (to appear) 63, 69, 71

CLEVE, R.: An introduction to quantum complexity theory. In: Macchiavello, C.,
Palma, G. M., Zeilinger, A. (eds.): Collected Papers on Quantum Computation and
Quantum Information Theory. World Scientific (2000) 103—-127 63, 71

CLEVE, R., EKERT, A., MACCHIAVELLO, C., M0OsCA, M.: Quantum algorithms re-
visited. Proceedings of the Royal Society of London A454 (1998) 339-354 63,
71

VAN DaM, W.: Quantum oracle interrogation: Getting all information for almost
half the price. Proc. of 89th IEEE Symposium on Foundations of Computer Science
(1998) 362-367 68



20.

21.

22.

23.

24.

25.

26.

27.

28.

29.

30.
31.

32.

33.

34.

35.

36.

37.

38.

39.

40.
41.

42.

Introduction to Recent Quantum Algorithms 73

DeuTscH, D.: Quantum computational networks. Proceedings of the Royal Society
of London A425 (1989) 73-90 63

DEeuTscH, D., Jozsa, R.: Rapid solutions of problems by quantum computation.
Proceedings of the Royal Society of London A439 (1992) 553-558 63

DURR, Ch., HBYER, P.: A quantum algorithm for finding the minimum. quant-
ph/9607014, 1996 68

FArHI, E., GOLDSTONE, J., GUTMANN, S., SIPSER, M.: A limit on the speed of
quantum computation in determining parity. Physical Review Letters 81 (1998)
5442-5444 65, 71

FArHI, E., GOLDSTONE, J., GUTMANN, S., SIPSER, M.: A limit on the speed of
quantum computation for insertion into an ordered list. quant-ph/9812057, 1998
FArHI, E., GOLDSTONE, J., GUTMANN, S., SIPSER, M.: Invariant quantum algo-
rithms for insertion into an ordered list. quant-ph/9901059, 1999 65, 68
Forrnow, L., ROGERS, J.: Complexity limitations on quantum computation. Jour-
nal of Computer and System Sciences 59 (1999) 240-252 69

GROVER, L.K.: A fast quantum mechanical algorithm for estimating the median.
quant-ph/9607024, 1996 68

GROVER, L. K.: Quantum mechanics helps in searching for a needle in a haystack.
Physical Review Letters 79 (1997) 325-328 62, 63, 65, 66

Havgs, T., KuTIN, S., VAN MELKEBEEK, D.: On the quantum complexity of ma-
jority. Technical Report TR-98-11, Department of Computer Science, University
of Chicago (1998) 68

HovYER, P.: Unpublished, 1998-2000 68

Hover, P, NEERBEK, J., SHI, Y.: Quantum complexities of ordered searching,
sorting, and element distinctness. Proc. of 28th International Colloquium on Au-
tomata, Languages and Programming (2001) (to appear) 63, 65, 69, 70, 71
Ivanyos, G., MAGNIEZ, F., SANTHA, M.: Efficient quantum algorithms for some
instances of the non-Abelian hidden subgroup problem. Proc. of 13th ACM Sym-
posium on Parallel Algorithms and Architectures (2001) (to appear) 63, 68
Navak, A., Wu, F.: The quantum query complexity of approximating the median
and related statistics. Proc. of 31st ACM Symposium on Theory of Computing
(1999) 384-393 68, 71

NIELSEN, M. A., CHUANG, L. L.: Quantum computation and quantum information.
Cambridge University Press (2000) 63, 71

Novak, E.: Quantum complexity of integration. Journal of Complezity 17 (2001)
2-16 68

RAMESH, H., VINAY, V.: String matching in O(y/n + v/m) quantum time. quant-
ph/0011049, 2000 68

REIFFEL, E.G., POoLAK, W.: An introduction to quantum computing for non-
physicists. ACM Computing Surveys 32 (2000) 300-335 63, 71

SHOR, P. W.: Polynomial-time algorithms for prime factorization and discrete loga-
rithms on a quantum computer. SIAM Journal on Computing 26 (1997) 1484-1509
62, 63, 68

SiMON, D. R..: On the power of quantum computation. SIAM Journal on Computing
26 (1997) 1474-1483 63, 71

Tapp, A., private communication (1997) 63

VAZIRANI, U.: On the power of quantum computation. Philosophical Transactions
of the Royal Society of London A356 (1998) 1759-1768 69, 71

ZALKA, Ch.: Grover’s quantum searching algorithm is optimal. Physical Review A
60 (1999) 27462751 71



74 Peter Hgyer

Many of the above references can be found at the Los Alamos National Laboratory
e-print archive (http://arXiv.org/archive/quant-ph).



Decomposition Methods and Sampling Circuits
in the Cartesian Lattice

Dana Randall*

College of Computing and School of Mathematics, Georgia Institute of Technology
Atlanta, GA 30332-0280
randall@math.gatech.edu

Abstract. Decomposition theorems are useful tools for bounding the
convergence rates of Markov chains. The theorems relate the mixing
rate of a Markov chain to smaller, derivative Markov chains, defined by
a partition of the state space, and can be useful when standard, direct
methods fail. Not only does this simplify the chain being analyzed, but
it allows a hybrid approach whereby different techniques for bounding
convergence rates can be used on different pieces. We demonstrate this
approach by giving bounds on the mixing time of a chain on circuits of
length 2n in Z°.

1 Introduction

Suppose that you want to sample from a large set of combinatorial objects. A
popular method for doing this is to define a Markov chain whose state space (2
consists of the elements of the set, and use it to perform a random walk. We first
define a graph H connecting pairs of states that are close under some metric.
This underlying graph on the state space representing allowable transitions is
known as the Markov kernel.

To define the transition probabilities of the Markov chain, we need to consider
the desired stationary distribution 7 on 2. A method known as the Metropolis
algorithm assigns probabilities to the edges of H so that the resulting Markov
chain will converge to this distribution. In particular, if A is the maximum degree
of any vertex in H, and (z,y) is any edge,

Plo) = min (1.22)

We then assign self loops all remaining probability at each vertex, so P(z,z) >
1/2 for all x € £2. If H is connected, m will be the unique stationary distribution
of this Markov chain. We can see this by verifying that detailed balance is satsified
on every edge (z,y), i.e., 7(z)P(z,y) = 7(y)P(y, z).

As a result, if we start at any vertex in (2 and perform a random walk
according to the transition probabilities defined by P, and we walk long enough,
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J. Sgall, A. Pultr, and P. Kolman (Eds.): MFCS 2001, LNCS 2136, pp. 74-86, 2001.
© Springer-Verlag Berlin Heidelberg 2001



Decomposition Methods and Sampling Circuits in the Cartesian Lattice 75

we will converge to the desired distribution. For this to be useful, we need that
we are converging rapidly to 7, so that after a small, polynomial number of steps,
our samples will be chosen from a distribution which is provably arbitrarily close
to stationarity. A Markov chain with this property is rapidly mizing.

Consider, for example, the set of independent sets Z of some graph GG. Taking
the Hamming metric, we can define H by connecting any two independent sets
that differ by the addition or deletion of a single vertex. A popular stationary
distribution is the Gibbs distribution which assigns weight 7(I) = y/1/Z,, to I,
where v > 0 is an input parameter of the system, |I| is the size of the independent
set I, and Z, = ) J617|J l'is the normalizing constant known as the partition
function. In the Metropolis chain, we have P(I,I’) = 5-min(1,~) if I’ is formed
by adding a vertex to I, and P(I,I') = 5-min(1,771) if I’ is formed by deleting
a vertex from I.

Recently there has been great progress in the design and analysis of Markov
chains which are provably efficient. One of the most popular proof techniques
is coupling. Informally, coupling says that if two copies of the Markov chain
can be simultaneously simulated so that they end up in the same state very
quickly, regardless of the starting states, then the chain is rapidly mixing. In
many instances this is not hard to establish, which gives a very easy proof of
fast convergence.

Despite the appeal of these simple coupling arguments, a major drawback
is that many Markov chains which appear to be rapidly mixing do not seem to
admit coupling proofs. In fact, the complexity of typical Markov chains often
makes it difficult to use any of the standard techniques, which include bounding
the conductance, the log Sobolev constant or the spectral gap, all closely related
to the mixing rate.

The decomposition method offers a way to systematically simplify the Mar-
kov chain by breaking it into more manageable pieces. The idea is that it should
be easier to apply some of these techniques to the simplified Markov chains and
then infer a bound on the original Markov chain. In this survey we will con-
centrate on the state decomposition theorem which utilizes some partition of the
state space. It says that if the Markov chain is rapidly mixing when restricted
to each piece of the partition, and if there is sufficient flow between the pieces
(defined by a “projection” of the chain), then the original Markov chain must
be rapidly mixing as well. The allows us to take a top-down approach to mixing
rate analysis, whereby we need only consider the mixing rate of the restrictions
and the projection. In many cases it is easier to define good couplings on these
simpler Markov chains, or to use one of the other known methods of analysis. We
note, however, that using indirect methods such as the decomposition or com-
parison (defined later) invariably adds orders of magnitude the bounds on the
running time of the algorithm. Hence it is wise to use these methods judiciously
unless the goal is simply to establish a polynomial bound on the mixing rate.
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2 Mixing Machinery

In what follows, we assume that M is an ergodic (i.e. irreducible and aperi-
odic), reversible Markov chain with finite state space (2, transition probability
matrix P, and stationary distribution .

The time a Markov chain takes to converge to its stationary distribution, i.e.,
the mixing time of the chain, is measured in terms of the distance between the
distribution at time ¢ and the stationary distribution. Letting P!(x,y) denote
the ¢-step probability of going from x to y, the total variation distance at time ¢
is

1
1Pl = i 35 1P Ga) = )
Yy

For & > 0, the mizing time 7(¢) is
7(e) = min{t : | P, 7||w <&,V >t}

We say a Markov chain is rapidly mizing if the mixing time is bounded above
by a polynomial in n and log %, where n is the size of each configuration in the
state space.

It is well known that the mixing rate is related to the spectral gap of the
transition matrix. For the transition matrix P, we let Gap(P) = Ao — |\1| denote
its spectral gap, where \g, A1,...,A|g|—1 are the eigenvalues of P and 1 = X\g >
[A1] > |A\i] for all ¢ > 2. The following result the spectral gap and mixing times
of a chain (see, e.g., [18]).

Theorem 1. Let m, = mingeq m(x). For all € > 0 we have

(a) 7(e) < Gamcpy l08(5)
(b) 7(e) > 5oty log (L)

Hence, if 1/Gap(P) is bounded above by a polynomial, we are guaranteed
fast (polynomial time) convergence. For most of what follows we will rely on the
spectral gap bound on mixing. Theorem 1 is useful for deriving a bound on the
spectral gap from a coupling proof, which provides bounds on the mixing rate.

We now review of some of the main techniques used to bound the mixing
rate of a chain, including the decomposition theorem.

2.1 Path Coupling

One of the most popular methods for bounding mixing times has been the cou-
pling method. A coupling is a Markov chain on {2 x {2 with the following proper-
ties. Instead of updating the pair of configurations independently, the coupling
updates them so that i) the two processes will tend to coalesce, or “move to-
gether” under some measure of distance, yet ii) each process, viewed in isolation,
is performing transitions exactly according to the original Markov chain. A valid
coupling ensures that once the pair of configurations coalesce, they agree from
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that time forward. The mixing time can be bounded by the expected time for
configurations to coalesce under any valid coupling.

The method of path coupling simplifies our goal by letting us bound the
mixing rate of a Markov chain by considering only a small subset of {2 x £2 [3, 6].

Theorem 2. (Dyer and Greenhill [6]) Let ¢ be an integer valued metric
defined on §2 x 2 which takes values in {0, ..., B}. Let U be a subset of £2 x (2
such that for all (z,y) € 2x 12 there exists a path x = 29, 21, . . ., 2, = y between x
and y such that (z;,zi+1) € U for 0 <i <r and

r—1

Z D(2;, 2zi41) = P(x, ).

=0

Define a coupling (x,y) — (2',y") of the Markov chain M on all pairs (x,y) € U.
Suppose that there exists a < 1 such that E[@(a',y")] < a®(x,y) for all (x¢,y:) €
U, Then the mixing time of M satisfies

log(Be™1)

1 —«

7(e) <

Useful bounds can also be derived in the case that o = 1 in the theorem (see

[6])-

2.2 The Disjoint Decomposition Method

Madras and Randall [12] introduced two decomposition theorems which relate
the mixing rate of a Markov chain to the mixing rates of related Markov chains.
The state decomposition theorem allows the state space to be decomposed into
overlapping subsets; the mixing rate of the original chain can be bounded by
the mixing rates of the restricted Markov chains, which are forced to stay within
the pieces, and the ergodic flow between these sets. The density decomposition
theorem is of a similar flavor, but relates a Markov chain to a family of other
Markov chains with the same Markov kernel, where the transition probabilities
of the original chain can be described as a weighted average of the transition
probabilities of the chains in the family.

We will concentrate on the state decomposition theorem, and will present
a newer version of the theorem due to Martin and Randall [15] which allows
the decomposition of the state to be a partition, rather than requiring that the
pieces overlap.

Suppose that the state space is partitioned into m disjoint pieces {21, ..., 2.
Foreachi=1,...,m, define P,=P{f2;} as the restriction of P to {2; which rejects
moves that leave (2;. In particular, the restriction to (2; is a Markov chain, M;,
where the transition matrix P; is defined as follows: If x # y and z,y € §
then P;(z,y) = P(z,y); if @ € {2 then Pi(z,2) =1-3" o , Pi(z,y). Let

m; be the normalized restriction of 7 to 2;, i.e., m(A) = ”S:?g?). Notice that

if £2; is connected then 7; is the stationary distribution of P;.
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Next, define P to be the following aggregated transition matrix on the state
space [m]:

=/ 1
yGQJ

Theorem 3. (Martin and Randall [15]) Let P; and P be as above. Then the
spectral gaps satisfy

1 —
Gap(P) > EGap(P) _In[in] Gap(P;).
e[m

A useful corollary allows us to replace P in the theorem with the Metropolis
chain defined on the same Markov kernel, provided some simple conditions are
satisfied. Since the transitions of the Metropolis chain are fully defined by the
stationary distribution 7, this is often easier to analyze than the true projection.

Define Py on the set [m], with Metropolis transitions Py (i, j) =min{1, = (%) }.

» o ( Q )
Let 0;(£2;) ={y € £2; : 3z € 2; with P(z,y) > 0}.

Corollary 4. [15] With Py as above, suppose there exists 3 > 0 and v > 0
such that

(a) P(z,y) > B whenever P(z,y) > 0;
(b) m(O ( i) > vy (£2;) whenever P(i,5) >0
Then 1

Gap(P) 2 5y Gap(Py) , min  Gap(F).

.....

2.3 The Comparison Method

When applying the decomposition theorem, we reduce the analysis of a Markov
chain to bounding the convergence times of smaller related chains. In many cases
it will be much simpler to analyze variants of these auxiliary Markov chains in-
stead of the true restrictions and projections. The comparison method tells us
ways in which we can slightly modify one of these Markov chains without qual-
itatively changing the mixing time. For instance, it allows us to add additional
transition edges or to amplify some of the transition probabilities, which can be
useful tricks for simplifying the analysis of a chain.

Let P and P be two reversible Markov chains on the same state space £2
with the same stationary distribution 7. The comparison method allows us to
relate the mixing times of these two chains (see [4] and [17]). In what follows,
suppose that Gap(P ) the spectral gap of P, is known (or suitably bounded) and
we desire a bound on Gap(P), the spectral gap of P, which is unknown.

Following [4], we let E(P) = {(z,y) : P(z,y) > 0} and E(P) = {(z,y) :
P(x,y) > 0} denote the sets of edges of the two chains, viewed as directed
graphs. For each (z,y) € E(Is), define a path -, using a sequence of states
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T =0, x1,...,T, =y with (x;,z,41) € E(P), and let |yg,| denote the length of

the path. Let I'(z,w) = {(z,y) € E(P) : (z,w) € Y4y} be the set of paths that
use the transition (z,w) of P. Finally, define

1

A= max S — ool (@) Pz,
(z;w)eE(P) | ©(2)P(z,w) F;y)h ylm(@)P(z,y)

Theorem 5. (Diaconis and Saloff-Coste [4]) With the above notation, the
spectral gaps satisfy Gap(P) > % Gap(P)

It is worthwhile to note that there are several other comparison theorems
which turn out to be useful, especially when applying decomposition techniques.
The following lemma helps us reason about a Markov chain by slightly modi-
fying the transition probabilities (see, e.g., [10]). We use this trick in our main
application, sampling circuits.

Lemma 6. Suppose P and P’ are Markov chains on the same state space, each
reversible with respect to the distribution w. Suppose there are constants c; and ¢
such that c1P(x,y) < P'(x,y) < coP(x,y) for all © # y. Then c1Gap(P) <
Gap(P'") <caGap(P).

3 Sampling Circuits in the Cartesian Lattice

A circuit in Z% is a walk along lattice edges which starts and ends at the origin.
Our goal is to sample from C, the set of circuits of length 2n. It is useful to
represent each walk as a string of 2n letters using {a1, ..., aq} and their inverses
{afl, s a;l}, where a; represents a positive step in the ¢th direction, and a;l
represents a negative step. Since these are closed circuits, the number of times a;
appears must equal the number of times a; L appears, for all i. We will show how
to uniformly sample from the set of all circuits of length 2n using an efficient
Markov chain. The primary tool will be finding an appropriate decomposition
of the state space. We outline the proof here and refer the reader to [16] for
complete details.

Using a similar strategy, Martin and Randall showed how to use a Marko
chain to sample circuits in regular d-ary trees, i.e., paths of length 2n which trace
edges of the tree starting and ending at the origin [15]. This problem generalizes
to sampling Dyke paths according to a distribution which favors walks that hit
the z-axis a large number of times, known in the statistical physics community as
“adsorbing staircase walks.” Here too the decomposition method was the basis of
the analysis. We note that there are other simple algorithms for sampling circuits
on trees which do not require Markov chains. In contrast, to our knowledge, the
Markov chain based algorithm discussed in this paper is the first efficient method
for sampling circuits on Z°.
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3.1 The Markov Chain on Circuits

The Markov chain on C is based on two types of moves: transpositions of neigh-
boring letters in the word (which keep the numbers of each letter fixed) and
rotations, which replace an adjacent (ai,ai_l) with (aj,aj_l), for some pair of
letters a; and a;.

We now define the transition probabilities P of M, where we say = €, X to
mean that we choose z from set X uniformly. Starting at o, do the following.
With probability 1/2, pick i €, [n — 1] and transpose o; and o;1. With proba-
bility 1/2, pick ¢ €, [n—1] and k €,, [d] and if 0; and 0,41 are inverses (where o;
is a step in the positive direction), then replace them with (ay, alzl). Otherwise
keep ¢ unchanged.

The chain is aperiodic, ergodic and reversible, and the transitions are sym-
metric, so the stationary distribution of this Markov chain is the uniform distri-
bution on C.

3.2 Bounding the Mixing Rate of the Circuits Markov Chain

We bound the mixing rate of M by appealing to the decomposition theorem.
Let o € C and let x; equal the number of occurrences of a;, and hence a; Yin o,
for all i. Define the trace Tr(o) to be the vector X = (1, ...,24). This defines a
partition of the state space into

C =UCx,

where the union is over all partitions of n into d pieces and Cx is the set of
words o € C such that Tr(c) = X = (x1,...,xq). The cardinality of the set Cx
is (mhml)?ﬁwd)wd), the number of distinct words (or permutations) of length 2n
using the letters with these prescribed multiplicities. The number of sets in the

partition of the state space is exactly the number of partitions of n into d pieces,
_ (n+d—1
D= (")
Each restricted Markov chain consists of all the words which have a fixed
trace. Hence, transitions in the restricted chains consist of only transpositions,
as rotations would change the trace. The projection P consists of a simplex

containing D vertices, each representing a distinct partition of 2n. Letting
1
(X, Y) = 51X~V .

two points X and Y are connected by an edge of P iff #(X,Y) = 1, where
[|-]]1 denotes the ¢; metric. In the following we make no attempt to optimize the
running time, and instead simply provide polynomial bounds on the convergence
rates.

e Step 1 — The restricted Markov chains: Consider any of the restricted
chains Px on the set of configurations with trace X. We need to show that this
simpler chain, connecting pairs of words differing by a transposition of adjacent
letters, converges quickly for any fixed trace.
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We can analyze the transposition moves on this set by mapping C'x to the
set of linear extensions of a particular partial order. Consider the alphabet
Ui{{ai1, -y @iz, } U {Ai1, ..., Aiz; }}, and the partial order defined by the re-
lations a;1 < aj2 < ... < @iy, and A1 < Ajo < ... < A, for all i. It is
straightforward to see that there is a bijection between the set of circuits in
Cx and the set of linear extensions to this partial order (mapping a~! to A).
Furthermore, this bijection preserves transpositions. We appeal to the following
theorem due to Bubley and Dyer [3]:

Theorem 7. The transposition Markov chain on the set of linear extensions to
a partial order on n elements has mizing time O(n*(log® n + loge™1)).

Referring to theorem 1, we can derive the following bound.
Corollary 8. The Markov chain Px has spectral gap Gap(Px) > 1/(cn*log? n)

for some constant c.

e Step 2 — The projection of the Markov chain: The states {2 of the pro-

jection consist of partitions of n into d pieces, so |£2| = D. The stationary prob-
ability of X = (x1,...,2q) is T(X) = (117117_2_7_11%7%), the number of words with
these multiplicities.

The Markov kernel is defined by connecting two partitions X and Y if the
distance &(X,Y) = (||z—yl||1)/2 = 1. Before applying corollary 4 we first need to
bound the mixing rate of the Markov chain defined by Metropolis probabilities.
In particular, if X = (z1,...,zq) and Y = (21,...,2; +1,...,2; — 1, ..., zq), then

1 7(Y)

Py (X,Y) = 53 - min <1ﬁ)

1 x?
=— min(1l,—2—|.
on m1n< 7(:171_'_1)2)

We analyze this Metropolis chain indirectly by first considering a variant
Pj, which admits a simpler path coupling proof. Using the same Markov kernel,
define the transitions

V)

[

1
2n2(x; +1)2°
In particular, the z; in the denominator is the value which would be increased
by the rotation. Notice that detailed balance is satisfied:

T(X) (z;+1)* PV, X)

) 2 Pu(X,Y)

P]/W(Xuy) =

This guarantees that P;, has the same stationary distribution as Pps, namely 7.

The mixing rate of this chain can be bounded directly using path coupling.
Let U C 2 x §2 be pairs of states X and Y such that ¢(X,Y) = 1. We couple
by choosing the same pair of indices i and j, and the same bit b € {—1,1} to
update each of X and Y, where the probability for accepting each of these moves
is dictated by the transitions of P},.
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Lemma 9. For any pair (X,Y;) € U, the expected change in distance after one
step of the coupled chain is B[®(Xiy1,Yii1)] < (1 — 25)D(X,, ;).

nb

Proof. If (X,Y;) € U, then there exist coordinates k and k" such that yp, = xx+1
and ypr = xpr — 1. Without loss of generality, assume that k = 1 and ¥ = 2. We
need to determine the expected change in distance after one step of the coupled
chain. Suppose that in this move we try to add 1 to x; and y; and subtract 1
from x; and y;. We consider three cases.

Case 1: If |{i,5} N {1,2}] = 0, then both processes accept the move with the
same probability and &(Xyy1, Y1) = 1.

Case 2: If [{i,j} N {1,2}| = 1, then we shall see that the expected change is
also zero. Assume without loss of generality that ¢ = 1 and j = 3, and first
consider the case b = 1. Then we move from X to X' = (21 +1, 22,23 — 1, ..., 24)
with probability m and from Y to Y/ = (1 + 2,20 — 1,23 — 1,...,24)
with probability m Since Py, (X,X’) > Py, (Y,Y’), with probability
P;,(Y,Y") we update both X and Y; with probability Py, (X, X’) — Py, (Y.Y”)
we update just X; and with all remaining probability we update neither. In the
first case we end up with X’ and Y”, in the second we end up with X’ and Y
and in the final case we stay at X and Y. All of these pairs are unit distance
apart, so the expected change in distance is zero. If b = —1, then P;, (X, X’) =
P, YY) = m and again the coupling keeps the configurations unit
distance apart.

Case 3: If [{i,5} N {1,2}| = 2, then we shall see that the expected change is
at most zero. Assume without loss of generality that ¢ = 1, j = 2 and b = 1.
The probability of moving from X to X" = (x1 + 1l,a2 — 1,...,24) = Y is
P (X, X") = m The probability of moving from Y to Y = (2142, z2—
2,...,xq) is P, (Y,Y") = m So with probability Py, (Y,Y"”) we update
both configurations, keeping them unit distance apart, and with probability
P (X,X") = P}, (Y,Y") > 5= we update just X, decreasing the distance to
zero. When b = —1 the symmetric argument shows that we again have a small
chance of decreasing the distance.

Summing over all of these possibilities yields the lemma.

O
The path coupling theorem implies that the mixing time is bounded by 7(¢) <
O(n®logn). Furthermore, we get the following bound on the spectral gap.

Theorem 10. The Markov chain Pj; on (2 has spectral gap Gap(Py;) > ¢’/
(n®logn) for some constant c’.

This bounds the spectral gap of the modified Metropolis chain P},, but we
can readily compare the spectral gaps of Pj, and Py using lemma 6. Since all
the transitions of Pys are at least as large as those of Py, we find

Corollary 11. The Markov chain Py on 2 has spectral gap Gap(Py) > ¢/
(n®logn).
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e Step 3 — Putting the pieces together: These bounds on the spectral gaps
of the restrictions P; and the Metropolis projection Py, enable us to apply the
decomposition theorem to derive a bound on the spectral gap of P, the original
chain.

Theorem 12. The Markov chain P is rapidly mizing on C and the spectral gap
satisfies Gap(P) > ¢’ /(n*2dlog® n), for some constant .

Proof. To apply corollary 4, we need to bound the parameters 5 and . We find
that g > ﬁ, the minimum probability of a transition. To bound v we need to
determine what fraction of the words in C'x are neighbors of a word in Cy if
@(X,Y) =1 (since 7 is uniform within each of these sets). If X = (z1,...,24)
and Y = (z1,...,x; +1,...,x; — 1,...,x,), this fraction is exactly the likelihood
that a word in Cx has an a; followed by an a; ! and this is easily determined
to be at least 1/n.

Combining 3 > ﬁ, v > % with our bounds from lemmas 8 and 11, corol-
lary 4 gives the claimed lower bound on the spectral gap. O

4 Other Applications of Decomposition

The key step to applying the decomposition theorem is finding an appropriate
partition of the state space. In most examples a natural choice seems to be to
cluster configurations of equal probability together so that the distribution for
each of the restricted chains is uniform, or so that the restrictions share some
essential feature which will make it easy to bound the mixing rate.

In the example of section 3, the state space is divided into subsets, each
representing a partition of n into d parts. It followed that the vertices of the
projection formed a d-dimensional simplex, where the Markov kernel was formed
by connecting vertices which are neighbors in the simplex. We briefly outline
two other recent applications of the decomposition theorem where we get other
natural graphs for the projection. In the first case graph defining the Markov
kernel of the projection is one-dimensional and in the second it is a hypercube.

4.1 Independent Sets

Our first example is sampling independent sets of a graph according to the Gibbs
measure. Recall that 7(I) = 4!/l /Z,, where v > 0 is an input parameter and Z.,
normalizes the distribution. There has been much activity in studying how to
sample independent sets for various values of v using a simple, natural Markov
chain based on inserting, deleting or exchanging vertices at each step. Works of
Luby and Vigoda [9] and Dyer and Greenhill [5] imply that this chain is rapidly
mixing if v < 2/(A — 2), where A is the maximum number of neighbors of any
vertex in G. It was shown by Borgs et al. [1] that this chain is slowly mixing on
some graphs for « sufficiently large.

Alternatively, Madras and Randall [12] showed that this algorithm is fast
for every value of ~, provided we restrict the state space to independent sets of
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size at most n* = [|V|/2(A + 1)|. This relies heavily on earlier work of Dyer
and Greenhill [6] showing that a Markov chain defined by exchanges is rapidly
mixing on the set of independent sets of fixed size k, whenever k < n*. The
decomposition here is quite natural: We partition Z, the set of independent sets
of G, into pieces Zj according to their size. The restrictions arising from this
partition permit exchanges, but disallow insertions or deletions, as they exit the
state space of the restricted Markov chain. These are now exactly the Markov
chains proven to be rapidly mixing by Dyer and Greenhill (but with slightly
greater self-loop probabilities) and hence can also be seen to be rapidly mixing.
Consequently, we need only bound the mixing rate of the projection.

Here the projection is a one-dimensional graph on {0,...,n*}. Further cal-
culation determines that the stationary distribution 7(k) of the projection is
unimodal in k, implying that the projection is also rapidly mixing. We refer the
reader to [12] for details.

4.2 The Swapping Algorithm

To further demonstrate the versatility and potential of the decomposition
method, we review an application of a very different flavor. In recent work,
Madras and Zheng [13] show that the swapping algorithm is rapidly mixing for
the mean field Ising model (i.e., the Ising model on the complete graph), as well
as for a simpler toy model.

Given a graph G = (V, E), the ferromagnetic Ising model consists of a
graph G whose vertices represent particles and whose edges represent inter-
actions between particles. A spin configuration is an assignment of spins, either
+ or —, to each of the vertices, where adjacent vertices prefer to have the same
spin. Let J,, > 0 be the interaction energy between vertices = and y, where
(z,y) € E. Let o € 2 = {+,—}V| be any assignment of {+, —} to each of the
vertices. The Hamiltonian of o is

H(O') = Z Jm,ylazséo'yu
(z,y)EE

where 14 is the indicator function which is 1 when the event A is true and 0
otherwise. The probability that the Ising spin state is ¢ is given by the Gibbs
distribution:

e—BH(o)

Z2(G)

(o) =

where 3 is inverse temperature and

Z(G) =Y e ),

a

It is well known that at sufficiently low temperatures the distribution is
bimodal (as a function the number of vertices assigned +), and any local dy-
namics will be slowly mixing. The simplest local dynamics, Glauber dynamics, is
the Markov chain defined by choosing a vertex at random and flipping the spin
at that vertex with the appropriate Metropolis probability.
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Simulated tempering, which varies the temperature during the runtime of an
algorithm, appears to be a useful way to circumvent this difficulty [8, 14]. The
chain moves between m close temperatures that interpolate between the temper-
ature of interest and very high temperature, where the local dynamics converges
rapidly. The swapping algorithm is a variant of tempering, introduced by Geyer
[7], where the state space is 2 and each configuration S = (01, ...,0,) € 27
consists of one sample at each temperature. The stationary distribution dis-
tribution is 7(S) = I, 7;(0;), where m; is the distribution at temperature 1.
The transitions of the swapping algorithm consist of two types of moves: with
probability 1/2 choose i € [m] and perform a local update of o; (using Glauber
dynamics at this fixed temperature); with probability 1/2 choose i € [m — 1] and
move from S = (01, ...,0m) to 8" = (01, ..., Tit1, Tiy--ry Om ), 1.€., sSwap configura-
tions 7 and ¢ 4+ 1, with the appropriate Metropolis probability.

The idea behind the swapping algorithm, and other versions of tempering, is
that, in the long run, the trajectory of each Ising configuration will spend equal
time at each temperature, potentially greatly speeding up mixing. Experimen-
tally, this appears to overcome obstacles to sampling at low temperatures.

Madras and Zheng show that the swapping algorithm is rapidly mixing on
the mean-field Ising model at all temperatures. Let 27 C 2 be the set of
configurations that are predominantly +, and similarly 27 . Define the trace of
a configuration S to be Tr(S) = (v1,...,vm) € {+, —}" where v; = + if 0; € 2T
and v; = — if o; € £27. The analysis of the swapping chain uses decomposition
by partitioning the state space according to the trace.

The projection for this decomposition is the m-dimensional hypercube where
each vertex represents a distinct trace. The stationary distribution is uniform on
the hypercube because, at each temperature, the likelihood of being in 27 and
27 are equal due to symmetry. Relying on the comparison method, it suffices
to analyze the following simplification of the projection: Starting at any vertex
V = (v1, ..., V) in the hypercube, pick i €, [m]. If i« = 1, then with probability
1/2 flip the first bit; if ¢ > 1, then with probability 1/2 transpose the v;_;
and v;; and with all remaining probability do nothing. This chain is easily seen
to be rapidly mixing on the hypercube and can be used to infer a bound on the
spectral gap of the projection chain.

To analyze the restrictions, Madras and Zheng first prove that the simple,
single flip dynamics on 27 is rapidly mixing at any temperature; this result
is analytical, relying on the fact that the underlying graph is complete for the
mean-field model. Using simple facts about Markov chains on product spaces, it
can be shown that the each of the restricted chains must also be rapidly mixing
(even without including any swap moves). Once again decomposition completes
the proof of rapid mixing, and we can conclude that the swapping algorithm is
efficient on the complete graph.
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New Algorithms for k-SAT Based on the Local
Search Principle
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Abstract. Recently, several algorithms for the NP-complete problem k-
SAT have been proposed and rigorously analyzed. These algorithms are
based on the heuristic principle of local search. Their deterministic and
their probabilistic versions and variations, have been shown to achieve
the best complexity bounds that are known for k-SAT (or the special
case 3-SAT). We review these algorithms, their underlying principles
and their analyses.

1 Introduction

Consider Boolean formulas in conjunctive normal form (CNF), i.e. formulas,
which are conjunctions (and’s) of disjunction (or’s) of variables or negated vari-
ables. A variable or negated variable is called a literal. We assume here that
the variables are x1,xs,...,x,, and the complexity of all algorithms is mea-
sured as a function of n. A formula in CNF is in k-CNF if all clauses (dis-
junction of literals) contain at most k literals. It is well known that k-SAT is
NP-complete provided k > 3. Here k-SAT is the problem of determining whether
a formula in k-CNF is satisfiable. A formula is satisfiable if there is an assignment
a:{x1,x2,...,2,} — {0,1} which assigns to each variable a Boolean value such
that the entire formula evaluates to true.

Since k-SAT is NP-complete there is a considerable interest in algorithms that
run faster than the naive algorithm which just tests all 2" potential assignments
and which therefore takes worst-case time 2™ (up to some polynomial factor).
Especially the case of 3-SAT is interesting since k-SAT becomes NP-complete,
starting with & = 3. A milestone paper in this respect is [10]. For every k an
algorithm for k-SAT, based on clever backtracking, is presented. In the case of
3-SAT a worst-case upper bound of 1.619™ is shown in [10]. In the general k-SAT
case, the complexity is (ax)™ where ay, is the solution to the following equation
(ar)*~! = (ar)* 2 + ...+ (ag)* + 1. The method has been improved in [9] to
1.505™. Starting with the paper [12] probabilistic algorithm came into the scene,
where an upper bound of 1.58" is shown in the case of 3-SAT, and which was
later improved in [13] to 1.36™.

Another probabilistic algorithm, based on local search, was shown to achieve
(4/3)™0(1.3333...)™ in the case of 3-SAT [15]. This algorithm and its variations
are the theme of this article.

J. Sgall, A. Pultr, and P. Kolman (Eds.): MFCS 2001, LNCS 2136, pp. 87-95, 2001.
© Springer-Verlag Berlin Heidelberg 2001
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The notion “local search” refers to algorithms which wander through the
search space {0, 1}" of all assignments, at each step altering the actual assign-
ment to some neighbor assignment. Neighborhood is defined in terms of having
Hamming-distance = 1. The Hamming-distance between two assignments is the
number of bits where the assignments differ.

2 A Local Search Procedure for k-SAT

Suppose, input formula F in k-CNF is given. Let F contain n vari-
ables z1,...,x,. An assignment to these variables can be considered as a 0-
1-string of length n.

Consider the following recursive procedure local-search.

procedure local-search (a : assignment; m : integer) : boolean;
{Returns true iff there is a satisfying assignment for formula F
within Hamming-distance < m from assignment a.}
begin

if F(a) =1 then return true;

if m = 0 then return false;

{Let C = {l1,12,...,lx} be some clause in F with C(a) =0,

i.e. all k literals I; of C' are set to 0 under a}

for i :=1 to k do if local-search(al|l;, m — 1) then return true;
return false;
end local-search

Here all; denotes the assignment o’ obtained from a by flipping the value of
literal [;, i.e. changing the value of [; from 0 to 1. If /; is the (negated or non-
negated) variable x;, this means that the j-th bit in a is changed from 1 to 0
(or from 0 to 1, respectively). The Hamming distance between a and this new
assignment o’ is 1.

The correctness of the procedure local-search follows from the following ob-
servation. If there is a satisfying assignment a* of formula F', and the Hamming
distance between a* and the actual assignment a in the procedure evocation is d,
then for at least one of the assignments al|l;, i = 1,..., k, used in the recursive
procedure calls, the Hamming distance to a* is d—1. At least one of the recursive
calls of local-search will therefore return the correct result.

It was suggested to modify the algorithm so that it “freezes” the assignment
of a variable once it was flipped. This prevents that a variable value is flipped
back in a deeper recursive procedure call. This modification is also correct, but
will not be considered here. Another heuristic is to choose among the clauses C
with C'(a) = 0 a shortest one.

An evocation of procedure local-search(a, m), if m > 0 and F(a) = 0, causes
up to k evocations of local-search(...,m — 1). That is, the recursion tree in-
duced by local-search(a, m) has k™ many leaves. Hence, the complexity of local-
search(a, m) is within a polynomial factor of k™.
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Now, here is a simple deterministic algorithm for 3-SAT. We perform two
calls of the procedure local-search, one for local-search(0™, n/2) and one for
local-search(1™, n/2). It is clear that the entire search space {0,1}" is covered
by these two calls since every assignment is within Hamming distance of n/2
from either 0™ or 1™. The complexity of this deterministic 3-SAT algorithm is
within a polynomial factor of 3"/2 ~ 1.732", a bound which comes close to the
Monien-Speckenmeyer bound [10] but is obtained in a much simpler way.

Notice that it is not a good idea to generalize this to k-SAT with k£ > 4, since
in this case k"/2 > 9n,

3 Random Initial Assignments

A better idea (introduced in [14]) is to use independent random initial assign-
ments a1, az,...,a; € {0,1}", and at the same time use a Hamming radius fn,
smaller than n/2, so that this new (probabilistic) algorithm for k-SAT looks like
this:
for ¢ times do
begin
Choose an assignment a € {0,1}", uniformly at random;
if local-search(a, #n) then accept
end;
reject
The question is how to choose ¢ und (§ optimally so that the error probability
becomes negligible, as well as the overall complexity is minimized. It is clear
that the overall (worst-case) complexity is ¢ - k%™ where ¢ could be a function
depending on n.
Regarding the error probability, a single evocation of local-search(a, Sn) with
randomly chosen a € {0,1}" finds a satisfying assignment o* (if it exists) with

probability
B
iz (7)
2n
Since ¢t random assignments are chosen independently, the (error) probability of
missing the satisfying assignment a* in each evocation of local-search(a, fn) is

(- #)t < et (D

To bring this error probability below some negligible value, like e=2°, it suffices

to choose 5
n
= 20-2"/
>(0)

Using Stirling’s approximation n! =< (n/e)™v/2mn, it can be seen that, for fixed
(3, the expression Ez‘ﬁjo (?) behaves asymptotically, up to a polynomial factor,
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like [(1/8)°%(1/(1 — 8))*=P]" (see [2]). Therefore, it suffices, up to a polynomial
factor, to choose t as

257 -p]"

The overall complexity of this probabilistic k-SAT algorithm is therefore within
a polynomial factor of

[2.56 (1 p)F. kﬁ}n

By calculating the derivative of the expression in brackets and setting it to
zero, it can be seen that the expression in brackets is minimized by the choice
B =1/(k+1). Inserting 3 = 1/(k + 1) in the expression gives the complexity
bound of [2k/(k + 1)]™. In the case of 3-SAT this is 1.5™.

Actually, by analyzing the possible structure of 3 successive recursion levels
of local-search by a careful case analysis, one can see that not all 27 possi-
ble recursive calls (after 3 levels of local-search) can occur. Therefore, in the
case of 3-SAT, the complexity bound can be further reduced, namely to 1.481"
(see [4,5]). (Actually, this is not just a closer analysis but also a modification of
the algorithm since the clauses C' in the procedure local-search need to be chosen
carefully.) This bound also applies in the derandomized version of the algorithm
as discussed in the next section.

4 Derandomization Using Covering Codes

The above example {0™,1™} of two especially chosen initial assignments (to-
gether with an appropriate Hamming distance, which is n/2 in this case) is
nothing else than a special covering code (see [3]). Instead of choosing the initial
assignments at random as in the previous section, we are now looking for a sys-
tematic, deterministic way of selecting {a1, as,...,a;} such that, together with
an Hamming distance On, as small as possible, we get

(0.1 = | Hinla)

Here H,,(a) = {b € {0,1}" | the Hamming distance between a and b is at most
m }. With such a code, the algorithm of the last section becomes deterministic
since we can cycle through all code words (i.e. initial assignments) systematically
in a deterministic manner.

In terms of coding theory, we are looking for codes with small covering radius
(Bn) and a small number of code words (¢) such that the enumeration of all code
words is possible within time polynomial in the number of code words. In the
ideal case of a perfect code, the relation between 3 and t reaches the Hamming
bound, i.e. the number of code words ¢ satisfies

t = 2"/2 (?)
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which is, up to a polynomial factor, [2- 37 - (1 — 3)!7P]". Actually, as seen in
the last section, the Hamming bound is reached by a set of random code words,
up to a polynomial factor, and up to a very small error probability.

In [4,5] two approaches are suggested to build up a good covering code. The
first approach achieves “almost perfect” codes and needs only polynomial space.
The second approach achieves perfect codes (up to some polynomial factor), but
needs exponential space.

Approach 1: Suppose (3 is fixed beforehand. Using a probabilistic analysis like in
the last section, it can be proved that for every € > 0 there is a code length n.
such that a random code {ay,as,...,a; } with this code length will satisfy
{0,1}7 = U'“, Hp,.(a;) with high probability, provided that the number of
code words t. satisfies t. = [2- 3% - (1 — 3)}=P](0+4)n Now given the actual
number of variables n, we assume that n is a multiple of n., i.e. n = ¢. - n..
Then we can design a covering code of code length n as follows: each code
word consists of g. blocks of length n. and each block cycles through all the
code words {a1,as,...,a;. } independently. That is, this code has (t.)"/", i.e.
[2-67- (1 —B)'=F1(1+9)" many code words. For every choice of & the small code
of length n. can be “hard-wired” in the respective k-SAT algorithm (which is
deterministic, although the existence of those constant-size codes is shown by
a probabilistic argument), and which has complexity [2k/(k — 1)]+2)". Notice
that the space complexity is polynomial.

Approach 2: Fix the constant ¢ = 6 and construct a covering code of length
n/c in a greedy manner: enumerate all strings of length n/c and always choose
among the remaining strings such a string as next code word which covers the
most strings not yet covered. The time required by this greedy algorithm is 22"/¢.
Also, exponential space is needed. The number of code words is within a poly-
nomial factor of the Hamming bound (cf. [7]). Then, similar to Approach 1,
concatenate ¢ codewords to obtain one code word of length n. Finally, a determin-
istic k-SAT algorithm is obtained with worst-case time complexity (2k/(k+1))"
and exponential space complexity.

5 Probabilistic Local Search

Now we turn back to a probabilistic procedure (based on [15]). First, we go
back to the approach of choosing the initial assignment at random. Second, the
deterministic search done by procedure local-search will be substituted by some
random searching. Each time a clause C has been selected which is false under
the actual assignment a, one of the literals in this clause is selected uniformly at
random und its value under the assignment a is flipped. The resulting algorithm
looks as follows.
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for ¢ times do
begin
Choose an assignment a € {0, 1}", uniformly at random;
for u times do
begin
if F(a) =1 then accept;
{Let C ={ly,1s,...,lx} be some clause in F with C(a) =0,
i.e. all k literals I; of C are set to 0 under a}
Choose one of the k literals [; at random;
Flip the value of [; in assignment a;
end;
end;
reject

The algorithm is similar to the one in [11], but there it is only applied to 2-SAT.
We have to determine optimal values for ¢ and u (depending on n and k).
This algorithm can be analyzed using Markov chains. Suppose F is satisfiable.

Fix some satisfying assignment a*. Under assignment a*, in each clause C' of F,

at least one literal becomes true. We fix in each clause ezactly one such literal,

and call it the good literal of the respective clause.

After guessing the random initial assignment a, we have some Ham-
ming distance to the fixed assignment a*. Clearly, this Hamming dis-
tance is a random variable being symmetrically binomially distributed, i.e.
Pr( Hamming distance = j) = 27" (7;) In each step of the inner for-times-loop
the probability of guessing the good literal in clause C' is exactly 1/k. With
probability 1 —1/k we choose a “bad” literal (even if it also makes C' true). That
is, we perform a random walk on an imaginary Markov chain. We move one step
closer to our goal (state zero) if we choose the good literal (with probability 1/k)
and otherwise (with probability 1—1/k) we increase the distance to state zero by
one. Notice that the state number is an upper bound to the Hamming distance
between the actual assignment a and the fixed satisfying assignment a™*.

For this (infinite) Markov chain it is known by standard results (see [6,10]),
assuming k > 3:

— Pr(absorbing state 0 is reached | process started in state j) = (1/(k — 1))
— E(number of steps until state 0 is reached | process started in state j and the
absorbing state 0 is reached) = jk/(k — 2)
The following facts take the initial probability (’;)2_" for state j into account.
— Pr(the absorbing state 0 is reached) =7 (?)2’”(1/(/€ 1)) =(k/(2(k -
D))"

— E(number of steps until 0 is reached|the absorbing state 0 is
reached) =n/(k — 2).
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Using Markov’s inequality and calculation with conditional probabilities, we ob-
tain finally,

Pr(after at most 2n/(k — 2) steps the state 0 is reached) >
(1/2) - (k/(2(k = 1)))"

Like in section 3, to obtain an error probability of at most e 2", we need to

repeat the random experiment 20-2-(2(k—1)/k)™ times. Therefore, the optimal
choice for u is u = 2n/(k —2) and for ¢ is t =40 (2(k —1)/k)™. Thus, the entire
probabilistic algorithm has worst-case complexity (2(k — 1)/k)™, up to some
polynomial factor. In the case of 3-SAT, the algorithm has complexity (4/3)",
up to some polynomial factor.

6 Further Improvement by Independent Clauses

In the following, the bound (4/3)™ in the case of 3-SAT is improved somewhat.
The idea (from [17]) is to substitute the “blind” random guessing of an initial
assignment a € {0,1}" by some more clever random process such that “some-
times” the Hamming distance to the fixed satisfying assignment is small (and the
subsequent random walk on the Markov chain is more likely to be successful.)

A key notion is that of independent clauses. Two clauses are independent if
they have no variable in common. The following simple algorithm computes a
maximal set C of independent clauses in a greedy manner. Let the clauses with
3 literals in the input formula F' be ordered in some way: Cy,Co, ..., Cy,.

C =0
for i :=1 to m do
if clause C; is independent of all clauses in C then C :=C U {C;};

Notice that the obtained set C has size at most n/3. Now either |C| is “small”
(IC] < an for some constant « to be determined later), or it is “big” (i.e. |C| >
an).

Case 1: |C| < an.

In this case we apply the following algorithm. Notice that each independent
clause C' € C can be satisfied by 7 assignments to the 3 occurring variables.
These assignments can be tested independently for the clauses in C. For each of
the 7/l < 7% assignments to the variables occurring in clauses from C we do
the following. This (partial) assignment is applied to the formula. The result is
that all clauses from C are satisfied, and additionally, all remaining clauses either
have already 2 literals, or at least one literal is set under the partial assignment.
This is because C was constructed to be a mazimal set of independent clauses. In
other words, the remaining formula is a 2-CNF formula. Satisfiability of 2-CNF
formulas can be tested in polynomial time [1]. Therefore, in this case, we have
a satisfiability test for the input formula F' running in time at most 7%, up to
some polynomial factor.
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Case 2: |C| > an.

In this case we use the random walk algorithm like in the last section, but
with a modified initial distribution of the assignments. We choose the initial
assignments a at random using the following stochastic process. For each clause
C € C choose the assignments for the 3 literals in C' from the 8 assignments
000,001, 010,100,011,101,110, 111 according to the following probability distri-

bution.
assignment|probability

000 0
001
010
100
011
101
110

111

g e wn X

These probabilities x,y, z are then determined by analyzing the complexity of
this modified algorithm and solving a set of linear equations. The result is

x=1/7, y=2/21, z=4/21.

With these values, the success probability becomes
(3/4)" 71 3/7)¢ = |(3/0) ) (3/7)°]

The reciprocal value gives the complexity of the algorithm (up to a polynomial
factor). The optimal value for «, used to distinguish Cases 1 and 2, can now be
determined by solving for

7 = (4/3)1 7 (7/3)°

yielding o = 0.146652. With these parameters we obtain the total running time
1.3303™, up to some polynomial factor.

A further minor improvement is possible as follows, cf. [3]. Instead of fixing
the values for z, y, z in some way, one can run a finite set of algorithms in parallel
which all use different (z,y, z)-values. Even if we don’t know beforehand how
many and which of the literals in the clauses are satisfied under a*, at least one of
the finitely many algorithms will obtain a somewhat better success probability
as the one calculated above. The new bound is 1.3302". The details will be
presented in the full paper.



New Algorithms for k-SAT 95

References

1.

10.

11.

12.

13.

14.

15.

16.

17.

B. Aspvall, M. F. Plass, R. E. Tarjan: A linear time algorithm for testing the truth
of certain quantified Boolean formulas, Information Processing Letters 8(3) (1979)
121-123. 93

R. B. Ash: Information Theory. Dover 1965. 90

G. Cohen, I. Honkala, S. Litsyn, A. Lobstein: Covering Codes. North-Holland 1997.
90

E. Dantsin, A. Goerdt, E. A. Hirsch, U. Schoning: Deterministic algorithms for k-
SAT based on covering codes and local search. Proc. 27th International Colloquium
on Automata, Languages and Programming 2000. Springer Lecture Notes in Com-
puter Science, Vol. 1853, pages 236—247, 2000. 90, 91

. E. Dantsin, A. Goerdt, E. A. Hirsch, R. Kannan, J. Kleinberg, C. Papadimitriou,

P. Raghavan, U. Schoning: A deterministic (2 — kil)” algorithm for k-SAT based
on local search. To appear in Theoretical Computer Science. 90, 91

G. R. Grimmett, D. R. Stirzaker: Probability and Random Processes. Oxford Uni-
versity Press, 2nd Edition, 1992. 92

D. S. Hochbaum (ed.): Approzimation Algorithms for NP-Hard Problems. PWS
Publishing Company, 1997. 91

T. Hofmeister, U. Schoning, R. Schuler, O. Watanabe: A probabilistic 3-SAT algo-
rithm further improved. submitted. 94

O. Kullmann: New methods for 3-SAT decision and worst-case analysis. Theoretical
Computer Science 223 (1999) 1-72. 87

B. Monien, E. Speckenmeyer: Solving satisfiability in less than 2" steps. Discrete
Applied Mathematics 10 (1985) 287-295. 87, 89

C. H. Papadimitriou: On selecting a satisfying truth assignment. Proceedings of
the 32nd Ann. IEEE Symp. on Foundations of Computer Science, 163-169, 1991.
92

R. Paturi, P. Pudlak, F. Zane: Satisfiability coding lemma. Proceedings 38th IEEE
Symposium on Foundations of Computer Science 1997, 566-574. 87

R. Paturi, P. Pudlak, M. E. Saks, F. Zane: An improved exponential-time algorithm
for k-SAT. Proceedings 39th IEEE Symposium on Foundations of Computer Science
1998, 628-637. 87

U. Schoning: On The Complexity Of Constraint Satisfaction Problems. Ulmer
Informatik-Berichte, Nr. 99-03. Universitdt Ulm, Fakultdt fiir Informatik, 1999.
89

U. Schéning: A probabilistic algorithm for k-SAT and constraint satisfaction prob-
lems. Proceedings 40th IEEE Symposium on Foundations of Computer Science
1999, 410-414. 87, 91

U. Schéning: A probabilistic algorithm for k-SAT based on limited local search and
restart. To appear in Algorithmica. 92

R. Schuler, U. Schoning, O. Watanabe: An Improved Randomized Algorithm For
8-SAT. Techn. Report TR-C146, Dept. of Mathematical and Computing Sciences,
Tokyo Institute of Technology, 2001. 93




Linear Temporal Logic and Finite Semigroups

Thomas Wilke

CAU, Kiel, Germany

wilke@ti.informatik.uni-kiel.de

Abstract. This paper gives a gentle introduction to the semigroup-
theoretic approach to classifying discrete temporal properties and sur-
veys the most important results.

1 Introduction

Linear temporal logic is a widely used, rigorous formalism for specifying temporal
properties conveniently, namely by using formal counterparts of natural-language
constructs such as “always”, “eventually”, “until”, “hitherto” and so forth. De-
veloped in the 1960s as an extension of tense (modal) logic, linear temporal
logic had been primarily studied in mathematical logic and linguistics [3] before
Pnueli [12] and Kroger [9] suggested to use it for specifying temporal properties
of nonterminating computations such as the behavior of reactive systems. Since
then it has become ever more important in computer science, especially, as it
is feasible to determine whether or not a finite-state system (such as a piece
of hardware or a communication protocol) satisfies a desirable linear temporal
property.

The important feature of linear temporal logic are its temporal operators,
which allow one to express relations between the propositional variables that hold
true in various points of time. From the most general point of view, a temporal
operator is simply a first-order formula with one free first-order variable and
free unary predicate symbols [6]. As a consequence, there are infinitely many
temporal operators, but only a few of them are in wide-spread use, namely those
that are easy to phrase in natural language and, at the same time, powerful
enough to express what is necessary.

It is an intriguing question to determine how much each of the temporal op-
erators in use adds to the expressive power of linear temporal logic. Equivalently,
one can ask which temporal properties can be expressed if linear temporal logic
is restricted to only certain operators. Similarly, it is interesting to determine
what can be expressed if the nesting depth of the binary temporal operators
(which, for a human, are more difficult to parse) is restricted. More general, it is
an interesting question to characterize the various fragments of linear temporal
logic.

There are different ways of characterizing fragments of linear temporal logic.
One way is to show that the expressive power of a given fragment is the same
as the expressive power of a different logic or another formalism. Results of this

J. Sgall, A. Pultr, and P. Kolman (Eds.): MFCS 2001, LNCS 2136, pp. 96-110, 2001.
© Springer-Verlag Berlin Heidelberg 2001
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kind include Kamp’s famous result that linear temporal logic and first-order
logic are equally expressive (in Dedekind-complete time structures) [8], that lin-
ear temporal logic restricted to unary operators is as expressive as first-order
logic with two variables [5], and that in linear temporal logic one can define
exactly the same formal languages that can be defined by star-free regular ex-
pressions [8,13,10]. From a computational point of view, it is more desirable to
have an effective characterization in the form of an algorithm that given a prop-
erty determines if it is expressible in the fragment in question and computes,
if possible, a respective formula. For example, from the same work mentioned
above [8,13,10] it follows that a regular language is expressible in linear temporal
logic if and only if its syntactic semigroup contains no subsemigroup which is a
non-trivial group. This is an effective description, for from any reasonable rep-
resentation of a regular language (finite automaton, regular expression, monadic
second-order formula) one can effectively obtain the multiplication table of its
syntactic semigroup and by an exhaustive search it is easy to check whether it
contains a non-trivial group as a subsemigroup.

The above decision procedure follows a pattern which has been used for
many effective characterizations of fragments of linear temporal logic and has
been most successful in that it has also worked for fairly complicated fragments;
the purpose of this paper is to explain this pattern, the “semigroup paradigm”.

As described above, the semigroup paradigm is very simple. If one wants
to obtain an effective characterization of a certain fragment F (where time is
modeled as an initial segment of the natural numbers) one first considers the
class L of formal (regular) languages that can be defined by a formula in the
fragment. (Since every temporal property defines a regular language, L is a
perfect description of the expressive power of F'.) Next, one considers the smallest
class V of finite semigroups containing all syntactic semigroups of the languages
in L and which is closed under boolean operations, homomorphic images, and
finite direct products, the pseudovariety generated by the syntactic semigroups
of the languages in L. In most cases, V is a perfect description of L in the
sense that V' contains no syntactic semigroup of a language not in L. In the last
step, one uses semigroup theory to show that V is decidable, which also implies
that expressibility in F' is decidable, for passing from a linear temporal formula
to the syntactic semigroup of the language associated with it is effective. In
many instances, the most difficult part is the last step, namely to find a decision
procedure for V.— The purpose of this paper is to illustrate and explain this
approach in more detail.

In most applications, modalities are used that refer only to the present and
the future (e. g., “sometime in the future”, “until”) even though Kamp, when he
defined temporal logic, had one future and one past modality in his logic. The
restriction to future modalities is no restriction from a theoretical point of view:
by a theorem of Pnueli, Shelah, Stavi and Gabbay [7], every linear temporal
formula is equivalent to a future formula if one is only interested in defining
properties of time structures with a starting point.
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As pointed out above, Kroger and Pnueli suggested to use linear temporal
logic for specifying properties of non-terminating computations. So time should
be modeled as the natural numbers (assuming one is interested in discrete time).
In this paper, only finite prefixes of the natural numbers are considered. Most
results presented here can be extended to the natural numbers (w-words), but
different techniques are required, which are out of the scope of this paper.

Basic notation. When = is an equivalence relation over a set M and m € M,
then [m]= denotes the equivalence class of m. Accordingly, when M’ C M, then
M’ /= denotes the set of all equivalence classes of elements from M’, that is,
M'/=={[m]=z | me M'}.

Strings are sequences of letters over a finite alphabet. The length of a string u
is denoted [u|. The i-th letter of a string u is denoted u;, that is, u = uy ... ujy.
The suffix of a string u starting at position 4, the string u; ... uy,|, is denoted
suf;(u) and, similarly, prefixes are denoted pref,(u).

As usual, A* and AT denote the set of all strings over A and all non-empty
strings over A, respectively.

2 Linear Temporal Logic

In this section, the basics on linear temporal logic are recalled. For more on this,
see [4] and [6].

2.1 Syntax

A future linear temporal logic formula (LTL formula) over some finite set X of
propositional variables is built from the boolean constant tt and the elements of
X using boolean connectives and temporal operators: X (neXt), F (eventually in
the future, Finally), and U (Until), where only U is binary and the others are
unary.

2.2 Semantics

Given an LTL formula ¢ over some set X' of propositional variables and a string
u € (2%)F, we write u = ¢ for the fact that u satisfies . In particular,

— u = tt,

—upEpifp€u,

— u = ¢ U @ if there exists j with 1 < j < |u| such that suf;(u) = ¢ and
suf;(u) = ¢ for all ¢ with 1 <@ < j.

The semantics of X and F is derived from this:

Xp=-tt Uy , Fo=ttUgp . (1)
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With every formula ¢ over X, we associate a language over 2%

L(p) ={ue (2")" |uf ¢} . (2)

We say L(yp) is defined by .

When we want to define languages over arbitrary alphabets (rather than
alphabets of the form 2*) we will use the following convention. We view A as a
subset of some appropriate alphabet 2*. More formally, for each alphabet A we
choose once and for all a set ¥ of propositional variables such that 2/¥1-1 < |A] <
2% and an injective mapping ¢: A — 2%, which we extend to a homomorphism
t: A* — (2%¥)*. For each formula ¢ € LTL4 (where the atomic formulas are
letters from A), we set

L(p) ={u€ AT [ 1(u) E ¢} (3)

where ¢’ is obtained from ¢ by replacing every occurrence of a letter a by

N on N\ »- (4)

p€u(a)  pg¢i(a)

As above, L(y) is the language defined by .

With every class of formulas @, we associate the class L(®) of all languages
defined by formulas in @. The alphabet associated with a formula and the al-
phabet a language is written over will always be implicit. When L € L(®P), we
say L is expressible in ®.

Formulas ¢, € LTLy are equivalent, denoted ¢ = 9, if L(p) = L(v)). (This
assumes that their alphabets are the same.)

2.3 Fragments

A fragment of LTL is determined by which temporal operators are allowed and
possible restrictions on the nesting depth on these operators. When 64, ..., 0,
are operators, then TL[fy,...,0,] is the fragment of LTL where only 61,...,0,
are allowed. For instance, TL[X, F] is what Cohen, Pin, and Perrin call restricted
temporal logic.

Subscripts indicate bounds on nesting depth. For instance, in TL[X] only X is
allowed and the nesting depth in X is at most k. Another example is TL[X, F, U],
where X and F are allowed without restriction and the nesting depth in U must
not be greater than k. This is also known as the k-th level of the until hierarchy.

3 Formal Languages and Semigroups

In this section, the basics on formal languages and finite semigroups are recalled.
See also [11], and for semigroup theory see [1].
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3.1 Semigroups and Congruences

An equivalence relation = on AT is called a congruence over A if uv = u’v" when-
ever u = v’ and v = v/. A congruence relation has finite index if it has a finite
number of equivalence classes. A congruence over some alphabet A saturates a
formal language if it is a union of congruence classes.

Given a language L C AT, its syntactic congruence, denoted =y, is the
equivalence relation on AT defined by

u=rv iff Vo,y€ At (zuy € L < zvy € L) ,

which is, in fact, an equivalence relation. It is the coarsest congruence satu-
rating L and has a finite index if and only if L is regular. If L is regular and
(A,Q,qr1,9, F) is the minimal DFA recognizing L, then

u=rv iff Vg€ Q6 (qu) € F « 6 (q,v)€F),

where §7 is the extended transition function, obtained by extending § according
to 6T (q,za) = 6(67 (q, ), a).

A semigroup is a set equipped with an associative product. The free semi-
group over a set A is the set AT with concatenation as product. A homomor-
phism h: AT — S into a semigroup induces an equivalence relation =; defined
by u = v if h(u) = h(v). Conversely, a congruence relation = over some alpha-
bet A induces a homomorphism h—: AT — AT /= into the quotient semigroup
AT /= defined by h(u) = [u]=.

A language L over A is recognized by a homomorphism h: AT — S if L is
saturated by =y, that is, when L = h=!(P) for some set P C S. It is recognized
by a semigroup S if there exists a homomorphism h: AT — S which recognizes
it. The syntactic semigroup of a language L C A™, denoted S(L), is defined by
S(L) = At /=L. Clearly, L is recognized by h=, and S(L) and L is regular iff
S(L) is finite.

=L

3.2 Pseudovarieties of Semigroups

Often enough, interesting classes of regular languages (such as all LTL expressible
languages) are closed under boolean combinations, left and right quotients (if L
belongs to the class, then also a 'L = {u | au € L} and La=! = {u | ua € L}),
and inverse homomorphic images. Such classes are called varieties of formal lan-
guages. According to Eilenberg’s theorem [3], varieties of formal languages are
in a one-to-one correspondence with pseudovarieties of finite semigroups, which
are classes of finite semigroups closed under finite direct products, homomor-
phic images and subsemigroups. More precisely, the following two mappings are
inverse to each other: (1) the mapping that associates with every variety L of
formal languages the pseudovariety of semigroups generated by the syntactic
semigroups of the languages in L, and (2) the mapping that associates with ev-
ery pseudovariety V' of finite semigroups the class of formal languages recognized
by elements of V' (which is a variety of formal languages).
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So studying the corresponding pseudovariety of semigroups is as good as
studying a given variety of languages. This is true even when it comes to com-
putational issues, because constructing the syntactic semigroup of a regular lan-
guage from a representation by a finite automaton or a regular expression is
effective. In particular, in order to show that membership to a given variety
of formal languages is decidable it is enough to show that membership to the
corresponding pseudovariety of semigroups is decidable. And the latter is, often
enough, (much) easier.

Decidability for pseudovarieties of semigroups has been studied for quite a
while. In certain situations, decidability is obvious, for instance, when a pseu-
dovariety is defined by a finite set of equations. But in other situations it can be
very difficult. In fact, there are quite a view pseudovarieties where decidability
is an open problem. Fortunately, showing decidability for the pseudovarieties
related to LTL is not that difficult.

We will use the following terminology when working with congruences. If the
quotient semigroup of a congruence relation = over some alphabet A belongs to
a pseudovariety V', we will say that = is a V' -congruence.

4 Simple Fragments

We first study fragments of temporal logic which are easy to characterize, but
are non-trivial nevertheless. Here, easy means that it is almost straightforward
to come up with a finite set of equations (in fact, a single equation) for the
corresponding pseudovariety of semigroups.

4.1 Next Only

We first look at the LTL fragment where only X is allowed, that is, we study
TL[X]. Observe that although in TL[X] one cannot express complicated proper-
ties, even over a fixed alphabet there are infinitely many different properties that
can be expressed. So finding an effective characterization is not a trivial issue.
For a start, we consider TL[Xj] for increasing k. The formulas in TL[X,] are
the propositional formulas, and with such a formula we can only speak about the
first position of a string. In TL[X;] we can also speak about the second position.
We can, for instance, say that in the second position there is a certain letter
(Xa), and we can say that there is no second position (=Xtt). In TL[Xz], we can
also speak about the third position of a string ... Algebraically, this means that
in the syntactic semigroup of a language expressible in TL[X;] any two products
of at least k + 1 elements which agree on the first k£ + 1 factors are the same:

Theorem 1. Let k >0 and L C AT a regular language. Then the following are
equivalent:

1. L is expressible in TL[Xg].
2. S(L) satisfies

81...Sk+1t251...8k+1 . (Xk)
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3. L is saturated by the congruence =y, defined by u =¢ v if u=v or |ul,|v| >
k+1 and pref; | (u) = pref,  (v).

Proof. That 2. and 3. are equivalent is easy to see: the quotient semigroup
AT /= satisfies (X}), and if a semigroup S satisfies (X;) and h: S — A* is
a homomorphism, then =, C =,.

To complete the proof we show the equivalence between 1. and 3. For the
implication from 3. to 1. we only need to show that every equivalence class of
=}, is expressible in TL[Xj]. This is simple: if |u| < k, then [u]=,, which contains
just u, is defined by uy A X(uz AX(ug A -+ AX(up, A =Xtt))); if [u] > &+ 1, then
[u]=, is defined by uy A X(ug A X(ug A -+ A Xtgi1))-

The proof of the implication from 1. to 3. goes by induction on k. The base
case, k = 0, is simple: a language L C AT is expressible in TL[Xg] if L = BA* for
some B C A, and all these languages are saturated by =. In the inductive step,
assume we are given a formula ¢ € TL[Xg4+1]. Then ¢ is a boolean combination
of propositional formulas and formulas of the form Xt¢» where ¢ € TL[Xy]. So,
by induction hypothesis, L(y) is a boolean combination of languages of the
form BA* and Afu]=, where B C A and u € A" is a =g-class. Clearly, each
language of the first type is saturated by =jy1. Moreover, it is easy to see
that Afu|=, = U,calau]=,,,; hence, every language of the second type is also
saturated by =g1. ad

Ezample 2. Consider L = abA* where A = {a,b}. The syntactic congruence of L
has 4 classes: a, aaA*, bA*, abA*. The multiplication table of S(L) is:

a b aaab

a laa ab aa aa
blb b b b
aalaa aa aa aa
ablab ab ab ab

where the elements are identified with shortest representatives of the correspond-
ing equivalence classes. Clearly, (Xo) is not satisfied, because aa is different
from a. On the other hand, it is easy to see that (X;) is satisfied. So L should
be definable by a TL[X;] formula. It is simple to come up with such a formula:
a A\ Xb. ad

Clearly, a characterization of the pseudovariety corresponding to full TL[X]
cannot be given in terms of a finite number of equations. In order to arrive at
an effective characterization nevertheless, we allow a new operation to be used
in equations—currently, in equations we only use the binary products of the
underlying semigroups.

Let S be a finite semigroup. Then, for every s € S, there is a unique element
e € {s,52,83 ...} such that €2 = e. That is, in the subsemigroup generated
by s there is a unique idempotent element. This will be denoted by s“. Clearly,
when S and s are given, then s can be determined easily. So if we allow (.)*
to be used in equations for defining classes of finite semigroups—this is what we
do from now on—, then these equations can still be verified effectively.
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The key observation for finding an equation for full TL[X] is that in a finite
semigroup idempotent elements represent “long” strings. More precisely, in a
finite semigroup S every element which can be written as a product of at least
|S| elements can also be written in the form s’es” where e is idempotent (for
any product si...s, consider the partial products si, s1S2, ... and use the
pigeon-hole principle). Using this, we obtain:

Lemma 3. A finite semigroup satisfies one of the equations (Xy) if and only if
it satisfies

sYt=s" . (X)

Proof. Let S be a finite semigroup. If S satisfies (X}), then S satisfies (X): we
have st = (s¥)F*1t = (s¥)+1 = s¢_ where the middle equality is due to (X}).

Conversely, in a semigroup S with n elements we have s1...s,y = s'es’y =
sevs'y = sev = se¥s” = s1...s, for appropriate elements s’,s” € S, e

idempotent, and any choice of s1,...,s, € S. ad

Ezxample 4. Consider L from Example 2 again. Clearly, b, aa, and ab are the
only idempotent elements, and all of them are left zeroes. So (X) is satisfied. O

We conclude with a summary of the results:

Theorem 5. 1. For every k, the fragment TL[Xy] is effectively characterized

by (X)-
2. The fragment TL[X] is effectively characterized by (X).

4.2 Eventually Only

In this section, we look at a more complicated class of temporal formulas. We
want to characterize the languages that are expressible in TL[F].

With nesting depth 0 one can specify that a string starts with a certain letter.
With nesting depth 1 one can specify in addition that certain letters occur after
the first position (Fa) and others don’t (—=Fa). With nesting depth 2 one can, for
instance, specify in addition that after the first position a certain letter occurs
and after that one certain letters do not occur any more (F(a A—=Fay A...—Fa,))
and other related properties.

We want to phrase algebraically what all the above properties have in com-
mon. Assume we are given a set @ of properties that can be expressed in TL[F],
say the set of all properties of nesting depth at most k. Suppose a string of the
form u and one of its suffixes, say suf;(u) satisfy exactly the same subset ¢ of P.
Then it should be clear that every string “between” u and suf;(u) starting with
the same letter as u and v, that is, every suf;(u) with 1 < j < ¢ and w1 = u;
(= u;) should satisfy exactly &'.

This can be phrased very easily in terms of a universal Horn sentence (and
in terms of an equation):
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Theorem 6. Let L C AT be a regular language. Then the following are equiva-
lent.

1. L is expressible in TL[F].
2. S(L) satisfies

stu=u — rtu =ru . (5)

(Observe that on the right-hand side we could also write rstu = rtu = ru.)
3. S(L) satisfies

rs(ts)” =r(ts)” . (6)

In the proof, we use the following equivalence relation, which parametrizes
the TL[F] expressible properties. For every k, let =, be the congruence with
u =g v if u and v satisfy the same TL[F;] properties. This equivalence relation
is in fact a congruence relation. We will use the following inductive description
of =:

Lemma 7. Let u and v be arbitrary non-empty strings over A. Then:

1. u=gv iff uy = vy.
2. u =gy v iff
(a) uy = vy,
(b) for every i with 1 < i < |u| there exists j with 1 < j
suf; (u) =g suf;(v), and
(c) for every i with 1 < i < |v| there exists j with 1 < j < |u| such that
suf; (v) = suf;(u). O

IN

[v| such that

This can be proved by a straightforward induction on k; it simply formalizes
what was informally described at the beginning of this subsection.

Proof of Theorem 6. It is easy to see that (5) and (6) are equivalent for every
finite semigroup. First, assume (5) holds. Let s and ¢ be arbitrary semigroup
elements and m such that (ts)™ = (ts)*. Then t(st)™ ls(st)™ = (ts)™, so,
using (5), rs(ts)™ = r(ts)™, hence rs(ts)” = r(ts)“. Conversely, if stu = u,
then (st)™u = u for every m > 1, in particular, (st)*u = w, which implies
rt(st)“u = ru. But t(st)¥u = tu anyway, so rtu = ru.

To conclude the proof we show that 1. and 2. are equivalent. The proof
that 1. implies 2. is by induction on k. It is enough to show that the quotient
semigroups A1 /=y, satisfy (5). For k = 0, this is trivial. So let k¥ > 0 and assume
stu =, u. Clearly, rtu and ru start with the same letter, so 2.(a) from Lemma 7.
Let ¢ € TL[Fi_1]. First, suppose suf;(ru) &= ¢ for some i with 1 < i < |rul.
We distinguish two cases. If ¢ < |r|, then r'u = ¢ for a suffix 7’ of 7, and the
induction hypothesis yields r'tu |= ¢, which shows suf; (rtu) = ¢. If i > |r|, then
suf;_j,|(u) = @, so suf;4_j,(tu) = ¢, which also means suf; |, (rtu) = ¢.
So, in both cases, suf;(rtu) = ¢ for some j with 1 < j < |rtu|, that is, 2.(b)
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from Lemma 7. In the same fashion, one proves that 2.(c) holds. This shows
rtu = ru.

For the implication from 2. to 1., we again use the above characterization of
=j. Assume (5) does not hold for the syntactic semigroup of some language L.
Then there exist strings r, s, t, u such that stu = w and rtu #Z; ru. As a
consequence, we have rt(st)*u #p, r(st)*u for every k. By definition of =7, this
means that for every k there exist z,y € A* such that xrt(st)*uy € L and
or(st)fuy ¢ L, or xrt(st)*uy ¢ L and zr(st)*uy € L. By a simple induction,
one shows 7t (st)*uy = xr(st)*uy. So no formula in TL[Fj] can define L. Since
this is true for every k, L cannot be expressed in TL[F]. O

Ezample 8. Consider L = A*aA*b where A = {a,b,c}. The classes of =,
are: A*a, A*aA*b, (b+ ¢)*b, (b+ ¢)*c, A*aA*c. And the multiplication table
of S(L) is:

a b cabac

“ala ab ac ab ac

bla b ¢ abac

cla b ¢ abac

abla ab ac ab ac

acla ab ac ab ac .

The elements a, ab, and ac are right zeros, so it is impossible to violate (6) with
ts € {a,ab,ac}. But (ts)* ¢ {a,ab,ac} iff t,s € {b,c}, and in the subsemigroup
{b,c}, b and ¢ are right zeros. So S(L) satisfies (6). This is what we expect,
because L is defined by (a A Fb) V F(a A Fb). O

Ezxample 9. Consider the language L from Example 2. The second letter of any
word in L is fixed to b. This should not be expressible in TL[F]. Our decision
procedure yields the expected result: in S(L), we have aa = aa(ba)® # a(ba)® =
ab, thus (6) does not hold in S(L). O

5 Composing Classes

Many fragments of LTL are more difficult to characterize than TL[X] and TL[F],
for instance, TL[X, F], which is known as restricted temporal logic. For fragments
like this one, a compositional approach should be taken. The key concepts are
substitution on the LTL side and semidirect products on the semigroup side.

5.1 Substitution

It is quite easy to see that every formula in TL[X, F] is equivalent to a formula
in that fragment where F does not occur in the scope of X. So X can always be
pushed inside. We describe this more formally using substitution.

A function o: LTLy — LTLp is a substitution if o maps each formula ¢ €
LTLx to the formula which is obtained from ¢ by replacing every occurrence of a
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propositional variable p € X by o(p). Note that a substitution is fully determined
by the values for the propositional variables.

When ¥ is a class of LTL formulas, then o: LTLy — LTLp is a ¥ substitution
if o(p) € ¥ for every p € X. When ¢ and ¥ are classes of formulas, then
@ o ¥ is the set of all formulas o(p) where ¢ € & is a formula over some X
and o: LTLy — LTLp is a ¥ substitution for some I'. Clearly, substitution is
associative, so it is not necessary to use parentheses.

The above remark about TL[X,F] can now be rephrased as follows. Every
formula in TL[X,F] is equivalent to a formula in TL[F] o TL[X].

The most basic lemma about the semantics of LTL is the analogue of the
substitution lemma for first-order logic, which is described in what follows. Let
o: LTLy — LTLy be a substitution. For each u € (2')* of length n, let o(u) be
the string ay . .. a, with

a; ={p € X |sufi(u) = o(p)} . (7)

So the i-th letter of o(u) encodes which formulas o(p) hold in suf;(u) and which
don’t.

?
The substitution lemma now splits the problem u |= o () into two problems:

Lemma 10 (LTL substitution lemma). Let ¢ be an LTL formula over X
and o: LTLy — LTLr a substitution. Then, for every u € (2¥)F,

ulo(e) iff olw)ke. (8)
O
The proof of this lemma is a simple induction.

Ezample 11. Let ¢ = F(a A Xb) where A = {a,b}, that is, L(p) = AtabA*.
Identify A with 27" where I = {¢}, in particular, assume a = {¢} and b = (). Let
Y ={p}. Then ¢ = o(Fp) with o: p — a A Xb, more precisely, o(p) = g A X—q.
Clearly, bbbaba = ¢. Using the above lemma, we can verify this as follows. First,
o(bbbaba) = 00D{p}d0, and the latter satisfies Fp. O

5.2 Semidirect Product/Substitution Principle

Suppose we are given two LTL fragments ¢ and ¥ and effective characteriza-
tions in terms of finite semigroups, that is, we are given two pseudovarieties V'
and W such that L(®) = L(V) and L(¥) = L(W). We would like to have a
characterization of @oW. To obtain a good picture of what this operation should
do, we reconsider the substitution lemma.

There is a straightforward way to model o(u) in an algebraic setting. As-
sume we are given a congruence = that describes somehow the semantics of
the formulas o(p), say it saturates all the languages defined by these formulas.
Further, assume u is a non-empty string over A. Then the string o(u) somehow
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corresponds to the string u= defined by u= = a; ...aj, where a; = [suf;(z)]=.
Note that u= should strictly be viewed as a string over the semigroup A*/=.
From the above it is clear it would be desirable to have an algebraic operation
at hand which given pseudovarieties V' and W yields a new pseudovariety gen-
erated by all quotients of the form AT /="' where =" is a congruence relation

generated by an equivalence relation =" obtained as follows.

(1) For some W-congruence = over A and some V-congruence =’ on (S*/=)*,
—n

the relation =" relates u and v if u= =" v=.
This would allow us to combine V' and W in a way such that the resulting
pseudovariety corresponds to L(P o ¥).

Ezxample 12. Reconsider Example 11. Let = denote the syntactic congruence of
L(a A Xb), which we already know from Example 2. Suppose u = aabbba and
v = bbbabab. Then u= = [aa][ab][b][b][b][a] and v= = bbbabbab. Let =" be the
syntactic congruence of the language S(L)[ab]S(L)*. Then u =" v. 0

As it turns out, there is an algebraic operation on pseudovarieties that is very
close to what we need: the pseudovariety usually denoted (V* x W”)P. Here,
(.)? means that the multiplication tables are tranposed, and * stands for the
semidirect product of pseudovarieties (see below).

The exact description of (V* « W*)? is as follows [16]. It is the pseudovariety
generated by semigroups AT /=" where =" is a congruence obtained as follows.
(1) For some W-congruence = over A and some V-congruence =" over A X

AT /=, the relation = relates u and v if

1. u=wv and
2. for every x € A*, uZ = vZ with wZ defined by wZ = a; ...a),| where
a; = (w;, [wzx]=).

(In the above, special care has to be taken when wz is the empty string.)

Observe that (1) and (1) deviate only little from each other, but the minor
difference in the two has some consequences, which will be explained in what
follows.

We need some more notation. We write L'(V') for the class of all L C A™
such that L is finite union of languages of the form «L’ with a € A and L'
recognized by a monoid homomorphism At — S! with S € V. Here, S* is S
augmented by a neutral element if S contains no neutral element and else S.
And we write @ o’ ¥ for the set of all boolean combinations of formulas from
(@ o¥)UW. With this notation, we get:

Theorem 13 (semidirect product substitution principle [17]). Let & and
¥ be classes of LTL formulas and V' and W be pseudovarieties of semigroups
such that L(®) = L(V) and L(¥) = L'(W). Then

L@ W) = L(V +* W) | 9)
where W« V. = (V? « WPF)P.
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One simple application is given in the following example.

Ezample 1/. We want to derive an effective characterization of TL[X,F]. We
already know that this amounts to obtain an effective characterization of TL[F]o
TL[X]. Clearly, TL[F]o’TL[X] is at least as expressive as TL[F]oTL[X] and not more
expressive than TL[X,F|. So, by the semidirect product substitution principle,
we get

L(TL[X,F]) = L(L' " K) (10)
where L is defined by (6) and K by (X). O

It follows from results in semigroup theory [15] that the above pseudovariety
is decidable, which means we have an effective characterization of TL[X, F].

A first effective characterization was originally obtained by Cohen, Perrin,
and Pin [2] without using the semidirect product substitution principle. They
showed

L(TL[X,F]) = L(LL) (11)
where LL is the pseudovariety of locally L-trivial semigroups defined by
() = (o trs)” (12)

which, by Eilenberg’s theorem, is the same as L’ *” K.

5.3 Semidirect Product

For the sake of completeness, we conclude this subsection with a formal defini-
tion of the semidirect product of two semigroups. Given semigroups S and T
and a monoid homomorphism h: 7! — End(S) from T* to the monoid of en-
domorphisms of S, the semidirect product of S with T (with respect to h),
denoted S xj, T, is the set S x T with multiplication defined by (s1,t1)(s2,t2) =
(s182(t1h), t1t2). The interested reader may want to check how this relates with
the constructions in (f) and (1).

Given pseudovarieties V' and W of semigroups, their semidirect product is
the pseudovariety of semigroups generated by all semigroups of the form S *, T
where S € V, T € W, and h: T' — End(S) is a monoid homomorphism; it is
denoted by V' x W. This product is associative whereas the semidirect product
on individual semigroups is not.

6 Conclusion

Using the semidirect product substitution principle one can easily characterize
many other fragments of LTL. For instance, one gets a parametrized version of
Theorem 6:

L(TL[Fx]) = L(SL %" --- % SI) , (13)
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where the product has k factors and Sl is the pseudovariety of semilattices
defined by

st=ts , s2=5 . (14)

The most interesting question is to classify an LTL property according to how
deeply U, the only binary operator, needs to be nested to express the property.
In other words, one is interested in an effective characterization of the classes

L(TL[X,F,Ug]) € L(TL[X,F,U4]) C L(TL[X,F,Us]) C - -+ , (15)

which is known as the until hierarchy of linear temporal logic. In Example 14,
we have seen how level 0 can be characterized. In [17] it is shown that

L(TL[X,F,Ug]) = L(L' «” MDy” % - .. x” MDy” %" K) (16)

with k factors MD4 where MD; is the pseudovariety generated by the three
element monoid {1, a, b} determined by ax = a and bx = b for all = € {1, a, b}.

All the above characterizations are effective, that is, the respective pseu-
dovarieties are decidable. The decidability proofs are quite involved; they rely,
for instance, on results by Straubing [15] and Steinberg [14].

We have seen that decidability of fragments of LTL can be reduced to de-
cidability of iterated semidirect products of pseudovarieties of semigroups. In
general, it is not at all clear whether products of decidable pseudovarieties are
decidable. For the products that are relevant to characterizing fragments of LTL
the known decidability criteria—deep results from semigroup theory—ryield pos-
itive results. These criteria are, however, quite involved. Especially, they don’t
allow to prove reasonable upper bounds on the complexity of the decision prob-
lems.
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Abstract. We establish refined search tree techniques for the param-
eterized DOMINATING SET problem on planar graphs. We derive a fixed
parameter algorithm with running time O(8"n), where k is the size of
the dominating set and n is the number of vertices in the graph. For our
search tree, we firstly provide a set of reduction rules. Secondly, we prove
an intricate branching theorem based on the Euler formula. In addition,
we give an example graph showing that the bound of the branching the-
orem is optimal with respect to our reduction rules. Our final algorithm
is very easy (to implement); its analysis, however, is involved.

Keywords. dominating set, planar graph, fixed parameter algorithm, search tree

1 Introduction

The parameterized DOMINATING SET problem, where we are given a graph
G = (V,E), a parameter k and ask for a set of vertices of size at most k that
dominate all other vertices, is known to be W[2]-complete for general graphs [3].
The class W2] formalizes intractability from the point of view of parameter-
ized complexity. It is well-known that the problem restricted to planar graphs is
fixed parameter tractable. An algorithm running in time O(11¥n) was claimed
n [7,8]. The analysis of the algorithm, however, turned out to be flawed; hence,
this paper seems to give the first completely correct analysis of a fixed parame-
ter algorithm for DOMINATING SET on planar graphs with running time O(c*n)
for small constant ¢ that even improves the previously claimed constant con-
siderably. We mention in passing that in companion work various approaches
that yield algorithms of running time O(c\/En) for PLANAR DOMINATING SET
and related problems were considered (see [1,2,3]).! Interestingly, very recently
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it was shown that up to the constant ¢ this time bound is optimal unless a very
unlikely collapse of a parameterized complexity hierarchy occurs [4,5].

Fixed parameter algorithms based on search trees. A method that has
proven to yield easy and powerful fixed parameter algorithms is that of con-
structing a bounded search tree. Suppose we are given a graph class G that is
closed under taking subgraphs and that guarantees a vertex of degree d for some
constant d.? Such graph classes are, e.g., given by bounded degree graphs, or
by graphs of bounded genus, and, hence, in particular, by planar graphs. More
precisely, an easy computation shows that, e.g., the class G(S;) of graphs that
are embeddable on an orientable surface S, of genus g guarantees a vertex of
degree d, := [2(14 /3g +1)] for g > 0, and dy := 5.

Consider the k-INDEPENDENT SET problem on G, where, for given G =
(V,E) € G, we seek for an independent set of size at least k. For a vertex u
with degree at most d and neighbors N (u) := {u1,...,uq}, we can choose one
vertex w € Nu] := {u,u1,...,uq} to be in an optimal independent set and
continue the search on the graph G’ where we deleted N[w]. This observation
yields a simple O((d + 1)¥n) degree-branching search tree algorithm.

In the case of k--DOMINATING SET, the situation seems more intricate. Clearly,
again, either u or one of its neighbors can be chosen to be in an optimal dom-
inating set. However, removing u from the graph leaves all its neighbors being
already dominated, but still also being suitable candidates for an optimal dom-
inating set. This consideration leads us to formulate our search tree procedure
in a more general setting, where there are two kinds of vertices in our graph.

ANNOTATED DOMINATING SET

Input: A black and white graph G = (BW W, E), and a positive integer k.
Parameter: k

Question: Is there a choice of at most k vertices V/ C V = BWW such that, for
every vertex u € B, there is a vertex «' € N[u] N V'? In other words, is there a
set of k vertices (which may be either black or white) that dominates the set of
all black vertices?

In each step of the search tree, we would like to branch according to a low
degree black vertex. By our assumptions on the graph class, we can guarantee
the existence of a vertex u € BW W with deg(u) < d. However, as long as not
all vertices have degree bounded by d (as, e.g., the case for graphs of bounded
genus g, where only the existence of a vertex of degree at most d, is known), this
vertex need not necessarily be black. These considerations show that a direct
O((d + 1)*n) search tree algorithm for DOMINATING SET seems out of reach for
such graph classes.

Our results. In this paper, we present a fixed parameter algorithm for (ANNO-
TATED) DOMINATING SET on planar graphs with running time O(8*n). For that
purpose, we provide a set of reduction rules and, then, use a search tree in which
we are constantly simplifying the instance according to the reduction rules (see

% This means that, for each G = (V, E) € G, there exists a u € V with deg(u) < d.
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Subsection 3.1). The branching in the search tree will be done with respect to
low degree vertices. The analysis of this algorithm will be carried out in a new
branching theorem (see Subsection 3.2) which is based on the Euler formula for
planar graphs. In addition, we give an example showing that the bound of the
branching theorem is optimal (see Section 3.3). Finally, it is worth noting here
that the algorithm we present is very simple and easy to implement.

Due to the lack of space, several proof details had to be omitted.

2 Preliminaries

We assume familiarity with basic notions and concepts in graph theory, see,
e.g., [0]. For a graph G = (V, E) and a vertex u € V, we use N(u) and N[ul,
respectively, to denote the open and closed neighborhood of u, respectively. By
degq(u) := |[Ng(u)|, we denote the degree of the vertex u in G. A pendant vertex
is a vertex of degree one. For V' C V| the induced subgraph of V' is denoted
by G[V']. In particular, we use the abbreviation G — V' := G[V \ V']. If V"’ is
a singleton, then we omit brackets and simply write G — v for a vertex v. In
addition, we write G — e or G + e when we delete or add an edge e to G without
changing the vertex set of G.

Let G be a connected planar graph, i.e., a connected graph that admits
a crossing-free embedding in the plane. Such an embedding is called a plane
embedding. A planar graph together with a plane embedding is called a plane
graph. Note that a plane graph can be seen as a subset of the Euclidean plane R2.
The set R? \ G is open; its regions are the faces of G. Let F be the set of faces
of a plane graph. The size of a face F' € F is the number of vertices on the
boundary of the face. A triangular face is a face of size three. If G is a plane
graph and V' C V, then G[V’'] and G — V' can be always considered as plane
graphs with an embedding inherited by the embedding of G.

3 The Algorithm and Its Analysis

Our algorithm is based on reduction rules (see Subsection 3.1) and an improved
branching theorem (see Subsection 3.2). With respect to our set of reduction
rules, we show optimality for the branching theorem (see Subsection 3.3).

3.1 Reduction Rules

We consider the following reduction rules for simplifying the ANNOTATED PLA-
NAR DOMINATING SET problem. In developing the search tree, we will always
assume that we are branching from a reduced instance (thus, we are constantly
simplifying the instance according to the reduction rules).® When a vertex u is

3 The idea of doing so-called rekernelizations (i.e., repeated application of reduction
rules) while constructing the search tree was already exhibited in [9,10] in a somewhat
different context.
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placed in the dominating set D by a reduction rule, then the target size k for D
is reduced to k — 1 and the neighbors of u are whitened.

(R1) Delete edges between white vertices.

(R2) Delete a pendant white vertex.

(R3) If there is a pendant black vertex w with neighbor w (either black or
white), then delete w, place u in the dominating set, and lower k to k — 1.

(R4) If there is a white vertex u of degree 2, with two black neighbors u; and us
connected by an edge {u1,us}, then delete w.

(R5) If there is a white vertex u of degree 2, with black neighbors w1, us, and
there is a black vertex us and edges {u1, u2} and {usz, uz} in G, then delete u.

(R6) If there is a white vertex u of degree 2, with black neighbors wuy, us, and
there is a white vertex us and edges {uy, us} and {ug, usz} in G, then delete u.

(RT7) If there is a white vertex u of degree 3, with black neighbors wy, us, us for
which the edges {u1,us} and {ug,us} are present in G (and possibly also
{u1,us}), then delete w.

Let us call a set of simplifying reduction rules of a certain problem sound
if, whenever (G, k) is some problem instance and instance (G’,k’) is obtained
from (G, k) by applying one of the reduction rules, then (G, k) has a solution iff
(G', k') has a solution. A simple case analysis shows:

Lemma 1. The reduction rules are sound. O
Suppose that G is a reduced graph, that is, none of the above reduction rules
can be applied. By using the rules (R1), (R2), (R4) and (R7), we can show:

Lemma 2. Let G = (BUW, E) be a plane black and white graph. If G is reduced,
then the white vertices form an independent set and every triangular face of G|B]
15 empty. O

3.2 A New Branching Theorem

Theorem 3. If G = (BWW, E) is a planar black and white graph that is reduced,
then there exists a black vertex u € B with degg(u) < 7.

The following technical lemma, based on an “Euler argument,” will be needed.
Note that if there is any counterexample to the theorem, then there is a con-
nected counterexample.

Lemma 4. Suppose G = (BWW, E) is a connected plane black and white graph
with b black vertices, w white vertices, and e edges. Let the subgraph induced by
the black vertices be denoted H = G[B). Let ¢y denote the number of components
of H and let fy denote the number of faces of H. Let

z=30b+w)—6)—e (1)

measure the extent to which G fails to be a triangulation of the plane. If the
criterion
3w—4b—z+4+ fg—cy <7 (2)

is satisfied, then there exists a black vertex w € B with degg(u) < 7.
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Proof. Let the (total) numbers of vertices, edges and faces of G be denoted v, e, f
respectively. Let ep,, be the number of edges in G between black and white, and
let epp denote the number of edges between black and black. With this notation,
we have the following relationships.

v—e+ f=2 (Euler formula for G) (3)
v=b+w (4)
e = ep, + epw (5)
b—ew+ fu=14+cu ((extended) Euler formula for H) (6)
20—4-z=f (by Eq. (1), (4), and (5)) (7)

If the lemma were false, then we would have, using (5),
8 < 2epp +epw = ep t+e. (8)

We will assume this and derive a contradiction. The following inequality holds:

3+cpg=v+b—(epp+e)+f+ fu (by (3) and (6))
<v+b—8b+ f+ fu (by (8))
=30—Th+ fy—4—=z (by (7))
=3w—4b+ fg—4—z. (by (4))
This yields a contradiction to 2. O

Proving Theorem 3 by contradiction, it will be helpful to know that a corre-
sponding graph has to be connected and has minimum degree 3.

Lemma 5. If there is any counterexample to Theorem 3, then there is a con-
nected counterexample where degg(u) > 3 for allu € W.

Proof. Suppose G is a counterexample to the theorem. Then, G does not have
any white vertices of degree 1, else reduction rule (R2) can be applied. Let G’ be
obtained from G by simultaneously replacing every white vertex u of degree 2
with neighbors = and y by an edge {z,y}. The neighbors z and y of u are
necessarily black, else (R1) can be applied, and in each case the edge {z,y}
is not already present in G, else rule (R4) would apply. We argue that G’ is
reduced. If not, then the only possibility is that reduction rule (R7) applies to
some white vertex u of degree 3 in G’. If rule (R7) did not apply to u in G,
then one of the edges between the neighbors of u must have been created in our
derivation of G’ from G, i.e., one of these edges replaced a white vertex u’ of
degree 2. But this implies that reduction rule (R6) could be applied in G to u’,
contradicting that G is reduced. O

Before giving the proof of Theorem 3, we introduce the following notation:

Notation: Let G = (BW W, E) be a plane black and white graph and let F be
the set of faces of G[B]. Then, for each F € F, we let

e wp denote the number of white vertices embedded in F,
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e 2z denote the number of edges that would have to be added in order to
complete a triangulation of that part of the embedding of G contained in F,

e tp denote the number of edges needed to triangulate F' in G[B] (that is,
triangulating only between the black vertices on the boundary of F', and
noting that the boundary of F' may not be connected), and

e ¢ denote the number of components of the boundary of F', minus 1.

Observe that the numbers zp and ¢ are indeed well-defined. This can be shown
by using [6, Proposition 4.2.6].

Proof (of Theorem 3). We can assume that if there is a counterexample G then G
is connected, but the black subgraph H := G[B] might not be connected. More-
over, by Lemma 5 we may assume that degq(u) > 3 for all w € W. If ¢y denotes
the number of components of H, by induction on cg, it is easy to see that
cy —1 =3 pcrcr. Also, if z is the number of edges needed to triangulate G,
we clearly get z = ) . 2zr. The criterion (2) established by Lemma 4 can be
rephrased as

32101:— ZZF —4b+ fg—cyg < 7T,

FeF FreF

which is equivalent to

3 (wr+cp/3—2p/3+1/3) —4b—2cy < 6.
FeF

Now, assume that we can show the inequality
wp +cr/3—2p/3+1/3 < atp+ 3 (9)

for some constants o and @ and for every face F' of the subgraph H. Call this
our linear bound assumption. Then, criterion (2) will hold if

3 (atp+B) —4b—2cy = <3a > tp> + (35 > 1) —4b—2cy < 6.
FeF FEF FEF
Noting that ) . »tp is the number of edges needed to triangulate H, we have
Z tF :3b—6—€bb.
FEF

The number of faces of H is ZFefl = fg = epp — b+ 1+ cy, by Euler’s
formula (7). Together, these give us the following targeted criterion:

30a(3b— 6 —epy) + 308(eppy —b+ 1+ cy) —4b — 2¢yy < 6.

Multiplying out and gathering terms, we need to establish (using the linear
bound assumption), that

b(9a — 35 —4) + ep(30 — 3a) + 36(1 + cy) — 18 — 2¢y < 6.



Refined Search Tree Technique for DOMINATING SET on Planar Graphs 117

This inequality is easily verified for « = 5 = 2/3.
To complete the argument, we need to establish that the linear bound as-
sumption (9) with « = 8 = 2/3 holds for faces of reduced graphs, i.e., that

wF+CF/3—ZF/3§2tF/3+1/3. (10)

But this is a consequence of the following Propositions 6 and 8. O

Proposition 6. Let G = (BWW, E) be a reduced plane black and white graph
and let F' be a face of G|B|. Then, using the notation above, we have wp +cp <
zrp + 1.

Proof. Consider the “face-graph” G := G[Br U Wg], where Bp is the set of
black vertices forming the boundary of F' and W is the set of white vertices
inside F'. Note that Gr may consist of several “black components,” connected
among themselves through white vertices. Contracting each of these black com-
ponents into one (black) vertex, we obtain the bipartite graph G'-. Note that both
the black and also the white vertices form independent sets in G. Clearly, G
is still planar. Since G’ is a bipartite planar graph, preserving planarity it is
easy to show that we can connect the white vertices among themselves by a tree
of wrp — 1 white white edges and that we can connect the black vertices among
themselves by a tree of cp black black edges. Clearly, this implies that we can
also add at least cp + wp — 1 new edges to G without destroying planarity.
Hence, we need at least cp + wp — 1 additional edges to triangulate the interior
of F in the graph G. a

Property 7. If Fy and Fy are two faces of G[B] with common boundary edge e,
then tp, + tg, + 1 equals tp, where we now consider (G — e)[B], and F is the
face which results from merging F; and F5 when deleting e.

Proposition 8. Suppose G = (BW W, E) is a reduced plane black and white
graph, with deg(u) > 3 for allu € W. Let F be a face of G[B]. Then, using the
notation above, wrp < tp.

Proof. Consider a reduced black and white graph G = (BWW, E) with deg(u) >
3 for all w € W. If there is some u € W with deg(u) > 4, then delete arbi-
trarily all edges incident with u but four of them. While preserving the black
induced subgraph, the resulting graph is still reduced, since no rules apply to
white degree-4-vertices. Therefore, we can assume from now on without loss of
generality that all white vertices of G have maximum degree of four.

We will now show the claim by induction on the number #w?* of white vertices
of degree four. The hardest part is the induction base, which is deferred to the
subsequent Lemma 9. Assume that the claim was shown for each graph with
#w* < ¢ and assume now that G has £+ 1 white degree-4-vertices. Choose some
arbitrary v € W with deg(u) = 4. Let {b1,...,bs} be the clockwisely ordered
neighbors of u. Due to planarity, we may assume further that {by,b3} ¢ E
without loss of generality. Consider now G’ = (G —u)+{b1,b3}. We prove below
that G’ (or G” = (G — u) + {b2,bs} in one special case) is reduced. This means
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that the induction hypothesis applies to G’. Hence, wr < tp for all faces in
G'[B]. Observe that G’ contains all the faces of G except from the face F' of G
which contains w; F' might be replaced by two faces F; and F with common
boundary edge {b1,bs}. In this case, wp, <tp,, wp, <tp, W + Wk, +1 =wp
and, by Property 7, tp, + tp, +1 = tp. Hence, wrp < tp by induction. In the
case where face F still exists in G’ it is trivial to see that wrp < tp.

To complete the proof, we argue why G’ has to be reduced. Obviously, this
is clear if Vb;Yv € N (b;)deg(v) = 4, since no reduction rules apply to degree-4-
vertices. We now discuss the case that v has degree-3-vertices as neighbors.

1. If a degree-3-vertex is neighbor of some b;, but not of b;, j # i, then no
reduction rule is triggered when constructing G’.

2. Consider the case that a degree-3-vertex is neighbor of two b;,b;, ¢ # j. We
can assume that {i,j} # {1, 3}, since otherwise {bs,b4} ¢ E and we could
consider G” = (G — u) + {ba,bs} instead of G’ with a argument similar
to the case {i,j} = {1,3}. If {i,5} = {1,3}, then G’ is clearly reduced. If
{i,7} = {1,2} (or, more generally, |{i,j} N {1,3} = 1]), then no reduction
rules are triggered when passing from G to G’.

3. If a degree-3-vertex is neighbor of three b;, b;, by, then a reasoning similar to
the one in the previous point applies.

This concludes the proof of the proposition. O

The following lemma serves as the induction base in the proof of Proposi-
tion 8.

Lemma 9. Suppose G = (BWW, E) is a reduced plane black and white graph,
with deg(u) = 3 for allu € W. Let F be a face of G[B]. Then, using the notation
above, wp < tp.

Proof. (Sketch) Let us consider a fixed planar embedding of the graph G, and
consider a face F' of the black induced subgraph G[B]. Let Wrp C W be the set
of white vertices in the interior of F', and let Br C B denote the black vertices
on the boundary of F. We want to find at least |[Wp| many black black edges
that can be added to G[B] inside F. For that purpose, define the set

EP* = {e = {b1,by} | b1,bo € Br A e ¢ E(G[B])}

of non-existing black black edges.

For a subset W' C Wp we construct a bipartite graph H(W') := (W’ U
T(W"), E(W")) as follows. In H(W"), the first bipartition set is formed by the
vertices W’ and the second one is given by the set

TW') :={e={b1,by} € E?* | Jue W :e C Ng(u)}.
The edges in H(W') are then given by

EW') = {{u,e} [lue W, e T(W’),e C Ng(u)}.
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Fig. 1. llustration of a diamond D generated by a pair vertices {b1, b2} € T (W)

In this way, the set T(W') gives us vertices in H (W) that correspond to pairs
e = {by, b2} of black vertices in Bp between which we still can draw an edge
in G[B]. Note that the edge e can even be drawn in the interior of F', since by
and by are connected by a white vertex in W’ C Wpg. This means that

T(Wr)| <tr. (11)

Due to reduction rule (R7), for each u € Wp, the neighbors N(u) C Bp are
connected by at most one edge in G[B]. By construction of H(Wp), we find:

degy(w,y(u) =2 Vu € Wp. (12)

The degree deg gy, (e) for an element e = {b1, b2} € T(Wp) tells us how many
white vertices share the pair {b1, b2} as common neighbors. We do case analysis
according to this degree.

Case 1: Suppose deg () (e) < 2 for all e € T(Wp), then H(Wp) is a bipartite
graph, in which the first bipartition set has degree at least two (see Eq. (12))
and the second bipartition set has degree at most two. In this way, the second
set cannot be smaller, which yields

(11
wrp = |WF| < |T(WF)| < tp.

Case 2: There exist elements e = {b1, b2} in T (W) which are shared as common
neighbors by more than 2 white vertices (i.e., degyy,)(e) = m > 2). Suppose
we have uq, ..., un € Wp with Ng(u;) = {b1,be, z;} (i.e., {u;, e} € E(Wp)). We
may assume that the vertices are ordered such that the closed region D bounded
by {b1,u1, b2, um} contains all other vertices ug, ..., um—1 (see Figure 1).

We call D the diamond generated by {b1,ba}. Note that D consists of m — 1
regions, which we call blocks in the following; the block D; is bounded by
{b1,ui,ba,uir1} (i =1,...,m—1). Let W; C Wg, and B; C Bp, respectively,
denote the white and black, respectively, vertices that lie in D;. For the boundary
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vertices {by, ba, u1, ..., Uy} we use the following convention: by, by are added to
all blocks, i.e., by, bs € B; for all ¢; and u; is added to the region where its third
neighbor z; hes in. A block is called empty if B; = {b1,b2} and, hence, W; = 0.
Moreover, let Wp := Uznll W; and Bp := Uznz B;.

We only consider diamonds, where z; and z,, are not contained in D (see
Figure 1). The other cases can be treated with similar arguments.

Note that each block of a diamond D may contain further diamonds, the
blocks of which may contain further diamonds, and so on. Since no diamonds
overlap, the topological inclusion forms a natural ordering on the set of diamonds
and their blocks.

We can show the following claim by induction on the diamond structure:

Claim: For each diamond D generated by {b1,bs}, we can add ¢tp (where tp >
|Wp|) many black black edges to G[B] other than {b1,bs}. All of these additional
edges can be drawn inside D so that {b1,bs} still can be drawn.

Using this claim, we can finish the proof of the induction base of the propo-
sition: Consider all diamonds D', ..., D" which are not contained in any fur-
ther diamond. Suppose D has boundary {b%,u}, b5, uf, } with b%,b5 € Bp
and ull,u:m € Wr. Let

W= Wr \ (| Wp).
According to the claim we already found Y., ¢p: many black black edges
in EP°* inside the diamonds D?. Observe that each pair ¢! = {b%, b} is only

shared as common neighbors by at most two white vertices (namely, u} and uin)
in (sic!) Wi. Hence, the bipartite graph H(W}.) again has the property that

o degy(;)(e) <2 for all e € T(Wj) and still

o degy(yy)(u) =2 forall u e Wit

Similar to “Case 17 this proves that—additionally—we find ¢’ (with ¢’ > |Wj|)
many edges in EP°%. Hence,

U wo:

=1

wp = |Wg| = |Wh|+ <+ tp) < tr. O

=1

Using Theorem 3 for the construction of a search tree as elaborated in Sec-
tion 1, we conclude:

Theorem 10. (ANNOTATED) DOMINATING SET on planar graphs can be solved
in time O(8%n). O
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Fig. 2. A reduced graph with all black vertices having degree 7, thus showing
the optimality of the bound derived in our branching theorem

3.3 Optimality of the Branching Theorem

We conclude this section by the observation that with respect to the set of
reduction rules introduced above the upper bound in our branching theorem is
optimal. More precisely, there exists a plane reduced black and white graph with
the property that all black vertices have degree at least 7. Such a graph is shown
in Figure 2. Moreover, this example can be generalized towards an infinite set of
plane graphs with the property that all black vertices have degree at least 7. The
given example is the smallest of all graphs in this class. It is an interesting and
challenging task to ask for further reduction rules that would yield a provably
better constant in the branching theorem. For example, one might think of the
following generalization of reduction rule (R6):

(R6%) If there are white vertices uj,us € W with Ng(u1) € Ng(uz), then
delete wu;.

However, the graph in Figure 2 is reduced even with respect to rule (R6’).
We leave it as an open question to come up with further reduction rules such
that the graph of Figure 2 is no longer reduced.

4 Conclusion and Open Questions

In this paper, we gave the first search tree algorithm proven to be correct for
the DOMINATING SET problem on planar graphs. It improves on the original,

4 Note that according to the claim the edges {bi7 bé} still can be used.
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flawed theorem stating an exponential term 11%, which is now lowered to 8.
Unfortunately, the proof of correctness has become considerably more involved
and fairly technical.

Our work suggests several directions for future research:

e Can we improve the branching theorem by adding further, more involved
reduction rules?

e Finding a so-called problem kernel (see [8] for details) of polynomial size
p(k) for DOMINATING SET on planar graphs in time Tk (n, k) would improve
the running time to O(8% + Tk (n, k)) using the interleaving technique an-
alyzed in [10]. Currently, we even hope for a linear size problem kernel for
DOMINATING SET on planar graphs.

e Since our results for the search tree itself are based on the Euler formula, a
generalization to the class of graphs G(S,) (allowing a crossing-free embed-
ding on an orientable surface Sy of genus g) seems likely.

Acknowledgment. We thank Klaus Reinhardt for discussions on the topic of
this work and for pointing to an error in an earlier version of the paper.
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Abstract. In this paper, we consider the help bit problem in the deci-
sion tree model proposed by Nisan, Rudich and Saks (FOCS ’94). When
computing k instances of a Boolean function f, Beigel and Hirst (STOC
'98) showed that |log, k| + 1 help bits are necessary to reduce the com-
plexity of f, for any function f, and exhibit the functions for which
|logs k] + 1 help bits reduce the complexity. Their functions must satisfy
the condition that their complexity is greater than or equal to kK — 1. In
this paper, we show new functions satisfying the above conditions whose
complexity are only 2¢/k. We also investigate the help bit problem when
we are only allowed to use decision trees of depth 1. Moreover, we exhibit
the close relationship between the help bit problem and the complexity
for circuits with a majority gate at the top.

1 Introduction and Definitions

Pick your favorite computational model to compute Boolean function. Let f be
a Boolean function and let ¢ be the complexity of f in the model. The help bit
problem and the cover problem, which we will mainly deal with in this paper,
are informally as follows.

Help Bit Problem Suppose you wish to compute f on two inputs x and y,
and are allowed one “help-bit”, i.e., an arbitrary function of the two inputs. Is
it possible to choose this help-bit function so that, given the help-bit, f(x) and
f(y) can each be computed with a computational complexity of less than ¢, and
if so, by how much? How about computing f on k inputs with [ help-bits?

Cover Problem Suppose you wish to compute f on two inputs z and y giving
two pairs of answers (ay,a,) and (a2,a}) such that at least one pair (al,aj)
computes (f(z), f(y)) for i € {1,2}. Does a complexity less than ¢ ever suffice
to compute an answer for an input? What if you wish to evaluate f on k inputs
and you are allowed to give m answer tuples, generalizing the number of inputs

and that of answer tuples?

The notion of a help bit was first introduced by Cai[Cai89] in the context
of constant depth circuits. Amir et al.[ABGO00] studied general circuit models.
Nisan et al.[NRS94] and Beigel and Hirst[BH98] investigated these two problems
for the decision tree model. In this paper, with the same spirit, we consider these
problems for the decision tree model of computation. There are formal definitions
for the cover problem, following Beigel and Hirst[BH9S].

J. Sgall, A. Pultr, and P. Kolman (Eds.): MFCS 2001, LNCS 2133, pp. 123-134, 2001.
© Springer-Verlag Berlin Heidelberg 2001
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Definition 1. A decision tree over a variable set X is a triple (T,p,a) where
T is a rooted ordered binary tree, p is a mapping from the internal nodes of T
to the set X, and a is a mapping from the leaves of T to {0,1}. For a node v of
T, the variable p(v) which is assigned to v is said to the label of v.

A decision tree T over X computes a Boolean function f as follows: If «
is any assignment in {0,1}X, the computation of T on « is the unique path
Vg, V1, - . -, Us from the root vy of T to some leaf vs. Inductively, v;y1 fori >0 is
defined to be the a(p(v;))th child of v;. The output of the computation is given
by a(vs), which is denoted by T(c).

The depth of a decision tree T is the length of the longest path in T. DEPTH(d)
18 the class of Boolean functions computable by decision trees having at most
depth d.

Definition 2. A decision forest over a variable set X is an ordered tuple of
decision trees over X. The forest F'= (Ty,...,Ty) computes the function

Flag,...,a) = (Ti(a),..., Tk(a)).
The depth of the forest (T1,...,T) is the mazimum of the depths of Ty, ..., Tk.

Definition 3. A family of decision forests over a variable set X is a set of
decision forests over X. The depth of a family of decision forests {F,..., Fy}
18 the mazximum of the depths of Fi,..., Fy. The size of a family of forests F is
the number of forests in F. The width of a family of forests F is the number of
trees in each forest of F. A family F of forests covers a function g if

VadF € F F(a) = g().
When F covers g, we call F a cover for g.
Definition 4. Let X be the union of mutually disjoint sets Xi,...,Xy. For
1 <7<k, let f; be a function over X;. Let

F={(Tw, - sTi)s- s Tm1,-- s Tmk)}

be a cover for (fi,...,fx). The cover F is called pure if, for any i, j, the nodes
of the tree T;; are labeled only with a variable in X;, impure otherwise.

In this paper, we are mainly interested in covers for a tuple consisting of k
isomorphic copies of the same function over the disjoint sets of variables.

Definition 5. Let f be a Boolean function on n variables. We define

Let PCoverg(m, k) be the class of Boolean functions f such that ¥ has a pure
cover of size m, width k and depth d. Let Covery(m,k) be the class of Boolean
functions f such that fI*! has a cover of size m, width k and depth d.
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By the definition, PCoverg(m, k) C Coverg(m, k) for any d, m and k. One
may think that an impure family of forests cannot do better than a pure family,
i.e., PCoverg(m, k) = Covery(m, k). However this question is open[BH98]. As
Beigel and Hirst have pointed out[BH98], we think that this is the most impor-
tant open problem concerning the cover problem in the decision tree model. The
help bit problem and the cover problem are strongly related each other because
it is known that a Boolean function f is computable with [ help bits iff f has a
cover of size 2/[BH9S).

A brute-force construction obviously shows that PCovery(2*, k) contains all
the Boolean functions for every d. So it is natural to ask when a nontrivial
cover exists. More precisely, for what pair of values m and k does DEPTH(d) C
PCoverg(m, k) or DEPTH(d) ¢ Coverg(m, k) hold? Concerning these problems,
Beigel and Hirst[BH98] proved the following strong statements.

Vd Yk DEPTH(d) = PCoverq(k, k) = Coverg(k, k),
Vk>2Vd>k—1 DEPTH(d) C PCovery(k + 1,k).

The first claim says that |log, k| help bits do not help to evaluate a function
on k inputs. The second claim says that the first claim is tight in the sense that
increasing the size k of a family of forests properly enlarges the set of functions
covered, provided that the complexity of the functions is greater that or equal
to k — 1. In Section 2.2 of the paper, we extend the second result to

Vk >2Vd > 2Vk DEPTH(d) € PCovery(k + 1, k).

In this paper, we also consider the computational power of a family of forests
of depth 1. Let 77%r¢(k) (respectively, 74(k)) be the minimum m such that
DEPTH(d) € PCoverq(m, k) (respectively, DEPTH(d) € Coverg(m,k)) holds.
The values of 77“¢(k) or 74(k) were known only for an elemental case such as
rure(3) = 5[BH98]. In Section 2.1 of the paper, we determine the asymptotic
values of 7{%"¢(k) and of 71 (k) and the exact values of 7{"*"¢(k) for k < 6.

Finally, in Section 3, we exhibit the close relationship between the cover

problem and the complexity for circuits with a majority gate at the top.

2 Cover Problem

In this section, we discuss the computational power of a family of depth-d forests
for a relatively small d.

Before going into detail, we show an example of covers. The following example
was first suggested by Blum which appeared in [NRS94]. For more examples of
covers, see [BH98|.

Ezample 6. The majority function on 3 variables, denoted MAJ3(z,y, 2), is de-
fined as

i >
MAT () = { g it

0 otherwise.
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Let X1 = {x1,y1,21}, X2 = {22,942, 22} and X = X; U X5. Then the family of
forests {(z1,x2), (Y1, y2), (21, 22)} covers MAJ?]. This can be easily seen because
at most one of the variables z;, y; and z; can be unequal to MAJ3(x;, yi, 2;)-
In what follows, when discussing pure covers we will drop the subscript that
distinguishes variables from different instances. Accordingly, we represent the
cover above as {(z, ), (y,v), (z,2)}.

2.1 Depth 1

Recall that 77%"¢(k) (respectively, 74(k)) denotes the minimum m such that
DEPTH(d) € PCovergy(m, k) (respectively, DEPTH(d) € Coverg(m, k)) holds.
One of the most fundamental problems on covers is to determine the values of
TPure(k) and 14(k) for various values of d and k. These questions seem to be
difficult even if we restrict ourselves to d = 1. All the results concerning the
problem obtained so far are 7{%"¢(1) = 2, 7F*r¢(2) = 3 and 7{""¢(3) = 5. (See
the technical report version of [BH98]). In this subsection, we determine the
asymptotic values of 7{“¢(k) and 71(k) and the exact values of 7{*"¢(k) for
k <6.

For a Boolean function f and for an integer d > 0, the agreement probabil-
ity between f and DEPTH(d), denoted p(f,d), is defined to be the maximum
real number p such that there is a distribution 7 on DEPTH(d) that satisfies
VaPrrer[f(a) = T(a)] > p. Nisan et al.[NRS94] obtained the following theorem
which gives a relationship between p(d) and 74(k).

Theorem 7 ([NRS94]). For any d > 1,

k
1
< 1q(k) < TFvre(k).
(maXfeDEPTH(d) p(f, d)) I )
By virtue of this theorem if we can prove an upper bound on the agreement
probability then we get the corresponding lower bound on 74(k).

Theorem 8. For any f ¢ DEPTH(1), p(f,1) <2/3.

Proof. Let f be a function that cannot be computed by a decision tree of depth 1.
Let n be the number of input variables of f. Since f is not constant, there are two
strings a € {0,1}*~! and b € {0,1}" ¢ such that f(a0b) # f(alb) holds. Assume,
in contradiction, that p(f,1) > 2/3 holds, i.e., there exists a distribution 7 on
DEPTH(1) such that, for any a € {0,1}", Prrer[T(a) = f(«)] > 2/3 holds.
Without loss of generality we can assume f(a0b) = 0 and f(alb) = 1. Then
Prrer[T(a0b) = 0] > 2/3 and Prper[T(ald) = 1] > 2/3 holds. It is obvious
that x; is the only tree of depth 1 such that the output of it is changed from 0
to 1 when we change the input from a0b to alb. It is easily seen that to satisfy
the above formulae, the probability of the tree x; in T must greater than 1/3.
But since the f is not the function x;, there exists an input # on which f and
x; output different values. Hence Prrer[T(6) = f(8)] < 1 —1/3 = 2/3. This
contradicts the assumption and completes the proof. a
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Corollary 9. For any k > 1, we have 1.5% < (k) < e (k). O
For a pure family of forests, we can obtain a slightly stronger statement.
Corollary 10. For any k > 1, we have [1.57f"¢(k — 1)] < rfvre(k). O

For an upper bound on 71 (k), we can show the following.

Theorem 11. For sufficiently large k,
(k) < 7P (k) < (1 + k)1.5%.

Proof (Sketch). First we observe that p(z V y,1) = 2/3 because at least 2 of
the decision trees 1, z, y are equal to x V y for every assignment. Thus as in
the construction of a cover for the majority function described in Section 8.2
in [BH98], we can obtain a cover of depth 1 and size (1 + k)(1/p(x V y,1))* for
(z V 3)*] by using Lovasz’s theorem on fractional covers[Lov75]. O

In view of Corollary 9 and Theorem 11, it is natural to expect that there is
a constant c(d) such that limg_, o (14(k))** — ¢(d) for d > 1. We succeeded to
prove ¢(1) = 1.5. In the next subsection, we will prove that p(z; V @2x3,2) > 4/5
which implies ¢(2) < 1.25. We conjecture that ¢(2) = 1.25, but the exact value
of ¢(d) for d > 2 remain to be shown.

In the rest of this subsection, we exhibit that the lower bound stated in
Corollary 10 is optimal for k < 6. (The optimum for k¥ < 3 is shown implicitly
in [BH98].) The following table gives exact values of 7¥%7¢(k) for a small k:

k=1 2 3 4 5 6 7 8
Pure(k)=2 3 5 8 12 18 27~31 41~54

Theorem 12. For any k < 6, fvre(k) = [1.5rfvre(k —1)].

Proof. To prove the theorem, it is sufficient to construct pure families of depth 1
with sizes given in the above table that cover a function that cannot be computed
by any decision tree of depth 1. We choose the function x V y as such a function.
Figure 1 gives the pure covers for (z Vy)l¥l where k = 4,5 and 6. We found them
after a large number of trials and errors. Unfortunately, we could not generalize
our construction to generate an optimal cover for larger values of k. ad

Before closing this subsection, we give another interesting construction of a
cover for the function (2 V y)!¥! which implies the upper bounds on 7{%7¢(7) and
rure(8) in the above table.

Let T be a decision tree and S = {(T11,...,T1k), -+, (Tm1s---, Tmk)} be a
family of forests. Let

ToS= {(TaTlla"'7T1k)7"'7(T7Tm1,"'akar)}7
Slr ={(T, T2, Tik)s- -, (T, T2y - s Tonke) }-
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E:c,:c,y7:v7y§7
r,z, 1,1, x
et it ) (azxazy,m y), (z,y, 1, 1, , x),
S I I S Pt
(m>171>$) (y>x7x7171)7 (3; y7$$11),(1’,117$7y7y)7
v D I (y,z, 2,1, 1, 2),(y, 9,1, y, 1, ),
(yﬂfvyvf) (y’zl/’:f’y’w)’ (y,z, L, z,2,1), (y, 1, x, 9, 9, 1),
E?{’lﬂixi Ezlyfig (v, 99,0 y,2), (y, Ly, Lz, y),
(Ly 1 y) (Layy 1) (g U by
(Loae) |(Luyten| [(hobws(Lloesa),
(L layy) (1 y73;1y, y), (1,1,1,1,1, 1)
(1,9, 1,z,9)

Fig. 1. The optimal covers for (z V y)®, (z V)P and (z v y)1%

We define the family of forests S* recursively as follows.

SCQL = {(1’1>}’7 Sl? = {(m,y)}, Sc2 = {(y,$>}7
S =108F, ST =20SFUroSE, SM =yoSk| UyoSY|,, (for k >2)

and S* = SF USF U Sk for k > 2. It is easy to see that |S¥| = Fj1o where F,
is the Fibonacci number, i.e., F; = F» =1 and F,, = F,,_1 + F,,_2(n > 3). An
easy but tedious argument, which we omitted in this extended abstract of the
paper, can show that the families S* cover (z V y)*¥ for any k > 2.

2.2 Depth d

In this subsection, we extend the theorem on the computational power of a family
of decision forests of width k and size k 4+ 1 by proving the following.

Theorem 13. VkVd > 2vk DEPTH(d) C PCovery(k + 1,k).

The key of the proof is to find a function f such that f cannot be computed
by any decision tree of depth d and that the agreement probability between f
and DEPTH(d) is high. The agreement probability between OR of d+1 variables
and DEPTH(d) is 1 —1/(d+ 1) has been shown[BH98]. Our function, which will
be defined below, has a higher agreement probability given by 1 — O(1/d?).

Definition 14. For d > 0, let ALTy be the Boolean function on d+ 1 variables
defined as follows.
ALTo(I’l) =T,

. T 'ALTdfl(IQ,‘Tg,...,LL'(H,l), Zfd 8 Odd,
ALT4(w1, 22, -, Tag1) = {ml VALT  1(x2,23,...,24+1), if d is even.
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Fig. 2. The function ALTq(Left:d is odd, Right:d is even)

The decision trees to compute the function ALT,; are shown in Figure 2.2.
Since the number of satisfying assignments to ALT, is odd and the number of
satisfying assignments to a function on d 4+ 1 variables that can be computed by
decision trees having depth d or less is even, the function ALT4 is in DEPTH(d+
1)-DEPTH(d). For d > 0, we define the set Sy of vectors with length d + 1
recursively as follows:

SO = {Oa 1}5
g _ 081U 1{(00)*(11)(d=1/2=0 | = 0,1,...,(d — 1)/2}1 if d is odd;
7 084-1 UL{(00)(11)%/2~1 | § =0,1,...,d/2} if d is even.

An easy calculation shows the following.

Fact 15. |Sy| = (d® + 4d + 8)/4 for even d and |Sq| = (d*> + 4d + 7)/4 for odd
d. O

Let f be a Boolean function over X and v € {0,1}X be an input to f. Let
f@®{v} denote the function such that (f@®{v})(v) # f(v) and (f@{v})(z) = f(z)
for any = # v. In what follows, we will prove that, for each v € Sy, the function
ALT,; @ {v} can be computed by a decision tree of depth d.

Lemma 16. For any d and for any v € Sy, there exists a decision tree of depth
d or less that computes the function ALTy @ {v}.

Before proceeding to the proof of Lemma 16, we show a technical lemma that
will be used in the proof of Lemma 16.

Lemma 17. For k > 0 and for a = ajas -~y € {0,1}*, the function F, on
2k + 1 variables is defined as follows.
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_ (e3] oy a2 Qo Qe Qg
Fo(z1,. . wop41) = 212y Vag' Vag? Vag? Ve Vrgr Vagt )

V .f‘li‘g(.lﬁg V Z3T4%5 V T3T4T5LgT7 V -+ NV T3Ty - -+ £2k$2k+1)a

where z* denotes x and z° denotes T. In particular, Fy(z1) is defined to be the
constant 0. If ay > ag > -++ > «y holds, then there is a decision tree of depth
2k which computes F,.

Proof. The proof proceeds by induction on k. The base, k = 0, is trivial. Assume
the induction hypothesis holds for up to k — 1.
Case 1) oy =g =---=qap=1. Since

Fa‘m:O = i‘Q(JJg V Z3T4x5V -V IT3Tyg--- igkx2k+1),

and
Folgy=1 =x2 Va3V -V Topq1,

the decision tree in Figure 3(a) computes Fy|;,—¢ and in Figure 3(b) computes
Fy |z =1. Thus the function F,, is computed by the decision tree in Figure 3(c).

Fig. 3. The construction of the decision trees for F,.

Case 2) a =0. We have

Folegpyi=0 = 21 V Z1T2(x3 V T3Tax5 V -+ V T3Ty - - Top—2%ok—1),
Foloonii=1,20=0 = T1 V T1T2(23 V T3T425 V - - V T3Ty4 - - - Top—2),
Folzopii=1,000=1 = T1(z5* Vgt V-V Top Ty V Tor "))

V fli'g(xg V f3f4$5 VARV ffgi’4 e ka,QIEQk,l)

= Falagwak,l(xlax% cee 71'216—1)-
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Since Fyz,,,,=0 depends on only 2k — 1 variables, it can be computed by a
decision tree of depth 2k — 1. Similarly, since F |z, =1,2,—0 depends on only
2k — 2 variables, it can be computed by a decision tree of depth 2k — 2. By
the induction hypothesis, F, |z, =1,25,=1 can be computed by a decision tree
of depth 2k — 2. Hence we can easily construct a decision tree of depth 2k by
attaching xox41 to its root, which computes the function F,. O

Now we proceed to the proof of Lemma 16.

Proof (of Lemma 16). The proof is by induction on d. The base, d = 0 is trivial.
Assume the induction hypothesis holds for up to d — 1.

Case 1) dis even. Put d = 2k. It is sufficient to show that, for every v € Sy =
0S4-1U1{(00){(11)¥=% | i = 0,1,...,k}, we can construct a decision tree of depth
2k which computes the function ALT; @ {v}. For v € 0S54_1, the induction step
follows immediately from the induction hypothesis since ALT 4],,—0 = ALT4_1.
In what follows, let v = 1(00)*(11)¥=% (i € {0,1,...,k}). Let G, be the mask
function defined by G, (v) = 0 and G,,(z) = 1 for any x # v. Since ALT outputs
1 on the input v, the function ALT ;@®{v} is equivalent to ALT4-G,. The function
G, can be expressed as

— 7 aq g Q2 Qg Qg Qg
Gy =1 V' Vag' Vag? Vag® V.- Vagr Vagr, ),

where a1 = ag = -+ =a; =1 and a;41 = -+ = a; = 0. A simple calculation
shows that the function ALT, - G, is equivalent to F,,...o, defined in Lemma
17. Thus, the induction step follows from Lemma 17.

Case 2) d is odd. Put d = 2k + 1. We shall construct a decision tree of depth
2k + 1 which computes ALT; @ {v} for each v € Sg = 0541 U 1{(00)*(11)k~?1 |
i=0,1,...,k}. For v € 0S4_1, the induction step follows immediately from the
induction hypothesis since ALTy|,,—0 = ALT4_;. It is easy to observe that the
negation of the function ALT, can be represented as

ALTy =21V Z1Zax3V -V T1To -+ - Tg—2%g—1 V T1T2 - - - TaTgy1-

This function is equal to the function ALT 41 (21,22, ...,2Z4+1,1). By Lemmal?
and by similar arguments to the arguments in the proof of Case 1, we can
construct a decision tree of d + 1 which computes the function ALT 441 & {v'}
where v = 1(00)*(11)*~*+L. Since the label of the root of the decision tree
constructed in the proof of Lemma 17 is z442, the right son of the root of this
tree, whose depth is d, computes the function ALT; & {v}. O

We are now ready to prove Theorem 13.
Proof (of Theorem 13). To prove the theorem, it is sufficient to show that

ALT([ik] (z1,22,...,24+1) is in PCovery(k + 1, k). By Lemma 16, there are trees
T1,Ts,...,Tjg, that compute the function ALT; @ {v} for each v € S4. Since
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d > 2Vk, (d*44)/4 > k+1 holds. By Fact 15, we have |Sy| > (d* +4d+7)/4 >
(d? +4)/4 > k + 1. Define the family of forests F as

( T17 T17 Tlu ) Tla )7
( T27 T27 T2; Tty T2a )7
F = . . . .

(Trt1s Thort, Ty, -+ Thog1 )

It is easy to see that F covers ALTLk]. This is because, for each column in F, at
most one of the decision trees can be unequal to ALT. a

3 Relation between Cover and Circuit Complexity

In this section, we reveal that there is a close relation between the cover problem
and the complexity for circuits with a majority gate at the top. Let f be a
Boolean function whose domain is D and C be any class of Boolean functions
over the same domain. The correlation between f and C, denoted ~(f,C), is
defined as

C)=mi P = h(a)],

7(f,€) =minmax Pr [f(e) = h(a)]

where D denotes a distribution on D. The correlation between f and C is closely
related to the complexity of f for circuits whose top is a majority gate.

Theorem 18 ([Fre95,GHR92]). Let f be a Boolean function over {0,1}" and
C be a set of functions over the same domain. If k > (2n1In2)(y(f,C) —1/2)72,
then f can be represented as f(x) = MAJ(hi(z),...,hi(x)) for some h; € C.
If f can be represented as f(x) = MAJ(hi(z),...,he(x)) with h; € C then

(v(f,€) =1/2) = 1/k. O

The proofs of many of our theorems in the last section rely on the analysis
of the agreement probability between a target function and a class of decision
trees. Now we generalize the definition of the agreement probability to cover
other complexity classes. For a Boolean function f and a complexity class C, the
agreement probability between f and C, denoted p(f,C), is defined as

,C) = maxmin Pr [f(a) = h(a)],

p(/,€) = max min Pr [f(a) = h(e)]

where T denotes a distribution on C. Below we show that the correlation and
the agreement probability are identical for any function and any computational
class by employing the minimax theorem.

Theorem 19. For any Boolean function f and any complexity classC, p(f,C) =
v(f,C).
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Proof. We have

p(£.0) = maxmin_Pr_ [f(a) = h(a)]

= mi P =h = C
minmax _Pr__[f(a) = h(a)] = 7(/.C)
The first and the third equalities follow from a simple calculation and the second
equality follows from the minimax theorem for mixed strategies for two person
matrix games. a

By using Theorems 18 and 19, we can prove the following theorem. This says
that if k independent copies of a function f on n variables can be computed by
decision forests of depth d using k — 1 help bits, i.e., if we can save one help bit,
then f can be represented as the majority of O(nk?) functions in DEPTH(d)
and an approximate converse to this also holds.

Theorem 20. Let f be a function on n variables. (i) If f € Covery(2¥ /2, k) then
f can be expressed as MAJ(hq, ..., hogniz) for some h; € DEPTH(d). (it) If f ¢
PCovery(2¥ /2, k) then f cannot be expressed as MAJ(hy, ..., hokj(n(ankn2))) for
any h; € DEPTH(d).

Proof (Sketch). Let f be a function on n variables. Put p(f,d) = 1/2 + 1/=.
(i) Suppose that f € Covery(2¥/2,k). We have k > ((z + 2)In2)/2 since if not,
then 1/p(f,d)* > 2%/2 which implies f ¢ Covery(2¥/2,k) by Lemma 4.1 in
[NRS94]. Thus z < 2kIn2 — 2. The statement (i) in the theorem immediately
follows from Theorems 18 and 19. (ii) Suppose that f & PCover(2*/2). We have
k < (24+2)(In(4nk1n 2))/2 since if not, then nkIn2/p(f,d)* < 2¥/2 which implies
f € PCovery(2¥/2, k) by Lemma 4.1 in [NRS94]. Thus z > 2k/(In(4nkIn2)). By
Theorems 18 and 19, we can easily obtain the statement (ii) in the theorem. O

Finally, we remark that the above theorem can be applied to other compu-
tational models. For example, we may obtain a good lower bound for threshold
circuits of depth 3 by investigating covers consisting of threshold circuits of depth
2 instead of decision trees.
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Abstract. One of the properties of Kondacs-Watrous model of quan-
tum finite automata (QFA) is that the probability of the correct answer
for a QFA cannot be amplified arbitrarily. In this paper, we determine
the maximum probabilities achieved by QFAs for several languages. In
particular, we show that any language that is not recognized by an RFA
(reversible finite automaton) can be recognized by a QFA with probabil-
ity at most 0.7726....

1 Introduction

A quantum finite automaton (QFA) is a model for a quantum computer with a fi-
nite memory.The strength of QFAs is shown by the fact that quantum automata
can be exponentially more space efficient than deterministic or probabilistic au-
tomata [AF 98].

At least 4 different models of QFAs have been introduced. These models
differ in the measurements allowed during the computation. If there is no mea-
surements, the evolution of a quantum system is unitary and this means that no
information can be erased. This does not affect unrestricted quantum compu-
tation (quantum Turing machines or quantum circuits). However, this severely
restricts the power of quantum computations with limited space (like QFAs or
space-bounded quantum Turing machines [W 98]).

The most restricted model of QFAs is the “measure-once” model of Crutch-
field and Moore [CM 97]. In this model, all transitions of a QFA must be unitary,
except for one measurement at the end that is needed to read the result of the
computation. The classical counterpart of “measure-once” QFAs are permuta-
tion automata in which each transition permutes the states of the automaton. It

*** Research supported by Berkeley Fellowship for Graduate Studies, Microsoft Research
Fellowship and NSF Grant CCR-9800024.
f Research supported by Grant No.01.0354 from the Latvian Council of Science and
European Commission, contract IST-1999-11234.

J. Sgall, A. Pultr, and P. Kolman (Eds.): MFCS 2001, LNCS 2136, pp. 135-147, 2001.
© Springer-Verlag Berlin Heidelberg 2001
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turns out that the languages recognized by “measure-once” QFAs are the same
as the languages recognized by permutation automata [CM 97,BP 99].

The most general model is QFAs with mixed states [AW 01,C 01,P 99]'. This
model allows arbitrary measurements and it can recognize any regular language.

An intermediate model of QFAs is the “measure-many” model introduced by
Kondacs and Watrous [IX\W 97]2. This model allows intermediate measurements
during the computation but these measurements have to be of a restricted type.
(More specifically, they can have 3 outcomes: “accept”, “reject”, “don’t halt”
and if one gets “accept” or “reject”, the computation ends and this is the result
of computation.) The study of this (or other intermediate) models shows to what
degree QFAs need measurements to be able to recognize certain languages.

The class of languages recognizable by “measure-many” QFAs has been stud-
ied in [KW 97,BP 99,AKV 01]. There are several necessary and sufficient con-
ditions but no complete characterization. Surprisingly, the class of languages
recognized by QFAs® depends on the probability with which the QFA is re-
quired to output the correct answer. This was first discovered by Ambainis and
Freivalds [AF 98] who proved that:

— Any language recognizable by a QFA with a probability 7/9 +¢, ¢ > 0 is
recognizable by a reversible finite automaton (RFA)?.

— The language a*b* can be recognized with probability 0.6822.. but cannot
be recognized by an RFA.

Thus, the class of languages recognizable with probability 0.6822... is not the
same as the class of languages recognizable with probability 7/9 + €.

In almost any other computational model, the accepting probability can
be increased by repeating the computation in parallel and, usually, this prop-
erty is considered completely obvious. The above results by Ambainis and
Freivalds [AF 98] showed that this is not the case for QFAs. This is caused by the
fact that the Kondacs-Watrous model of QFAs combines a reversible (unitary
transformation) component with a non-reversible component (measurements).

In this paper, we develop a method for determining the maximum probability
with which a QFA can recognize a given language. Our method is based on the
quantum counterpart of classification of states of a Markov chain into ergodic
and transient states [[{S 76]. We use this classification of states to transform
the problem of determining the maximum accepting probability of a QFA into
a quadratic optimization problem. Then, we solve this problem (analytically in
simpler cases, by computer in more difficult cases).

! Ciamarra[C' 01] calls this model “fully quantum finite automata” and Paschen[P 99]
calls it “quantum automata with ancilla qubits”.

2 An another model was introduced by Nayak[N 99]. The power of Nayak’s model is
between “measure-many” QFAs and unrestricted QFAs with mixed states.

3 For the rest of this paper, we will refer to “measure-many” QFAs as simply QFAs
because this is the only model considered in this paper.

4 Here, “reversible FA” means the corresponding classical model in which the states of
the automaton are classical but the automaton can stop the computation similarly
to the “accept/reject/don’t halt” measurement of a QFA.
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Compared to previous work, our new method has two advantages. First, it
gives a systematic way of calculating the maximum accepting probabilities. Sec-
ond, solving the optimization problems usually gives the maximum probability
exactly. Most of previous work [AF 98, ABFI 99] used approaches depending on
the language and required two different methods: one for bounding the proba-
bility from below, another for bounding it from above. Often, using two different
approaches gave an upper and a lower bound with a gap between them (like
0.6822... vs. 7/9 + ¢ mentioned above). With the new approach, we are able to
close those gaps.

We use our method to calculate the maximum accepting probabilities for a
variety of languages (and classes of languages).

First, we construct a quadratic optimization problem for the maximum ac-
cepting probability by a QFA of a language that is not recognizable by an RFA.
Solving the problem gives the probability (52 +41/7)/81 = 0.7726.... This prob-
ability can be achieved for the language a™ in the two-letter alphabet {a, b} but
no language that is no recognizable by a RFA can be recognized with a higher
probability. This improves the 7/9 + € result of [ATF 98].

This result can be phrased in a more general way. Namely, we can find the
property of a language which makes it impossible to recognize the language by an
RFA. This property can be nicely stated in the form of the minimal deterministic
automaton containing a fragment of a certain form.

We call such a fragment a “non-reversible construction”. It turns out that
there are many different “non-reversible constructions” and they have different
influence on the accepting probability. The one contained in the a™ language
makes the language not recognizable by an RFA but the language is still rec-
ognizable by a QFA with probability 0.7726.... In contrast, some constructions
analyzed in [BP 99,AKV 01] make the language not recognizable with probabil-
ity 1/2 + € for any € > 0.

In the rest of this paper, we look at different “non-reversible constructions”
and their effects on the accepting probabilities of QFAs. We consider three con-
structions: “two cycles in a row”, “k cycles in parallel” and a variant of the a™
construction. The best probabilities with which one can recognize languages con-
taining these constructions are 0.6894..., k/(2k — 1) and 0.7324..., respectively.

The solution of the optimization problem for “two cycles in a row” gives
a new QFA for the language a*b* that recognizes it with probability 0.6894...,
improving the result of [AF 98]. Again, using the solution of the optimization
problem gives a better QFA that was previously missed because of disregarding
some parameters.

2 Preliminaries

2.1 Quantum Automata

We define the Kondacs-Watrous (“measure-many”) model of QFAs [KW 97].
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Definition 1. A QFA is a tuple M = (Q; X;V;qo0; Qace; Qrej) where Q is a
finite set of states, X is an input alphabet, V is a transition function (explained
below), qo € Q is a starting state, and Quec € Q and Qrc; C @ are sets of
accepting and rejecting states (Quee N Qrej = 0). The states in Quee and Qrej,
are called halting states and the states in Qnon = Q — (Qace U Qre;) are called
non halting states.

States of M. The state of M can be any superposition of states in @ (i.
e., any linear combination of them with complex coefficients). We use |g) to
denote the superposition consisting of state ¢ only. I3(Q) denotes the linear
space consisting of all superpositions, with ls-distance on this linear space.

Endmarkers. Let x and $ be symbols that do not belong to X. We use &
and $ as the left and the right endmarker, respectively. We call I' = X U {x; $}
the working alphabet of M.

Transition function. The transition function V' is a mapping from I"x l2(Q)
to 12(Q) such that, for every a€I', the function V, : I2(Q) — I2(Q) defined
by V. (z) = V(a,x) is a unitary transformation (a linear transformation on l5(Q)
that preserves lo norm).

Computation. The computation of a QFA starts in the superposition |qg).
Then transformations corresponding to the left endmarker «, the letters of the
input word z and the right endmarker $ are applied. The transformation corre-
sponding to a€l” consists of two steps.

1. First, V, is applied. The new superposition ' is V(1)) where ¢ is the
superposition before this step.

2. Then, ¢’ is observed with respect to Eqcc, Erej, Enon Where Eycc=span{|q) :
4€Qacc}, Erej = span{|q) : ¢€Qre;}s Enon = span{|q) : ¢€Qnon}. It means that
if the system’s state before the measurement was

W= D ala)+ D Bila)+ Y. wla)

qi€Qace Q5 €EQrej Gk EQnon

then the measurement accepts ¢’ with probability p, = Xa?, rejects with prob-
ability p, = X 632- and continues the computation (applies transformations corre-
sponding to next letters) with probability p. = X7 with the system having the
(normalized) state H;//j_H where ¢ = Xy, |gk).

We regard these two transformations as reading a letter a.

Notation. We use V] to denote the transformation consisting of V, fol-
lowed by projection to Ej,,. This is the transformation mapping v to the
non-halting part of V,(¢). We use V. to denote the product of transforma-
tions V;, =V, V, ...V V., where a; is the i-th letter of the word w.

Recognition of languages. We will say that an automaton recognizes a
language L with probability p (p > %) if it accepts any word x€L with probability
> p and rejects any word x¢L with probability > p.
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2.2 Useful Lemmas

For classical Markov chains, one can classify the states of a Markov chain into
ergodic sets and transient sets [IXS 76]. If the Markov chain is in an ergodic set,
it never leaves it. If it is in a transient set, it leaves it with probability 1 — € for
an arbitrary e > 0 after sufficiently many steps.

A quantum counterpart of a Markov chain is a quantum system to which
we repeatedly apply a transformation that depends on the current state of the
system but does not depend on previous states. In particular, it can be a QFA
that repeatedly reads the same word x. Then, the state after reading = k + 1
times depends on the state after reading = k times but not on any of the states
before that. The next lemma gives the classification of states for such QFAs.

Lemma 2. [AF 98] Let & € XF. There are subspaces E1, Ey such that Eyop =
El D E2 and

(i) If ¢ € En, then Vi(¢) € Ey and [[V(¥)[| = [[¢]],
(ii) If ¢ € Ey, then ||V!.(¥)|| — 0 when k — oo.

Instead of ergodic and transient sets, we have subspaces F; and FEs. The
subspace E; is a counterpart of an ergodic set: if the quantum process defined
by repeated reading of x is in a state ¢ € Fy, it stays in E;. Fs is a counterpart
of a transient set: if the state is ¢ € Eo, Es is left (for an accepting or rejecting
state) with probability arbitrarily close to 1 after sufficiently many x’s.

In some of proofs that were omitted due to space constraints, we also use
a generalization of Lemma 2 to the case of two (or more) words « and y. This
generalization was published in [AKV 01].

3 QFAs vs. RFAs

Ambainis and Freivalds[AF 98] characterized the languages recognized by RFAs
as follows.

Theorem 3. [AF 98] Let L be a language and M be its minimal automaton. L
1s recognizable by a RFA if and only if there is no q1, g2, x such that

1. q1 3& q2,
2. If M starts in the state q1 and reads x, it passes to qa,

8. If M starts in the state g3 and reads x, it passes to qo, and
4. q2 18 neither “all-accepting” state, nor "all-rejecting” state,

An RFA is a special case of a QFA that outputs the correct answer with
probability 1. Thus, any language that does not contain the construction of
Theorem 3 can be recognized by a QFA that always outputs the correct answer.
Ambainis and Freivalds [AF 98] also showed the reverse of this: any language L
with the minimal automaton containing the construction of Theorem 3 cannot
be recognized by a QFA with probability 7/9 + e.

We consider the question: what is the maximum probability of correct answer
than can be achieved by a QFA for a language that cannot be recognized by an
RFA? The answer is:
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]

Fig. 1. “The forbidden construction” of Theorem 3

Theorem 4. Let L be a language and M be its minimal automaton.

1. If M contains the construction of Theorem 3, L cannot be recognized by a
1-way QFA with probability more than p = (52 + 4v/7)/81 = 0.7726....

2. There is a language L with the minimal automaton M containing the con-
struction of Theorem & that can be recognized by a QFA with probability
p= (52 +4V/7)/81 = 0.7726....

Proof sketch. We consider the following optimization problem.

Optimization problem 1. Find the maximum p such that there is a fi-
nite dimensional vector space F,,, subspaces F,, E, such that F, L E,, vec-
tors vy, ve such that v; L vy and ||v; + vz = 1 and probabilities p1, p2 such
that p1 + pa = [[v2]|* and

L [[Pa(v1 +v2)|> > p,
2. ||P:(v1)[I* + p2 > p,
3. p2 <1—p.

We sketch the relation between a QFA recognizing L and this optimization
problem. Let @ be a QFA recognizing L. Let py,, be the minimum probability
of the correct answer for @, over all words. We use ) to construct an instance
of the optimization problem above with p > ppin.

Namely, we look at @ reading an infinite (or very long finite) sequence of
letters x. By Lemma 2, we can decompose the starting state ¢ into 2 parts
1/)1 € F, and 1/)2 € E5. Define v; = 1/)1 and vy = 1/)2. Let P1 and P2 be the
probabilities of getting into an accepting (for p1) or rejecting (for po) state while
reading an infinite sequence of z’s.

Since ¢1 and g2 are different states of the minimal automaton M, there is
a word y that is accepted in one of them but not in the other. Without loss
of generality, we assume that y is accepted if M is started in g; but not if M
is started in go. Also, since g9 is not an “all-accepting” state, there must be a
word z that is rejected if M is started in the state ¢s.

We choose E, and E, so that the square of the projection P, (P,) of a
vector v on E, (E,) is equal to the accepting (rejecting) probability of @ if we
run @ on the starting state v and input y and the right endmarker $.

Finally, we set p equal to the inf of the set consisting of the probabilities of
correct answer of Q on the words y and z'y, 2z for all i € Z.

Then, the first requirement of the optimization problem, || P, (v + v2)||*> > p
is true because the word y must be accepted and the accepting probability for
it is exactly the square of the projection of the starting state (v; + v2) to P,.
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The second requirement follows from running @ on a word x'y for some
large i. If we pick an appropriately selected large i, then reading x° has the
following effect:

1. v gets mapped to a state that is at most e-away (in I3 norm) from vy,
2. v gets mapped to an accepting/rejecting state and most € fraction of it stays
on the non-halting states.

Together, these two requirements mean that the state of @ after reading 2’ is at
most 2e-away from v1. Also, the probabilities of @ accepting and rejecting while
reading ' differ from p; and py by at most e.

Since reading y in go leads to a rejection, zy must be rejected. The probabil-
ity of rejection by ) consists of two parts: the probability of rejection during x*
and the probability of rejection during y. The first part differs from p; by at
most €, the second part differs from || P-(v1)]|? by at most 4e (because the state
of @ when starting to read y differs from v; by at most 2¢ and, by a lemma
in [BV 97], if the starting states are close, accepting probabilities are close as
well). Therefore, p1 + || P-(v1)||? is at least the accepting probability plus 5e. By
appropriately choosing i, we can make this true for any ¢ > 0.

The third requirement is true by considering x’z. This word must be ac-
cepted with probability p. Therefore, for any i, Q can only reject during 2 with
probability 1 —p and py <1 —p.

This shows that no QFA can achieve a probability of correct answer more
than the solution of optimization problem 1. In the appendix, we show how to
solve this optimization problem. The answer is p = (52 + 41/7)/81 = 0.7726....
This proves the first part of the theorem.

The second part is proven by taking the solution of optimization problem 1
and using it to construct a QFA for the language a™ in a two-letter alphabet
{a,b}. O

4 Non-reversible Constructions

We now look at fragments of the minimal automaton that imply that the lan-
guage cannot be recognized with probability more than p, for some p. We call
such fragments “non-reversible constructions”. The simplest such construction
is the one of Theorem 3. In this section, we present 3 other “non-reversible con-
structions” that imply that a language can be recognized with probability at
most 0.7324..., 0.6894... and k/(2k — 1). This shows that different constructions
are “non-reversible” to different extent.

4.1 “Two Cycles in a Row”

The first construction comes from the language a*b* considered in Ambainis
and Freivalds[AF 98]. This language was the first example of a language that
can be recognized by a QFA with some probability (0.6822...) but not with
another (7/9 + ¢€). We find the “non-reversible” construction for this language
and construct the QFA with the best possible accepting probability.
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Theorem 5. Let L be a language and M its minimal automaton.

1. If M contains states q1, qo and g3 such that, for some words x and y,

(a) if M reads x in the state g1, it passes to qi,

(b) if M reads y in the state g1, it passes to qa,

(c¢) if M reads y in the state qa, it passes to gz,

(d) if M reads x in the state qa, it passes to qs,

(e) if M reads x in the state qs, it passes to g3

then L cannot be recognized by a QFA with probability more than 0.6894....
2. The language a*b* (the minimal autormaton of which contains the construc-

tion above) can be recognized by a QFA with probability 0.6894....

The proof (which is omitted due to space constraints) is by a reduction to
the following optimization problem.

8 8 8
(oL a)

Fig. 2. “The forbidden construction” of Theorem 5

Optimization problem 2. Find the maximum p such that there is a finite-
dimensional space E, subspaces E,, F, such that £ = E, & E,., vectors vy, vy
and vs and probabilities pa,, Prys Pass Pry such that

v +v2 + 3| =1,

U1 J_’UQ,

V1 4 vo +v3 L v,

v1 + vy L vs.

[v3]1> = Pay + Pry

[v2]1* = Pay + Pry

| Pa(v1 4 v2 4 v3)||* > p;
HPa(Ul +U2)H2+pa1 Z}%
HPa(vl)”2 + Pay + Pay <1 —p.

© XN otE W

4.2 k Cycles in Parallel
Theorem 6. Let k> 2.

1. Let L be a language. If there are words x1, 22, ..., x such that its minimal
automaton M contains states qo,qi,- - ., qr satisfying:
(a) if M starts in the state qo and reads x;, it passes to ¢;,
(b) if M starts in the state ¢;(i > 1) and reads x;, it passes to q;,

Then L cannot be recognized by a QFA with probability greater than %
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i)xl,xr.“ X,

)v jxlxz,...xk

X X ,..X
Lo T x e,

Fig. 3. “The forbidden construction” of Theorem 6

2. There is a language such that its minimal deterministic automaton contains
this construction and the language can be recognized by a QFA with proba-
bility .

For k = 2, a related construction was considered in [AKV 01]. There is a
subtle difference between the two. The “non-reversible construction” in [AKV 01]
requires the sets of words accepted from g2 and g3 to be incomparable. This extra
requirement makes it much harder: no QFA can recognize a language with the
“non-reversible construction” of [AIKXV 01] even with the probability 1/2 + e.

A similar effect is true for the constructions in Figures 1 and 4. The con-
struction in Figure 4 is the same as the construction in Figure 1 with an extra
requirement that the sets of the words accepted from ¢; and ¢o are incompara-
ble. Again, the construction with this extra requirement is harder: we get the
probability 0.7324... instead of 0.7726....

4.3 0.7324... Construction
Theorem 7. Let L be a language.

1. If there are words x, z1, zo such that its minimal automaton M contains
states q1 and qo satisfying:
(a) if M starts in the state q1 and reads x, it passes to gz,
(b) if M starts in the state qo and reads x, it passes to qa,
(¢) if M starts in the state g1 and reads z1, it passes to an accepting state,
(d) if M starts in the state g1 and reads zo, it passes to a rejecting state,
(e) if M starts in the state g2 and reads z1, it passes to a rejecting state,
(f) if M starts in the state g2 and reads zo, it passes to an accepting state.
Then L cannot be recognized by a QFA with probability greater than % +

WIS — 0.7324....
2. There is a language L with the minimum automaton containing this con-
struction that can be recognized with probability % + % =0.7324....
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The proof (omitted) is similar to Theorem 4. It uses

Optimization problem 3. Find the maximum p such that there is a fi-
nite dimensional vector space F,,;, subspaces I, F, and vectors vy, ve such
that v L vg and ||v; +wv2|| = 1 and probabilities p;, p2 such that p; +pay = |lva]|?
and

L [[Pa(v1 +v2)|? > p,
2. [|Pr(v1 +v2)[|* > p,
3. 1—||Pa(v1)? —p1 > p,
4. 1= || P(v)|* = p2 > p.
(a)
zZ - z
' X
C=t
Fig. 4. “The forbidden construction” of Theorem 7
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Appendix: Solving the Optimization Problem 1

The key idea is to show that it is enough to consider 2-dimensional instances of
the problem.
Since v; L wvg, the vectors vy, vs,v1 + vo form a right-angled triangle. This

means that [[v1] = cos f]|v1 + va]| = cos B, ||vz]| = sinf|lvy + ve|| = sin § where
[ is the angle between v, and v + v2. Let wy and wy be the normalized versions
of v1 and vo: wy = Hz—iﬂ’ Wy = m Then, v1 = cos fw; and vy = sin Bws.

Consider the two-dimensional subspace spanned by P,(w;) and P,(w;). Since
the accepting and the rejecting subspaces F, and F, are orthogonal, P,(w)
and P,.(w;) are orthogonal. Therefore, the vectors w, = P,(w;1) and w, = P,.(w1)
form an orthonormal basis. We write the vectors wy, v1 and v1 4+ w9 in this basis.
The vector wy is (cosa,sina) where « is the angle between w; and w,. The
vector v = cos fw; is equal to (cos 3 cosa, cos O sin a).

Next, we look at the vector vy +wvy. We fix o, # and v; and try to find the vy
which maximizes p for the fixed o, 8 and v;. The only place where v9 appears in
the optimization problem 1 is || Py(v1 + v2)||? on the left hand side of constraint
1. Therefore, we should find vy that maximizes ||P,(v1 + v2)||>. We have two
cases:

1. a>p.

The angle between vy + v9 and w, is at most % — a+ [ (because the angle

between v; and w, is % — « and the angle between v + v2 and vy is f).

Therefore, the projection of vy + v2 to w, is at least cos(§ — a + 3) =
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sin(a — f3). Since w, is a part of the rejecting subspace E,., this means that
| P-(v1 4 v2)|| > sin(a — B). Since || Py (v1 + v2) |2 + || Pr(v1 + v2)||? = 1, this
also means that

| Pa(v1 +v2)]|? <1 —sin®(a — B) = cos?(a — ).

The maximum || P, (v; +v2)| = cos?(a— 3) can be achieved if we put vy + v
in the plane spanned by w, and w,: v1 + v2 = (cos(a — ), sin(a — 3)).
Next, we can rewrite constraint 3 of the optimization problem as 1 —py > p.
Then, constraints 1-3 together mean that

p = min(||Pa(v1 + 02)[*, [ Pr (v1)[* + p2,1 = p2). (1)

To solve the optimization problem, we have to maximize (1) subject to the
conditions of the problem. From the expressions for v; and vy + vo above, it
follows that (1) is equal to

2

p = min(cos?(a — B3),sin® a cos® B+ pa, 1 — o) (2)

First, we maximize min(sin? o cos? §+pz, 1 —po). The first term is increasing
in po, the second is decreasing. Therefore, the maximum is achieved when
2 2
both become equal which happens when p, = M Then, both
2 2 -
sin? acos? 3 + py and 1 — py are W Now, we have to maximize

1+ sin? acos? 8
B e— (3)

p = min (cosz(a - B), 5

We first fix a — 3 and try to optimize the second term. Since sin«cos g =
w (a standard trigonometric identity), it is maximized when
a+ (=% and sin(a + ) = 1. Then, 3 = § — o and (3) becomes
. . 9 1 +sin?a
p = min ( sin” 2¢, — ) (4)
The first term is increasing in «, the second is decreasing. Therefore, the
maximum is achieved when

1+ sin* «

2

sin? 2o = (5)
The left hand side of (5) is equal to 4sin® acos?a = 4sin® a(l — sin® ).
Therefore, if we denote sin® a by v, (5) becomes a quadratic equation in y:

14 g2

Wyl -y)=——.

Solving this equation gives y = 44T and 4y(1 — y) = 2£07 — 0.7726....
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2. a < f.
We consider min(|| P, (v1)]|? + p2, 1 — p2) = min(sin® acos® 8 + p2, 1 — pa).
Since the minimum of two quantities is at most their average, this is at most

[

1+ sin? acos? 38
e ocr B (6)
Since o < 3, we have sina < sin and (6) is at most w This

. . P 141/4
is maximized by sin® 3 = 1/2. Then, we get —5~

p = 0.7726... which we got in the first case.

= % which is less than
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Abstract. We show that the known bounded-depth proofs of the Weak
Pigeonhole Principle PHP2" in size nP0o8(M) are not optimal in terms
of size. More precisely, we give a size-depth trade-off upper bound: there
are proofs of size pO@os(m)**) ynq depth O(d). This solves an open
problem of Maciel Pitassi and Woods (2000) Our technique requires

be of independent interest. Moreover, our result implies a proof of the
unboundedness of primes in [Ap with a provably weaker ‘large number
assumption’ than previously needed.

Keywords. Proof Complexity, Weak Pigeonhole Principle, Bounded Arithmetic.

1 Introduction

The Pigeonhole Principle PHP? ' is a fundamental statement about cardinal-
ities of finite sets. It says that {0,...,n} cannot be mapped injectively into
{0,...,n — 1}. The Pigeonhole Principle is at the heart of many mathemati-
cal arguments, although implicitely quite often. As a matter of fact, it implies
the Induction Principle, and so its apparent self-evidence makes it even more
interesting.

The general form of the Pigeonhole Principle PHP]" states that if m > n,
then {0,...,m—1} cannot be mapped injectively into {0,...,n—1}. When m is
substantially larger than n, say m = 2n, the principle is called the Weak Pigeon-
hole Principle. Still, it is quite often the case that this weaker form is enough to
carry over many arguments, notably in finite combinatorics and number theory.

The complexity of proving a propositional encoding of the Pigeonhole Princi-
ple has been investigated in depth Slnce the problem was proposed by Cook and

Reckhow in connection with the NP = coNP question [5]. Haken proved that
PHP" ! requires exponential-size proofs in Resolution [10]. On the other hand,
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Buss proved that PHP”™* has polynomial-size proofs in Frege systems [3]. Ajtai
proved a superpolynomial lower bound for bounded-depth Frege systems [1], and
that was improved to an exponential lower bound by Pitassi, Beame and Impagli-
azzo [19], and Krajicek, Pudldk and Woods [13] independently. For the Weak
Pigeonhole Principle PHP,QZ", the situation is quite different. While it is known
that PHP2" requires exponential-size proofs in Resolution [4], Paris, Wilkie
and Woods [18,12] proved that it has quasipolynomial-size (n°(°2(")) proofs
in bounded-depth Frege systems. More recently, Maciel, Pitassi and Woods [15]
gave a new quasipolynomial-size proof of optimal depth. Both papers left open,
however, whether depth could be traded for size; that is, whether allowing more
depth in the proof would allow us reduce the size below n'°%(™). We note that

such a trade-off is known for the even weaker Pigeonhole Principle PHPZ2 [18].
The proofs of Paris, Wilkie and Woods [I18] and Maciel, Pitassi and

Woods [15] consist in reducing PHP2" to PHPZ2. In both cases, they build an
injective map from {0,...,n% — 1} to {0,...,n — 1} by repeatedly composing a
suposedly injective map from {0,...,2n—1} to {0,...,n— 1}. The difference in
their proofs is, essentially, in the proof of PHP], . Our new contribution is show-
ing that the repeated composition technique can be made more efficient in terms
of size. That is, we reduce PHP2" to PHPZ2 in size n°(1°8(") (notice the small
oh). The price we need to pay for that is an increase in depth. More precisely,
we show that PHP2" reduces to PHPZ2 in size nC(@os(m)*’) and depth d. This
gives us the desired size-depth trade-off upper bound for PHP?" since PHPZ2 is
provable in size n®1°s™” (™) and depth O(1) [18,12].

The most interesting particular case of our size-depth trade-off is when d =
O(1) since it proves that the previously known upper bound in bounded-depth
Frege is not optimal. Indeed, nO(d(log(n))*/*) grows slower than n¢°&(™ for any
constants d > 2 and ¢ > 0. Thus, any lower bound proof will have to focus
on a bound weaker than n'°8()° for any ¢ > 0. We believe this is valuable
information. The other interesting particular case is when d = O(loglog(n)). In
that case we obtain a proof of size n?1°81°8(")) and depth O(loglog(n)). The
bound nC1°g1°8(") is new in the context of PHP2",

The method that we use to reduce the size of the composition technique
is inspired from the theory of automata. We observe that checking whether b
is the image of a under repeated composition of a function f is a reachability
problem in a graph. Therefore, one can use (an analogue of) Savitch’s Theorem
to efficiently solve the reachability problem. We are more ambitious and we use

for the same problem [17]. We formalize the ideas in Nepomnjascij’s Theorem
into a theorem of Bounded Arithmetic with an automatic translation into propo-
sitional Gentzen Calculus. This formalization may be of independent interest.
We note that Nepomnjascij’s Theorem has received a renewed deal of attention
recently in the context of time-space trade-off lower bounds for the satisfiability

problem [6,14,7].
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The new bounds on the Weak Pigeonhole Principle that we obtain have some
consequences for Feasible Number Theory whose aim is to develop as much num-
ber theory as possible without exponentiation. The main open problem of the
field is whether the bounded arithmetic theory I Ay can prove that there are un-
boundedly many primes [18,16,2]. Of course, Euclides’ proof cannot be carried
over in T4y since exponentially large numbers are required in the proof. In a
major breakthrough, Woods [21] showed that exponentiation can be replaced by
a combinatorial argument using the Pigeonhole Principle PHPZ‘H, and Paris,
Wilkie and Woods [18] realized that the Weak Pigeonhole Principle PHP?" was
enough for that proof. As a corollary to their results, they show that I Ay aug-
mented with the statement that 21°8(*) exists proves that (3y)(y > zAprime(y)).
Our results improve this to show that, for every standard natural number &, the
theory 1Ay augmented with the statement that 21o8@)"" exists proves that
(3y)(y > x A prime(y)). Therefore, the large number assumption “z'°&(®) ex-
ists” is not optimal. Indeed, for &k > 1, one can build a model of 1Ay with a
non-standard element a such that a'°¢(®"* exists in the model but al*#(® does
not.

2 The Proof of the WPHP in Propositional Logic

The propositional form of the Weak Pigeonhole Principle PHP}" that we use is
formalized by the following sequent:

m n n m
/\ \/ pijt \/ \/ ik Apjk-
i=1j=1 k=1 ig=1
ey
We will work with the propositional fragment of the sequent calculus LK. We
refer the reader to any standard textbook for a definition [20,12].
Our goal is to prove a size-depth trade-off upper bound for proofs of PHPZ".
As mentioned in the introduction, our technique consists in reducing PHP%"

to PHPZZ. The difference with previous reductions is that our composition of
mappings is done efficiently mimicking the proofs of Savitch’s and Nepomnjascij’s
Theorems in Complexity Theory. To complete the proof, we will use the fact
that PHPZ2 has LK proofs of size n©0°8” (™) and depth O(d), where log?¥ (n)
is the d-wise composition of log with itself [18,12].

For the sake of clarity of exposition, it is more convenient to prove the fol-
lowing extreme case of the trade-off first.

Theorem 1. PHP?" has LK proofs of size n®1°81°8(") and depth 3loglog(n).

Proof: Let d = loglog(n). For every a € {0,1}=% we define numbers L,, and R,
inductively as follows: Let Ly = log(n), Ry = 0, and Loo = L4, Ra1 = Ra,
Lot = Rao = %(La + R,). Now we define sets A,, B, and C, as follows: Let
Ay ={0,...,25en—1}, B, = {0,...,2Rn—1} and Cy = {0,...,22(EatRa)p
1}. Observe that Ay = {0,...,n? — 1} and By ={0,...,n —1}.
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For a € {0,1}, z € A,, y € Ba, let RY, be defined as follows: If [x/2n] #
ly/n], define RS, = 0; otherwise, define RO‘ = P,y where 2’ = z mod 2n and
y' = ymod n. For a € {0,1}<% z € Ay, y € B, define RS, =\/_ . RIRY).
It is easy to see that the size of Rf, is bounded by n2(@=lel) and the depth is

2loglog(n)

bounded by 2(d — |a). In particular, Ri‘y has size bounded by n and

depth bounded by 2loglog(n).
We want to prove the following sequents

A AVE, =V V V RyR, M

ac{0,1}F = y ac{0,1}F ¥y z1#22

in size bounded by n* and depth bounded by 3k, where c is a sufficiently large
constant independent of n (¢ = 20 should work). When k = d = loglog(n), it is
easy to see that sequent (1) is equivalent to PHP%" after contraction of repeated
formulas, and the theorem will follow. We fix a sufficiently large n, and proceed
by induction on k.

Observe that the base case k = 0 is precisely the sequent PHPZ2 (R*). Since
2
the sequent PHP], has LK proofs of size nOUog™ () and constant depth, it

follows that PHPZ2 (R*) has LK-proofs of size bounded by n¢'°1°8(") and depth

bounded by 3loglog(n). Here is where we need n to be sufficiently large.
Suppose next that we have proved sequent (1) for a & > 0 in size n®® and

depth 3k. We prove it for k + 1. We first prove the following sequents for every

a € {0,1}* and w:
AV EG ANV B =V R, 2)
Ty @y y

Recall that RS, stands for \/, R32 RS). Start with the sequents R3) — R$Y and
A.V, RSy — \/ R and apply right A introduction to obtain

FATR
ms AV =V R ®
Yy

By distributivity we easily get

Ry, /\ V R2y =\ RiZRy. (4)
v v

ck

By left V-introduction, left weakening, left A-introduction, right V-introduction
and commutativity of V, in this order, we get the desired sequent (2).
Next we prove the following sequents for every a € {0,1}*, w; # wy and y:

R e, =\ RR. v\ \/ ReLROL. (5)
z x1F#To z x1#x2

Recall that RS stands for \/, RgY, RS, . Using distributivity, derive the sequent

R& a0 al pal al
w1y wzy \/ Rw1Z1RZ1uRwQZ2RZQy (6)
Z1,22
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— 3 a0 al pal al a0 a0
For z1 = 29, derive the sequent R, R Ro). RS, — RyY. Ro) .. For zy # 29,

derive the sequent R0 RYL R0 Rol  — ROl Rl Left V-introduction and

W1217 21y T w222 Y22y Z1Y” "z2y”
right V-introduction gives the sequent

\/ RocO Rocl RaO Rocl N \/ RocO RaO V. \/ Rgllng;ly' (7)

Wwi1z1” TZ1Y T Tw2z2T Y22y Wwi1z1” w222
21,22 z1=22 z17#7%2

A cut with sequent (6), right weakening, right V-introduction and commutativity
of V, in this order, give the desired sequent (5).

Now combine all sequents (2) by right A-introduction, left A-introduction
and commutativity of A, in this order, to obtain

A AVEL, - A AVE, (8)

ac{0,1}k+1 = y acf{0,1}F = y

Similarly, combine all sequents (5) by left V-introduction, right V-introduction
and commutativity of V, in this order, to obtain

V VV erLeL,—- )V RLES,, (9)

acf{0,1}F ¥ z1#w2 aef{0,1}k+1 ¥ wiFws

Finally, two cuts using sequents (1), (8) and (9) give the desired result for k+ 1.
If ¢ is sufficiently large, it is easy to check that the size of this proof is bounded
by n¢*+1) and its depth is bounded by 3(k + 1). This completes the induction
step. O

An analogous argument mimicking the proof of Nepomnjaséij’s Theorem,
instead of Savitch’s Theorem as above, would give a general size-depth trade-off
upper bound. Since the notation in the proof would get fairly tedious, we prefer
to state it without proof and get it as a corollary to Theorem 6 below (see the
end of Section 4).

Theorem 2. PHP?L" has LK proofs of size nO(dlog(m)* ) 4 g depth d.

3 Formalization of Nepomnjascij’s Theorem
Let us briefly recall the proof of a general form of Nepomnjascij’s Theorem. This
will be of help later.

T(n) and S = S(n) be time-constructible functions such that K(n) > 2. For
every non-deterministic Turing machine running in simultaneous time T and
space S, there exists an equivalent alternating Turing machine running in time

O(SK log(T)/log(K)) and 21log(T)/log(K) alternations.

Proof: Let M be a non-deterministic Turing machine running in simultaneous
time T and space S. The idea is to divide the reachability problem between
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configurations of M into many equivalent subproblems of smaller size. Hence,
configuration Ck is reachable from configuration Cy in N steps if and only if
there exist K — 1 intermediate configurations C1,...,Ck_1 such that for every
i €{0,..., K —1}, configuration C;41 is reachable from configuration C; in N/K
steps. An alternating Turing machine can existentially quantify those interme-
diate configurations, and universally branch to check that every two consecutive
configurations are reachable from each other in the appropriate number of steps.
Applying this recursively yields an alternating machine that checks whether an
accepting configuration is reachable from the initial configuration of M.

The details of the calculations follow. Since M runs in space S, each configu-
ration can be coded by a binary word of length O(.S). The outermost reachability
problem has length 7" since M runs in time 7. The second level of reachabil-
ity subproblems have length 7'/K. In general, the subproblems at level i have
length T/ K*®. After log(T)/log(K) levels, we reached a trivial reachability sub-
problem. Therefore, the whole computation of the simulating machine takes time
O(SK log(T)/log(K)) and 2log(T')/log(K) alternations. O

Our next goal is to formalize the ideas of Theorem 3 into a theorem of the
bounded arithmetic theory 14y . We will use the beautiful arithmetization in
IAj of Chapter V, Section 3, in the book of Hdjek and Pudldk [9]. In summary,
the arithmetization allows us to manipulate sequences provably in IAqy. Thus,
there are formulas Seq(s) meaning that s is the code of a sequence, (s); = x
meaning that the i-th element of the sequence s is x, and s —~ t = p meaning
that sequence p is the result of appending sequence t to the end of sequence s.
The coding is so that if s = (z), the sequence with x as its only element, then
IAg proves s < 9-22. Morevoer, I A proves that for every sequence s, the bound
s ~ () < 9-2% 5 holds (see Lemma 3.7 in page 297 of [9]). It follows that
1 Aq proves that if [" exists below n and s is a sequence of length r all of whose
elements are smaller than [, then s < 9" -[?" (by Ap-induction on r). Therefore,
the coding is fairly close to its information theoretic bound. Of course, I Ay can
prove several other obvious facts about Seq(s), (s); and s —~ t (see [9] for details).

Let 0(x,y) be a Ap-formula in a language L extending the usual language of
arithmetic {4, x, <}. Obviously, §(z,y) defines a binary relation on any model
for the language L that may be interpreted as an infinite directed graph. We
define Ag-formulas ©;(x, y), with certain parameters, meaning that y is reachable
from z under certain conditions that depend on the parameters. More precisely,
let Og(z,y,t,r,1,n) = 0(x,y) (note that the parameters ¢, r and ! are not used
for the moment). Inductively, we define Oy11(z,y,t,r,1,n) as follows:

(Fz <n)(Seq(z) A (2)o=azA(2)r =y ANMi<r+1)((2); <) A
AV <r)(Fe,d <2)((2)i = c A (2)it1 = A Ok(e,d t,t,1,n))).

Informally, the formula O (z,y,t,t,1,n) says that y is reachable from z in t*
steps according to the directed graph defined by 6(z,y) as long as each number
in the path is bounded by [. The following theorem states this in the form of
recursive equations:
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Theorem 4. Let M = IAy(L), and let xz,y,t,r,l,n € M be such that x,y <1,
It exists in M, r < t, and 91 . [2(H+1) <. Then,

(i) O (z,y,1,0,1,n) =z =1y,
(it) Oky1(z,y, t,r+1,1,n) — (e <1)(Ok(x,c,t,t,1,n) A Oky1(c,y,t,r,l,n))

hold in M.

Proof: (i) Assume Oyy1(x,y,t,0,1,n) holds. Then, for some z < n, we have
(2)o = @ and (2)p = y. Hence, z = y. Conversely, if x = y, then z = (z) <
9-22 <9-1% < n is a witness for the existential quantifier in Oy 1(x,y,t,0,1,n).
(ii) Assume Opy1(z,y,t,r + 1,1,n) holds. Let z < n be the witness for its ex-
istential quantifier. Let ¢ = (z); and note that (2)o = x. Obviously, ¢ < I and
O (z, ¢, t,t,1,n) holds. Now let 2z’ be the sequence that results from z when
(2)o is dropped (definable in IAg). It is easily seen that 2/ < z < n, and
Or+1(c,y,t,7,1,n) holds with 2’ witnessing its existential quantifier. Conversely,
if Ok (x,c,t,t,1,n) and Okiq1(c,y,t,7,1,n) hold, let 2/ < n be a witness for the
existential quantifier in the latter. We can assume that z’ codes a sequence of
r 4+ 1 numbers bounded by [ each; if not, just trim 2’ to the first » + 1 numbers
(definable in IAp) and the result is still a witness of the existential quantifier.
Moreover, 2/ < 971 . [20+1) Since x < [ and r < t, the sequence (z) —~ 2’ is
coded by some z < 07+2 . [2(r+2) < . such a z is a witness for the existential
quantifier in @11 (z,y,t,7 4+ 1,1,n) and we are done. O

The reader will notice that the recursive equations in Theorem 4 correspond
to the inductive definition of the transitive closure of the graph defined by 6.
The innermost level of stratification, namely k£ = 0, is the inductive definition
of the transitive closure of the graph defined by 6. It is in this sense that we

interpret Theorem 4 as a formalization of Nepomnjascij’s Theorem.

4 The Proof of the WPHP in Bounded Arithmetic

The graph of the exponentiation function z = y* is definable by a Agp-formula
on the natural numbers. Moreover, Pudldk gave a definition with the basic
properties being provable in IAg. Similarly, one can define y = [log(z)], and
y = [log® ()] in TAg. We make the convention that when expressions such as
log(a) or (log(a))¢ do not come up integer numbers, the nearest larger integer is
assumed unless specified otherwise. Thus, (log(a))¢ really stands for [log(a)].
We let L be the usual language of arithmetic {4, x, <} extended by a unary
function symbol a. We denote I Ag(L) (see the previous section) by TAg(a). The
Weak Pigeonhole Principle PHP]" is formalized by the following statement:

(Vo <m)(a(r) <n)) = G,y <m)(z #y Aa(z) = ay))-

We will abbreviate this statement by —a : m — n. We will make use of the
following result:
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Theorem 5. [18] For every K >0,
IAo(a) - (Fy)(y = 25 @) 5 w1 22 225 )
Here, 1ogV () = z and log®**V (z) = log(log™ (2)).

Next, we formalize the reduction of PHP?" to PHPZ2 using the result of
Section 3.

Theorem 6. For every K > 0,
IAo(a) F (Fy)(y = 2WsE@) ™y o g1 22 124 4

Proof: Let e = 1/K. Let M = (M, F) be a model of IAg(a), let a € M be such

that a(°8(a)" exists in M, and assume for contradiction that F : 2a —> a. Let
T = (log(a)), L = a2, and N = 97*1 . [2(TH+1) Observe that N exists in M

since a(1°8(®)" exists, and M is closed under multiplication. Define 0(z,vy) as
follows (see the text that follows the formula for the intuition):

(Ir <2a)(F' <a)(Fq,q <a)(x =2aq+rANy=aq +7" ANa(r) =1 Nqg={¢").
Note that this Ag-formula could be informally abbreviated by
y mod a = a(z mod 2a) A |y/a| = |x/2a]
when z,y € {0,...,a* — 1}.
Lemma 7. 0(x,y)M : 27t 2= 2% for every i < log(a).

Proof: Given u € 27*a, let v = |u/2a] - a + a(u mod 2a). It is not hard to see
that v € 2’a and 0(u, v) holds. Moreover, if w € 2%a is such that 6(u,w) holds,
then |v/a] = |u/2a] = |w/a] and v mod a = a(u mod 2a) = w mod a. Hence,
v = w. This shows that §(x,y)™ is the graph of a function from 2*1q to 2%a.

We show next that the function is one-to-one. Let u,v € 2i*lq and w €
2'a be such that O(u,w) and 6(v,w). Then, |u/2a] = |v/2a] = |w/a| and
F(u mod 2a) = F(v mod 2a) = w mod a. Since F' is one-to-one, it must be
then that v mod 2a = v mod 2a. Hence, u = 2a - |u/2a| + (v mod 2a) =
2a - |v/2a| + (v mod 2a) =v. O

1—-1

Lemma 8. Ok (z,y,T,7,L, N)M : 4> — a.

Proof: We prove that for every k < K, the formula O (x,y, T, T, L, N) defines a
one-to-one mapping Oy, : 20+17" ¢ — 217" g for every i < log(a)/T*. The lemma
will be proved since TK = ((log(a))*/* )X = log(a) (in fact, T® > log(a) by
our convention on rounding). The proof is by induction on k (this induction is
outside M).

Lemma 7 takes care of the base case £k = 0. We turn to the inductive case
0 < k < K. Fix i < log(a)/T*. We prove that for every r < T, the formula
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Ok(x,y,T,r,L,N) defines a one-to-one mapping O} : QUT+r)TH ™y 9iT"
That is, we prove that for every r < T, x < 2GT+MT" " 4 and y < 2iTka,

@k(I’Z’T7T7L7N) /\@k(y7Z7T7r7L’N) — T = y

holds in M. We use the schema of Ag-induction on r in the Ag-formula above.
The base case r = 0 is immediate since O (x,y, T, 0, L, N) defines the identity by
Theorem 4. Suppose that 0 < r < T, and that O (z,y,T,r — 1, L, N) defines a
one-to-one mapping @ ' : o(T+r—1)T"! o, 9iT"; Since Op_; (z,y,T,T,L,N)
defines a one-to-one mapping ©_; : 20T+IT" "¢ oGT+r=1T""" 4 1y indue-
tion hypothesis on k, and since O (z,y,T,r, L, N) defines the composition of
Ok_1 and 9;71 by Theorem 4 (observe that x,y < L, r —1 < T and 97! .
LT+ < N), it follows that O (x,y,T,r, L, N) defines a one-to-one mapping
CH 2(T+MT ", 2iT" o as required. O

Since Ok is a Ag(a) formula, we have that (M,O (z,y,T,T,L, N)M) &=
IAp(cr). Moreover, alos™ (@) < g(08(a) exists in M. It follows from Theorem 5
that O (z,y, T, T, L, N)M is not a one-to-one mapping from a? — a; a contra-
diction to Lemma 8. O

It is well-known that proofs in IAg(a) translate into bounded-depth LK
proofs of polynomial-size. When statements of the form “f(x) exists” are re-
quired as in Theorem 4, the translations come up of size f(n)?™) (see [12], for
example). This gives us Theorem 2 as a corollary.

5 Infinitude of Primes

The existence of infinitely many primes is not guaranteed in weak fragments of
arithmetic. For example, it is known that Iopen, Peano Arithmetic with induc-
tion restricted to open formulas, has models with a largest prime [16]. Tt is an
open problem whether I Ay proves the infinitude of primes. It is known, however,
that I Ag augmented with the axiom (Vz)(Jy)(y = 2'°8(*)) proves it. In addition,
a single application of this axiom suffices. More precisely,’

Theorem 9. [18] A F (3y)(y = z°5®)) — (Fy)(y > = A prime(y)).

The aim of this section is to show that a weaker axiom suffices, and so the
existence of z'°(*) is not the optimal large number assumption. Namely,

1/K

Theorem 10. Ay (Jy)(y = 2(1°8@) ") — (Jy)(y > z A prime(y)) for every
K > 0. Moreover, there exists a model M |= 1Ay with a non-standard element

a € M such that a(log(a))lm exists in M but a'°8(@) does not.

! This notion of limited use of an axiom also appears in Chapter V, Section 5, Sub-
section (g) of [9].
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Proof: For the second part, let M be a non-standard model of true arithmetic,
and let @ € M be its non-standard element. Obviously, allog(@)™ ™ exists in M
since the function is total in true arithmetic. Let N = {n € M : (3i € w)(M |
n < ai(l"g(“))lm)}. It is not hard to see that N is a cut of M that is closed
under addition and multiplication. It follows that N |= 1A (see Lemma 5.1.3
in page 64 of [12]). Finally, alo8(@) ™ gtill exists in N by absoluteness of the
Ao-formula expressing the graph of exponentiation. However, a'°2(*) does not
exist in N because al°8(@ > gillog(@)™* iy Nr for every standard ¢ € w.

For the first part, suppose that alloe(@)" ™ exists in M E IAg. Our goal is
to show that no Ap-definable function F' : M — M maps 9alog(a) injectively
into 8alog(a). The result would follow from Theorem 11 of [18] since then a

prime exists in M between a and a''. Let b = a® and observe that plos(®)™/ ™ —

a2 " tog(@) ™ axists in M since it is closed under multiplication. By Theo-
rem 6, no Ap-definable function maps 2b injectively into b. It follows that no Ag-
definable functions maps %b injectively into b; otherwise we could compose that
function with itself a constant number of times to maps 2b injectively into b. We
conclude that no Agp-definable function maps 9alog(a) injectively into 8alog(a);
otherwise, we could juxtapose that function with itself to obtain a Agp-definable
function mapping %b injectively into b (break b and %b into a/8log(a) blocks of

size 8alog(a) and 9alog(a) respectively). O

We note that TAg proves (Va)(3y)(y = 2'°8@)°) — (Va)(Ty)(y = x'°8).
However, the second part of Theorem 10 implies that 1Ay does not prove
(Fy)(y = 2'57)°) — (Fy)(y = 2')).

6 Discussion and Open Problems

Another major open problem in Feasible Number Theory is whether Fermat’s
Little Theorem is provable in I Ag. Berarducci and Intrigila [2] point out that one
important difficulty is that the modular exponentiation relation z¥ = z (mod n)
is not known to be Ap-definable. The situation has changed, however. Very
recently, Hesse [11] proved that the modular exponentiation relation on numbers
of O(log(n)) bits is first-order definable. A well-known translational argument
shows then that z¥ = z (mod n) is Ap-definable. The proof of this result,
however, seems to rely on Fermat’s Little Theorem, and therefore it is not clear
whether the basic properties of modular exponentiation are provable in I 4.

Open Problem 1 Find a Ay definition of the modular exponentiation relation
whose basic properties are provable in IAg; namely, xY2* = YT (mod n) and
(2¥)? = 2¥* (mod n).

We believe that a positive solution to this open problem would help devel-
opping the number theory of 1A in the same way that the Ap-definition of the
(non-modular) exponentiation relation helped developping the metamathematics
of 1A [3,9].
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Abstract. Informally, a sequential dynamical system (SDS) consists of
an undirected graph where each node v is associated with a state s, and
a transition function f,. Given the state value s, and those of the neigh-
bors of v, the function f, computes the next value of s,. The node tran-
sition functions are evaluated according to a specified total order. Such a
computing device is a mathematical abstraction of a simulation system.
We address the complexity of some state reachability problems for SDSs.
Our main result is a dichotomy between classes of SDSs for which the
state reachability problems are computationally intractable and those for
which the problems are efficiently solvable. These results also allow us to
obtain stronger lower bounds on the complexity of reachability problems
for cellular automata and communicating state machines.

1 Introduction and Motivation

We study the computational complexity of some state reachability problems as-
sociated with a new class of finite discrete dynamical systems, called Sequential
Dynamical Systems (SDSs), proposed in [BR99,BNMR99]. Informally, an SDS
consists of an undirected graph where each node v is associated with a state s,
and a transition function f,. Given the state value s, and those of the neigh-
bors of v, the function f, computes the next value of s,. The node transition
functions are evaluated according to a specified total order. A formal definition
of an SDS is given in Section 2.

SDSs are closely related to classical Cellular Automata (CA), a widely studied
class of finite discrete dynamical systems used to model problems in physics and
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complex systems. Computability aspects of dynamical systems in general and
cellular automata in particular have been widely studied in the literature (see
for example, [Wo86,Gug9]). Dynamical systems are closely related to networks
of communicating automata, transition systems and sequential digital circuits
(see for example, [Ra92,AKKY99, RHI3,Hu73]).

In this paper, we will restrict ourselves to Simple-SDSs, that is, SDSs with
the following additional restrictions: (i) the state of each node is Boolean and (ii)
each local transition function is Boolean and symmetric. Our hardness results
hold even for such simple-SDSs and thus imply analogous hardness results for
more general models.

We study the computational complexity of determining some properties of
SDSs. The properties studied include classical questions such as reachability
(“Does a given SDS starting from configuration C ever reach configuration C’?”)
and fixed points (“Does a given SDS have a configuration C such that once C
is reached, the SDS stays in C forever?”) that are commonly studied by the dy-
namical systems community. Specifically, we investigate whether such properties
can be determined efficiently using computational resources that are polynomial
in the size of the SDS representation.

The original motivation to develop a mathematical and computational theory
of SDSs was to provide a formal basis for the design and analysis of large-scale
computer simulations. Because of the widespread use of computer simulations,
it is difficult to give a formal definition of a computer simulation that is appli-
cable to all the various settings where it is used. An important characteristic
of any computer simulation is the generation of global dynamics by iterated
composition of local mappings. Thus, we view simulations as comprised of the
following: (i) a collection of entities with state values and local rules for state
transitions, (ii) an interaction graph capturing the local dependency of an entity
on its neighboring entities and (iii) an update sequence or schedule such that
the causality in the system is represented by the composition of local mappings.
References [BWO95,BB+99] show how simulations of large-scale transportation
systems and biological systems can be modeled using appropriate SDSs.

Following [BPT91], we say that a system is predictable if basic properties
such as reachability and fixed point existence can be determined in time that is
polynomial in the size of the system specification. Our PSPACE-completeness
results for predicting the behavior of “very simple” systems essentially imply
that the systems are not easily predictable; in fact, our results imply that no
prediction method is likely to be more efficient than running the simulation
itself. The results here can also be used to show that even simple SDSs are
“universal” in that any reasonable model of simulation can be “efficiently locally
simulated” by appropriate SDSs that can be constructed in polynomial time.
The models investigated include cellular automata, communicating finite state
machines, multi-variate difference equations, etc.

We undertake the computational study of SDSs in an attempt to increase our
understanding of SDSs in particular and the complex behavior of dynamical sys-
tems in general. SDSs are discrete finite analogs of classical dynamical systems,
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and we aim to obtain a better understanding of “finite discrete computational
analogs of chaos”. As pointed out in [BPT91,Mo90,Mo91], computational in-
tractability or unpredictability is the closest form of chaotic behavior that such
systems can exhibit. Extending the work of [BPT91], we prove a dichotomy re-
sult between classes of SDSs whose global behavior is easy to predict and others
for which the global behavior is hard to predict. In [Wo86], Wolfram posed the
following three general questions in the chapter entitled “Twenty Problems in
the Theory of Cellular Automata”: (i) Problem 16: How common are computa-
tional universality and undecidability in CA? (ii) Problem 18: How common is
computational irreducibility in CA? (iii) Problem 19: How common are compu-
tationally intractable problems about CA? The results obtained here and in the
companion papers [BH+01a,BH-+01b,BH+01¢] for SDSs (and for CA as direct
corollaries) show that the answer to all of the above questions is “quite com-
mon”. In other words, it is quite common for synchronous as well as sequential
dynamical systems to exhibit intractability. In fact, our results show that such
intractability is exhibited by extremely simple SDSs and CA.

2 Definitions and Problem Formulation

2.1 Formal Definition of an SDS

As stated earlier, we will restrict our selves to Simple-SDSs. (Unless otherwise
stated, we use “SDS” to mean a simple SDS.) Our definition closely follows the
original definition of SDS in [BMR99).

A Simple Sequential Dynamical System (SDS) S is a triple (G, F, ),
whose components are as follows:

1. G(V, E) is an undirected graph without multi-edges or self loops. G is re-
ferred to as the underlying graph of S. We use n to denote |V] and m to
denote |E|. The nodes of G are numbered using the integers 1, 2, ..., n.

2. Each node has one bit of memory, called its state. The state of node i,
denoted by s;, takes on a value from Fo= {0,1}. We use §; to denote the
degree of node i. Further, we denote by N (i) the neighbors of node i in G,
plus node ¢ itself. Each node i is associated with a symmetric Boolean func-
tion f; : Fg#l — Ty, (1 < i < n). We refer to f; as a local transition
function. The inputs to f; are the state of ¢ and the states of the neighbors
of i. By “symmetric” we mean that the function value does not depend on the
order in which the input bits are specified; that is, the function value depends
only on how many of its inputs are 1. We use F to denote {f1, fo, ..., fn}

3. Finally, 7 is a permutation of {1, 2, ..., n} specifying the order in which nodes
update their states using their local transition functions. Alternatively, m can
be envisioned as a total order on the set of nodes.

Computationally, the transition of an SDS from one configuration to another
involves the following steps:
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for i=1to n do

(i) Node (i) evaluates fr(;). (This computation uses the current values of the
state of 7(¢) and those of the neighbors of 7(7).)

(ii) Node 7(i) sets its state s.(;) to the Boolean value computed in Step (i).
end-for

Stated another way, the nodes are processed in the sequential order specified
by permutation 7. The “processing” associated with a node consists of computing
the value of the node’s Boolean function and changing its state to the computed
value.

A configuration of an SDS is a bit vector (b1,ba,...,b,), where b; is the
state value of node v;. A configuration C of an SDS § = (G, F,7) can also be
thought of as a function C: V' — Fs. The function computed by SDS S, denoted
by Fg, specifies for each configuration C, the next configuration C’ reached by
S after carrying out the update of node states in the order given by 7. Thus,
Fg :Fy — [ is a global function on the set of configurations. The function Fg
can therefore be considered as defining the dynamic behavior of SDS §. We also
say that SDS S moves from a configuration C at time ¢ to a configuration Fg(C)
at time (¢ + 1). The initial configuration (i.e., the configuration at time ¢ = 0)
of an SDS § is denoted by Z. Given an SDS S with initial configuration Z, the
configuration of S after ¢ time steps is denoted by &(S,t). We define £(S,0) = 7.
For a configuration C, we use C(W) to denote the states of the nodes in W C V
and C(v) to denote the state of a particular node v € V.

A fixed point of an SDS S is a configuration C such that Fg(C) = C. An
SDS S is said to cycle through a sequence of configurations (Cy,Ca,...,C,) if
FS(CI) = CQ, FS(C2) == C3, “eey FS(CT‘—I) = CT and FS(CT‘) = Cl. A fixed
point is a cycle involving only one configuration. Any cycle involving two or
more configurations is called a limit cycle. The phase space Ps of an SDS §
is a directed graph with one node for each configuration of S. For any pair of
configurations C and C’, there is a directed edge from the node representing C
to that representing C' if Fig(C) = C'.

2.2 Problems Considered

Given an SDS S, let |S| denote the size of the representation of S. In general, this
includes the number of nodes, edges and the description of the local transition
functions. We assume that evaluating any local transition function given values
for its inputs can be done in polynomial time.

The main problems studied in this paper deal with the analysis of a given
SDS, that is, determining whether a given SDS has a certain property. These
problems are formulated below.

Given an SDS S, two configurations Z, B, and a positive integer ¢, the ¢-
REACHABILITY problem is to determine whether S starting in configuration 7
can reach configuration B in t or fewer time steps. If ¢ is specified in unary, it
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is easy to solve this problem in polynomial time since we can execute the SDS
for t steps and check whether configuration B is reached at some step. So, we
assume that ¢ is specified in binary.

Given an SDS § and two configurations Z, B, the REACHABILITY problem is
to determine whether S starting in configuration Z ever reaches the configuration
B. (Note that, for an SDS with n nodes, when ¢ > 2" {-REACHABILITY is
equivalent to REACHABILITY.) Given an SDS S and a configuration Z, the FIXED
POINT REACHABILITY problem is to determine whether S starting in state 7
reaches a fixed point.

2.3 Extensions of the Basic SDS Model

As defined, the state of each node of an SDS stores a Boolean value and the local
transition functions are symmetric Boolean functions. When we allow the state
of each node to assume values from a domain D of a fixed size and allow the local
transition functions to have D as their range, we obtain a Finite Range SDS
(FR-SDS). If the states may store unbounded values and the local transition
functions may also produce unbounded values, we obtain a Generalized SDS
(Gen-SDS).

Another useful variant is a Synchronous Dynamical System (SyDS), an
SDS without the node permutation. In a SyDS, during each time step, all the
nodes synchronously compute and update their state values. Thus, SyDSs are
similar to classical CA with the difference that the connectivity between cells is
specified by an arbitrary graph.

The notion of symmetry can be suitably extended to functions with non-
Boolean domains as well. In defining the above models, we did not attempt to
relax the symmetry property of local transition functions. Dynamical systems in
which the local transition functions are not necessarily symmetric are considered
in the companion papers [BH+01a,BH+01b,BH-+01¢].

3 Summary and Significance of Results

In this paper, we characterize the computational complexity of determining sev-
eral phase space properties for SDSs and CA. The results obtained are the first
such results for SDSs and directly imply corresponding lower bounds on the com-
plexity of similar problems for various classes of CA and communicating finite
state machines.

Our main result is a dichotomy between easy and hard to predict classes of
SDSs. Specifically, we show that t-REACHABILITY, REACHABILITY and FIXED
PoiNT REACHABILITY problems for FR-SDSs are PSPACE-complete. More-
over, these results hold even if the local transition functions are identical and
the underlying graph is a simple path. We further extend these results to show
that the above three problems remain PSPACE-complete for SDSs, even when
the underlying graph is simultaneously k-regular for some fixed %k, bandwidth
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bounded (and hence pathwidth and treewidth bounded) and the local transition
functions are symmetric.

In contrast to the above intractability results, we show that these problems
are efficiently solvable for SDSs in which each local transition function is symmet-
ric and monotone. Specifically, we prove that when each local transition function
is a k-simple-threshold function' for some k& > 0, these problems can be solved
in polynomial time.

As a part of our methodology, we also obtain a number of “simulation”
results that show how to simulate one type of SDS (or CA) by another typ-
ically more restricted type of SDS (or CA). These simulation results may be
of independent interest. For instance, we show (i) how a given FR-SyDS with
local transition functions that are not necessarily symmetric can be efficiently
simulated by a SyDS, and (ii) how a SyDS can be simulated by an SDS.

The results presented here extend a number of earlier results on the com-
plexity of problems for CA and also have other applications. We briefly discuss
these extensions and their significance below.

Reference [R1193] shows the EXPSPACE-hardness of local STATE REACH-
ABILITY problems for hierarchically-specified linearly inter-connected copies of
a single finite automaton. The constructions presented here imply that var-
ious local STATE REACHABILITY problems are also EXPSPACE-hard, for
hierarchically-specified and bandwidth-bounded networks of simple SDSs. Us-
ing ideas from [SH+906], this last result implies that determining any simulation
equivalence relation or pre-order in the Linear-time/Branching-time hierarchies
of [vG90,vG93] is EXPSPACE-hard for such hierarchically-specified networks
of simple SDSs.

Our reductions are carried out starting from the acceptance problem for
deterministic linear space bounded automata (LBAs) and are extremely efficient
in terms of time and space requirements. Specifically, these reductions require
O(n) space and O(nlogn) time. Thus these results imply tight lower bounds on
the deterministic time and space required to solve these problems.

The results in [Su95,5u90] prove the PSPACE-completeness of REACHABIL-
ITY and FIXED POINT REACHABILITY problems for CA. These papers do not
address the effect of restricting the class of local transition functions or restrict-
ing the structure of the underlying graph on the complexity of these problems.
Our results extend these hardness results to much simpler instances and also
provide the first step in proving results that delineate polynomial time solvable
and computationally intractable instances.

The results presented here can be contrasted with the work of Buss, Pa-
padimitriou and Tsitsiklis [BPT91] on the complexity of --REACHABILITY prob-
lem for coupled automata. Their identity-independence assumption is similar to
our symmetric function assumption, except that they consider first order formu-
las. In contrast to the polynomial time solvability of the reachability problem for

! The k-simple-threshold function has the value 1 iff at least k of its inputs are 1. Con-
ventional definition of threshold functions associates a weight with each input [[Ko70].
We use the simplified form where all inputs have the same weight.
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globally controlled systems of independent automata [BPT91], our results show
that a small amount of local interaction suffices to make the reachability problem
computationally intractable. Our reduction leads to an interaction graph that is
of constant degree, bandwidth bounded and regular.

Other than [BPT91], papers that are most relevant to our work are the fol-
lowing. References [BMR99,BMRO0,MR99,Re00,Re00a,L.P00] investigate math-
ematical properties of sequential dynamical systems. Sutner [Sug9,5u90,5u95]
and Green [Gr87] characterize the complexity of reachability and predecessor
existence problems for finite CA. Moore [Mo90,Mo091] makes an important con-
nection between unpredictability of dynamical systems and undecidability of
some of their properties. The models considered here are also related to discrete
Hopfield networks [FO00,GFP85 BGEE].

Alur et al (see for example [AKY99]) consider the complexity of several
problems for hierarchically specified communicating finite state machines. SDSs
can be viewed as very simple kinds of concurrent state machines. Moreover, the
hardness proof obtained here can be extended to obtain EXPSPACE-hardness,
when we have exponentially many simple automata (vertices in our case) joined
to form a bandwidth bounded graph. This result significantly extends a number
of known results in the literature concerning concurrent finite state machines
by showing that the hardness results hold even for simple classes of individual
machines.

Quadratic dynamical systems are a variant of discrete dynamical systems
that aim at modeling genetic algorithms. In [ARV94] it is shown that simulating
quadratic dynamical systems is PSPACE-hard; specifically, it is shown that
the t-reachability problem for such systems is PSPACE-complete even when ¢
is specified in unary.

4 Complexity of Reachability Problems

4.1 Road Map for the Reductions

In this section we prove our main hardness theorem concerning the  ¢-
REACHABILITY, REACHABILITY and FIXED POINT REACHABILITY problems for
SDSs.

Theorem 1. (Main hardness theorem) The {-REACHABILITY, REACHA-
BILITY and FIXED POINT REACHABILITY problems for SDSs with symmetric
Boolean functions are PSPACE-hard, even when (i) each node is of constant
degree and the graph is regular (i.e. all nodes have the same degree), (ii) the
pathwidth and hence the treewidth of the graph is bounded by a constant, and
(iii) all the nodes have exactly the same symmetric Boolean function associated
with them.

Overall proof idea: The proof of the above theorem is obtained through a series
of local replacement type reductions (steps). The reductions involve building
general gadgets that may be of independent interest.
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Step 1: First, by a direct reduction from the acceptance problem for a LIN-
EAR BOUNDED AUTOMATON (LBA) we can show that the ¢-REACHABILITY,
REACHABILITY and FIXED POINT REACHABILITY problems for FR-SyDS (fi-
nite CA) and FR-SDS are PSPACE-hard even under the following restrictions
applied simultaneously. (i) The graph G is a line (which has pathwidth and
treewidth of 1). (ii) The number of distinct local transition functions is at most
three. (iii) The domain of each function is a small constant, depending only on
the size of the LBA encoding. This result is stated as Theorem 2 below; the
proof is omitted.

Theorem 2. (Step 1:) The {-REACHABILITY, REACHABILITY and FIXED
POINT REACHABILITY problems for FR-SyDS (Cellular Automata) and FR-SDS
are PSPACE-hard, even when restricted to instances such that: (i) The graph G
is a line graph (and thus has pathwidth and treewidth of 1), and (ii) The number
of distinct local transition functions is at most three, and (i) The size of the
domain of each function is a small constant. [ ]

Step 2: Next, we show how to transform these problems for FR-SyDS into
the corresponding problems for SyDS in which the maximum node degree is
bounded. See Section 4.2.

Step 3: Next, we show how a SyDS can be simulated by an SDS where the
maximum node degree is bounded. (The underlying graph of the SDS may not
be regular and the local transition functions may not be identical.)

Step 4: Finally, we show how to transform the SDS obtained in Step 3 into
another SDS whose underlying graph is regular and whose node functions are
all identical (same function and same degree).

For reasons of space, we omit the constructions alluded to in Steps 3 and 4.

4.2 SyDS with Symmetric Boolean Functions: Step 2

Definition 3. Given k > 1, a distance-k coloring of a graph G(V, E) is an
assignment of colors h : V.— {0,1,2,...,|V|—1} to the nodes of G such that for
all w,v € V' for which the distance between u and v is at most k, h(u) # h(v).

Proposition 4. A graph G(V, E) with mazimum degree A can be distance-2
colored using at most A2 4 1 colors, and such a coloring can be obtained in
polynomial time. Thus, for a graph whose node degrees are bounded by a constant,
and, in particular, for reqular graphs of constant degree, the number of colors used
for distance-2 coloring is a constant. [ |

Theorem 5. For a given p and A, consider the class of FR-SyDSs where the
size of the state domain of each node is at most v and the degree of each node is
at most A. There is a polynomial time reduction from a FR-SyDS S = (G, F)
in this class and configurations T and B for S to a usual (having symmetric
Boolean functions) SyDS S = (G1,F1) and configurations I and By for Sp
such that
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1. S starting in configuration I reaches B iff S1 starting in configuration Iy
reaches By1. Moreover, for each t, S reaches B in t steps iff S1 reaches B
mn t steps.

2. S starting in configuration T reaches a fized point iff S1 starting in 11 reaches
a fized point.

Proof sketch: Given S, the reduction first constructs a distance-2 coloring h
of G, using at most A% 4+ 1 colors, where the colors are consecutive integers,
beginning with zero. The fact that & is a distance-2 coloring is not used in the
construction of §; from S, but is crucial to the correctness of the reduction.
Next, given graph G(V, E) and coloring h, graph G1(V1, E7) is constructed,
as follows. For each node xy, € V, there are (i — 1)u(#*) nodes in V;. We refer
to these nodes as xfj, 1<i<pandl <j<p"=) Informally, corresponding
to a node x of S, V4 contains pu — 1 sets of nodes (which we call clumps),
each of cardinality p(**). For a given node z € V, clump Xf refers to the

nodes xéﬁr 1 <7 < pM=x) Additionally, we will use X* = XF U X} ... U X[ffl
to denote the set of all nodes in Vi corresponding to xzj. Ep consists of the
following two kinds of edges: For each node z; € V, the nodes in X* form a
complete graph. Each edge {zy,z,} € E is replaced by a complete bipartite
graph between the sets of nodes used to replace the nodes xj and z,.

Before specifying the construction of the local transition functions of Sy,
we define the following mapping vy, for each node x), € V. Suppose that
node z;, € V has neighbors 41, ...,y in G. We define function ¢, : N — pd+1
(where N is the set of nonnegative integers) as follows: ¢, (w) = (co,c1,...,cq),
where in the base p representation of w, ¢g is the coefficient of @+ and ¢,,
1 <r <d, is the coefficient of uh(?h‘).

The functions in the set F; are defined as follows. We envision the state
domain of § to be the integers 0,1,...,u — 1. Consider a node xfj in X* and
a vector a of Boolean input values for fwfj' Suppose that in «, exactly w of

the input parameters to f,» are equal to 1. Suppose f,, from F is the local
ij
transition function at node xp. Then f,x () = 1 iff f,, (¢Yr(w)) > 4. In the
ij

reduction of § to Sy, function f,» is represented by specifying the subset of
ij

counts of input parameters taking value 1 for which the output equals 1.

We now define the following mapping ¢ from the configurations of S to the
configurations of Sy, ¢ : u¥ — 2Y'. Consider a configuration A4 of S and
node zj € V. In configuration g(A) of S, the nodes in the first A(zy) clumps
of X* have state value 1, and the nodes in the other clumps of X* have state
value 0. More precisely, for x, € V, 1 < i < p, 1< j < phe), g(A)(zf;) =
1iff A(zg) > i

The reduction constructs Z; as ¢g(Z), and By as g(B). This completes the
construction involved in the reduction. The correctness of this construction is
based on showing that the phase space of S is embedded as a subspace of the
phase space of &1, so that &1 can be used to simulate S. First, we specify which
configurations of S; are in this subspace.
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Define a configuration A of S; to be proper if for all k.1, j, p, q,
(A(zf;) =1 and i>p) = Azl )y =1.

In other words, a configuration A of &y is proper if the value at any node in
clump Xf equal to 1 implies that all nodes in clumps Xf, X%, ..., Xf are also
1. The following claim provides an important property of the mapping g.

Claim 4.1: Mapping ¢ is a bijection between the configurations of S and the
proper configurations of Sj.

For a mapping D of a set of states into Boolean values, we let |D| denote
the number of 1’s in D. We also take the notational liberty of identifying an
assignment of state values to a set of nodes with the vector of values representing
the assignment. Also, recall that N(x) denotes the neighbors of node z, plus
node z itself. For a configuration C and set of nodes W, C(W) denotes the
restriction of C to W.

Claim 4.2: For a configuration C of S, node xy of V, and node xfj of X%,
C(N(zr)) = ¢r(lg(C)(N (z})))-

We now state our key claim, which says that S; properly simulates S.
Claim 4.3: For every configuration A of S, Fg (9(A)) = g(Fg(A)).

Now, the following claim completes the proof of Theorem 5. The claim can
be proven using the above claims and induction on t.

Claim 4.4: Let § and S; be as defined above. Consider S starting in configura-
tion Z and &; starting in configuration g(Z). Then (1) V¢ > 0, £(S1,t) is proper.
(2) Vt 2 0, £(51,t) = g(&(S, 1)) m

5 Polynomial Time Solvable Cases

In this section we prove that t-REACHABILITY, REACHABILITY and FIXED
POINT REACHABILITY problems are polynomial time solvable for k-simple-
threshold-SDSs, that is, SDSs in which each local transition function is a k-
simple-threshold function for some k£ > 1. Since each symmetric monotone func-
tion is a k-simple-threshold function for some k, these polynomial time results
provide the dichotomy between two classes of SDSs: one with symmetric lo-
cal transition functions and the other with symmetric monotone local transition
functions. Some remarks regarding the generality of these polynomial algorithms
are provided at the end of this section.

Definition 6. A k-simple-threshold-SDS is an SDS in which the local tran-
sition function at each mode v; is a k;-simple-threshold function, where 1 <
k; < min{k,0; + 1}. Here, §; is the degree of node v;.

Theorem 7. For any k-simple-threshold-SDS, 1 < k < n, the problems t-
REACHABILITY, REACHABILITY and FIXED POINT REACHABILITY can be
solved by executing at most 3m/2 steps of the given SDS, where m is the number
of edges in the underlying graph.
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Proof sketch: The proof of the theorem is based on a potential function argu-
ment. A similar approach is used in [GFP&5] to establish the convergence rate
and to bound the transient length of discrete Hopfield networks with threshold
gates.

Given an SDS with underlying graph G(V, E), we assign a potential to each
node and each edge in GG. For the remainder of the proof, we use k, to denote the
threshold value required for a node v to become 1. For each node v define T} (v) =
k, and T(v) =6, + 1. Recall that s, denotes the state of node v. Thus s, = 1
iff at least Ty(v) of its inputs are 1; s, is 0 otherwise. Another interpretation
of T (v) is that it is the smallest integer such that s, must be assigned 1 if Ty (v)
of v’s inputs have value 1. Using this analogy, define Ty(v) to be the smallest
integer such that s, must be assigned 0 if Ty(v) of the inputs to v have value 0.
The following observation is an easy consequence of the definitions of k,-simple-
threshold, Ty (v) and T3 (v): For any node v € V', T3 (v)+To(v) = T (v)+ 1. Define
the potential P(v) at a node v as follows:

Pw)= Ti(v)ifs, =1
= To(v)if s, =0

The following is an easy consequence of the definitions of Ty(v), Th(v) and the
fact that k, > 1: For any node v € V, 1 < P(v) <, + 1.
Define the potential P(e) of an edge e = {u,v} as follows:

Ple)=1 if e={u,v}and s, # s,
= 0 otherwise.

The potential of the entire SDS is given by P(G) = >_ ., P(v)+ > .cp Ple). It
can be seen that the initial potential P(G) (regardless of the initial configuration)
is bounded by 3m+n. Further, for each node v € V', P(v) > 1; thus, the potential
of the SDS at any time is at least n.

If the system has not reached a fixed point, then at least one node v undergoes
a state change. Now, fix a global step in the dynamic evolution of the SDS and
consider a particular substep in which the state of node v changes from a to b.
This state change may modify the potential of v and the potentials of the edges
incident on v. It can be shown that each time there is a change in the state of a
node, P(G) decreases by at least 2. As argued above, the initial value of P(G)
is at most 3m + n, and the value of P(G) can never be less than n. Thus, the
total number of configuration changes is bounded by [(3m + n) — n]/2 = 3m/2.

In other words, any k-simple-threshold-SDS reaches a fixed point after at
most 3m/2 steps. Theorem 7 follows. [ |

The above theorem points out an interesting contrast between CA and SDSs.
It is easy to construct instances of k-simple-threshold-CA with limit cycles. In
contrast, by Theorem 7, k-simple-threshold-SDSs have fixed points but not limit
cycles.

Theorem 7 holds even when each node has a different value of the threshold k.

As observed earlier, every symmetric and monotone Boolean function is a k-
simple-threshold function for some k. Thus, Theorem 7 implies the polynomial
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time solvability of reachability problems for SDSs with symmetric monotone local
transition functions. Theorem 7 also shows that for k-simple-threshold-SDSs, the
length of any transient is at most 3m/2.

The result of Theorem 7 can also be extended to the case when the local
transition function at node v; is the zero-threshold function (i.e., a function
whose output is 1 for all inputs) or the (J; +2)-threshold function (i.e., a function
whose output is 0 for all inputs). All nodes with such local transition functions
will reach their final values during the first step of the SDS. Therefore, in this
case, the number of SDS steps needed to reach a fixed point is at most 3m/2+41.
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Abstract. The study of tensor calculus over semirings in terms of com-
plexity theory was initiated by Damm et al. in [8]. Here we first look at
tensor circuits, a natural generalization of tensor formulas; we show that
the problem of asking whether the output of such circuits is non-zero is
complete for the class NE = NTIME(QO(”)) for circuits over the boolean
semiring, ®E for the field F», and analogous results for other semirings.
Common sense restrictions such as imposing a logarithmic upper bound
on circuit depth are also discussed. Second, we analyze other natural
problems concerning tensor formulas and circuits over various semirings,
such as asking whether the output matrix is diagonal or a null matrix.

1 Introduction

In a recent paper Damm et al. [8] initiated the study of the computational com-
plexity of multi-linear algebra expressed by tensors. More precisely, they consid-
ered the computational complexity of the evaluation problem for formulas over
algebras of matrices defined over a finite, or finitely generated, semiring S, and
where the operations are matrix addition, matrix multiplication, and the tensor
product—also known as the Kronecker, or outer, or direct product. Central to
their work is the analysis of the non-zero tensor problem, denoted by 0 # valg,
which consists in asking whether a given formula yields a 1 x 1 matrix whose
unique entry differs from the zero of S. The complexity of this problem is in-
dicative of where tensor calculus over the specified semiring sits in the hierarchy
of complexity classes.

This is one more way of characterizing complexity classes in algebraic terms,
which comes after the problem of evaluating formulas and circuits over the
Boolean semiring [6,7,11], and the computational models of programs over
monoids [2,3], and leaf languages [5], among others. Using tensor calculus in
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this context is especially appealing, because of the many applications matrix al-
gebra finds in various computer science areas, such as the specification of parallel
algorithms. Also, since the design of algorithms for quantum computers makes
extensive use of unitary matrices [9], tensor formulas and circuits may become
useful tools for better understanding the power of this computational model.

In this paper we extend the research from tensor formulas to circuits. We
show that for the non-zero problem over unrestricted tensor circuits, the com-
pleteness statements transfer smoothly to the exponential time counterparts of
the complexity classes encountered in the formula case. However, to achieve this
we have to develop a more powerful proof technique which as a byproduct en-
ables us to improve some of the tensor formula completeness results, in that we
can write them using polytime many-one instead of polytime Turing reductions
(see [3]). More precisely, with notation E for the class DTIME(2°(™), we obtain
that:

1. Evaluating a tensor circuit over the natural numbers is #E-complete under
polylin many-one reductions, i.e., reductions computable in deterministic
polytime producing linear output, and

2. problems 0 # valg and 0 # valp, are resp. NE-complete and ©E-complete
under polylin many-one reductions.

We also discuss a number of meaningful sub-cases concerning tensor circuit depth
restrictions and consider other natural questions pertaining to tensor circuits
based on natural linear-algebraic questions. Since problems of this kind were not
addressed in [8], we also solve them for the case of tensor formulas. For instance
we investigate the problems of deciding whether a tensor circuit’s output is a
null matrix or a diagonal matrix. To this end we make heavy use of generalized
counting classes on algebraic Turing machines and operator characterizations of
complexity classes.

The paper is organized as follows. The next section introduces the definitions
and notations needed. In Section 3 we discuss the complexity of the evaluation of
tensor circuits in general. Then linear algebraic problems on tensor circuits and
formulas are studied in Section 4. Due to space constraints we have to omit most
of our proofs. Finally we summarize our results and state some open problems.

2 Definitions, Notations and Basic Techniques

We assume that the reader is familiar with the standard notation from com-
putational complexity (see, e.g., [1]), in particular with the first three items in
the inclusion chain P C NP C PSPACE C EXP C NEXP. Here, we use EXP
(NEXP, resp.) to denote DTIME(2”O(1)) (NTIME(2”O(1)), resp.), and we de-
note by E the class DTIME(2°(™)). We refer to the latter as (deterministic)
exponential time; its nondeterministic counterpart is referred to as NE. Note
that E and NE are not closed under polytime or logspace reductions due to the
possibly nonlinear output length of these reductions.
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We also assume that the reader is familiar with counterparts to nondeter-
ministic decision classes like NP defined by “counting” or defined as function
classes. Here #P is the class of functions f defined with machines M with the
same resources as the underlying base class, such that f(z) equals the number
of accepting computations of M on x (see, e.g., [16,17]), the parity version &P
is the class of sets of type {z | f(z) # 0 (mod 2) } for some f € #P, the class
MOD,-P is similarly defined with respect to counting modulo ¢, and the class
GapP equals {f — g | f,g € #P}. We also use the class C_P of sets of the
type {z | f(z) — g(z) = 0} for some f,g € #P, the class USP of sets of type
{z ] f(z) =1} for some f € #P (see, e.g., [1]), and DP, the class of those lan-
guages which can be written as the difference of two NP languages [13]. Similarly
one defines PSPACE, E, and EXP counting classes.

A semiring is a tuple (S,+,-) with {0,1} C S and binary operations +, - :
S x 8§ — S (sum and product), such that (S,4,0) is a commutative monoid,
(8,-,1) is a monoid, multiplication distributes over sum, and 0-a = a-0 = 0 for
every a in S (see, e.g., [12]). A semiring is commutative if and only if a-b=1>b-a
for every a and b, it is finitely generated if there is a finite set G C S generating
all of S by summation, and is a ring if and only if (S,+,0) is a group. The
special choice of G has no influence on the complexity of problems we study
in this paper. Throughout the paper we consider the following semirings: the
Booleans (B, V, A), residue class rings (Zq, +, -), the naturals (N, +,-), and the
integers Z = (Z,+, -).

Let Mg denote the set of all matrices over S, and define Mg’l C Mg to be
the set of all matrices of order k x £. For a matrix A in Mg’é let I(A) = [k] x [¢],
where [k] denotes the set {1,2,...,k}. The (4, j)th entry of A is denoted by a; ;
or (A);;. Addition and multiplication of matrices in Mg are defined in the
usual way. Additionally we consider the tensor product @ : Mg x Mg — Mg of
matrices, also known as Kronecker product, outer product, or direct product,
which is defined as follows: for A € Mg’é and Be MgJ" let A® B € Mf;m’é" be

CL1_’1~B...CL1_’[-B
A® B := : )
ak71-B...ak7g-B

Hence (A®B);j = (A)gr - (B)sy where i =k-(g—1)+sand j=¢-(r—1)+t¢.
Proposition 1. The following hold when the expressions are defined [1/]:

1. A B)@C=A® (B C).

2. (A+B)®@(C+D)=AC+A®D+B®C+B®D.

3. (A®B)- (CeD)=(A-C)®(B-D).

4. (A-B)®" = A®". B®" for any n > 1.

5. (A+B)"=A"+B", (A-B)T =BT AT, and (A® B)" = AT ® BT.

In the proofs of the two main lemmata we make use of special rotation matri-
ces, so called stride permutation matrices [15]. Formally, the mn-point stride n
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T

permutation P € Mg™™" is defined as P (e?@e?)T = (e?@egn) ,
where e € M}S’m and e} € M}S"n are row unit vectors of appropriate length.
In other words, the matrix P/*" permutes the elements of a vector of length mn
with stride distance n. Further we will make use of the following identities on

stride permutations, where I,,, is the order m identity matrix.

Proposition 2. The following hold:

1. P = ()T @ Ly @ (e]).
2. (P =0 () @ Iy @ (el) O

The following notion is borrowed from [3, Definition 11]. An algebraic Turing
machine over a semiring S is atuple M = (Q, X, I, 6, qo, B, F'), where Q, X C T,
I',qo € Q,Be ' and F C Q are defined as for ordinary Turing machines and ¢
is the transition relation taking the form § C QX I'xQxI'x{L,S, R} xS.In this
machine, a move using the transition (p, a,q,b,m, s) € §, is assigned a weight s.
To a particular computation we associate a weight in the straightforward way,
i.e., as the product in S of the weights of its successive moves. For completeness,
we define the weight of a length-zero computation to be 1.

On input w machine M computes the value fy(w), a function fa; : * — S,
which is defined as the sum of the weights of all accepting computations from the
initial configuration on input w to an accepting configuration. A language Lj; =
{w e X* | fa(w) # 0} can also be defined. The definition is adapted in a
straightforward way to define algebraic algebraic space or time bounded Turing
machines, etc. We define the generalized counting class S-#P as the set of all
functions f : X* — & such that there is a polytime algebraic Turing machine M
over § which computes f. The generalized language class S-P is the set of all
languages L C X* such that there is a polytime algebraic Turing machine M
over S for which w € L if and only if fas(w) # 0.

Let S-#C be a generalized counting class over semiring S which is closed
under the pairing operation (-, -). Then the “polynomial” counting operator #?
defines the function class #P - S-#C as the set of all functions f for which a
polynomial p and a function fy; € S-#C can be found, such that

ly|<p(lz])

where summation is taken in S. Based on the counting operator #P the “polyno-
mial” operators 37, VP, and CP define the following language classes: P - S-#C
(VP - S-#C, AP - S-#C, CP. - S-#C, resp.) is the set of all languages L for which
there are some functions f, g in #?-S-#C such that « € L if and only if f(x) #£ 0,
(f(x) =0, f(z) =1, f(z) = g(z), resp.). Obviously, #? - S-#P = S-#P. Table 1
states without proof other significant special cases. The “exponential” operators
#¢, 3¢, C<, and V¢ are similarly defined as their polynomial counterparts, by
replacing the polynomial p with the function 2¢1*! for some constant c.
In the remainder of this section we define tensor circuits over semirings.
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Table 1. Polytime classes defined by operators on generalized counting classes.
Here x is the characteristic function of the languages L

Semiring S
Class B | Zq | N[ z
S#P _|[{xc|LENP}[{J (modq)|J € #P)| #P | GapP
S-P NP MOD,-P NP |co- C_P
3. S-#P
VP . S-#P co-NP co-MOD,-P co-NP| C-P
JP . S-#P NP USP
CE . S-#P co-DP Cc_P

Definition 3. A tensor circuit C over a semiring S is a finite directed acyclic
graph and its order is defined as follows:

1. Each node with in-degree zero is labeled with some F' from ngg with entries

from S and its order is k x {. These nodes are called inputs.

2. Non-input nodes, i.e., inner nodes, have in-degree exactly two and are labeled
by matriz operations, i.e., addition, multiplication, and tensor product. Let f
be an inner node labeled by o, for o € {+,-,®}, whose left child g is of order
k x € and its right child h is of order m x n. Then we simply say that f is a
o-node, write f = (g o h), and its order is defined as:

(a) kx{if node f=(g+h), k=m, and { =n,
(b) kxn if node f =(g-h) and { =m, and
(c) km x €n if node f = (g @ h).

3. There is a unique node with out-degree zero, which is called output node.

The order of the circuit C is defined to be the order of the oulput node.

For a tensor circuit C of order kx ( let I(C) = [k] x [¢] be its “set of indices.”
Let T denote the set of all tensor circuits over S, and define Tg’l C Tg to be
the set of all tensor circuits of order k x £.

A tensor circuit C' is called a tensor formula if its finite directed acyclic graph
18 actually a binary tree.

In this paper we consider only finitely generated S, and we assume that en-
tries of the inputs to a tensor circuit are from GU{0}, where G is a generating set
of S§. Hence, labels of input nodes, i.e., matrices, can be string-encoded using list
notation such as “[[001][101]].” Tensor circuits can be encoded over the alphabet
Y ={0}uguU{[,],(,),, +,®}. Strings over X which do not encode valid circuits
are deemed to represent the trivial tensor circuit 0 of order 1 x 1.

Let C be a tensor circuit of order m xn. Its diameter is max{m,n}, its size is
the number of nodes and edges, and its depth is the maximum number of nodes
along a path connecting some input node with the output node (leaf-root path).
Besides these usual notions we introduce the tensor depth of a circuit as the
maximum number of tensor nodes found along a leaf-root path. Concerning
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tensor circuits we observe that they are much more “powerful” than tensor
formulas [3], since they allow to blow up matrix diameter at a rate which is
double-exponential. More precisely, if C' is a tensor circuit of tensor depth ¢
which has input matrices of diameter at most p, then |C| < p2t, and there exists
a circuit which outputs a matrix of exactly this diameter.

Proposition 4. 1. Testing whether a string encodes a valid tensor circuit and
if so, computing its order, is feasible in deterministic time (n-2t(") log n)o(l),
where t(n) denotes the tensor depth of the given tensor circuit.

2. Verifying that a given tensor circuil meets the requirements to be of
depth d(n) (and tensor depth t(n)) can be done on a deterministic Turing
machine in time O(n -logd(n)). If only tensor depth t(n) has to be checked,
the running time is O(n - logt(n)). O

Finally the evaluation of tensor circuits is defined as follows:

Definition 5. For each semiring S and each k and each ¢ we define valg’e :
Tg’é — Mg’é, that is, we associate with node [ of order kx £ of a tensor circuit C
its k x £ matriz “value,” which is defined as follows:

lk ¢

VaullC ¢

(
(
lk e(
(

F if f is an input node labeled with F,

vals(g) +valg' (k) if £ = (g + ),

Val "(g)- Valgn (h) if f=(g-h) and g is of order k x m, and
k/m e/n(g) @valg™(h) if f = (9@ h) and h is of order m x n.

f
f
f

) =
)
)
) =

‘.“.Q'SF\“J.N

k
valg

f

The value Valg’é(C) of a tensor circuit C' of order k x £ is defined to be the value
of the unique output node. Tensor circuits of order 1 x 1 are called scalar tensor
circuits, and we simply write vals for the V&l}s’l function.

The non-zero tensor problem is defined as follows:

Definition 6. Let S be a semiring. The non-zero tensor circuit problem over
semiring S is defined to be the set 0 vals of all scalar tensor circuits C for
which valg(C') # 0.

3 Computational Complexity of the Non-zero Problem

This section contains completeness results on the computational complexity of
the tensor circuit evaluation problem over certain semirings. Our main theorem
immediately follow from the below given lemmata. For tensor circuit evaluation
we obtain the following upper bound. The proof is an adaption of the algorithm
on tensor formulas [8, Lemma 16] to the case of circuits.

Lemma 7. For any finitely generated semiring S, the evaluation problem vals
for scalar tensor circuits of depth d(n) and tensor depth t(n) belongs to the class
S-#TISP (24 (n - 21" 1og n) M) | (n - 24" 1og n) M), o
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The hardness reads as follows:

Lemma 8. Let M be an algebraic Turing machine over a finitely generated
semiring S running in time t(n) and space s(n), with s(n) > n, and set d(n) =
max{logt(n),logs(n)} and g(n) = max{n,d(n)}. There is a (g(n))°M time
and O(g(n)) space output computable function f, which on input w, computes a
scalar tensor circuit f(M,w) of size O(g(n)), depth O(d(n)), and tensor depth
O(log s(n)) such that vals(f(M,w)) = far(w).

Sketch of Proof. It is straightforward to verify that the iterated matrix multipli-
cation at the core of Warshall’s algorithm is meaningful over arbitrary semirings;
then we are justified to implicitly use this algorithm in the forthcoming reduc-
tion. Since M = (Q, X, I, 6, q1, B, F) is fixed the following assumptions can be
imposed without loss of generality:

1. The tape alphabet is I' = {0, 1, B}; hence input w € X* is binary.

2. Machine M is single-tape and the tape is cyclic with s(n) tape cells, num-
bered 0 to s(n) — 1, so that tape-head motions are from cell i to cell (i 1)
(mod s(n)). Note that in the case of a machine for a complexity class defined
solely in terms of a time bound, these are just enough tape cells to make
sure that the machine cannot see the difference between a cyclic tape and
one that is infinite in both directions. Moreover, all computations of M have
length exactly ¢(n) and accepting ones are determined solely by the state,
regardless of the tape content.

3. A single transition of M can be conceptually split in two phases: First, the
machine reads and overwrites the content of the tape cell its read-write head
points to, and changes accordingly the state of its finite control. Second, the
new state determines whether there will be a head movement, and if so, this
is implemented without changing state or tape content by taking a transition
assigned the weight 1.

Our second assumption helps us overcome the major hurdle one meets upon
building a generic proof, namely finding an efficient way of encoding the tape con-
tent and of describing the motions of the read-write head. Here, we keep the head
static and move the tape instead; using a cyclic tape enables us to encode this
as a rotation matrix, which can be constructed recursively. We thus may assume
that the set of all configurations equals Q x I'*(") where I'*("™) is a shorthand
notation for the set of all strings of length exactly s(n). Let Q = {qu,. .. ,qmé
and I" = {a1,a2,a3}. Define mappings cg : Q — M}S"m and ¢p : [' — M}S"
as: cq(qi) = " and cr(a;) = €. With a configuration C' = (g, aq . . . ag(,)—1) in
Q x I'*(") we associate the unit vector

s(n)—1
o(C) = cqlg) @ ® cr(ai).

Observe, that pre-multiplying ¢(C)T by (I,, ® Pgs'?:)(n)fl) implements a cyclic

tape shift to the left. Similarly cyclic tape shifts to the right are implemented.
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The value of the function fj; on input w equals the sum of all labels of
accepting paths of length ¢(n) in the configuration graph Gj; with node set
Q x I'*™_ We can associate a matrix Ag,, of order m- 3°() % m - 35(") with Gy,
such that the (i,7)th entry of Ang) equals the sum of all labels of paths of
length t(n) linking configuration C; with C;. Let A = (AGM)T. For an input
w=ag...ay, one has

fM(w) = ValS (Vaccept . At(n) . (V;nit)-r) 5

where Vaccept = Y cepypsm ¢(C) is a row column vectors representing all
accepting configurations of M on input w, while Vi, = ¢(Cp) and Cp =
(q1,0a0... an_lBS(")_") is the initial configuration of M. The rest of the proof
shows how to define an appropriate tensor circuit which meets our requirements
on size, depth, and tensor depth. O

Then we obtain the following completeness result for the evaluation and non-
zero problem on scalar tensor circuits.

Theorem 9. For any finitely generated semiring S, the problem vals is S-#E-
complete and the problem 0 # vals is 3¢ - S-#P-complete both under polylin
many-one reduction. a0

In Tables 2 and 3 we list consequences of Theorem 9 on concrete instances
of the semiring S and common sense restrictions on the parameters t(n), d(n)
and s(n). Not listed in the tables are completeness results under polylin many-
one reduction for the case of unrestricted depth and tensor depth; one then
captures the class NE and its counting counterparts instead of members of the
NEXP family.

Table 2. Complexity of the scalar tensor circuit evaluation problem vals. Com-
pleteness results are meant with respect to polytime many-one reductions

Tensor depth ¢(n) Semi-

Depth d(n) O(logn) | unrestricted ring S
O(logn) #P N
GapP Z
O(log" n) HATISP (20008 m) O H#TIME(20008" n)y N
GapTISP(2000e"™ ) 0y GapTIME(2000s" ™) z
unrestricted #PSPACE #EXP N
GapPSPACE GapEXP Z

A closer look at Lemma 8 shows that it can be rewritten in terms of tensor
formulas instead of circuits. This enables us to significantly improve the results
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Table 3. Complexity of the non-zero tensor circuit problem 0+ vals. Complete-
ness results are meant with respect to polytime many-one reductions

Tensor depth t(n) Semi-

Depth d(n) O(logn) | unrestricted ring S
O(logn) NP B
MOD,-P Z,
oP Fy
O(log" n) NTISP(20Uee" m) o)) NTIME(20 (&™) B
MOD,-TISP(200oe" ™) ,,0) MOD,-TIME(2° (g" 7)) Z,
BTISP (200" ™) o)y STIME(20 08" ™)) F
unrestricted PSPACE NEXP B
MOD,-PSPACE MOD,-EXP Z,
®PSPACE OEXP Ji

in [8] on the complexity of the evaluation and non-zero problem on scalar tensor
formulas by (1) extending to the case of arbitrary finitely generated semirings,
and (2) showing completeness under polytime many-one reduction.

Theorem 10. Let S denote any finitely generated semiring. For tensor formulas
the problem vals is S-#P-complete and 0#£vals is IP-S-#P-complete both under
polytime many-one reduction. O

We observe, that in particular, the evaluation problem for tensor formulas
over the naturals is #P-complete with respect to polytime many-one reduction.
This statement is not provable with the techniques used in [3].

4 Computational Complexity of Some Related Problems

A large number of decision problems on tensor circuits can be defined, based on
natural linear-algebraic questions: Asking whether such a circuit outputs a null
matrix, or a diagonal square matrix, etc. These questions were not addressed
in [8], so that we look at them also in the case of tensor formulas. We start
with a very useful lemma, which is a generalization of a construction given in [,
Lemma 7]. We omit the technical proof, which is based on a generic reduction
and makes extensive use of stride permutations.

Lemma 11. Let M be an algebraic polytime Turing machine with binary input
alphabet X = {0,1} over a finitely generated semiring S and p(n) a polynomial
or an exponential function. There is a polylin computable function f, which on
input 1™ computes a tensor circuit Carn = f(M, 1) of linear size and of depth
d(n) = O(logn) if p(n) is a polynomial and d(n) = O(n) if p(n) is an exponential
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Junction, such that for all w = ag . ..app)—1 with a; € X and 0 <i <p(n) —1,

p(n)—1 p(n)—1 T

far(w) = vals ® ez 1 | Crn - ® er

=0 =0

(n) op(n)
In other words the matriz Valzp 27 (Cwm,n) contains the values of the func-

tion fap on all possible inputs of length p(n) on the main diagonal, and zero
elsewhere. O

Our analysis of linear-algebraic problems as mentioned above uses two an-
cillary problems defined next. Let S be a finitely generated semiring. We define
the zero-value tensor circuit problem over S, for some s € S, as the set ZEROg
of all triples (C, i, j), where C'is a tensor circuit of order I(C) = k x £, integers i
and j are expressed in binary such that (¢, j) € [k] x [¢], and (Valg’l(C’))iﬁj =0.
The one-value tensor circuit problem ONEg over S is defined similarly with the
condition (Valg’é(C))i7 ; = 1. Note that for each problem we define on tensor cir-
cuits, a corresponding problem is defined by restricting the domain of the input
circuits to the set of all tensor formulas over S; these restrictions are denoted
with an initial “F-” e.g., F-ZEROg for ZEROg, etc. For these cases we find
the following situation, which proof is a standard exercise and thus left to the
reader.

Lemma 12. Let S be a finitely generated semiring. Then (1) the tensor formula
problem F-ZEROg is VP-S-#P-complete and F-ONEg is 3'P-S-#P-complete both
under polytime many-one reduction and (2) the tensor circuit problem ZEROg
18 V¢ -S-#P-complete and ONEg is 31¢-S-#P-complete both under polylin many-
one reduction. ad

Once Lemma 12 is available we apply it to a range of other problems such as,
e.g., testing whether the output of a tensor circuit is the null-matrix (NULLg),
a diagonal matrix (DIAGg), the identity matrix (IDs), an orthogonal matrix
(ORTHOg), a symmetric matrix (SYMg), and verifying whether two tensor
circuits received as input are equivalent (EQg), i.e., whether they output the
same matrix. The former two problems are classified as follows:

Theorem 13. If S is a finitely generated semiring, then (1) the tensor formula
problems F-NULLs and F-DIAGs are VP - (VP - S-#P)-complete under polytime
many-one reduction and (2) the tensor circuit problems NULLgs and DIAGs are
Ve - (VP - S-#P)-complete under polylin many-one reduction.

Proof. We only write the proof for DIAGs. The reasoning for the null tensor
circuit problem is identical. First we show containment in V¢ - (V? - S-#P). Let C
be a tensor formula instance of DIAGgs and assume that I(C') = [k] x [¢]. Then
C € DIAGg if and only if C' is a square tensor circuit and

V(i,j) € [k] x [{] : ((i # j) = (C,i,j) € ZEROsg).
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By Proposition 4, whether a tensor circuit outputs a square matrix can be
tested in deterministic exponential time. Next, since ZEROg is in V¢ - S-#P
by Lemma 12, membership in DIAGs can be checked in V¢ - (VP - S-#P). Ob-
serve, that given (exponential-length) binary encodings for indices ¢ and j, an
algorithm for ZEROg will have a computation time polynomial in the length of
its input, which consists in ¢, 7, and a description of C.

For the hardness part we argue as follows. Let L be a language in V¢ -
(VP - S-#P). Then by definition there is a constant ¢ and an algebraic poly-
nomial time Turing machine M over S such that

e L ifandonlyif V|y| =21 fy(z,y) =0.

Define C to be the tensor formula constructed according to Lemma 11 in poly-
time from M and the constant ¢ such that C evaluates to a matrix of or-
der 227" x 22" containing all values of f1; on input (z,y) for all possible y's
of appropriate length on the main diagonal. Then it is easily seen that « € L if
and only if tensor circuit Df y ® C, where Dl’f ; 1s the order k dot matrix having
one in position (¢,7) and zeros elsewhere, evaluates to the all-zero matrix or
equivalently to a diagonal matrix. This completes the construction and proves
the stated claim. ad

The proofs on the complexity of the remaining decision problems follow sim-
ilar lines. In Table 4 we summarize the complexity of these decision problems
for tensor circuits over specific semirings. There II5 denotes the second level of
the weak exponential hierarchy [10,18]. Meanwhile, for the restrictions of these
problems to tensor formulas completeness results translate to the polytime coun-
terparts of the complexity classes encountered in the circuit case.

Table 4. The complexity of tensor circuit problems summarized. Completeness
results are meant with respect to polylin many-one reductions

Semiring §

Problem B ] Zgq | . [ N [z
NULLs |[co-NE|V® - co-MOD,-P|V¢ - ®P| co-NE |C=E
DIAGs
ORTHOs|| II5 V¢ . USP
IDs
EQs C_E
SYMs

5 Discussion

In their paper on tensor calculus Damm et al. [8] showed how the three most
important nondeterministic complexity classes NL, LOGCFL, and NP were el-
egantly captured by a single problem, evaluation of tensor formulas over the
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boolean semiring. We have shown how tensor circuits extend this nice result
to the classes PSPACE, NE, and NEXP. Since tensor formulas and circuits are
handy to give compact specifications for possibly very large matrices, we deemed
it important to look at a number of other classical problems involving matrices.
Other questions remain to be looked at including the ubiquitous one of asking
whether a system of linear equations is feasible.
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Abstract. We consider the multiplicative complexity of the inversion
and division of bivariate power series modulo the “triangular” ideal gen-
erated by all monomials of total degree n + 1. For inversion, we obtain a
lower bound of Zn® — O(n) opposed to an upper bound of Zn* + O(n).
The former bound holds for all fields with characteristic distinct from two
while the latter is valid over fields of characteristic zero that contain all
roots of unity (like e.g. C). Regarding division, we prove a lower bound
of 5n* — O(n) and an upper bound of 32n* + O(n). Here, the former
bound is proven for arbitrary fields whereas the latter bound holds for
fields of characteristic zero that contain all roots of unity.

Similar results are obtained for inversion and division modulo the “rect-
angular” ideal (X"T! yntl),

1 Introduction

The question how many essential multiplications and divisions are needed to
compute the reciprocal of a power series is an intriguing and challenging problem
in algebraic complexity theory. Here, “essential” means that additions, subtrac-
tions, and scalar multiplications are free of costs. (We give a formal definition
of multiplicative complexity below.) In the literature, mainly the inversion of
univariate power series is discussed. In the present work, we investigate the
multiplicative complexity of inversion of bivariate power series. More precisely,
given a power series A = >332 (a; ; X'Y7 (with indeterminate coefficients)
we want to determine the number of essential operations necessary and sufficient
to compute the coefficients b; ; with i +j < n of A™" = 377,377 (b; ;XY
from the coefficients a; ; with i 4 j < n.

The reason why to investigate this problem is threefold: first, the problem of
computing reciprocals of bivariate power series is an algebraic modelling of the
inversion of univariate power series with arbitrary precision numbers as coeffi-
cients. The first indeterminate X refers to the original indeterminate whereas
the second indeterminate Y models the precision management. Further details
can be found in [8]. Second, the results obtained in the present work may shed a
new light on the univariate case, a major open problem in algebraic complexity
theory (see e.g. [4, Problem 2.7]). Third, our new results complement nicely the
results in [2] on the multiplication of bivariate power series.

What is known in the univariate case? Let C,, denote the number of essential
operations necessary and sufficient to compute the first n+1 coefficients of A=! =

J. Sgall, A. Pultr, and P. Kolman (Eds.): MFCS 2001, LNCS 2136, pp. 186-197, 2001.
© Springer-Verlag Berlin Heidelberg 2001
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by + b1 X 4+ baX? + - - from the first n + 1 coeflicients of the power series A =
ag+ar X +as X% +--- (where we again consider ag, ay, as, ... as indeterminates
over some ground field k). If the characteristic of the ground field & differs from
two, then we have

n—2+[(n-1)/2] <C, <33n. (1)
If the characteristic of k is two, then

n+1<C, <3in. (2)

Kalorkoti [5] attributes the lower bound in (1) to Hanns-Jorg Stof. To prove
this bound, the problem of computing the lower n — 1 coefficients of the square
of a polynomial of degree n— 2 is reduced to the problem of computing by, ..., b,
using techniques due to Strassen [12]. (The lower bound for computing the lower
d + 1 coefficients of the square of a polynomial of degree d given in [5] can be
improved by one, d + [(d + 1)/2] is the true complexity of this problem.) The
upper bound in (1) is due to Kung [6]. Kung actually states the upper bound
4n —log n, but a more careful analysis of his algorithm by Schonhage yields the
stated upper bound, see again [5] for a discussion.

The lower bound in (2) follows from a standard linear independence argu-
ment, the upper bound is again due to Kung. The improvement compared to (1)
follows from the fact that computing the square of a polynomial is cheap over
fields of characteristic two.

Until today, the bounds in (1) and (2) have withstood any attempts of im-
provement (including those of the author, see however [3] for an improvement in
a restricted setting).

1.1 Computations, Costs and Complexity

In the present section, we briefly introduce the concept of multiplicative com-
plexity. For a detailed description, the reader is referred to [4]. We start with
giving a formal definition of computations.

Definition 1. Let x1,...,x,, be indeterminates over a field k and fi1,..., fn €
K=Fk(z1,...,2m).

1. A sequence B = (w1, ..., wp) of rational functions wy,...,we, € K is called
a computation over K, if for all 1 < X < L there are i,5 < A such that wy =
w; owj with o € {4+, —,%,/} and w; #0 if o=/ or wy = - w; with a € k

orwy € kU{xy,...,zm}.
2. The sequence is called a computation for f1,..., fn, if in addition f1,..., fn €
{wy, ..., we}.

The next step is to define the costs of a computation.
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Definition 2. Let k be a field, z1,...,z, indeterminates over k, and B =
(w1, ..., we) a computation over K = k(x1,...,%m).

1. The costs vy in the Ath step of B are defined as

0 if there are i,j < X such that wy = w; + wj,
or wy = a - w; with a € k,
orwy € kU{x1,...,zm},

1 otherwise.

)

2. The costs I'(B) of B are I'(B) = Ei:l Y-

In the above definition, we count only those steps where the rational func-
tion wy can solely be expressed as the product or quotient of two elements
with smaller index. Such a step is called an essential multiplication or division,
respectively. This measurement of costs is also called Ostrowski measure.

We proceed with defining the complexity of a set of rational functions.

Definition 3. Let x1,...,x,, be indeterminates over a field k and f1,..., fn €
K =k(z1,...,2m). The multiplicative complexity C(f1,..., fn) of fi,..., fn is
defined by C(f1,..., fn) =min{I'(5) | B is a computation for fi,..., fn}.

1.2 Our Results

After settling the model of computation, we are able to formulate our prob-
lem precisely: let A(X,Y) = 377,377 a;;X'Y7 be a bivariate power series
with indeterminates over some ground field k as coefficients. Let B(X,Y) =
Diso 20 bij XY be the power series defined by A - B = 1. (Note that A
is invertible, since ag, is an indeterminate.) The coefficients of B are rational
functions in the coefficients of A and only ag occurs in the denominators of
these rational functions. If we write A = ag,o — A1, then
1 1

1
+ A+ AT+ . (3)

B = 5
ap,0  Apo Q.0

Power series are infinite objects but in our model (and in today’s com-
puters) we can only deal with a finite number of rational functions. In the
univariate case, computing modulo (X™*1) is the canonical choice. In the bi-
variate case, however, there are more than one meaningful choice. We here
mainly consider the case of computing modulo the “triangular” ideal I, :=
(Xntl Xy, Xn-ly2 . Y"*1) generated by all monomials of degree n + 1.
In this case, we only have to consider terms up to A?/a&‘gl in (3). Another
possibility is to take the “rectangular” ideal (X"*1, Y1), We will discuss this
case in Section 5 briefly.

In the above language, our problem reads as follows: find good upper and
lower bounds for C'({b;; | i +j < n}). Note that the rational functions b; ;
with ¢ + 7 < n only depend on the a;; with ¢ + j < n. Therefore, inverting
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power series modulo I, is equivalent to computing the reciprocal of the generic
element », . . a;;X'Y7 in the local k-algebra 7, := K[X,Y]/I, where K =
k(a; ; | i+ j < n). For convenience, we do not always want to choose names for
the coefficients of the power series explicitly. Therefore, we assume the following
convention about the fields k and K:

The field k denotes the underlying ground field and multiplication with ele-
ments from k is for free. On the other hand, the field K is obtained by adjoining
to k the coefficients (which are indeterminates over k) of the power series we
want to manipulate.

So if for instance we speak about the multiplicative complexity of the mul-
tiplication in K[X,Y]/I,, we mean the multiplicative complexity of comput-
ing the coefficients of the product AB of two “truncated” power series A =
Ditjen @i X'Y7 and B =37, . b; ;XY from the coefficients of A and B.
The field K is obtained by adjoining all a; ; and b; ; with i +j < n to k. (Note
that the coefficients of AB are rational functions in the coefficients of A and B.)

Our main results concerning inversion are subsumed in the following theo-
rems:

Theorem 4. For fields k of characteristic zero that contain all roots of unity,
the multiplicative complezity of inverting in 7, is at most %nQ + O(n).
Theorem 5. The multiplicative complexity of inversion in 7T, has the lower
bound %nQ + %n + 1. Owver fields of characteristic distinct from two this can be
improved to Zn* — O(n).

Building up on these results, we obtain the following bounds for the division
of power series:

Theorem 6. Let k be a field of characteristic zero that contains all roots of
unity. The multiplicative complezity of division in T, is at most 3%712 +O(n).

Theorem 7. The multiplicative complexity of division in 7, is bounded from
below by 3n* — O(n).

For the upper bound in Theorem 4, we use generalizations of the fast multipli-
cation algorithms for 7, developed in [2]. These algorithms only work over fields
of characteristic zero that contain all roots of unity. (More precisely, we only
need that the multiplicative complexity in the algebra K[X]/(X™ —1) equals N
for certain values of N. The preceding more restrictive formulation avoids some
lengthy case discussions.) Therefore, we make the following convention:

Throughout the remainder of this work, we assume that the underlying ground
field k has characteristic zero and contains all roots of unity.

So for instance, k = C would be an appropriate choice. All lower bounds
proven in this work remain valid over fields with characteristic distinct from
two, in the case of inversion, and over arbitrary fields, in the case of division. All
upper bounds concerning inversion and division can be carried over to arbitrary
fields by utilizing the more expensive evaluation—multiplication—interpolation
scheme for multiplication in 7, at the price of larger constants.
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2 Multiplying Bivariate Power Series

The inversion of power series is usually done by an iterative process. In the
nonscalar model, the costing operations in each iteration are caused by poly-
nomial multiplications of various kinds. In this section, we therefore study the
multiplication in 7,, extensively.

2.1 Multiplication in K[X]/(XY —1)

In what follows, we will reduce the multiplication in 7, to the multiplication in
the algebra Uy := K[X]/(XY —1) for some suitable N. Therefore, we first exam-
ine the problem of multiplying two univariate polynomials modulo X~ — 1 and
state some well known results concerning its complexity (see also [4, Chap. 2.1]).
We again assume that the coeflicients of the elements we want to multiply are
indeterminates over k and that K is obtained from k by adjoining these inde-
terminates.

Theorem 8 (see [4, Chap. 2.1]). The multiplicative complezity of the multi-
plication in Uy equals N.

Theorem 9. Suppose we know M coefficients of the product AB mod X~ —1
of two polynomials A and B with indeterminate coefficients in advance. Then
the coefficients of AB mod XV — 1 can be computed with N — M essential
multiplications.

A standard linear independence argument show that the number N — M of
multiplications is also necessary.

2.2 Multiplication in 7,

Let us turn to the multiplication in 7,. Assume we are given two elements
A,B € 7,. One way to multiply A and B is to evaluate both A and B at
2n2 + 3n + 1 suitably chosen points, which is free of costs, perform that many
pointwise costing multiplications, obtain the coefficients of the (untruncated)
product by interpolation, which is again free of costs, and finally throw away
all coeflicients belonging to monomials of total degree greater than n. By the
Alder-Strassen theorem [1], the foregoing method is optimal (w.r.t. multiplicative
complexity) if we want to compute the product of two univariate polynomials
modulo X!, But surprisingly, we can do better in the bivariate case, as is
shown in [2]. In the remainder of this section, we present useful variations on
and generalizations of this result.

The main idea of [2] is to reduce the multiplication of A and B to the multi-
plication of two elements A’ and B’ in Uy for some suitable N. We encode both
factors A and B as long univariate polynomials by substituting ¥ — X272 ie.,
A(X) = A(X,X?"*2) and B'(X) = B(X, X?"*2). This substitution groups
together the coefficients of all monomials with the same degree in Y and in-
serts some additional zero coeflicients between these groups. If we now set
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N =n(2n+2) +n+ 1, we can read off the coefficients of R = AB from the
coefficients of the result R = A’B’ mod X~ — 1. Borrowing the language of [3],
we can depict this fact by a pattern

ddddoooo’dddooooo’ddoooooo’dooo
for the factors A’, B/

ddddxxxo0’ddd***x00’dd***000 dx*x*x*/
0000%*%0’0000%*00 0000 %
for the result R/,

here for n = 3, N = 28. Lower coefficients are standing on the left, higher ones
on the right. An entry “d” (data) marks a coefficient of the original polynomi-
als A, B, and R, respectively, an entry “o” stands for a zero coefficient, and an
“x” indicates “garbage”, that is, a coeflicient that is not needed to recover R.
The quotes separate groups of monomials with the same degree in Y. The sec-
ond line of the result is the “wraparound” produced by the —1 of X~ — 1. By
inserting the right number of zeros, some of the garbage places are used twice
while the coefficients of R are preserved. Moreover, we know %n(n—l— 1) coefficient
of R’ in advance, since they are zero. Thus the upper bound of N — %n(n +1)

essential multiplications follows from Theorem 9.

Theorem 10 (see [2, Thm. 6]). The multiplicative complezity of the multi-
plication in T, is alt most %nQ + %n + 1.

A lower bound of 3n% — O(n) for the multiplicative complexity of the multi-
plication in 7;, is proven in [2].

Since the coefficients of R are a subset of the coefficients of R/, we immediately
obtain the following more general theorem.

Theorem 11. Suppose we know M coefficients of the product AB € T, of two
polynomials A and B with indeterminate coefficients in advance. Then the coef-
ficients of AB € T,, can be computed with %nQ + gn +1— M essential multipli-
cations.

For any m < n, we may view 7, as a subspace of 7, just by filling the
lacking coefficients with zeros. If say A is in 7, with m < n, then one moment’s
reflection shows that we will have an additional amount of (n —m)(n+ 1) extra
zeros in the result. (Another solution that is more suited for algorithmic purposes
is to substitute Y +— X™T"+2 instead of Y + X2"*2.) Thus, the below theorem
follows.

Theorem 12. Let m < n. Suppose we know M coefficients of the product AB €
T, of A€ T, and B € T, in advance. Then the coefficients of AB € T, can be
computed with %nz +mn + %n +m +1— M essential multiplications.
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2.3 Squaring in 7,

The proof of the lower bound for the complexity of inversion will be reduced to
the proof of a lower bound for squaring. Therefore, we provide a lower bound
for the complexity of computing the square of an element in 7, in this section.
Because the computation of squares is interesting on its own, we also provide
upper bounds for this problem.

The straight forward method for squaring an element A € 7, is of course
to use the multiplication algorithm presented in the preceding section. But we
can do better: let h = [(n — 1)/2] and write A = L + U where L contains only
monomials of total degree less than or equal to h while U consists of all other
monomials (of total degree greater than h). We have

A2 =12 +2LU = L(L+2U) inT,.
Now we may plug in Theorem 12. This yields the following upper bound.

Theorem 13. Suppose we know M coefficients of the square A? € T,, of some
A € T, with indeterminate coefficients in advance. Then the coefficients of A? €
T, can be computed with %nQ + hn+ %n—i— h+1—M <n?+2n+1—M essential
multiplications, where h = [(n —1)/2].

2 essential

Compared with the straight forward method, we save about %n
multiplications through the above construction.

Next we give a lower bound for the multiplicative complexity of squaring
over fields of characteristic distinct from two.

The coefficients b, , of A% are quadratic forms in the coefficients a,, , of A. In
this case, according to Strassen [12], the fact that the multiplicative complexity
of computing the b, , from the a, , is bounded from above by ¢ is equivalent to
the existence of ¢ products Py = Uy - V) of linear forms Uy and V) in the a,,
such that

b, ; €lin{Py,..., P} for all 4,7 with i + 5 < n.

In other words, we may restrict ourselves to computations that contain only
normalized multiplications and no divisions.

Theorem 14. Owver fields of characteristic distinct from two, computing the
square of an element from T, requires at least n® — %h2 +3n — %h + 1 essential
operations, where h = [n/2].

Proof. Consider a computation with ¢ essential operations that computes the
coefficients b, of A? from the indeterminate coefficients au,, of A. By the
preceding considerations, we may restrict our attention to computations that
have ¢ products of linear forms as its costing operations.

Now we exploit the so-called substitution method (see [7] or [4, Chap. 6]):
we substitute one of the coefficients, say a; ;, by a linear form in the remaining
ones in such a way that one of the products Py is trivialized, that is, one of
the linear forms Uy or V) becomes zero after this substitution. Thereafter, we
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know that the multiplicative complexity of the original problem is at least one
plus the multiplicative complexity of the quadratic forms obtained through this
substitution. We may then repeat this process if desired. Of course, we can
only trivialize one of the products by substituting a; ; if there is a product that
actually depends on a; ;. If one of the computed quadratic forms does, this is
certainly the case.

Here, our substitution strategy looks as follows: we define an ordering on
the a,,, by

(,v) > (W, V) = p+v>p +v orp+v=p +v and p>p/

and
Aup > Q= (p,v) > (W, 0).

We then substitute all monomials w.r.t. that ordering starting with a, o and
then stepping down until we reach ag n41. In other words, we just follow the
“diagonals” starting with the outermost and ending with the (h + 2)th one.

To simplify the notations, we denote by (s1,t1), (s2,t2), ..., (S, ) the pairs
(n,0),(n—1,1),...,(0,h+1) (ordered w.r.t. “>"). For technical reasons, we also

add an additional pair (so,to) with the property of being larger than all other

of the above pairs. Let bgf)j), 0 < p <7, denote the homomorphic image of b; ;

after substituting as, ¢,,...,ds,.t,-
Claim 1. The polynomial b( ;.; 18 a homogeneous polynomial of degree two in
the a,,, with (s,,t,) > (u, V).

Claim 2. If (sp,t,) > (i,7) then b(p) bi ;.

Claim 3. All monomials « - @y, @y 4 Of bz(-)pj) fulfil (4,7) > (u+u',v+"). (Here,
“>7 is the reflexive closure of “>".)

Claim 4. If - @y 0y v is @ monomial of b ) but not of bij, i, - Qyply v
is the result of some substitution, then even (4,7) > (u+u',v —i— v').

Claim 5. If - ap gap o is a monomial of b; ; with (s,,t,) > (p,q) and (s,,t,) >

(»',q'), then « - ap qa, 4 is a monomial bl(-f;-).

The first claim is obviously true, since we have substituted each as, ¢, by a
linear form in the remaining a, , with as,, > a,,..

For the second claim, note that b; ; does not depend on a,,, if (i, v) > (4, j).
Therefore, b; ; is unaffected by the substitution of as, ¢, if (s,,t,) > (i, ). Thus,

b( b(p D= = b(o) =b;,; as long as (s,,t,) > (i, 7).

For the th1rd fourth and fifth claim, observe that if (p,q) > (p/,¢’), then also

(p+p".q+4¢")> @ +p",d +q")  forall (p”,q"). (4)

We prove these claims by induction in p: each monomial - @y, Gy Of b(Oj) =bij
fulfils (v + v/, v +v") = (4, ), thus the induction start is clear. Assume that the
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claims hold for some p < 7. We obtain bz(-)pjﬂ) from bgf)j) by replacing as,.,, ¢,,, by

a linear form in the remaining a,, , with as,,, ¢,,., > au.. Let a-ayvas, ., ¢,,, be

monomial of bz(-f;). The (p+ 1)th substitution transforms this monomial into a sum
of monomials of the form o/ -ay vau,,. By (4), (u+sp41,v+tp41) > (u+p,v+v)
proving the third and fourth claim. The monomials a - ap, qa, 4 of of b(pj) with
(srytr) > (p,q) and (sr, t.) > (p',q') are not affected by the substitution, since
the new monomials o’ auﬂ,aw, introduced by the substitution cannot cancel
Q- Qp gy 4, Decause (p+p',q+q") = (4,7) > (u+ p,v +v). Thus a - ap qap ¢
is also a monomial of b(’;H) This proves the fifth claim.

By the second claim, each of the r substitutions can be done in such a
way that one costing product is killed, since bg prites = bs,,1t,,, depends
on as, ., Altogether, this kills 2n? — 1h% 4+ 3n — 2h products.

Since we only substitute 1ndeterm1nates on the (h+ 2)th or higher diagonals,
each bl(-z-) still contains one of its original monomials after substituting, for in-
stance o - afi/21,15/21@i/2),|5/2) With « € {1,2} by the fifth claim. By the third
claim, no other bg,r)], with (4,7) > (i,7') can contain this monomial. Thus, the

quadratic forms bgz, are still linearly independent and their multiplicative com-

plexity is a least %n2 + %n + 1. This proves the theorem. O

Over fields of characteristic two, the situation is quite different: squaring
over fields of characteristic two is cheap and we can determine the multiplicative
complexity exactly.

Let A € 7,, with indeterminate coefficients a, ,. Over fields of characteristic
two, we have

[n/2] [n/2]

:zn:zn: Y tpga XY =Y > a XY
pn=0 v=0

pn=0r=0 err: "
Thus we may compute the coefficients of A2 just by squaring the appropriate
coefficients of A. Since the nonzero coefficients of A? are linearly independent,
this is optimal.

Theorem 15. Over fields of characteristic two, the multiplicative complexity
of squaring in T,, is 1h* + 3h + 1, where h = |n/2|. If we know M nonzero
coefficients in advance then the multzplzcatwe complexity is —h2 3h +1—- M.

3 Inverting Bivariate Power Series

In this section, we present a second order iteration scheme (which is superior
to third order here) for the inversion of bivariate power series. To avoid lengthy
calculations, we state all following bounds as ¢ - n? + O(n) with an explicitly
given constant ¢. One should note that in each of these bounds, the constant
hidden in the O-notation is rather small. Let A be a bivariate power series with
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indeterminate coefficients. Given a positive integer n, our task is to compute a
polynomial B of total degree at most n such that

AB=1 mod I,4;.

Let h = [(n —1)/2] and suppose we have already computed a polynomial C' of
total degree at most h such that

AC =1 mod Ip;. (5)

Squaring yields
A (=AC* +20)=1 mod I,,4;.

Thus
B=-AC?+2C mod I,,4;.

So we have to compute the coefficients of —AC?+2C' (viewed as an element of
7,,). We proceed as follows: we first compute AC. By (5), we know the coefficients
of all monomials of AC' with total degree h or less. Thus by Theorem 12, the
coefficients of AC' can be computed with Zn* 4+ O(n) essential multiplications.
Next, we compute C-AC'. Again by (5), we know the coefficients of all monomials
of C'- AC with total degree h or less, they are simply the coefficients of C'. Thus
another £n?+O(n) essential multiplications suffice to compute the coefficients of
AC?. From this, we may obtain the coefficients of B without any further costing
operations. Let us analyze the number E(n) of essential operations performed by
this algorithm (regarded as a straight-line program after unrolling the recursive
calls): we have E(n) = E(h) + n? + O(n) with E(0) = 1. This yields E(n) =
In% 4+ O(n) and therefore proves Theorem 4.

What can we say about lower bounds for the multiplicative complexity of
inversion in 7,7 A standard linear independence argument shows that the num-
ber of the computed coefficients, %n2 + %n + 1, gives a lower bound. Over fields
of characteristic two, this is the best we know. Over other fields, we can further
improve this. Let a,, denote the indeterminate coeflicients of the element A
we want to invert. The coefficients of the inverse are polynomials in the a, ,
with (p, v) # (0,0) over k(ao,0) which we take as our new ground field (i.e., ag o
becomes a scalar). Using the technique by Strassen [12], we can transform a
computation for the coefficients of A~! into a computation that computes only
terms of degree two and has no more essential operations than the original com-
putation. At quick look at (3) shows that this computation actually computes
k(ao,0)-multiples of the coefficients of A%! Now Theorem 14 implies the bound
of Theorem 5. (The missing constant term of A? reduces the lower bound just
by an additive amount of O(n).)

4 Computing Quotients of Bivariate Power Series

Since A/B = A- B~!, Theorem 10 and Theorem 4 immediately yield the upper
bound stated in Theorem 6.
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For the lower bound, we once more exploit Strassen’s technique [12]: let a; ;
and b; ; denote the coefficients of A and B, respectively. We regard our compu-
tation as a computation over the new ground field k(ag,o). Now we transform
a given computation for the coefficients of B/A into a computation that com-
putes only terms of degree two and has no more essential operations than the
original computation. Moreover, this can be done in such a way that all cost-
ing operations are products of linear forms in the coefficients of A and B. The
resulting computation now computes the coefficients of B - A1 /a o in 7,. Alto-
gether, we have obtained a computation that merely multiplies two elements of
7, except for the missing constant term of A;. Now the result of [2, Thm. 3]
for the multiplication in 7,, can be applied. (The missing constant term again
reduces the lower bound by an additive amount of O(n)). This completes the
proof of Theorem 7.

5 The Rectangular Case

In contrast to 7,,, in the rectangular case R, := k[X,Y]/(X" T Y1) a direct
application of the iteration process in Section 3 does not work very satisfac-
tory. The main reason is that only (X"T1 ynt1)2 = (x2n+2 xntlyntl y2n+2)
holds, while we had I,% = Io,,4+1 before. It is more favourable to embed elements
from R,, into 73, and then use the techniques of the preceding sections. This
yields a upper bound of 9%712 + O(n) for the inversion in R,. But we can do
better: note that when embedding R,, into 73, it does not matter how we choose
the coefficients of the monomials with X—degree or Y—degree greater than n. So
using the substitution lemma from [9, Lemma 2], we may substitute these coef-
ficients (in the same order as proposed in Theorem 14) and we can kill n? + n
many products yielding the upper bound 8%712 + O(n).

Theorem 16. For fields k of characteristic zero that contain all roots of unity,
the multiplicative complezity of inverting in R, has the upper bound 8%n2+0(n).

For a lower bound, we exploit essentially the same substitution strategy as
in the triangular case. However, we substitute the coefficients of all monomials
of total degree at least d = [2n]. This kills (n + 1)* — 2d(d + 1) many prod-
ucts. In contrast to the triangular case, we can now only conclude that at least
(n+1)* = 3(2n — 2d + 2)(2n — 2d + 3) of the coefficients of the square are still
linearly independent after substituting. This proves the following lower bound.

Theorem 17. Ower fields of characteristic distinct from two, %nQ —0(n) is a

lower bound for the multiplicative complexity of inversion in R,.

Building up on these results, we obtain the following bounds for the division
by utilizing [2, Thms. 4 and 8§].
Theorem 18. Let k be a field of characteristic zero that contains all roots of
unity. The multiplicative complexity of division in R, is at most 11%112 +0(n).

Theorem 19. The multiplicative complexity of division in R, has the lower
bound Zn* — O(n).
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Abstract. Context-free processes (BPA) have been used for dataflow-
analysis in recursive procedures with applications in optimizing compil-
ers [6]. We introduce a more refined model called BPA (Z) that can model
not only recursive dependencies, but also the passing of integer param-
eters to subroutines. Moreover, these parameters can be tested against
conditions expressible in Presburger-arithmetic. This new and more ex-
pressive model can still be analyzed automatically. We define ZZ-input
1-CM, a new class of one-counter machines that take integer numbers as
input, to describe sets of configurations of BPA(Z). We show that the
Post™ (the set of successors) of a set of BPA(ZZ)-configurations described
by a Z-input 1-CM can be effectively constructed. The Pre* (set of pre-
decessors) of a regular set can be effectively constructed as well. However,
the Pre™ of a set described by a Z-input 1-CM cannot be represented by
a Z-input 1-CM in general and has an undecidable membership prob-
lem. Then we develop a new temporal logic based on reversal-bounded
counter machines that can be used to describe properties of BPA(Z) and
show that the model-checking problem is decidable.

1 Introduction

Besides their classical use in formal language theory, pushdown automata have
recently gained importance as an abstract process model for recursive proce-
dures. Algorithms for model checking pushdown automata have been presented
in [3,1,11,4]. Reachability analysis for pushdown automata is particularly use-
ful in formal verification. Polynomial algorithms for reachability analysis have
been presented in [1] and further optimized in [5]. For most purposes in for-
mal verification it is sufficient to consider BPA (‘Basic Process Algebra’; also
called context-free processes), the subclass of pushdown automata without a fi-
nite control. BPA have been used for dataflow-analysis in recursive procedures
with applications in optimizing compilers [6].

The weakness of BPA is that it is not a very expressive model for recursive
procedures. It can model recursive dependencies between procedures, but not
the passing of data between procedures or different instances of a procedure
with different parameters.
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Ezample 1. Consider the following abstract model of recursive procedures
P,Q,R,S and F, which take an integer number as argument: (z|y means “x
divides y”).
P(z): If z > 16 Q(z): If 2|z then R(z)
If 8| then Q(z + 1) else S(z+1)
else P(z —2)
else F(x)
If one starts by calling procedure P (with any parameter) then procedure R
will never be called, because P never calls () with an even number as parameter.

However, a BPA model for these procedures cannot detect this.

Thus, we define a new more expressive model called BPA(Z) that extends
BPA with integer parameters. Procedures are now called with an integer param-
eter that can be tested, modified and passed to subroutines. We limit ourselves
to one integer parameter, because two would give the model full Turing power
and make all problems undecidable. BPA(ZZ) is a compromise between expres-
siveness and automatic analysability. On the one hand it is much more expressive
than BPA and can model more aspects of full programs. On the other hand it is
still simple enough such that most verification problems about BPA(ZZ) stay de-
cidable. For the verification of safety properties, it is particularly useful to have
a symbolic representation of sets of configurations and to be able to effectively
construct representations of the Pre* (the set of predecessors) and the Post™
(the set of successors) of a given set of configurations. While finite automata
suffice for describing sets of configurations of BPA, a more expressive formalism
is needed for BPA(Z). We define Z-input 1-CM, a new class of one-counter ma-
chines that take integer numbers as input, to describe sets of configurations of
BPA(ZZ). We show that the Post™ (the set of successors) of a set described by a
Z-input 1-CM can be effectively constructed. The Pre* (the set of predecessors)
of a regular set can be effectively constructed as well. However, the Pre* of a
set described by a Z-input 1-CM cannot be represented by a Z-input 1-CM in
general and has an undecidable membership problem.

We develop a new temporal logic based on reversal-bounded counter machines
that can be used to describe properties of BPA(Z). By combining our result on
the constructibility of the Post™ with some results by Ibarra et al. on reversal
bounded counter machines [7,3] we show that the model-checking problem is
decidable.

2 BPA(Z)

We define BPA(Z), an extension of BPA, as an abstract model for recursive
procedures with integer parameters.

Definition 2. A n-ary Presburger predicate P(ky,...,k,) is an expression in
Presburger-arithmetic of type boolean (i.e., the outermost operator is a logical
operator or quantifier) that contains exactly n free variables ki, ..., k, of type
mteger.
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Definition 3. We define integer symbol sequences (ISS) to describe configura-
tions of processes. ISS are finite sequences of the form X1 (k1)Xa(kz2) ... Xn(kn),
where the X; are symbols from a given finite set and the k; € 7L are integers. (The
brackets are mere ‘syntactic sugar’ and can be omitted.) Greek letters o, f3,. ..
are used to denote ISS. The constant € denotes the empty sequence.

Definition 4. Let Act = {¢,a,b,c,...} and Const ={e, X,Y, Z, ...} be disjoint
sets of actions and process constants, respectively. A BPA(ZL) (o, A) is given by
an initial configuration o (where « is an ISS) and a finite set A of conditional

rewrite rules of the form X (k) - X1(e1)Xa(e2) ... Xn(en), P(k) where

— X € Const, a € Act, k is a free variable of type integer.

Vie{l,...,n}. X; € Const.

— Foreveryi € {1,...,n} e; is an expression of one of the following two forms:
e ¢, =k; ore; =k+k; for some constant k; € 7Z.

— P(k) is a unary Presburger predicate.

Note that n can be 0. In this case the rule has the form X (k) — ¢, P(k). We de-
note the finite set of constants used in A by Const(A) and the finite set of actions
used in A by Act(A). These rewrite rules induce a transition relation on ISS
by prefiz-rewriting as follows: For any a we have X (q)a —— X1(q1)Xa(q2) ...
Xo(qn)a if there is a rewrite rule X (k) —— Xi(e1)Xa(e2)... Xn(en), P(k)
such that the following conditions are satisfied.

- P(q)
- Ifelzkz thenqlzkl
— Ife;=k+k; then g, =q+ k.

The Presburger predicates can be used to describe side conditions for the
application of rules, e.g., the rule X (k) % Y(k —7)Z(k+1), 3|kAk > 8 can
only be applied to ISS starting with X (¢) where ¢ is at least 8 and divisible by 3.
Furthermore, we can use Presburger predicates to express rules with constants
on the left side, e.g., the rule X (5) % Y (2)Z(17) can be expressed by X (k) %
Y(2)Z(17), k =5. In the following we sometimes use rules with constants on
the left side as a shorthand notation.

Definition 5. We say that a BPA(7Z) is in normal form if it only contains the
following three types of rules:

X (k) == Xi(e1)Xa(e2), P(k)

X(k) ==Y(e), P(k)

X(k) —e€ P(k)
where e, eq,es are expressions and P(k) is a unary Presburger predicate as in
Def. 4.

We call the rules of the third type decreasing and the first two types nonde-
creasing.
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Remark 6. Tt is easy to see that general BPA(ZZ) can be simulated by BPA(Z)
in normal form with the introduction of some auxiliary constants. Long rules
are split into several short rules. For example the long rule X (k) % Y (k + 1).
Z(k — 2).W(k 4+ 7) is replaced by X (k) = X'(k).W(k + 7) and X'(k) =
Y(k+1).Z(k—2). If one is only interested in the set of reachable configurations
of the original BPA(Z) then one has to filter out the intermediate configura-
tions that contain auxiliary constants. It will turn out in Section 4 that this
is possible. We will show that the set of reachable configurations of a BPA(ZZ)
can be represented by a Z-input 1-CM (a special type of one-counter machine)
that is closed under synchronization with finite automata. Thus, to filter out the
intermediate configurations it suffices to synchronize with the finite automaton
that accepts exactly all sequences not containing auxiliary constants.

If one extends the model BPA(Z) by allowing two integer parameters instead
of one, it becomes Turing-powerful, because it can simulate a Minsky 2-counter
machine.

It is clear that a BPA(Z) can simulate a 1-counter machine. However, the
set of reachable configurations of a BPA(Z) cannot be described by a normal
1-counter machine.

Ezample 7. Consider the BPA(Z) with just one rule X (k) % X(k + 1)X (k)
and initial state X (0). The set of reachable configurations are all decreasing
sequences of the form X(n)X(n — 1)X(n — 2)...X(0) for any n € IN. The
language consisting of these sequences cannot be accepted by a normal 1-counter
machine, no matter how the integer numbers are coded (e.g., in unary coding or
in binary as sequences of 0 and 1). The reason is that one cannot test the equality
of the counter against the input without losing the content of the counter during
the test.

The central problem in this paper is to compute a representation of the set
of reachable states of a BPA(ZZ).

Definition 8. Let A be the set of rules of a BPA(Z) and L a language of 1SS
(describing configurations of the BPA(ZL)). By Post’y(L) we denote the set of
all successors (reachable configurations) of elements of L w.r.t. A. Post’y(L) =
{# | 3o € L.a —% B}. By Pre,(L) we denote the set of all predecessors of
elements of L w.r.t. A. Pre,(L) ={« | 30 € L.a —% (5}.

3 Automata

Definition 9. An alternating pushdown automaton (APDA for short) is a triple
P = (P, I, Ax) where P is a finite set of control locations, I' is a finite stack
alphabet, Ay is a function that assigns to each element of P x I a positive (i.e.
negation free) boolean formula over elements of P x I'*.

An alternating 1-counter machine is a special case of an APDA, because the
counter can be simulated by the pushdown stack.
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Definition 10. A pushdown counter automaton (PCA) [7] is a pushdown au-
tomaton that is augmented with a finite number of reversal-bounded counters
(containing integers). A counter is reversal bounded iff there is a fized constant k
s.t. in any computation the counter can change at most k times between increas-
ing and decreasing.

Now we define a new class of 1-counter machines with infinite input. These
ZZ-input 1-counter machines consider whole integer numbers as one piece of input
and can compare them to constants, or to the internal counter without changing
the counter’s value. Additionally, they have several other useful features like
Presburger-tests on the counter. Z-input 1l-counter machines will be used in
Section 4 to represent sets of reachable configurations of BPA(ZZ).

Definition 11. A ZZ-input 1-counter machine M is described by a finite set of
states @, an initial state qo € Q, a final state accept € @), a non-accepting state
fail € Q, and a counter ¢ that contains a (possibly negative) integer value. The
initial configuration is given by qo and some initial counter value. The machine
reads pieces of input of the form S(i) where S is a symbol out of a given finite
set and i € 7 is an integer number. The instructions have the following form:

1. (g: c:=c+1;goto ¢)

2. (q: c:=c—1;goto ¢)

3. (¢: If ¢ >0 then goto ¢ else goto ¢").

4. (g : If ¢=0 then goto ¢’ else goto ¢").

5. (¢ : Read input S(i). If S =X and i = K then goto ¢’ else goto ¢”).

6. (¢: Read input S(i). If S = X and i = c then goto ¢ else goto ¢”).

7. (¢ : If P(c) then goto ¢ else goto ¢”), where P is a unary Presburger

predicate.

where X € Const is a symbol constant and K € 7 is an integer constant.

Z-input 1-counter machines can be nondeterministic, i.e., there can be sev-
eral instructions at the same control-state. Each transition arc to a new control-
state can be labeled with an atomic action. The language L(M) accepted by a
machine M is the set of ISS which are read by M in a run from the initial
configuration to the accepting state.

In the following we use several shorthand notations for operations which can
be encoded by the standard operations above. We use ¢ := ¢+ j (incrementing
the counter by a constant j), ¢ := j (setting the counter to a given constant j)
and the operation guess(c) (setting the counter to a nondeterministically chosen
integer).

It is now easy to see that the set of reachable states of Example 7 can be
described by the following Z-input 1-counter machine with initial configuration

(90,0):

qo : guess(c); goto q1

q1 : Read input S(7). If S = X and i = ¢ then goto ¢ else goto fail
g2 : c:=c— 1;goto q1

g2 : If ¢ =0 then goto accept else goto fail
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While instructions of type 6 (integer input) do increase the expressive power
of 1-counter machines, this is not the case for instructions of type 7 (Presburger
tests). The following lemma shows that instructions of type 7 can be eliminated
if necessary. We use them only as a convenient shorthand notation.

Lemma 12. For every (alternating) (Z-input) 1-counter machine M with Pres-
burger tests (i.e., instructions of type 7), an equivalent (alternating) (ZZ-input)
1-counter machine M' without Presburger tests can be effectively constructed.
(Equivalent means that it accepts the same input (initial counter value), and the
same language.)

Proof. Any Presburger formula can be written in a normal form that is a boolean
combination of linear inequalities and tests of divisibility. As we consider only
Presburger formulae with one free variable, it suffices to consider tests of the
forms ¢ > k, ¢ < k and k|c for constants k € 7. Let K be the set of constants k
used in these tests. K is finite and depends only on the Presburger predicates
used in M. Let K/ = {ky,...,kn} C K be the finite set of constants used
in divisibility tests. For every control-state s of M we define a set of control-
states of M’ of the form (s, ji,...,Jm) where 7, € {0,...,k; — 1} for every
ie{l,...,m}. Now M’ simulates the computation of M in such a way that M’
is in a state (s, j1,...,Jm) iff M is in state s and j; = ¢ mod k;. For example
if K" = {2,5} then the step (s,n) e=etl (s;n+ 1) of M yields e.g. the step
((s,1,2),n) e=eft ((s',0,3),n + 1) of M’. The divisibility tests thus become
trivial in M’, because this information is now encoded in the control-states
of M’. The linear inequality tests are even easier to eliminate. For example the
test ¢ > 5 can be done by decrementing the counter by 5, testing for > 0 and
re-incrementing by 5. Thus, the Presburger tests can be eliminated from M’. 0O

It is only a matter of convention if a Z-input 1-CM reads the input from
left to right (the normal direction) or from right to left (accepting the mirror
image as in the example above). It is often more convenient to read the input
from right to left (e.g., in Section 5), but the direction can always be reversed,
as shown by the following lemma.

Lemma 13. Let M be a Z-input 1-CM with initial configuration (qo, ko) (with
ko € 7ZZ) and final state gy that reads the input from right to left. A Z-input
1-CM M’ can be constructed that reads the input from left to right and accepts
the same language as M.

Proof. (sketch) M’ has the same control-states as M plus a new initial state ¢
and a new final state ¢. M’ starts in configuration (gg,0). It guesses a value
for its counter and goes to g¢. Then it does the computation of M in reverse
(reading the input from left to right) until it reaches go. It tests if the counter
has value kg. If yes, it goes to q}. and accepts. If no, then it doesn’t accept. O
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4 Constructing Post*

Theorem 14. Let A be a set of BPA(ZZ) rules and M a Z-input 1-counter
machine. Then a Z-input 1-counter machine M’ with L(M') = Post* (L(M))
can be effectively constructed.

To prove this theorem we generalize the proof of a theorem in [1] which shows
that the Post™ of a regular set of configurations of a pushdown automaton is
regular. This proof uses a saturation method, i.e. adding a finite number of
transitions and states to the automata representing configurations.

We cannot directly adapt this proof to BPA(Z), because process constants
in a configuration can disappear for certain values of the parameter by applying
decreasing rules. We show how to calculate a Presburger formula to characterize
these values. This allows us to eliminate decreasing rules from A. This means
that symbols produced by rules in some derivation can not disappear later. Then,
we can apply the saturation method.

First, we show how to characterize the set {k | X (k) —% €} by a Presburger
formula. We transform the set of rules A into an alternating one-counter machine
and show that the set of initial values of accepting computations is effectively
semilinear. This follows from a corollary of a theorem from [1] which states that
the Pre* of a more general model (alternating pushdown systems) is regular.

Theorem 15. [I] Given an APDA P and a reqular set of configurations C,
pre*(C) is regqular and effectively constructible.

With an APDA we can easily simulate an alternating one-counter machine
with Presburger tests: First, we eliminate the Presburger tests with Lemma 12.
Then, with the stack we can easily simulate the counter. We obtain the following:

Corollary 16. Let M be an (alternating) one-counter machine with Presburger
tests. The set of initial counter values for which a computation of M is accepting
18 effectively Presburger definable.

Now we can prove the following two lemmas.

Lemma 17. Let A be a set of BPA(ZL) rules and X a process constant. Then a
Presburger formula Px (k) with {k | Px(k)} = {k | X (k) =% €} can be effectively
constructed.

Proof. We construct an alternating one-counter machine M such that: M with
initial counter value k has an accepting computation iff X (k) —% €. Then, we
apply Corollary 16.

We construct M as follows: To each process constant Y of the BPA(Z) we
associate a state gy in M. The initial state of the counter machine is gx and it’s
final state accept. Each non-decreasing rewrite rule X (k) —— Xi(e1)Xa(ea) ...
Xn(en), P(k) is translated into a transition of the counter machine as fol-
lows: gx goes to a conjunction of the states ¢x,,...,qx, by testing P(k) and
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changing the counter according to ei,...,e,. Each decreasing rule X (k) —%

e, P(k)is translated into a transition of the counter machine from ¢x to accept
by testing P(k). It is a clear, that a run of M with some initial counter value &
is accepting iff X (k) can disappear with rules of A. a

Lemma 18. Let A be a set of BPA(Z) rules and M a ZL-input 1-counter ma-
chine representing a set of configurations. Then, we can effectively construct a

set of rules A without decreasing rules and a Z-input 1-counter machine M’,
such that Posty (M) = Posty, (M').

We use this lemma to prove Theorem 14. To construct a counter machine M’
representing Post* (M), given a counter machine M and a set of BPA(ZZ) rules
A, it suffices to consider non-decreasing rules. We explain the main idea with an
example: Suppose we have a rule of the form X (k) % Y (k+3)Z(k—2), P(k)
in A and the automaton M is of the following form:

guess(c) Read X(i); i =c ? c=07

Notice that the counter is not tested before the input instruction. This is not
a restriction (see full paper [2]). We add a new state gy for Y and transitions
to M and obtain:

guess(c) Read X(i);i=c ? c=07
O -0 -0 () ceeeeee-

c:=c-5 Read Z(i);i=c 7
c:=c+2;P(c)?

qy

The transition going out of gy changes the counter value in such a way that
if Y is read with parameter k then Z is read with a parameter k — 5, where —5
is the difference between —2 and 3. Then, the transition restores the counter
value to the value before application of the rule by adding 2 and tests P(c). Now
consider instead a rule X (k) - X (k+1)Z(k —2) P’(k) in A. Following the
same principle as before we add a state for X and transitions. This will create a
loop:

guess(c) Read X(i); i =c ? c=07

c:=c-3;Read Y(i);i=c?;c:=c +2; P'(c) ?
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It is clear that in this way we only add a finite number of states and transi-
tions. A lot of cases have to be considered. The details of the proof can be found
in the full paper [2].

Remark 19. While the language of reachable states of any BPA(ZZ) can be de-
scribed by a Z-input 1-CM, the converse is not true. Some ZZ-input 1-CMs
describe languages that cannot be generated by any BPA(Z). Consider the lan-
guage

It is easy to construct a ZZ-input 1-CM for this language (it just ignores the
values of the j;). However, no BPA(Z) generates this language, since it cannot
guess the values of the arbitrarily many j; without losing the value for k, which
it needs again at the end.

The complexity of constructing a representation of Post™ must be at least as
high as the complexity of the reachability problem for BPA(ZZ). A special case
of the reachability problem is the problem if the empty state € is reachable from
the initial state.
e-REACHABILITY FOR BPA(ZZ)

Instance: A BPA(Z) A with initial state X (0).
Question: X (0) —* €7
It is clear that for BPA(Z) with Presburger constraints the complexity of
e-reachability is at least as high as that of Presburger-arithmetic. (Presburger-
k
22"

arithmetic is complete for the class (J, -, TA[ n] [10], and thus requires at
least doubly exponential time). Now we consider the restricted case of BPA(ZZ)
without Presburger constraints.

Theorem 20. The e-reachability problem for BPA(ZZ) without full Presburger
constraints, but with constants on the left sides of rules, is N'P-hard.

Proof. We reduce 3-SAT to e-reachability. Let @ := Q1 A ... A Q; be a boolean
formula in 3-CNF with j clauses over the variables z1, ..., z,. Let p; be the [-th
prime number. We encode an assignment of values to x1,...,x, in a natural

number z by Godel coding, i.e., x; is true iff x is divisible by p;. The set of rules
A is defined as follows:

X(k) — X(k+1)
X(k) — Qulk+1).Qa(k+1)....Q;(k+1)

Qi(k) — Xi(k) if 2; occurs in clause Q;.
Qi(k) — Xi(k) if z; occurs in clause Q;.
Xl(k) — Xl(k - pl)

X(0) ¢

Xi(k) = Xi(k —pi)

Xi(r) — e for every r € {1,...,p — 1}

As the [-th prime number is O(I-log ), the size of A is O(j +n?logn). It is easy
to see that X (0) —* e iff @ is satisfiable. O
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5 The Constructibility of Pre*

In this section we show that the Pre™ of a regular set of configurations (w.r.t.
a BPA(Z)) is effectively constructible. However, the Pre* of a set of configu-
rations described by a ZZ-input 1-CM is not constructible. It is not even rep-
resentable by a Z-input 1-CM in general. Regular sets are given by finite au-
tomata. We define that finite automata ignore all integer input and are only
affected by symbols. So, in the context of BPA(ZZ) we interpret the language
(ab)* as {a(k1)b(k]) ... a(kn)b(K)) | n € No, Vi.k;, ki € 7ZZ}.

2

Theorem 21. Let A be a BPA(ZL) and R a finite automaton. Then a Z-input
1-CM M can be effectively constructed s.t. M = Pre’,(R).
Proof. Every element in Pre’,(R) can be written in the form «X (k)y where
a —* ¢, X(k) —»* 0 and By € R. Thus there must exist a state r in R s.t.
there is a path from the initial state ry of R to r labeled 8 and a path from r
to a final state of R labeled 7. We consider all (finitely many) pairs (X, r)
where X € Const(A) and r € states(R). Let R, be the finite automaton that
is obtained from R by making r the only final state. We compute the set of
integers k for which there exists a 8 s.t. X (k) —* B and 8 € R,.. First we compute
the Z-input 1-CM Mx that describes Post™ (X (k)) as in Theorem 14. Then we
compute the product of Mx with R,, which is again a Z-input 1-CM. The set
of initial values k for which Mx x R, is nonempty is Presburger and effectively
computable. Let Px , be the corresponding unary Presburger predicate. Let R,
be the finite automaton that is obtained from R by making r the initial state.
We define Mx , to be the Z-input 1-CM that behaves as follows: First it accepts
X (k) iff Px (k) and then it behaves like R).. Let M. be the Z-input 1-CM that
accepts all sequences « s.t. a —* e. M, is effectively constructible, since for
every symbol YV the set of k for with Y (k) —* € is Presburger and effectively
constructible by Lemma 17. Then finally we get
M = M€ ’ UX,T‘ MXW
O

Now we consider the problem of the Pre* of a set of configurations described
by a Z-input 1-CM.
MEMBERSHIP IN Pre* OF Z-INPUT 1-CM
Instance: A BPA(Z) A, a Z-input 1-CM M and a state X (0)
Question: X (0) € Pre;y(M) ?

Theorem 22. Membership in Pre* of Z-input 1-CM is undecidable.

The proof is by reduction of the halting problem for Minsky 2-counter ma-
chines. It is given in the full paper [2]. Theorem 22 does not automatically imply
that the Pre* of a Z-input 1-CM (w.r.t. A) cannot be represented by a Z-input
1-CM. It leaves the possibility that this ZZ-input 1-CM is just not effectively
constructible. (Cases like this occur, e.g., the set of reachable states of a classic
lossy counter machine is semilinear, but not effectively constructible [9].) How-
ever, the following theorem (proved in the full paper [2]) shows that the Pre* of
a Z-input 1-CM is not a Z-input 1-CM in general.
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Theorem 23. Let A be a BPA(Z) and M a Z-input 1-CM. The set Pre’, (M)
cannot be represented by a Z-input 1-CM in general.

6 The Logic and its Applications

We define a logic called ISL (Integer Sequence Logic) that can be used to verify
properties of BPA(ZZ). It is interpreted over ISS (see Def. 3). We define a notion
of satisfaction of an ISL formula by a BPA(Z) and show that the verification
problem is decidable.

Let const denote the projection of ISS on sequences of constants ob-
tained by omitting the integers; formally const(X7(k1)Xa(ks)... Xpm(km)) =
X1X5...X,,. Then, the logic ISL is defined as follows:

Definition 24. ISL formulae have the following syntaz: F = (A1,..., A, P),
where Ay, ..., A, are finite automata over an alphabet of process constants,
and P is an (n — 1)-ary Presburger predicate. Formulae are interpreted over
sequences w of the form Xi(k1)Xa(k2) ... Xm(km), where the satisfaction rela-
tion is defined as follows:

w = F iff there exist words wy,...,w,, constants Y1,...,Y,_1 and inte-
gers ki, ... kn_1 s.t. w=w1Y1(k1)waYa(ke) ... wn-1Yn—1(kn—1)w, and

—Vie{l,...,n—1}. A; accepts const(w;)Y;.
— A, accepts const(wy,) and P(ki, ..., kn—1) is true.

The set of sequences which satisfy a formula F is given by [F] = {w|w | F}.

Intuitively, ISL formulae specify regular patterns (using automata) involv-
ing a finite number of integer values which are constrained by a Presburger
formula. We use ISL formulae to specify properties on the configurations of
the systems and not on their computation sequences, the typical use of speci-
fication logics in verification. For instance, when BPA(Z)’s are used to model
recursive programs with an integer parameter, a natural question that can be
asked is whether some procedure X can be called with some value k satisfying
a Presburger constraint P. This can be specified by asking whether there is a
reachable configuration corresponding to the pattern Const™ X (k)Const™, where
P(k) holds. Using ISL formulae, we can specify more complex questions such
as whether it is possible that the execution stack of the recursive program can
contain two consecutive copies of a procedure with the same calling parame-
ter. This corresponds to the pattern Const™ X (k1)(Const — {X})*X (kq) Const™,
where kl = kg.

The first result we show, is that we can characterize [F] by means of reversal
bounded counter automata. However, elements of [F] are sequences over an
infinite alphabet, since they may contain any integer. To characterize over a
finite alphabet an element w € [F] we can encode the integers in w in unary:
a positive (resp. negative) integer k; is replaced by k; (resp. —k;) occurrences
of a symbol p; (resp. n;). Hence, given a set L of ISS, let L denote the set of
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all sequences in L encoded in this way. We can characterize [F] with a reversal
bounded counter automaton.

Lemma 25. We can construct a reversal bounded counter automaton M over

a finite alphabet X such that [F] = L(M).

Proof. The reversal bounded counter machine M simulates sequentially the au-
tomata Aq, ..., A, in order to check if the input is of the correct regular pattern.
After reading w; (A; has to be in an accepting state), the machine reads a se-
quence of symbols p; or n; and stores their length in corresponding reversal
bounded counters. After the input has been completely read, the Presburger
formula can be tested by using a finite number of other reversal bounded coun-
ters. O

Now, we define a notion of satisfaction between BPA(Z)’s and ISL formulae.

Definition 26. Let (wg, A) be a BPA(7Z) with initial configuration wy and set of
rules A. Let F be an ISL-formula. We define that (wo, A) satisfies the formula F
iff it has a reachable configuration that satisfies F'. Formally

(wo,A) EF <= 3Jw € Post)(wy).w = F

To prove the decidability of the verification problem (wg, A) = F, for a given
BPA(ZZ) (wp, A) and a formula F' we need the following definition and a lemma.

Definition 27. Let L be a set of ISS. Then, L|y is the set of sequences w such
that there exists a sequence w' € L with k' > k integers such that w is obtained
from w' by removing k' — k integers and encoding the remaining integers in
unary.

Lemma 28. Let (wg, A) be a BPA(ZL) with initial configuration wy and set of
rules A. Then we can construct a PCA M such that L(M) = Post’ (wo)|.

Proof. First by Theorem 14 we construct a Z-input 1-CM M that accepts
Post’y (wp). We construct a PCA from M by (1) using the pushdown store to
encode the counter (2) choosing non-deterministically exactly k input values
which are compared to the counter. For these comparisons we need k additional
reversal bounded counters (to avoid losing the counter value). O

Theorem 29. Let (wg, A) be a BPA(7L) with initial configuration wy and set
of rules A and F = (Ay, ..., An, P) an ISL-formula. The problem (wg, A) E F
is decidable.

Proof. Clearly, we have Post*A(wo) N [[F]] £ () iff Pos?’;\(wo) [[/\]] # (), which
is also equivalent to Post* (w0)|n 1N [[F 1 # (7] since F' cannot constrain more

than n — 1 integers. Then we show that Post* (w0)|n 1N [[F]] # ) is decidable.
This follows from Lemma 28, Lemma 25, the fact that the intersection of a
CA language with a PCA language is a PCA language (Lemma 5.1 of [7]), and
Theorem 5.2 of [7] which states that the emptiness problem of PCA is decidable.

O
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Finally, we consider another interesting problem concerning the analysis of
BPA(Z)’s. When used to model recursive procedures, a natural question is to
know the set of all the possible values for which a given procedure can be called.
More generally, we are interested in knowing all the possible values of the vectors
(k1,...,kn) such that there is a reachable configuration which satisfies some
given ISL formula F = (Ay,..., Ant1, P). We show that this set is effectively
semilinear.

Theorem 30. Let (wg, A) be a BPA(Z) with initial configuration woy and set
of rules A, and let F' be an ISL formula. Then, the set

{(k1,..., kn) € Z"| 3w = w1 Y1(k1) ... w, Y5 (kp)wpt1 € Post’y (wo). w = F}
1s effectively semilinear.

Proof. As in the proof of Theorem 29, we can construct a PCA which recognizes

—

the language Posti(\woﬂn N [F]. Then, the result follows from the fact that the
Parikh image of a PCA language is semilinear (see Theorem 5.1 of [7]). O

7 Conclusion

We have shown that BPA(Z) is a more expressive and more realistic model
for recursive procedures than BPA. The price for this increased expressiveness
is that a stronger automata theoretic model (Z-input 1-CM) is needed to de-
scribe sets of configurations, while simple finite automata suffice for BPA. As
a consequence the set of predecessors is no longer effectively constructible for
BPA(ZZ) in general. However, the set of successors is still effectively constructible
in BPA(Z) and thus many verification problems are decidable for BPA(Z), e.g.,
model checking with ISL. Thus, BPA(Z) can be used for verification problems
like dataflow analysis, when BPA is not expressive enough. We expect that our
results can be generalized to more expressive models (e.g., pushdown automata
with an integer parameter), but some details of the constructions will become
more complex.
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Abstract. We investigate graph—driven free parity BDDs, which strictly
generalize the two well-known models parity OBDDs and graph—driven
free BDDs.

The first main result of this paper is a polynomial time algorithm that
minimizes the number of nodes in a graph—driven free parity BDD.
The second main result is an exponential lower bound on the size of
graph—driven free parity BDD for linear code functions.

1 Introduction

Branching Programs or Binary Decision Diagrams are a well established model
for Boolean functions with applications both in complexity theory and in the
theory of data structures for hardware design and verification.

In complexity theory branching programs are a model of sequential space
bounded computations. Upper and lower bounds on the branching program size
for explicitly defined functions are upper and lower bounds on the sequential
space complexity of these functions.

Data structures for Boolean functions have to allow succinct representations
of as many Boolean functions as possible. They have to admit algorithms for the
most important operations. Among others, these are minimization, synthesis
and equivalence test (for a survey see [15]). Even if a data structure is of more
theoretical rather than of practical interest, minimization and equivalence test
are of structural significance.

A (nondeterminstic) binary decision diagram (BDD) B on the Boolean vari-
ables {x1,...,x,} is a directed acyclic graph with the following properties. Let
N (B) be the set of nodes of B . There are two distinct nodes s and ¢ called the
source and the target node. The outdegree of the target and the indegree of the
source are both equal to zero. The source s is joined to each node of its succes-
sor set Succ (s) in B by an unlabeled directed edge. The nodes different from
the source and the target are called branching nodes. Each branching node v is
labeled with a Boolean variable var (u) € {z1,...,2,}, its successor set falls into

* Supported by DFG grant Wa766/4-1
** Supported in part by DFG grant Wa766/4-1

J. Sgall, A. Pultr, and P. Kolman (Eds.): MFCS 2001, LNCS 2136, pp. 212-223, 2001.
© Springer-Verlag Berlin Heidelberg 2001



Graph—Driven Free Parity BDDs: Algorithms and Lower Bounds 213

two subsets Succy (u) and Sucey (u), where, for b € {0, 1}, the node w is joined to
each v € Succy, (u) by a directed edge labeled with b. For b € {0,1}, an element
of Succy (u) is called a b-successor of the node u. Moreover, we assume B to
be weakly connected in the following sense. For each branching node u, there is
a directed path from the source via this node to the target. The size of a BDD
B, denoted by SIZE (B), is the number of its nodes. A branching node u of a
BDD is called deterministic, if Succy, (u) < 1, for all b € {0,1}. The source s is
called deterministic, if #Succ (s) < 1. The BDD B as a whole is defined to be
deterministic, if the source and all branching nodes are deterministic.

Let B,, denote the set of all Boolean functions of n variables. (If we wish to
indicate the set of variables on which the functions depend, we write, for example,
B(x1,...,x,) or B(xa, x4, x6,...,22.,) instead of B,,.) We regard B,, as an Fo—
algebra, where Fy is the prime field of characteristic 2. The product fAg or fg of
two functions f, g € B,, is defined by componentwise conjunction. Their sum f®g
corresponds to the componentwise exclusive—or. (In line with this notation, “®”
is also used for the symmetric difference of sets.) There are several ways to let a
BDD B on the set of Boolean variables {x1, ..., x,} represent a Boolean function
f € B,,. Throughout this paper we make use of the parity acceptance mode. For
each node u of the diagram B, we inductively define its resulting function Res,.
The resulting function of the target equals the all-one function. For a branching
node u labeled with the variable z, Res, = (z ® 1) A D, cguceo(u) RESv © T A
@UGSHCCI(H) Res,. If s is the source, then Res, := @’UGSUCC(S) Res,. The function
Res(B) : F§ — Fy represented by the whole diagram is defined to be Resg. Let us
denote a BDD equipped with the parity acceptance mode as parity BDD. (From
now on we speak about a BDD, only if it is deterministic.)

The variants of decision diagrams tractable in the theory of data structures
of Boolean functions as well as in complexity theory restrict the number and
the kind of read accesses to the input variables. A very popular model is the
following one. A (parity) BDD is defined to be a free (parity) BDD, if each
variable is tested on each path from the source at most once.

Ordered binary decision diagrams (OBDDs), introduced by Bryant (1986),
are the state—of—the—art data structure for Boolean functions in the logical syn-
thesis process, for verification and test pattern generation, and as a part of CAD
tools. They are free BDDs with the following additional property. There is a
permutation o, a so—called variable ordering, of the set {1,2,...,n} such that if
node v labeled with x,;) is a successor of node u labeled with x,;), then 7 > j.
Perhaps the most important fact about OBDDs for theory is that a size-minimal
OBDD for a function f and a fixed variable ordering o is uniquely determined.
It can be efficiently computed by Bryant’s minimization algorithm. But many
even simple functions have exponential OBDD-size (see [2], [1]). For this reason
models less restrictive than OBDDs are studied.

First we mention parity OBDDs. They are defined to be free parity BDDs
subject to variable orderings in the above sense. Introduced by Gergov and
Meinel in [7], they have been intensively studied in [14].
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Second free BDDs without any further restriction are considered as a data
structure. The problem was to find a counterpart to the variable ordering of
OBDDs. It was independently solved by Gergov and Meinel in [6], and by Sieling
and Wegener in [12]. Roughly speaking, the characteristic feature of a free BDD
in contrast to OBDDs is that we may use different variable orderings for different
inputs.

Definition 1. A graph ordering By on the set of Boolean variables {1, ..., zy}
is a deterministic free BDD which is complete in the following sense. The source
s has ezactly one successor succ (s), each branching node u has exactly one 1-
successor and exactly one O—successor, and on each path from the source to the
target there is for each variable x; exactly one node labeled with ;.

The relation between a graph ordering and a free BDD guided by it is given
in Definition 2. Informally spoken, depending on the Boolean variables tested so
far and the corresponding input bits retrieved, the graph ordering predicts the
next variable to be tested. For later use in this paper, we let not only free BDDs
but also free parity BDDs be guided in that way.

Definition 2. Let By be a graph ordering on {x1,...,x,}. A free parity BDD B
1s defined to be an oracle—driven free parity BDD guided by By if the following
condition is satisfied. Let, for any input b € {0,1}", w) be the path in By and
my be an arbitrarily chosen path in B under the input b. If x; is tested before x;
when traversing m,, then this is true when traversing wy, too.

Note, that OBDDs and parity OBDDs can be regarded as guided by graph
orderings, the so—called line orderings.

Gergov and Meinel, and Sieling and Wegener were able to show, that oracle—
driven free BDDs efficiently support most of the OBDD—operations.

A drawback of oracle—driven free BDDs is, that they do not have "levels”
defined by the nodes of the guiding graph ordering such as OBDDs and parity
OBDDs have. To enforce the existence of levels in the case of free BDDs, Siel-
ing and Wegener [12] introduced what they called well-structured graph—driven
FBDDs. Extending this notion in Definition 3 to the case of free parity BDDs,
we get the structure on which this paper is mainly focused.

Definition 3. An oracle—driven free parity BDD B guided by By is defined to
be graph—driven, if there is an additional level function level : N'(B) — N (By)
with the following properties.

— level (s) = s, level (t) = ¢;

— For each branching node u € N'(B), level (u) is a branching node of By that
is labeled with the same Boolean variable as u: var (u) = var (level(u)).

— For b € {0,1}", let 7 be the path in By and let m, be an arbitrarily chosen
path in B under the input b. For each node v, if v is contained in vy, then

level (v) is contained in .

Let B be a graph—driven free parity BDD guided by By, then the set of nodes
of B is partitioned into levels as follows. For each node w of By, we define the
level Ny of B associated with the node w to be the set {u € N (B) | level (u) = w}.
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Note, that graph—driven free parity BDDs have a strictly larger descriptive
power than both oracle-driven free BDDs and parity OBDDs. This follows from
results due to Sieling. He has proved in [13], that there is an explicitely defined
function that has polynomial size parity OBDDs but exponential size free BDDs,
whereas another function has polynomial size free BDDs but exponential size
parity OBDDs.

The results of this paper can be summarized as follows. An algebraic char-
acterization (see Theorem 7) of the graph—driven free parity BDD complexity
serves as basis both for lower and for upper bounds.

Having derived a lower bound criterion (see Corollary 9), we are able to
prove exponential lower bounds on the size of graph—driven and of oracle-driven
free parity BDDs for linear code functions. This extends an analogous result for
parity OBDDs due to Jukna (see [9]).

Moreover, we establish deterministic polynomial time algorithms for solving
the minimization problem for the number of nodes (see Theorem 14), and the
equivalence test problem (see Corollary 15).

2 Algebraic Characterization and Lower Bounds

Throughout this section let us fix a graph—driven free parity BDD B on the set
of Boolean variables {1, ...,2,} guided by a graph ordering B, that represents
a Boolean function f € B,.

Our first problem is to determine which nodes of B can be joined together
by a directed edge without violating Definition 3. The following lemma gives the
answer. The proof is omitted.

Lemma 4. Let u be any node of B joined to a node v by a directed edge.

If node u is a branching node and the edge is labeled with b € {0,1}, then all
paths in the graph ordering By from level (u)’s b—successors to the target node t
pass through node level (v).

If node u is the source of B, then all paths in the graph ordering By from the
source s to the target node t pass through node level (v).

Lemma 4 provides us with the opportunity to define the level tree T (By) of a
graph ordering By. To this end, we call a node w” of By to be an ascendant of a
branching node w’, iff any path from w’ to the target node passes through node
w”. (Thus each node is an ascendant of itself.) The node w” is defined to be an
immediate ascendant of node w’, iff w” is distinct from w’, w” is an ascendant
of w’, and any ascendant of w’ distinct from w’ is ascendant of w”, too. Obvi-
ously, for each branching node of By there is a uniquely determined immediate
ascendent. The set of nodes of the level tree T (By) is N(By) \ {s}. Node w" is
joined to node w’ by a directed edge, iff w” is the immediate ascendant of w’.
The root of 7 (By) is the target node ¢ of By. The successor of By’s source s is
one leaf of 7 (By).
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It is the aim of this section to characterize the number of nodes of a size—
minimal graph—driven free parity BDD in terms of invariants of the level tree
T (Bp) and the function f. For describing what we want, we need a little more
notation.

We define the stalk of the function f at a node w of the level tree 7 (By),
denoted by B, (f), to be the following vector space. If S,,(f) is the set of all
subfunctions f|, of f, where 7 is a path from the source s to the node w in By,
then B, (f) is spanned by the union of all sets S, (f), where w’ ranges over all
ascendants of w in 7 (By). Note that if w” is an ascendant of w’, then the stalk
at w” is a subspace of the stalk at w’. The family {B,,(f)|w € T (Bo)} is called
the sheaf of the function f on the level tree T (By).

Analogously we define the sheaf of the free parity BDD B on the level tree
T (By). For any node w of the level tree, the stalk B,,(B) of B at the node w is
the defined to be the vector space spanned by all functions Res,,, where level(u)
is an ascendant of w.

The next lemma is a direct consequence of the usual path argument.

Lemma 5. The sheaf of f is a subsheaf of the sheaf of B, i.e. B,,(f) C By (B),
for all nodes w of the level tree T (By).

Lemma 6. Let w’ be any branching node of the level tree T (By), and let w"” be
its immediate ascendant. Then #N (B) > dimy, By (f) — dimp, By (f).

Proof. By Lemma 5 we have a canonical linear mapping

¢ : Bu (f) = B (B)/Buwr (B)
g—g mod B, (B)

Since #N, (B) > dim By, (B) /By~ (B), it suffices to show that ker ¢ = B, (f).
The inclusion ker ¢ D B, (f) is an immediate consequence of Lemma 5. Let

g € ker ¢. Then g € B,,»(B). Consequently, g does not essentially depend on any

variable tested on any path from w’ to w” in By. It follows that g € By (f).

We are able to formulate and prove Theorem 7 that will prove useful both
in designing algorithms and in proving lower bounds.

Theorem 7. Let B be a size-minimal graph—driven free parity BDD on
{x1,..., 2} guided by By representing f € B,,. Let w’ be any branching node of
T (Bo), and let w"” its immediate ascendant. Then

#Nw/ (B) = dim]F2 Bw/(f) - dim]F2 Bw//(f).

Proof. By Lemma 6, it suffices to construct a graph—driven free parity BDD 5’
guided by By representing f such that the asserted equations hold.

First, let us turn to the set of nodes of B’. We define N(B’) to be the source
s of B', Ni(B’) to be the all-one function, which plays the role of the target
node of B’, and N, (B’) to be a set of representatives of a basis of the space
By (f)/Bu(f), where @ is the immediate ascendant of w.
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Second, we have to inductively create edges in such a way that B’ represents
the Boolean function f. We do that in a bottom—up manner, such that for any
node w of the graph ordering By, and any h € N,,(B’), we have Res, = h. To
this end, we fix a topological ordering of the nodes of By with the least node
being the target.

The claim is true for w = t. For the induction step, we assume that w # t,
var (w) = @y, for some [, and h € N, (B'). For b € {0, 1}, let wy, be the b—successor
of the node w in the graph ordering By. For b = 0,1, we conclude by Lemma 4
hle,=b € By, (f). By induction hypothesis, the functions hl,,—¢ and h|; =1 have
unique representations as sums of resulting functions of nodes defined so far. We
have to "hardwire” these representations in the decision diagram. For b = 0,1,
the node h is joined to any other node h’ by a directed edge labeled b if and only
if ' occurs in the sum that represents h|y,—p.

Theorem 7 implicitely contains a lower bound technique. We see that it does
not suffice to estimate from below the sum of dimensions of the stalks at a fixed
depth level. But if we are able to detect large subspaces of these stalks that have
pairwise trivial intersections, we are done.

Taking pattern from [3], we define the following notion.

Definition 8. A function f € B, is called linearly k—mixed, for k < n, if
for all subsets V. C {x1,...,2,} such that |V| = k and all variables x; ¢ V
the 2% assignments of constants to the variables x; € V lead to a sequence of
subfunctions that is linearly independent modulo the vector space of all functions
not depending on xj.

Corollary 9 (Lower Bound Criterion). If [ is linearly k—-mized, then any
graph—driven free parity BDD representing f has size bounded below by 2F.

Proof. Let By be any graph ordering on the set of Boolean variables {z1,...,z,},
let w be any branching node of By at depth level k+1, and let w’ be the immediate
ascendant of w in 7 (Bp). Assume without loss of generality that the node w is
labeled with x;41 and that the set of variables tested on any path to w equals
{x1,..., 2 }. I IT,, is the set of all paths that lead in By to w, then by Theorem 7
its suffices to show that dimg, (B (f)/Bw (f)) > |I1y|. Indeed, for each linear
combination Ewenw baflre € B (f) C B(xgta,-..,x,) it follows that b, = 0,
for m € I, since f is linearly k—mixed.

We use Corollary 9 to prove exponential lower bounds on the size of graph—
driven free parity BDDs for characteristic functions of linear codes.

A linear code C' is a linear subspace of Fy. We consider the characteristic
function fo : F3 — {0,1} defined by fc(a) =1 <= a € C. The Hamming
distance of two code words a, b € C is defined to be the number of 1’s of a®b. The
manimal distance of a code C' is the minimal Hamming distance of two distinct
elements of C. The dual C* is the set of all vectors b such that b7a = 0, for all
elements a € C. (Here bTa = biay @ ... P byay, is the standard inner product
with respect to Fa.) A set D C F% is defined to be k-universal, if for any subset
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of k indicese I C {1,...,n} the projection onto these coordinates restricted to
the set D gives the whole space F5.
The next lemma is well-known. See [9] for a proof.

Lemma 10. If C is a code of minimal distance k + 1, then its dual C+ is k-
universal.

We shall prove a general lower bound on the size of graph—drive free parity
BDDs representing fc.

Theorem 11. Let C C F¥ be a linear code of minimal distance d whose dual C+
has minimal distance d*-. Then any graph—driven free parity BDD represent-
ing fc has size greater than or equal to gmin{d,d*}—2,

Proof. Let k = min{d,d*} — 2. By Corollary 9 is suffices to show that the
function f¢ is linearly k—mixed. Without loss of generality, we assume the set V'
of Definition 8 to be {x1, ...,z } and the additional variable to be xp41. Let A =
{aq,...asx} be the set of all assignments of constants to the variables 1, ..., x.
We have to show that the sequence

fC(aluxk-‘rlaxk-i-?u' "7xn)7" '7fC(a’2k7:Ek+luxk+27" .,(En)

is linearly independent modB(zxy2,. .., Ty).

Since the distance d* of the dual code C* is greater than k, by Lemma 10 C
is k—universal. Consequently, there are assignments b1, ..., box to the variables
Tkt1, Tht2s - - -5 Ty such that

folai,bi) =1, fori=1,... 2~

Since the distance of the code C' is greater than or equal to k + 2, for b; being
obtained from b; by skipping the assignment of variable x;1, we have

fC(aile)j) :Ov fOI' Zv.] = 15"'72k;
felaiby) =0, fori,j=1,...,2" i #j.

For the sake of deriving a contradiction, let as assume, that there is a
nonempty subset I C {1,...,2*} such that

@fc(aiuxk-i-laxk-‘r?u e ,(En) =49,
il
where the Boolean function g does not essentially depend on the variable zj4 1.

Let us fix an index j € I. Then g(b;) = 1, and consequently g(b;) = 1. The

latter equation implies, that there is an index j’ € I, such that fo(aj,b;) = 1.
Contradiction.

In order to proof an explicit lower bound, recall that the r—th order binary
Reed Muller code R(r,1) of length n = 2! is the set of graphs of all polynomials
in [ variables over Fy of degree at most r. The code R(r,l) is linear and has
minimal distance 2!=". It is known that the dual of R(r,l) is R(l —r — 1,1)
(see [10]).
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Corollary 12. Let n = 2! and r = |1/2|. Then every graph—driven free parity
BDD representing the characteristic function of R(r,l) has size bounded below

by 222(vn),

Proof. Taking the notation of Theorem 11, we have d = 2!=" = 2 (/n) and d*+ =
2"+t = 2 (y/n). The claim follows.

Corollary 13. Let n = 2! and v = |1/2]|. Then any oracle-driven free parity
BDD guided by By representing the characteristic function of R(r,l) has size

bounded below by 2°(V7) /SIZE (By).

Proof. By means of the well-known product construction from automata theory,

we can easily prove the following. Let B be an oracle—driven free parity BDD

guided by By. Then there is an graph—driven free parity BDD guided by By of

size O (SIZE (By) - SIZE (B)) that represents the same Boolean function as B.
Now the claim follows from Corollary 12.

3 Minimizing the Number of Nodes

Let us define a feasible exponent w of matriz multiplication over a field k to be a
real number such that multiplication of two square matrices of order h may be
algorithmically achieved with O (h*) arithmetical operations. It is well-known
that matrix multiplication plays a key role in numerical linear algebra. Thus the
following problems all have “exponent” w: matrix inversion, L-R-decomposition,
evaluation of the determinant. Up to now, the best known w is 2.376 (see Cop-
persmith and Winograd (1990)).
It is the aim of this section to prove the following theorem.

Theorem 14. Let w be any feasible exponent of matrix multiplication. Let By be
a fized graph ordering on the set of Boolean variables {x1,...,x,}. Then there
18 an algorithm that computes taking a graph—driven free parity BDD B guided
by By as input a size-minimal one representing the same Boolean function as B

in time O (SIZE (Bo) - SIZE (B)*) and space O (SIZE (Bo) + SIZE (3)2).

Proof. Let f(z1,...,2,) be the Boolean function represented by the input BDD
B. The algorithm that proves the theorem falls into two phases. The first phase,
which we call the linear reduction phase insures that the functions represented by
nodes of B are linearly independent. We use a bottom—up approach here, where
we refer to the direction of the graph ordering By. The second phase, called the
semantic reduction phase, transforms the input B in a top—down manner such
that afterwards all stalks of B are subspaces of the corresponding stalks of the
function f. Having performed these two phases, the BDD B thus modified is
size-minimal by Theorem 7.

We internally represent B as two SIZE (B) x SIZE (B)-adjacency matri-
ces A and AM over Fy, where the columns of A®) represent the b-successor
sets of B ’s branching nodes, and a column vector R over Fy of length SIZE (B)
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that represents the successor set of the source s. (These representations have to
be updated again and again.) In line with that, all auxiliary subsets of non—source
nodes are represented as Fa—column vectors of length SIZE (B). For the sake of
simplifying notations, we identify the nodes of B with the functions represented,
the nodes of By with the levels indexed.

We describe the linear reduction phase of the algorithm. Assume that we are
about to linearly reduce the level w, where all levels that can be reached from w
in By by a nontrivial directed path have already been linearly reduced. (More
precisely, we are going to reduce the stalk of B at w, not only the level w.) Let x
be the Boolean variable with which w is labeled, for b € {0, 1}, let wj, be the b—
successor of w in By, and let w’ be the immediate ascendant of w € 7 (By). In
order to perform the linear reduction, we use the following two facts.

Fact 1. By Shannon’s decomposition we have the following embedding of the
stalk of B at w.

By, (B) — Bu, (B) % By, (B)

v = (V]z=0,V|z=1)

Fact 2. The intersection of the stalk at wy and the stalk at w, equals the
stalk at w’, the immediate ascendant of w.

Let uy,...,u, be the nodes that span the stalk at w’, let w,41,...,uuq, be
the nodes of level w, and let o7, ..., v and vi,..., v, be the nodes that span
the stalks at wq and wy, respectively. Moreover, let (.,.) denote the inner product
in both stalks By, (B) and B, (B) defined by (v}, v?) = &;;, for i, j = 1,...,w,
and b =0, 1.

The first step is to set up the matrix M = (M;;), where i = 1,...,19 + 11,
j=1...,p+p Fori=1,...,v0,7=1,...,u+ 1/, define M;; := <v?,uj|z:0>,
and for i = 1,..., 11, define My, ; := (v}, uj]y—1). The columns M.y, ..., M.,
represent the canonical basis of the stalk at w’, the columns M., 1, ..., M40
the nodes of level w.

The second step is to find out which of the nodes of level w are superfluous. To
this end, we select columns M., ;, j € J, such that the columns M.{,..., M.,
M.+, 7 € J, form a basis of the space spanned by all columns of M. We then
represent the columns not selected in terms of those selected. We assume the

result of the second step to be presented as follows.

n
Mo =Y axMy+ Y apj My, for 1 ¢ J,
k=1 jeJ

U1 ={uj|aj =1}, for i ¢ J.

The third step is to hardwire the results of the second step in the decision
diagram B. The problem is, to do so within the desired time bound. Having
set up the matrix E resulting from the SIZE (B) x SIZE (B)-identity matrix by
replacing the columns associated with w4, for [ € J, by the columns U, 4, we
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execute the following three instructions.
A®) — B A® for b=0,1,
R—FE-R.

The first and the second one update the branching nodes of B, the third one the
source of B. Afterwards the nodes u,;, for I ¢ J, have indegree zero.

In the last step we remove all nodes no longer reachable from a source. This
can be done by a depth-first—search traversal.

Now we describe the semantic reduction phase of the algorithm. It suffices
to consider the case, that B has a nonempty level different from s and ¢. By
Theorem 7 the BDD B has then a uniquely determined nonempty top level w;,,
characterized as follows. The level wy,), is joined to any other nonempty level by
a directed path in By. Moreover, w,p, is an ascendant of the unique successor of
Boy’s source.

As in the case of the linear reduction phase, we assume that we are on the
point of semantically reducing level w, where all levels that precede w in a
topological ordering of the nodes of By have already been reduced.

Case 1. The level w is equal to wiop. We have to transform w in such a
way that it contains afterwards a single node only. Let vy, ..., v, be the node
of level w. We merge these nodes in such a way together that for the resulting
node u holds: u = @ﬁ;l v;. For b = 0, 1, the b—successor set of node u is computed
by executing the matrix operation V(*) « A®. A + L, where M = {v1,...,v,}
and L is the set of the other nodes of of level w.

Case 2. The level w is not equal to wyep. In the first step of this case for
each node u of B and each Boolean constant b such that there is an b-edge
leading from w to a node of level w we do the following. We partition the b—
successors of u into the three sets O%, M?, and L, where M? contains all nodes
belonging to level w, L% contains all nodes belonging to levels that are proper
ascendants of w, and O is the remaining set. (By induction hypothesis we have
already semantically reduced the levels to which the nodes of O belong.) Having
created a new node v(u, b) of level N, (B), we remove all b-edges from u to nodes

of Misb) ULS’)7 and join u to v(u, b) by a directed b—edge. In order to compute the
edges outgoing from v(u,b) in such a way that v(u,b) = @verf’)uLSf) v holds,
we set up the matrices M and L whose columns we have just created. Then we
compute for each node v(u, b) its successor sets Succg (v(u, b)) and Succy (v(u, b))
by means of the matrix operations

VO — A® N 4+ L forb=0,1.

b

u?

(Because of the induction hypothesis on the sets O,,, we are sure that v(u,b) €
B, (f), for all w and b under consideration.)

In the second step we remove all nodes of B that are no longer reachable from
the source.

The new nodes of level w are not necessarily linearly independent from each
other and from other nodes of the the stalk of B at w. In the last step we linearly

reduce the stalk of B at w in the same way as in the first phase.
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The runtime of the algorithm is dominated by the O (n) multiplications of
SIZE (B) x SIZE (B)-matrices. The space demand is obvious.

Let B’ and B” be two graph—driven free parity BDDs on {1, ..., x,} guided
by By. First, using standard techniques, for example the well-known “product
construction”, and taking pattern from [12], one can easily perform the Boolean
synthesis operations in time O (SIZE (By) - (SIZE (B’) - SIZE (B"))%). Second, we
have the following.

Corollary 15. It can be decided in time O (SIZE (By)-(SIZE (B')+SIZE (B"))%)

whether or not B’ and B” represent the same function.

4 Open Problems

Problem 1. In contrast to the deterministic case, not all free parity BDDs are
oracle—driven or even graph—driven ones.

Seperate the descriptive power of free parity BDDs from that of graph—driven
free parity BDDs.

Problem 2. In [11] exponential lower bounds for pointer functions on the
size of (@, k)-branching programs are proved. (A (@, k)-branching program is
a free parity BDD with the source being the only nondeterministic node. The
parameter k denotes the fan—out of the source.)

Prove that the linear code function of Corollary 12 cannot be represented
by an expression @le fi, where the functions f; have graph—driven free parity
BDDs (guided by distinct graph orderings) of polynomial size.

Problem 3. Bollig proved in [1] a 22(*/1°8™) Jower bound on the size of oracle—
driven free parity BDDs guided by a tree ordering for the middle bit of the
integer multiplication. (A graph ordering By on {z1,...,2,} is defined to be
a tree ordering, if By becomes a tree of size n®®) by eliminating the sink and
replacing multiedges between nodes by simple edges. By means of Bollig’s lower
bound arguments it is possible to show that graph—driven free parity BDDs are
more powerful than tree—driven ones.)

Extend Bollig’s result to graph—driven free parity BDDs.
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Computable Versions of Baire’s Category
Theorem
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Abstract. We study different computable versions of Baire’s Category
Theorem in computable analysis. Similarly, as in constructive analysis,
different logical forms of this theorem lead to different computational in-
terpretations. We demonstrate that, analogously to the classical theorem,
one of the computable versions of the theorem can be used to construct
interesting counterexamples, such as a computable but nowhere differ-
entiable function.

Keywords: computable analysis, functional analysis.

1 Introduction

Baire’s Category Theorem states that a complete metric space X cannot be
decomposed into a countable union of nowhere dense closed subsets A,, (cf. [7]).
Classically, we can bring this statement into the following two equivalent logical
forms:

1. For all sequences (A, )nen of closed and nowhere dense subsets A4, C X,
there exists some point z € X \ Uy~ An,

2. for all sequences (A, )nen of closed subsets A, C X with X = UZO:o Ay,
there exists some k € N such that A, is somewhere dense.

Both logical forms of the classical theorem have interesting applications.
While the first version is often used to ensure the existence of certain types
of counterexamples, the second version is for instance used to prove some im-
portant theorems in functional analysis, like the Open Mapping Theorem and
the Closed Graph Theorem [7]. However, from the computational point of view
the content of both logical forms of the theorem is different. This has already
been observed in constructive analysis, where a discussion of the theorem can
be found in [6].

We will study the theorem from the point of view of computable analysis,
which is the Turing machine based theory of computable real number functions,
as it has been developed by Pour-El and Richards [11], Ko [8], Weihrauch [13]
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and others. This line of research is based on classical logic and computability is
just considered as another property of classical numbers, functions and sets. In
this spirit one version of the Baire Category Theorem has already been proved
by Yasugi, Mori and Tsujii [14].

In the representation based approach to computable analysis, which has been
developed by Weihrauch and others [13] under the name “Type-2 theory of effec-
tivity”, the computational meaning of the Baire Category Theorem can be anal-
ysed very easily. Depending on how the sequence (A;,),¢n is represented, i.e. how
it is “given”, we can compute an appropriate point x in case of the first version
or compute a suitable index k in case of the second version. Roughly speak-
ing, the second logical version requires stronger information on the sequence of
sets than the first version. Unfortunately, this makes the second version of the
theorem less applicable than its classical counterpart, since this strong type of
information on the sequence (A, )nen is rarely available.

We close this introduction with a short survey on the organisation of the
paper. In the next section we briefly summarize some basic definitions from
computable analysis which will be used to formulate and prove our results. In
Section 3 we discuss the first version of the computable Baire Category Theo-
rem followed by an example of its application in Section 4, where we construct
computable but nowhere differentiable functions. Finally, in Section 5 we discuss
the second version of the theorem.

Further applications of the first version of the computable Baire Category
Theorem can be found in [3].

2 Preliminaries from Computable Analysis

In this section we briefly summarize some notions from computable analysis. For
details the interested reader is refered to [13]. The basic idea of the representation
based approach to computable analysis is to represent infinite objects like real
numbers, functions or sets, by infinite strings over some alphabet X (which
should at least contain the symbols 0 and 1). Thus, a representation of a set X
is a surjective mapping ¢ :C X* — X and in this situation we will call (X, ) a
represented space. Here the inclusion symbol is used to indicate that the mapping
might be partial. If we have two represented spaces (X,d) and (Y,¢’) and a
function f :C X — Y, then f is called (6,0")—computable, if there exits some
computable function F' :C X¥ — X“ such that ¢'F(p) = fd(p) for all p €
dom( f¢). Of course, we have to define computability of sequence functions F' :C
¥ — XYY to make this definition complete, but this can be done via Turing
machines: F' is computable if there exists some Turing machine, which computes
infinitely long and transforms each sequence p, written on the input tape, into
the corresponding sequence F'(p), written on the one-way output tape. Later on,
we will also need computable multi-valued operations f :C X = Y, which are
defined analogously to computable functions by substituting ¢’ F(p) € fé(p) for
the equation above. If the represented spaces are fixed or clear from the context,
then we will simply call a function or operation f computable. A computable
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sequence is a computable function f : N — X, where we assume that N is
represented by dy(1"0%) := n and a point & € X is called computable, if there is
a constant computable function with value z.

Given two represented spaces (X,d) and (Y,4’), there is a canonical rep-
resentation [0,d’] of X x Y and a representation [§ — ¢’] of certain func-
tions f : X — Y. If §,0' are admissible representations of Ty-spaces with
countable bases (cf. [13]), then [§ — ¢’] is actually a representation of the set
C(X,Y) of continuous functions f: X — Y. If Y = R, then we write for short
C(X) := C(X,R). The function space representation can be characterized by
the fact that it admits evaluation and type conversion. Evaluation means that
CX,)Y)x X =Y, (f,z) — f(x)is ([[0 — ¢], 0], )—computable. Type conver-
sion means that for any represented space (Z,4¢") a function f : Z — C(X,Y) is
(8”,[0 — &'])—computable, if and only if the associated function f: Zx X — Y,
defined by f(z,z) := f(2)(x), is ([§”, ], ') ~computable. Moreover, the [§ — §']
computable points are just the (§, 6’)—computable functions. Given a represented
space (X, ), we will also use the representation §" := [§y — d] of the set of se-
quences X. Finally, we will call a subset A C X §-r.e., if there exists some
Turing machine that recognizes A in the following sense: whenever an input
p € X¥ with §(p) € A is given to the machine, the machine stops after finitely
many steps, for all other p € dom(d) it computes forever.

Many interesting representations can be derived from computable metric
spaces and we will also use them to formulate the computable versions of the
Baire Category Theorem.

Definition 1 (Computable metric space). A tuple (X,d, «) is called com-
putable metric space, if

1. d: X x X — R is a metric on X,
2. a: N — X is a sequence which is dense in X,
3. do(a x a): N2 — R is a computable (double) sequence in R.

Here, we tacitly assume that the reader is familiar with the notion of a com-
putable sequence of reals, but we will come back to that point below. Obviously,
a computable metric space is especially separable. Given a computable metric
space (X,d,a), its Cauchy representation §x :C X — X can be defined by

0x(01™°01™01™2...) := lim «(n;)
1— 00
for all n; such that d(a(n;), a(n;)) < 27 for all j > i (and undefined for all other
input sequences). In the following we tacitly assume that computable metric
spaces are represented by their Cauchy representation. If X is a computable
metric space, then it is easy to see that d : X x X — R becomes computable.
An important computable metric space is (R, d, ag) with the Euclidean metric
d(x,y) = |z — y| and some standard numbering of the rational numbers, as
ag(i, j. k) == (i — j)/(k + 1). Here, (i,7) := 1/2(: + j)(i + j + 1) + j denotes
Cantor pairs and this definition is extended inductively to finite tuples. For
short we will occasionally write k := ag(k). In the following we assume that R is
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endowed with the Cauchy representation dg induced by the computable metric
space given above. This representation of R can also be defined, if (R,d, ag)
just fulfills 1. and 2. of the definition above and this leads to a definition of
computable real number sequences without circularity.

Other important representations cannot be deduced from computable metric
spaces. Especially, we will use representations of the hyperspace of closed subsets
A(X) == {A C X : A closed} of a metric space X, which will be defined
in the following sections. For a more comprehensive discussion of hyperspace
representations, see [4]. Here, we just mention that we will denote the open
balls of (X,d) by B(z,e) = {y € X :d(z,y) < e} forall z € X, ¢ >0

and correspondingly the closed balls by B(z,e) := {y € X : d(z,y) < e}.
Occasionally, we denote complements of sets A C X by A¢:= X \ A.

3 First Computable Baire Category Theorem

For this section let (X, d, «) be some fixed complete computable metric space,
and let A := A(X) be the set of closed subsets. We can easily define a represen-
tation 67 of A by

5;(Ol(no,ko)()l(nhkl)01(n2,k2>m) =X\ U B(a(ni), k).

We write A to indicate that we use the represented space (A, d7). The com-
putable points A € A- are the so-called co-r.e. closed subsets of X. From results
in [4] it directly follows that preimages of {0} of computable functions are com-
putable in As. We formulate the result a bit more general.

Lemma 2. The operation C(X) — A, f — f~1{0} is computable and admits
a computable right inverse.

Using this fact we can immediately conclude that the union operation is
computable on A .

Proposition 3. The operation As x As — A, (A, B) — AUB is computable.

Proof. Using evaluation and type conversion w.r.t. [0x — OJg], it is straight-
forward to show that C(X) x C(X) — C(X),(f,g) — f - g is computable, but
if f71{0} = A and ¢g7'{0} = B, then (f - g)"'{0} = AU B. Thus the desired
result follows from the previous Lemma 2. O

Since computable functions have the property that they map computable
points to computable points, we can deduce that the class of co-r.e. closed sets
is closed under intersection.

Corollary 4. If A, B C X are co-r.e. closed, then AU B 1is co-r.e. closed too.

Moreover, it is obvious that we can compute complements of open balls in
the following sense.
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Proposition 5. (X \ B(a(n),k)) is a computable sequence in As.

(n,k)EN
Using these both observations, we can prove the following first version of the
computable Baire Category Theorem just by transferring the classical proof.

Theorem 6 (First computable Baire Category Theorem). There exists
a computable operation A :C .Ali = XN with the following property: for any se-
quence (Ap)nen of closed nowhere dense subsets of X, there exists some sequence
(Zn)nen € A(An)nen and all such sequences (xyn)nen are dense in X \|J,~ o An.

Proof. Let us fix some n = (ni,n2) € N. We construct sequences (Zp k)keN
in X and (7 x)ren in Q as follows: let 2, y,y.0 1= @(N1), T(nyno),0 = 2772,
Given 7, ; and z,; we can effectively find some point z, ;41 € range(a) C X
and a rational €, ;41 with 0 < &, ;41 < 1y, ; such that

B(Zn,it1,€n,i+1) C (X \ Ai) N B(@n,i,7nyi) = (A UX \ B(n,i,Tnyi))C

One the one hand, such a point and radius have to exist since A; is nowhere dense
and on the other hand, we can effectively find them, given a 5jN7name of the
sequence (A, )nen and using Propositions 3 and 5. Now let 7y, ;41 1= €5,i41/2.
Altogether, we obtain a sequence of closed balls

B(Tnit1,Tni+1) € B(®pniyrni) C ... € B(Tp0,7n0)

with 7, ; < 2% and thus z,, = lim; Zp,; exists since X is complete and the
sequence (. ;)ien is even rapidly converging. Finally, the sequence (2, )nen is
dense in X\ J,;~ An, since for any pair (n1, n2) we obtain by definition z,,, ,,) €
B(a(ny),27™2). Altogether, the construction shows how a Turing machine can
transform each 5iN7name of a sequence (A, )nen into a dx—name of a suitable
sequence (& )neN- O

As a direct corollary of this uniformly computable version of the Baire Cat-
egory Theorem we can conclude the following weak version.

Corollary 7. For any computable sequence (A, )nen of co-r.e. closed nowhere
dense subsets A,, C X, there exists some computable sequence (Ty)nen which is

dense in X \ U, —, An.

Since any computable sequence (A, )nen of co-r.e. closed nowhere dense sub-
sets A, C X is “sequentially effectively nowhere dense” in the sense of Yasugi,
Mori and Tsujii, we can conclude the previous corollary also from their effective
Baire Category Theorem [14].

It is a well-known fact that the set of computable real numbers R, cannot
be enumerated by a computable sequence [13]. We obtain a new proof for this
fact and a generalization for computable complete metric spaces without isolated
points. First we prove the following simple proposition.

Proposition 8. The operation X — A~z — {x} is computable.
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Proof. This follows directly from the fact that d : X x X — R is computable
and {z} = X \ U{B(a(n), k) : d(a(n),z) > k and n, k € N}. O

If X is a metric space without isolated points, then all singleton sets {z} are
nowhere dense closed subsets. This allows to combine the previous proposition
with the computable Baire Category Theorem 7.

Corollary 9. If X is a computable complete metric space without isolated points,
then for any computable sequence (Yn)nen in X, there exists a computable se-
quence (zn)nen in X such that (xy,)nen is dense in X \ {y, : n € N}.

Using Theorem 6 it is straightforward to derive even a uniform version of
this theorem which states that we can effectively find a corresponding sequence
(Zn)nen for any given sequence (yy)nen. Instead of formulating this uniform
version, we include the following corollary which generalizes the statement that
R, cannot be enumerated by a computable sequence.

Corollary 10. If X is a computable complete metric space without isolated
points, then there exists no computable sequence (yn)nen such that {y, : n € N}
is the set of computable points of X.

4 Computable but Nowhere Differentiable Functions

In this section we want to effectivize the standard example of an application
of the Baire Category Theorem. We will show that there exists a computable
but nowhere differentiable function f : [0,1] — R. It is not to difficult to con-
struct an example of such a function directly and actually, some typical examples
of continuous nowhere differentiable functions, like van der Waerden’s function
f:[0,1] = R or Riemann’s function g : [0,1] — R (cf. [9]), defined by

2

@) =3 W0 gy = 3 ST
n=0

4n n?

n=0

where () := min{z — [z],1 + [z] — 2} denotes the distance of x to the nearest
integer, can easily be seen to be computable. The purpose of this section is rather
to demonstrate that the computable version of the Baire Category Theorem can
be applied in similar situations as the classical one.

In this section we will use the computable metric space of continuous func-
tions (C[0, 1], dc, ags]), where de denotes the supremum metric, which can be
defined by dc(f,g) := max,ejo,1)|f(2) — g(z)| and agl,) denotes some standard
numbering of the set Q[z] of rational polynomials p : [0, 1] — R. By d¢ we denote
the Cauchy representation of this space and in the following we tacitly assume
that C[0,1] is endowed with this representation. For technical simplicity we as-
sume that functions f : [0,1] — R are actually functions f : R — R extended
constantly, i.e. f(x) = f(0) for x < 0 and f(xz) = f(1) for > 1. It is well-known
that a function f : [0,1] — R is d¢—computable, if it is computable considered
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as a function f : R — R and we can actually replace dc by the restriction of
[0r — 0gr] to C[0, 1] whenever it is helpful [13].

We will consider differentiability for functions f : [0,1] — R only within
[0,1]. If a function f : [0,1] — R is differentiable at some point ¢ € [0, 1], then
the quotient |w| is bounded for all h # 0. Thus f belongs to the set

D, — {f € clo,1]: (3t € [0,1])(Vh € R\ {0}) ’w‘ : n}

for some n € N. Because of continuity of the functions f, it suffices if the universal
quantification over h ranges over some dense subset of R\ {0} such as Q + 7 in
order to obtain the same set D,,.

It is well-known, that all sets D,, are closed and nowhere dense [7]. Thus, by
the classical Baire Category Theorem, the set C[0,1]\J,~, D is non-empty and
there exists some continuous but nowhere differentiable function f : [0,1] — R.
Our aim is to prove that (D,)nen is a computable sequence of co-r.e. closed
nowhere dense subsets of C[0, 1], i.e. a computable sequence in A (C[0, 1]). Then
we can apply the computable Baire Category Theorem 6 to ensure the existence
of a computable but nowhere differentiable function f : [0,1] — R.

The crucial point is to get rid of the existential quantification of ¢ over [0, 1]
since arbitrary unions of co-r.e. closed sets need not to be (co-r.e.) closed again.
The main tool will be the following Proposition which roughly speaking states
that co-r.e. closed subsets are closed under parametrized countable and com-
putable intersection and compact computable union.

Proposition 11. Let (X,0) be some represented space and let (Y, d, «) be some
computable metric space.

1. If the function A : X x N — A~ (Y") is computable, then the countable inter-

section NA : X — A (Y),z — () A(z,n) is computable too.
n=0
2. If the function U : X x R — A~ (Y)) is computable, then the compact union

WU : X - A (Y),z— U Ulx,t) is computable too.
t€[0,1]

Proof. 1. Let A: X x N — A (Y) be computable. If for some fixed x € X we
have A(z,n) =Y \ Upeo B(a(ink), jnk) With ing, jnx € N for all n, k € N, then

n=0 n=0 k=0 (n,k)=0

Thus, it is straightforward to show that NA : X — A5 (Y) is computable too.

2. Now let U : X x R — A (Y) be computable. Let djg 4 :C X — [0, 1] be the
signed digit representation of the unit interval, where X' = {0,1, =1} and 0y 1
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is defined in all possible cases by

d0,11(p ZP

It is known that dom(d,1]) is compact and djg 1] is computably equivalent to
the Cauchy representation o, restricted to [0,1] (cf. [13]). Thus, U restricted to
X x[0,1]is ([4, dj0,17], 63 )—computable. Then there exists some Turing machine M
which computes a function ' :C X — X% which is a ([6, 0jo,1)], 07 )-realization
of U: X xR — A5 (Y). Thus, for each given input sequence (p,q) € X* with
x := 0(p) and t := 09 1](¢) the machine M produces some output sequence
01(7a0:ka0) 01 (na1-ka1) 01 (ma2.ka2) such that

Y\UB a(ngi), kqi)-

Since we will only consider a fixed p, we do not mention the corresponding
dependence in the indices of the values ng;, kq;. It is easy to prove that the set
W= {we X*: (g € dom(djp1])) w is a prefix of ¢} is recursive.

We will sketch the construction of a machine M’ which computes the op-
eration UU : X — A-(Y). On input p the machine M’ works in parallel
phases (i,j,k) = 0,1,2, ... and produces an output r. In phase (i, j, k) it simu-
lates M on input (p,w0¥) for all words w € X* N W and exactly k steps. Let
01(mwoskwo) 0] (mwiskuwi) 01 {"wiw-kuwiw)() be the corresponding output of M (more
precisely: the longest prefix of the output which ends with 0). Then the ma-
chine M’ checks whether for all w € X* N W there is some ¢, = 0, ..., 1, such
that d(a(i), (N, )) +J < kw., holds, which especially implies

Bla@),) S () Bla(uw,)ke,) S (| Y\Ul,) =Y \UU(2).

weXkFNwW t€0,1]

The verification is possible since (X, d, «) is a computable metric space. As soon
as corresponding values ¢, are found for all w € X*NW, phase (i, j, k) is finished
with extending the output by 017, Otherwise it might happen that the phase
never stops, but other phases may run in parallel.

We claim that this machine M’ actually computes UU. On the one hand,
it is clear that B(a(i),7) € Y \ UU(x) whenever 01(»7) is written on the
output tape by M’. Thus, if M’ actually produces an infinite output r, then
we obtain immediately 67 (r) € UU(d(p)). On the other hand, let y € Y \
UU(6(p)). Then for any ¢ € dom(djp,1;) the machine M produces some out-
put sequence 01(7e0:%40)(1(na1-ka1)(]("a2:ka2)  and there has to be some l4 such
that y € B(a(ng,), E) and a finite number k of steps such that M produces
01¢ata-*ata)( on the output tape. Since dom(é[oyl]) is compact, there is even a
common such & for all ¢ € dom(djgq)). Let w’ := w0* for all w € X*. Then there
exist 7, € N such that

ye B(O&(’L),j) C ﬂ B(o‘(nw/lw/)a kw/lw/)

weXkNW
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and d(a(i), a(nwi,,)) +j < kwn,,. Thus M’ will produce 01+ on the output
tape in phase (4,7, k). Altogether, this proves 67 (r) = UU(d(p)) and thus the
operation UU : X — A~ (Y) is computable. o

Now using this proposition, we can directly prove the desired result.

Theorem 12. There exists a computable sequence (fn)nen of computable but
nowhere differentiable functions fy, : [0,1] — R such that {f, : n € N} is dense
in C[0,1].

Proof. If we can prove that (D, )nen is a computable sequence of co-r.e. nowhere
dense closed sets, then Corollary 7 implies the existence of a computable sequence
of computable functions f, in C[0,1]\ U;—q Dn. Since all somewhere differen-
tiable functions are included in some D, it follows that all f,, are nowhere
differentiable. Since it is well-known that all D,, are nowhere dense, it suffices
to prove the computability property. We recall that it suffice to consider values
h € Q + 7 in the definition of D,, because of continuity of the functions f. We
define a function F: N x R x N x C[0,1] — R by

max{ f(t+E_+7T)_f(t)‘—n,O}.
k+m

F(n,t, k, f):=

Then using the evaluation property of [0g — 0], one can prove that F' is com-
putable. Using type conversion w.r.t. [fc — Jgr] one obtains computability of
F :NxRxN — C(C[0,1]), defined by F(n,t,k)(f) := F(n,t,k, f). Using
Lemma 2 we can conclude that the mapping A : N x R x N — A5 (C[0, 1]) with
A(n,t, k) :== (F(n,t,k))~*{0} is computable. Thus by the previous proposition
NA:N xR — A-(C[0,1]) is also computable and thus UN A : N — A5 (C[0,1])
too. Now we obtain

unAm) = ﬂ{feCOl ’f(HE;”)_f(t)’gn}:Dn.

te[0,1] k=0 +7

Thus, (D, )nen is a computable sequence of co-r.e. closed subsets of C[0,1]. O

5 Second Computable Baire Category Theorem

While the first version of the computable Baire Category Theorem has been
proved by a direct adaptation of the classical proof, the second version will
even be a consequence of the classical version. Whenever a classical theorem for
complete computable metric spaces X,Y has the form

(Vz)(Jy) R(z,y)

with a predicate R C X x Y which can be proven to be r.e. open, then the
theorem admits a computable multi-valued realization F' : X = Y such that
R(z,y) holds for all y € F(x) (cf. the Uniformization Theorem 3.2.40 in [2]).
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Actually, a computable version of the second formulation of the Baire Category
Theorem, given in the Introduction, can be derived as such a direct corollary of
the classical version.

Given a co-1.e. set A C X, the closure of its complement A¢ needs not to be
co-1.e. again (cf. Proposition 5.4 in [1]). Thus, the operation As — A~ , A s A€
cannot be computable (and actually it is not even continuous in the correspond-
ing way). In order to overcome this deficiency, we can simply include the infor-
mation on A€ into a representing sequence of A. This is a usual trick in topology
and computable analysis to make functions continuous or computable, respec-
tively. So, if § is an arbitrary representation of A, then the representation §* of
A, defined by

3t (p,q) == A: <= 6(p) = Aand §3(q) = A7,

has automatically the property that A — A, A — A¢ becomes (41, §7)-comput-
able. Here () : X% x X* — X denotes some appropriate computable pairing
function [13]. We can especially apply this procedure to ¢ := 5. The corre-
sponding 6i+fcomputable sets A C X are called bi-co-r.e. closed sets. In this
case we write As 1 to denote the represented space (A, 5i+). Now we can directly
conclude that the property “somewhere dense” is r.e.

Proposition 13. The set {A € A: A is somewhere dense} is r.e. in As .

The proof follows directly from the fact that a closed set A C X is somewhere
dense, if and only if there exist n, k € N such that B(a(n),k) C A° = A¢®. We
can now directly conclude the second computable version of the Baire Category
Theorem as a consequence of the classical version (and thus especially as a
consequence of the first computable Baire Category Theorem 6).

Theorem 14 (Second computable Baire Category Theorem). There ex-
ists a computable operation X :C AI§ + = N with the following property: for any
sequence (Ap)nen of closed subsets of X with X =", Ay, there exists some
(1,7, k) € X(An)nen and for all such (i, j, k) we obtain B(a(i),j) C Ag.

Of course, if we replace A~ by (A, d1) with any other underlying represen-
tation ¢ instead of 6%, then the theorem would also hold true. We mention that
the corresponding constructive version of the theorem (Theorem 2.5 in [6]), if
directly translated into a computable version, leads to a weaker statement than
Theorem 14: if the sequence (A, )nen would be effectively given by the sequences
of distance functions of A and A€, this would constitute a stronger input infor-
mation than it is the case if it is given by (5i+. Now we can formulate a weak
version of the second Baire Category Theorem.

Corollary 15. For any computable sequence (A )nen of bi-co-r.e. closed sub-
sets A, € X with X = U;io Ay gy for all i € N, there exists a total computable
function f: N — N such that A(; ;@) is somewhere dense for all i € N.
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By applying some techniques from recursion theory [12,10], we can prove
that the previous theorem and its corollary do not hold true with A~ instead of
As . For this result we use as metric space the Euclidean space X = R.

Theorem 16. There ezists a computable sequence (Ap)nen of co-r.e. closed
subsets A, C [0,1] with [0,1] = ;2 Agjy for all i € N such that for every
computable f : N — N there is some i € N such that A ;) is nowhere dense.

Proof. We use some total Gédel numbering ¢ : N — P of the set of partial
recursive functions P := {f :C N — N: f computable} to define sets

min g {5}

A’<m> = U {2% :m:O,...,2k}.

k=0

For this definition we assume min ) = co. Whenever ¢ € N is the index of some
total recursive function ¢; : N — N such that range(p;) # N, then we obtain
U;io A/(i,j> = [0,1] and A’<i7j> is somewhere dense, if and only if j & range(y;).
Using the smn-Theorem one can inductively prove that there is a total recursive
function r : N — N such that ¢, ;) is total if ¢; is and

range(@r(i,(k,(no ,,,,, nk)>>) = range(cpi) U {n07 ceey nk}'

Let ip be the index of some total recursive function which enumerates some
simple set S := range(y;,) and define A ;) := A’<T<i07i>7j>. Then (A, )nen is a
computable sequence of co-r.e. closed subsets A,, C [0,1]. Let us assume that
there exists a total recursive function f : N — N with the property that A ¢y
is somewhere dense for all i € N. Let jo € N\ S and define a function g : N — N
inductively by ¢(0) := jo and g(n + 1) := f(r{io, (n, (g(0),...g(n))))). Then g is
computable and range(g) is some infinite r.e. subset of the immune set N\ S.
Contradiction! ]

The reader might notice that the constructed sequence (4, )nen is even a
computable sequence of recursive closed sets (cf. [5,13]). Even a simpler variant
of the same idea can be used to prove that in a well-defined sense there exists no
continuous multi-valued operation X :C Ali = N which meets the conditions of
Theorem 14.

Unfortunately, the simplicity of the proof of the second computable Baire
Category Theorem 14 corresponds to its uselessness. The type of information
that one could hope to gain from an application of the theorem has already to be
fed in by the input information. However, Theorem 16 shows that a substantial
improvement of Theorem 14 seems to be impossible.
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Abstract. We consider words indexed by linear orderings. These extend
finite, (bi-)infinite words and words on ordinals. We introduce automata
and rational expressions for words on linear orderings. We prove that
for countable scattered linear orderings they are equivalent. This result
extends Kleene’s theorem. The proofs are effective.

1 Introduction

The theory of automata finds its origin in the paper of S. C. Kleene of 1956 where
the basic theorem, known as Kleene’s theorem, is proved for finite words [14].
Since then, automata working on infinite words, trees, traces ... have been pro-
posed and this theory is a branch of theoretical computer science that has de-
veloped into many directions [16,20].

In this paper we focus on automata accepting objects which can be linearly
ordered. Examples are finite, infinite, bi-infinite and ordinal words, where the
associated linear ordering is a finite ordering, the ordering of the integers, the
ordering of the relative integers and the ordering of an ordinal number respec-
tively. Each such class of words has its automata and a Kleene-like theorem
exists. Biichi introduced the so-called Biichi automata to show the decidability
of the monadic second order theory of (N, <) [7]. He later extended the method
to countable ordinals thanks to appropriate automata [3]. Biichi already intro-
duced w-rational operations in [8]. Rational operations and a Kleene’s theorem
are proposed in [9] for words indexed by an ordinal less than w*, they are ex-
tended to any countable ordinal in [22]. The case of bi-infinite words is solved
in [15,11].

Our goal is a unified approach through the study of words indexed by any
countable linear ordering. We propose a new notion of automaton which is sim-
ple, natural and includes previous automata. We also propose rational expres-
sions and the related Kleene’s theorem. Our constructions are effective.

Words indexed by a countable linear ordering were introduced in [10]. They
are exactly the frontier of a labeled binary tree read from left to right. Some

J. Sgall, A. Pultr, and P. Kolman (Eds.): MFCS 2001, LNCS 2136, pp. 236-247, 2001.
© Springer-Verlag Berlin Heidelberg 2001
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rational expressions are already studied in [10,13,19] with the nice property that
they are total functions. For instance, an w-power can be concatenated with a
finite word and the resulting word can be iterated thanks to a reversed w-power.
These operations lead to a characterization of the words which are frontier of
regular trees.

The rational operations that we propose include the usual union, concate-
nation, finite iteration and omega iteration, as well as the ordinal iteration in-
troduced in [22] for ordinal words. There are also the reverse omega iteration
and the reverse ordinal iteration to capture the left-infinite ordinal words and
the bi-infinite words. A last operation is necessary which is the iteration for all
linear orderings. This binary operation is subtle since it has to take into account
the cuts of a linear ordering as defined in [17].

Our automata work as follows. Consider the case of a finite word w of
length n. The underlying ordering is 1 < 2 < --- < n. The n + 1 states of a
path for w are inserted between the letters of w, i.e., at the cuts of the ordering.
For a word w indexed by a linear ordering, the associated path has its states
indexed by the cuts of the ordering. The automaton has three types of transi-
tions: the usual successor transitions, left limit and right limit transitions. For
two states consecutive on the path, there must be a successor transition labeled
by the letter in between. For a state ¢ which has no predecessor on the path,
the left limit (with respect to ¢) set P of states is computed and there must be
a left limit transition between P and ¢. Right limit transitions are used when
a state has no successor on the path. For a Muller automaton, such a left limit
set P is nothing else than the states appearing infinitely often along the path. In
our case, the path then ends with an additional left limit transition to a state ¢
which is final.

Recently ordinal words (called Zeno words) were considered as modeling
infinite sequences of actions which occur in a finite interval of time [12,4]. While
the intervals of time are finite, infinite sequences of actions can be concatenated.
A Kleene’s theorem already exists for classical timed automata (where infinite
sequences of actions are supposed to generate divergent sequences of times)
[2,1,5]. In [4], automata of Choueka and Wojciechowski are adapted to Zeno
words. A kind of Kleene’s theorem is proved, that is, the class of Zeno languages
is the closure under an operation called refinement of the class of languages
accepted by classical timed automata.

The paper is organized as follows. We recall the basic notions on linear order-
ings in Section 2. Words indexed by linear orderings are introduced in Section 3
and the rational expressions in Section 4. The related automata are defined
in Section 5. The main theorem is stated in Section 6. In the last section, we
mention some open problems.

2 Linear Orderings

In this section, we recall the definitions and fix the terminology [17].
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A linear ordering J is a set equipped with an ordering < which is total, that
is, for any j # k in J, either j < k or k < j holds. The ordering of the integers, of
the relative integers and of the rational numbers are linear orderings, respectively
denoted by w, ¢ and 1. We recall that an ordinal is a linear ordering which is
well-ordered, that is, any nonempty subset has a least element. Notation N
and O is used for the class of finite linear orderings and the class of countable
ordinals. In the sequel, we freely say that two orderings are equal if they are
actually isomorphic.

Let J and K be two linear orderings. We denote by —J the backwards linear
ordering obtained by reversing the ordering relation. The linear ordering J + K
is the ordering on the disjoint union J U K extended with j < k for any j € J
and any k£ € K. More generally, let K; be a linear ordering for any j € J. The
linear ordering ) ;. ; K is the set of pairs (k, j) such that k € K. The relation
(klujl) < (kg,jg) holds iff J1 < Jj2 or j1 = jo and k1 < ko in Kjl'

Ezample 1. The ordering —w + w is equal to the ordering ¢. The ordering (? is
equal to the sum Zjecj ¢. It is made of ¢ copies of the ordering (.

A Dedekind cut or simply a cut of a linear ordering J is a pair (K, L) of
intervals such that J is the disjoint union K U L and for any k € K and [ € L,
k < . The set of all cuts of the ordering J is denoted by J. We also denote
by J* the set J\ {(&, ), (J,2)}. The set J can be linearly ordered as follows.
For any cuts ¢; = (K1,L1) and co = (K2, La), we define the relation ¢; < co
iff Ky C Ko.

Ezample 2. Let J be the ordinal w. The set J contains the cut ({0,...,n —
1}, {n,n+1,...}) for any integer n and the last cut (w, ). The ordering J is
thus the ordinal w+ 1. The ordering J for J = 7 is not countable since it contains
the usual ordering on the set of real numbers.

2.1 Scattered Linear Orderings

A linear ordering J is said to be dense if for any i < k in J, there is j € J such
that i < j < k. It is scattered if it contains no dense subordering. The following
characterization of countable scattered linear orderings is due to Hausdorff.

Theorem 3 (Hausdorff). A countable linear ordering J is scattered iff J be-
longs to | J,co Va where the classes Vo, are inductively defined by

1. Vo ={0,1};
2. Vo ={Y e, K| J €N U{w,~w,¢} and K; € Uy, Vs)-

The set of all countable scattered linear orderings is denoted by S. The
ordering 7 is not scattered. The ordering ¢? is scattered as it belongs to the
class V5. It can be proved that J is a countable scattered linear ordering iff J is
a countable scattered linear ordering.
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2.2 The Ordering J U J

The orderings of J and J can be extended to an ordering on the disjoint union
J U J as follows. For j € J and a cut ¢ = (K, L), define the relations j < ¢
and ¢ < j by respectively j € K and j € L. Note that exactly one of these two
relations holds since (K, L) is a partition of J. These relations together with the
orderings of J and J endows J U J with a linear ordering.

+
c. c;
J 7

Fig. 1. Ordering J U J for J = ¢?

Example 4. For the ordering J = (2, there is a cut between each consecutive
elements in each copy of ¢, but there is also a cut between consecutive copies
of . There are also the first and the last cuts. The ordering J U J is pictured in
Figure 1 where each element of J is represented by a bullet and each cut by a
vertical bar.

For any element j, there are two consecutive cuts ¢; and cj such that ¢; <
Jj < c;r. They are defined as ¢; = (K, {j} U L) and c;r = (K U{j}, L) with
K={k|k<j}and L = {k | j < k}. We denote by J U J* the set J U .J\
{(@,J),(J,2)}. It follows from Theorem 3 that if J is a countable scattered
ordering, then both orderings J U J and JUJ* are also countable and scattered.

In the sequel, we only consider linear orderings which are countable and
scattered. This hypothesis is needed in the proof of the main result (Theorem 14).

3 Words on Linear Orderings

Let A be a finite alphabet whose elements are called letters. For a linear order-
ing J, a word of length J over A is a function from J to A which maps any
element j of J to a letter a; of A. A word (a;);cs on a linear ordering J can
be seen as a labeled ordering where each point of J has been decorated by a
letter. The word whose length is the empty set is called the empty word and it
is denoted by e. The set of all words is denoted by A°.

The notion of word we have introduced generalizes the notions of word al-
ready considered in the literature. If the ordering J is finite with n elements, a
words of length J is a finite sequence a . .. a, of letters [16]. A word of length w
is an w-sequence agaias . . . of letters which is usually called an w-word or an in-
finite word [20]. A word of length ( is a sequence ...a_sa_japaias ... of letters
which is usually called a bi-infinite word. An ordinal word is a word indexed by
a countable ordinal.

Ezample 5. The word z = b~*ab" is the word of length J = ¢ defined by z; = a
if j = 0 and by y; = b otherwise.
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Let © = (aj)jes and y = (br)kerx be two words of length J and K. The
product xy (or the concatenation) of x and y is the word z = (¢;)icjrx of
length J + K such that ¢; = a; if ¢ € J and ¢; = b; if ¢« € K. More generally,
let J be a linear ordering and for each j € J, let x; be a word of length Kj.
The product [];c;z; is the word 2 of length K =3, ; K; defined as follows.
Suppose that each word z; is equal to (a,;)rex, and recall that K is the set of
all pairs (k,j) such that k € K;. The product z is then equal to (ax,;)(x,j)ek -

Ezxample 6. Let J be the ordering ¢ and for j € J define the word z; by x; = b~%
if j is even and by z; = ab” if j is odd. The product [[,c;z; is the word
(b=“ab®)S of length (.

Two words x = (a;)jes and y = (by)kex of length J and K are isomorphic
if there is an ordering isomorphism f from J into K such that a; = by for
any j in J. This obviously defines an equivalence relation on words. In this
paper, we identify isomorphic words and a word is actually a class of isomorphic
words. It makes sense to identify isomorphic words since automata and rational
expressions that we introduce do not distinguish isomorphic words.

Note that some orderings like { have non trivial internal isomorphisms. For
instance, let  be the word of Example 5 and y be the word defined by y; = a if
j =1 and by y; = b otherwise. The two words = and y are isomorphic since the
function f given by f(x) =z + 1 is an isomorphism from ¢ to .

4 Rational Expressions

In this section, the rational operations used to define rational sets of words on
linear orderings are introduced. These operations include of course the usual
Kleene operations for finite words which are the union +, the concatenation -
and the star operation *. They also include the omega iteration “ usually used to
construct w-words and the ordinal iteration # introduced by Wojciechowski [22]
for ordinal words. Three new operations are also needed: the backwards omega
iteration ~¢, the backwards ordinal iteration ~# and a last binary operation
denoted ¢ which is a kind of iteration for all linear orderings.

We first define the iterations in a unified framework. The general iteration X</
with respect to a class J of linear orderings can be defined by

XJ:{ij|J€Jandxj€X}.
JjeJ

The sets X*, X, X~ X% and X ¥ are then respectively equal to X7 for J
equal to the class N of all finite linear orderings, the class {w} which only
contains the ordering w, the class {—w}, the class O of all countable ordinals
and the class —O0 = {—a | a € O}.
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We now define the binary operations. Let X and Y be two sets of words. The
sets X +Y, X -Y and X oY are defined by

X+Y=XUY and X -Y={ay|lzeXandyeY},

XoY={ ][] #|J/eSandzcXifjecJandz €Y ifje .}
jeJuJ*

A word x belongs to X ¢ Y iff there is a countable scattered linear ordering J
such that x is the product of a sequence of length J U J* of words where each
word indexed by an element of J belongs to X and each word indexed by a cut
in J* belongs to Y.

An abstract rational expression is a well-formed term of the free algebra over
AU {e} with the symbols denoting the rational operations as function symbols.
Each rational expression denotes a set of words which is inductively defined by
the above definitions of the rational operations. A set of words is rational if it
can be denoted by a rational expression. We use the abbreviation X ¢ for X ~* X¢
and X° for X oe.

Ezxample 7. The expressions A°, A°aA° respectively denote the set of all words
and the set of words having an occurrence of the letter a. The expression (A¥)~¢
denote the set of words which are sequences of length —w of w-words. A word z
belongs to the set denoted by a¢ ob iff, for some linear ordering .J, z is a sequence
of length J U J* of words x; such that z; = a¢ for any j € J and z; = b for any

jeJr

Ezxample 8. The expression AA* denotes the set of nonempty finite words and
the expression (A°)“A° 4+ A°(A°)~“ denotes its complement. Indeed, a linear
ordering J # & is not finite if it has at least a cut (K, L) such that either K does
not have a greatest element or L does not have a least element. The rational
expression (A°)“ denotes the set of words whose length does not have a last
element. Therefore, the expression (A°)¥ A° denotes the set whose length has a
cut (K, L) such that K does not have a greatest element. Symmetrically, the
expression A°(A°)~“ denotes the set whose length has a cut (K, L) such that L
does not have a least element.

5 Automata

In this section, automata on words on linear orderings are defined. They are a
natural generalization of Muller automata on w-words and of automata intro-
duced by Biichi [8] on ordinal words. The latter automata are usual (Kleene)
automata with additional limit transitions of the form P — p used for limit ordi-
nals. The automata that we introduce have limit transitions of the form P — p
as well as of the form p — P. We point out that these automata make sense for
all linear orderings.
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Definition 9. Let A be a finite alphabet. An automaton A over A is a 4-tuple
(Q,E,I,F) where Q is a finite set of states, E C (Q x Ax Q)U (P(Q) x Q) U
(Q x P(Q)) is the set of transitions, I C @ is the set of initial states and F C Q
is the set of final states.

Since the alphabet and the set of states are finite, the set of transitions is
also finite. Transitions are either successor transitions of the form p < ¢, or left
limit transitions of the form P — ¢, or right limit transitions of the form ¢ — P,
where P is a subset of Q.

b b
0— {1}
@ : {2} =0
Fig. 2. Automaton of example 10

Ezample 10. The automaton pictured in Figure 2 has 3 successor transitions
which are pictured like a labeled graph. It has also a left limit transition {2} — 0
and a right limit transition 0 — {1}. The state 0 is the only initial state and the
only final state.

In order to define the notion of path in such an automaton, the following
notion of limits is needed. We define it for an arbitrary linear ordering J but we
use it when the considered ordering is actually the ordering J of cuts of a given
ordering J. Let @ be a finite set, let J a linear ordering and let v = (g;);jes be
a word over @. Let j be a fixed element of J. The left and right limit set of ~y
at j are the two subsets lim;- v and lim;+ v of @ defined as follows.

limy={geQ|Vk<jIi k<i<jandq=gqt},
i
1ilI+n’y:{q€Q|Vj<kEIi j<i<kand q=gq}.
j

Note that if the element j has a predecessor, the limit set lim;- v is empty. Con-
versely, if the element j is not the least element of J and if it has no predecessor,
the limit set lim;- « is nonempty since the set @ is finite. Similar results hold
for right limit sets.

We now come to the definition of a path in an automaton on linear orderings.
Let « be a word of length J. Roughly speaking, a path associated with = is a
labeling of each cut of J by a state of the automaton such that local properties
are satisfied. If two cuts are consecutive there must be a successor transition
labeled by the letter of z in between the two cuts. If a cut does not have a
predecessor or a successor, there must be a limit transition between the left or
right limit set of states and the state of the cut.
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Definition 11. Let A be an automaton and let x = (a;)jcs be a word of

length J. A path v labeled by x is a sequence of states v = (q.) of length J
such that

cej

— For any consecutive cuts ¢; and ¢ - 24 g 4+ is a successor transition.
J 77 Hc; c;
J

— For any cut ¢ which is not the first cut and which has no predecessor,
lim.- v — q. is a left limit transition.

— For any cut ¢ which is not the last cut and which has no successor, q. —
lim.+ v is a right limit transition.

By the previous definition, there is a transition entering the state g. for any
cut ¢ which is not the first cut. This transition is a successor transition if the
cut ¢ has a predecessor in J and it is a left limit transition otherwise. Similarly,
there is a transition leaving g. for any cut ¢ which is not the last cut.

Since the ordering J has a least and a greatest element, a path always has a
first and a last state which are indexed by the first and the last cut. A path is
successful iff its first state is initial and its last state is final. A word is accepted by
the automaton iff it is the label of a successful path. A set of words is recognizable
if it is the set of words accepted by some automaton.

Fig. 3. A path labeled by (b~“ab“)?

Ezample 12. Consider the automaton A of Figure 2 and let x be the word
(b=“ab®)? of length ¢ + ¢. A successful path v labeled by z is pictured in Fig-
ure 3. This path is made of two copies of the path 017«2¢0. A path for the word
(b=“ab®)¢ cannot be made by ¢ copies of 017“2“0 because the right limit set
of the first state would be {0,1,2} and the automaton has no transition of the
form ¢ — {0,1,2}. The automaton A thus recognizes the set (b=“ab“)*.

The notion of path we have introduced for words on orderings coincide with
the usual notion of paths considered in the literature for finite words, w-words
and ordinal words. Let x be a finite word a; ...a,. The set of cuts of the finite
ordering {1,...,n} can be identified with {1,...,n + 1}. In our setting, a path

labeled by x is then a finite sequence i, ..., ¢,+1 of states such that ¢; *& gj41
is a successor transition for any j in {1,...,n}. This matches the usual definition
of a path in an automaton [16, p. 5].

Let x = apajas ... be an w-word. The set of cuts of the ordering J = w is
the ordinal w + 1 = {0,1,2,...,w} (see Example 2). The pairs of consecutive
cuts are the pairs (4,7 + 1) for j < w whereas the cut ¢ = w has no predecessor.
In our setting, a path « labeled by z is a sequence qg,q1,q2,-..,q, of states
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such that ¢; <& ¢;j41 is a successor transition for any j < w and such that
lim,- v — qu is a left limit transition. Note that lim,- v is the set of states
which occur infinitely many times in ~. This path is successful iff gy is initial
and ¢, is final. Define the family 7 of subsets of states by

7 ={P | 3q € F such that P — ¢q € E}.

The path ~ is then successful iff gg is initial and if the set lim,- v of states
belongs to the family 7. This matches the definition of a successful path in a
Muller automaton [20, p. 148].

The set of cuts of an ordinal « is the ordinal « + 1. Therefore, the notion
of path we have introduced coincide for ordinal words with the notion of path
considered in [3].

a,b

{0} =0

Fig. 4. Automaton of example 13

Example 13. Consider the automaton A pictured in Figure 4. This automaton
has no right limit transition. It recognizes the words whose length is an ordinal
since a linear ordering J is an ordinal iff any of its cuts (except the last one) has
a successor in J. The automaton obtained by suppressing the left limit transition
of A recognizes the set of finite words since a linear ordering J is finite iff any of
its cuts (except the first or the last one) has a successor and a predecessor in J.

6 Rational Expressions vs Automata

In this section, we state that rational expressions and automata are equivalent.
This result extends the well-known Kleene’s theorem on finite words. It has been
first extended to words of length w by Biichi [6] and to words of ordinal length
by Wojciechowski [22]. The proof that we propose is effective.

Theorem 14. A set of words on countable scattered linear orderings is rational
iff it is recognizable.

The proof that any rational set of words is recognized by an automaton is by
induction on the rational expression denoting the set. For each rational opera-
tion, we describe a corresponding construction for the automata. The construc-
tions for the union, the concatenation and the finite iteration are very similar to
the classical ones for automata on finite words [16, p. 15].

The proof that any set of words recognized by an automaton is rational is
by induction on the number of states of the automaton. It is a generalization of
McNaughton and Yamada algorithm and it is the most difficult part.
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a,b
( ) 0—{1,2}
1} — 2
4.@ a,b {1}
Fig. 5. Automaton recognizing (A“)~%

Ezample 15. The automaton pictured in Figure 5 recognizes the set denoted by
the rational expression (A“)~“. The part of the automaton given by state 1 and
the left limit transition {1} — 2 accepts the set A“. The successor transition
from state 2 to state 1 allows to concatenate two words of A“. The right limit
transition 0 — {1, 2} leads to a sequence of length —w of words of A“.

0— {2}
0— {0,1,2}
{2} — 1

o

Fig. 6. Automaton recognizing a¢ o b

Example 16. The automaton pictured in Figure 6 recognizes the set a ¢ b. The
part of the automaton given by state 2 and the two limit transitions 0 — {2} and
{2} — 1 accepts the word a® whereas the part given by the successor transition
from state 1 to state 0 accepts the word b. Any occurrence of a¢ is preceded
and followed by an occurrence of b in the automaton. More generally, thanks to
the limit transitions 0 — {0,1,2} and {0,1,2} — 1, the occurrences of a¢ are
indexed by a linear ordering .J, the occurrences of b are indexed by the ordering
J* and they are interleaved according to the ordering J U J*.

Conclusion

In this paper, we have introduced automata and rational expressions for words
on linear orderings. For words on countable and scattered linear orderings, these
two notions are equivalent. This result extends the usual Kleene’s theorem for
finite words.

We mention some open problems. A natural generalization of the result would
be to remove the restrictions on the orderings and to first consider words on
countable linear orderings and then words on all linear orderings. Automata
that we have introduced are suitable for all linear orderings. It seems however
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that new rational operations are then needed. An operation like the n-shuffle
introduced in [13] is necessary.

Automata on infinite words have been introduced by Biichi to prove the
decidability of the monadic second-order theory of the integers [6]. Since then,
automata and logics have been shown to have strong connections [20]. It is known
that the monadic second-order theory of all linear orderings is decidable [18] but
the proof is based on a model theoretic approach, called the composition method,
avoiding the use of automata. We refer to [21] for a review of the composition
method and the Shelah’s proof of Biichi’s decidability result. Therefore, the next
step is to investigate the connections between logics and the automata that we
have introduced. Such a study has to begin with the closure of the class of
recognizable sets under the boolean operations. We do not know whether this
class is closed under the complementation.
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Abstract. We study the ability of discrete dynamical systems to trans-
form/generate randomness in cellular spaces. Thus, we endow the space
of bi-infinite sequences by a metric inspired by information distance (de-
fined in the context of Kolmogorov complexity or algorithmic information
theory). We prove structural properties of this space (non-separability,
completeness, perfectness and infinite topological dimension), which turn
out to be useful to understand the transformation of information per-
formed by dynamical systems evolving on it. Finally, we focus on cellular
automata and prove a dichotomy theorem: continuous cellular automata
are either equivalent to the identity or to a constant one. This means
that they cannot produce any amount of randomness.

Keywords: Kolmogorov complexity, topology, cellular automata, discrete dy-
namical systems

1 Introduction

Cellular automata are formal models for complex systems. They were introduced
by J. von Neumann for modeling cellular growth and self-replication. Afterwards,
they have been successfully applied in a large number of scientific disciplines
ranging from mathematics to computer science, from physics to chemistry and
geology.

They are essentially a massive parallel model made of a lattice of elementary
identical finite state machines (automata), usually called cells. Cells are updated
synchronously according to a finite set of local rules that compute the new state
of the cell from the states of a finite set of neighboring cells (eventually including
the cell itself). A snapshot of the states of the cells is called a configuration. A
stack of configurations in which each one is obtained from the preceding, applying
the updating rule, is called an evolution.

The success of the model relies essentially on its simple definition coupled
with the rich variety of different evolutions. Many evolutions display a complex
or random behavior. It is a recurring question in the community to understand
if the complexity or randomness in such evolutions is an intrinsic property of
the model or if it is a side effect due to inappropriate topological context, or,
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which is worst, due to unsuitable complexity definitions. In this paper, we study
the complexity of cellular automata evolutions in the general context of discrete
dynamical systems.

Dynamical systems are mathematical representations of dynamical processes
appearing in many scientific fields. A large quantity of literature on the subject
has been published in recent years. The contribution of computer science to this
discipline is mainly devoted to the domain of validation and prediction. In this
context, a fundamental issue is to understand the “complexity” of the system.
Complexity may have different definitions according to properties investigated.
In our context, “complex” is defined via algorithmic information theory since we
are interested in the ability of systems to transform information.

The idea to use Kolmogorov complexity to study dynamical systems is not
new (see [5,7,25,10]). Consider a finite open partition of a compact space X (PyU
P, = X for simplicity) and a dynamical system f on X (i.e. a continuous function
from X to X). The orbit of a point xy € X is associated with a sequence ¢, €
{0, 1} as follows: ¢y, (i) = o if fi(20) € Pa, where a € {0,1} and f is the i-fold
composition of f with itself. We can define a labeling function ¢: X — {0, 1}N as
{(x) = ¢y (see Fig. 1). It is natural to expect that the more complex the system,
the more complex the labeling.

>5(x0 )

X0 6
f(xg)

£7x)
f(xy)

Fig. 1. An example of orbit labeling. Here £(xq) = 00010100. . ..

In [5], for z € X, Brudno defines the complexity of the orbit O, as follows:

where £(2)g., are the first n+1 bits of £(x), and K (z) stands for the Kolmogorov
Complexity of z, which is defined section 2.
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It is well-known (see [5]) that, in a measure-theoretic sense, almost every
orbit of a homeomorphism has maximal complexity. In particular, the shift map
has maximal complexity according to this approach. This fact is surprising since
for intuition the shift map is a very “simple” cellular automaton. A rough expla-
nation is that all the complexity is contained in the initial configuration and the
shift map preserves it. We would like to conclude that the complexity observed
is not an intrinsic property of this system, but it is due to the structure of the
topological space in which the system is embedded. For this reason, we perform
a deep change of the topological space where the dynamic and the complexity of
cellular automata is studied. In this way we hope that the intrinsic complexity of
the cellular automata is not biased by the complexity of the initial configuration.
This deep change undergoes several steps. First, we define a new topology and
show that it is suitable for the study of dynamical systems on it. As a second
step, we give a natural definition of complexity. Finally, we prove that cellular
automata are not able to continuously modify this complexity.

In the case of cellular automata, two completely different approaches are
possible. One is exposed by Calude et al. in [7], the latter in this paper. Roughly
speaking both draw the same conclusions:

i) randomness is preserved by surjective CA;
ii) non-surjective CA destroy randomness;
iii) all CA preserve non-randomness (this result remains open for dimensions
greater than one in Calude et al.’s approach).

These results confirm the importance of the surjectivity for CA and give a new
perspective to previous work [20,21,19,13,11]. Note that Calude et al. approach
and ours are rather different. In particular, in [7], the third question (see above)
is open for CA in dimensions greater than 2, while our proofs can be easily
extended to higher dimensions. Moreover, their approach seems to work only
in separable spaces. Note also that many recent works on CA dynamics have
begun to study CA on unseparable topological spaces (Weyl and Besicovitch

topologies) [16,1,3,4].

The paper is structured as follows. Section 2 introduces basic notions of
algorithmic complexity and the fundamental definition of incompressible strings.
Section 3 is essentially devoted to the study of a new metric space whose distance
is based on information distances. In this section, we intend, by topological
results, to prove that this space is neither too simple (countable, separable, finite
dimensional) nor too complex (not connected, not perfect). Finally, Section 4 is
devoted to cellular automata and uses the results of Section 3 to prove our main
theorems.

Some more ambitious use of our work would be to apply it for general dy-
namical systems, or to study the relationships with classical ergodic theory.

2 Algorithmic Complexity

Measuring complexity of mathematical objects is not easy but very fruitful for
new ideas and applications.
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In this paper we are interested in the complexity of configurations i.e. bi-
infinite sequences of symbols chosen from a finite alphabet (usually {0,1}).
In this context complexity is measured using the approach outlined by Kol-
mogorov [14] and then Chaitin [9]. A more modern presentation and a state of
art on the subject are given in [15,6].

We will note X the set of all the configurations over the alphabet {0,1}. 0
is the configuration made only of 0s. Similarly, 1 is the configuration made only
of 1s. For any bi-infinite sequence, or any finite word u, u, is the letter of u at
position a and ug.p, a,b € Z is the subword wug., = UqUq41 - - - Up—1Up.

Given a word w of symbols from a finite alphabet S (that we call the set of
states), its complexity is the shortest program p which “computes” w. We say
that a program p “computes” a word w on input z, if o((p,z)) = w, where ¢
is a fixed computable function (total or partial), and z,y — (x,y) is any fixed
computable bijection pairing. In other words, p is a description for w, when z is
given, according to the “description mode” ¢ (see [24]).

Definition 1. Let z, y and p be finite words over some fized finite alphabet, and
@ be a computable function. The Kolmogorov complexity K, of x conditional to y
w.r.t. the description mode @ is

K, (zly) = min{|p|, p({y, p)) = =},

and Ky (zly) = oo if there is no such p. x,y — (x,y) is any fived computable
bijection pairing.

The previous definition depends on the choice of the reference description
mode. The following fundamental result overcomes this inconvenience, since it
proves the existence of an “optimal” description mode.

Theorem 2 (Optimality theorem). There is a description mode @q such that
for all computable function ¢, there is a constant c Va,y, Ky, (zly) < K, (zly) +
c. Such a mode g is said to be additively optimal.

Definition 3. Fix an additively optimal mode o as reference for K. We define
conditional Kolmogorov complexity as K(z|y) = K,,(x|y). The unconditional
Kolmogorov complexity K is simply K(x) = K(x|e) where € denotes the empty
word.

A description of a word can be interpreted as a compressed version of itself.
Thus Kolmogorov complexity and the notion of compression are deeply related.
Kolmogorov proposed to define that a word w is c-incompressible if |w| — K (w)
is less than ¢. Martin-Lof proved in [17] that a word is c-random if it cannot be
selected by any possible computable tests at level of precision ¢ (see [15] page
129 for definitions).

Working with infinite sequences is more satisfactory since the constant c
disappears when taking limits. For infinite sequences, the very important Levin-
Schnorr theorem proves the equivalence between the class of Martin-Lof random
words and the class of incompressible ones. This theorem has many applications
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in combinatorial complexity, and we refer to the books [15,6] and to the review
paper [23] for further details. The results of this theory are central for several of
our proofs.

Definition 4. A configuration or a sequence x is called random if there is a
constant ¢ such that Vn, K(x_,.,) = 2n — c.

Definition 5. A configuration u is called weakly-incompressible if

K —n:n
lim sup L

=1.

Remark 6. The set of weakly-incompressible configurations strictly contains the
set of random sequences [15] with respect to uniform Bernoulli measure p. Thus,
p-almost all configurations are weakly-incompressible. ad

3 Metrics on Space of Configurations

A minimal property that a complexity distance d must satisfy is that
d(u,o(u)) =0 (1)

where o is the usual shift operation on configurations. The point is that shifting
a configuration must not change its informational content.

In [3] information distances over finite words have been introduced and stud-
ied. A fundamental result of [3] is that all such distances are equal up to a
logarithmic term (which is negligible in the infinite case) or do not satisfy prop-
erty 1. As a consequence, we consider only one of those in [3]: Vz,y € X,

K —n:n —n:n K —n:mn —n:mn
d(z,y) = limsup (@—ninly 4)7:_1@ [2—nin)

As defined, d is not a distance over X since there are distinct configurations x
and y with d(z,y) = 0. Define the equivalence relation = by z = y if and only if
d(z,y) = 0. We will work in the space X, which is the quotient X/ ..

Remark 7. The definition of d is robust since it is independent from the addi-
tively optimal mode used to define K and of the enumeration of machines.

Topological properties of a space may deeply condition the behavior of dy-
namical systems defined on it (see [1] for some examples). For this reason we
carefully study topological properties of X.

Notation. In the sequel, the expression ¥* stands for 22°. Moreover any topolog-
ical consideration, like continuity or openness, is to be understood with respect
to the new topology.

Proposition 8. The space X is not separable i.e. there is no countable dense
set.
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Proof. Let A be a countable subset of X. We prove that there exists an infinite
sequence of points which is at non-zero distance from all points in A.
Let A= {a"a',...,a", ...} and b" the sequences defined as follows:

Vk,m e N, b2 2 — gk
Note that the (b™),en sequence contains infinitely many occurrences of each a'.
For i >0, let a_i = b?¢i71+1;¢i, and let 5% be a word of length #? — K~ such
that K(B'|a’) > E' — =L Let w be the bi-infinite sequence:
w =...0000000000003...8" 1™ ..

where the last 0 is at index 2 in w. Thus wyi—14 1.4 = (%
We claim that for all k, d(a*,w) > &. For all n € N, let u,, = 2"1n 2% — 1.
Since for all n € N we have

Wigun —1 41w = (7,

and
akaunfl_;’_l:ﬁun = bun#unfl_;’_l;)éun = Ozu” s
we obtain
K(W_Jﬁun Hun |ak_¢un Hun )
v/
K((.(JJzunfl_;’_l:Jzun ak)éunfl_;’_l;)éun) + 0(%“”)
v/
K(8% ™) + o)
V/
jun _pun=l | o (un)
and hence

K(w_pun pun |ak7}£un un)

d(a®,w) > limsup

V/
R P P
lim sup 1 e +1O( ) = 1

Proposition 9. The space X is not locally compact.

Proof. Let u be a random configuration. Consider the configurations ¢ de-
fined as follows for any fixed k: ¢};; = ugn(2s41) and 0 elsewhere. By con-
struction Vn, d(c¢*,0) < 1/k. As, for all integers p and ¢, the subsequences
of u, (ugr(2i41))ien and (ugq(2i41))ien are extracted recursively, independently,
and do not overlap, they are mutually independent since u is random. Hence
d(cP,c?) = 1/k. O

Proposition 10. The space X s perfect, pathwise connected and infinite di-
mensional.
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Proof. For each real a € [0, 1], choose a sequence of integers (p);en such that

(07
i—oo Il — i
progressively erase bits of u continuously, until we reach 0. We define f:R — X
by Vn € Z, YE" < i < K" +p‘°‘n|, f(a); = u;, and 0 otherwise.

= «. Let us fix a random configuration u. Starting from u, we

Continuity of f. Let a < 8 be two reals: AN, n > N = p2 < p?. Since we have
less bits equal to 1 in f(«) than in f(5), and since we can compute which bits
are erased only knowing the sequence p®, we have

lim su K(f()_ il F(B) i)
vy 4n 41

=0 .

Let m > N be an integer and and n an integer such that ™ < n < g™+
We know that K(f(5)_,,.,|f(«)_,..) is equal, up to a logarithmic term, to the
complexity of the bits taken from u of f(«) knowing the bits taken from w of
f(B). The bits which are in f(3) and not in f(a)_, . and the first terms
of p? are sufficient to compute the former from the latter. Thus the complexity
of f(B)_,., knowing f(c)_,,., is less than the number of those bits, up to an

m—1
additive constant. This number is Z (pfj — p¢) + max(min(p?,, n) — p2,,0).
i=0

—n:n

Therefore we have

K(f(@) il F(B) _in)

dn +1
A\

Z?;Bl pf — p%® 4+ max(min(p?,,n) — p2,,0) + 4logyn + ¢

4dn+1
A\

P, — PG, 4 logE™
%m

2

which implies that

imsup

<4(6 — a).

We conclude that
d(f(B), (@) < 4(8 — )
and, using f, that X is pathwise connected.
Perfectness. The sequence f() has limit u.
Injectivity of f. For all m > N,
K (f(B) g | F (@) _germ e )
V/

K (g om g tm 1m135,) — O(log (™).
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As K(zly) 2 K(z) — K(y) — O(logs(Jz| + |y|)) and by incompressibility of u
K (wgmj1zmipg ) = ppy + O(logy (F™)), we get

K(f(ﬁ)f}fm#ﬂf(a)f#m#m) 2 Pg —pp — O(logy (™))
hence

d(f(e), f(B)) =2 B—a>0.

Infinite dimension of X. The continuity and injectivity of f prove that X is at
least one-dimensional. Let n be positive integer. Define a function h as follows:

(X)"HX

" (ci)1<i<n'_)f((ci)1<i<n)

with
7 o 1 2 n 1 n 1.2 n
f((c)lgign) =l e OB C e
. n
The function h is continuous: Vz,y € (X ) ,

d(z',y") <& = d(h(x),h(y)) <0

since

n

K (W) o[ h(Y) k) = DK (@' _ra7aqly" _peqire1) + nlogs {q

n n
i=1
h is injective (similar proof as for f). Let f, be defined as follows

. ) [07 1]n - X
fn { (al)1<ign — h(f(a1), flaz),..., flan)) -

Since f,, is the composition of f and h, it is continuous and injective. a

4 Cellular Automata

A cellular automaton (CA for short) is a map f: SZ — SZ defined for any = € S%
and ¢ € N by
f(x)z == )\(xi,T PN 17 A :Z:»L'JFT)

where \: 2"t — S is the local rule and r is the (neighborhood) radius. S is a
finite set, usually called the set of states of the CA. f is called the global rule of
the CA. We will note 0 one state of S. A finite configuration is a configuration
with a finite number of states which differ from 0. It can be noted 0*°w0>°,
where w is a word made of letters from S.

A CA is compatible w.r.t. = if and only if Va,y € S%, x =y = f(x) = f(y).

A CA is surjective if f is surjective. A CA is pre-injective if f is injective
on finite configurations. By Moore-Myhill’s theorem [20,21], a CA f such that
f£(0) = 0 is surjective if and only if it is pre-injective.
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Remark 11. For any CA of global rule f, any radius r and any alphabet, it holds

e K(F(&)_pnlt-rin)
T)_ . |r_p.
Vz € X, limsup —nn TR
since the knowledge of the local rule and the 2r letters of z_,_,._,_1 and
Tn+1m+r, Whose complexity is bounded by a constant, is enough to compute
f(x)_,,., from x_p.,.
Furthermore, all recursive infinite sequences are in the same class as 0. O

Lemma 12. Surjective CA are the identity map of X.

Proof. Let f be a surjective CA.

In [18] is proved that, as f is surjective, f is balanced, that is to say that
all words of the same length k have the same number of pre-images (of length
k +2r) by f. Since the number of words of length k is 2¥ there are exactly 22
pre-images of a given word of length k.

Consider a program p which on input (y,¢) acts as follows:

— create the set P of the 22" pre-images of y;
— outputs the ith word of P, following the lexicographic order, truncated to
its |y| central letters.

when 7 < 22" and never halts else.
Thus, the only thing we need in order to compute z_,.,, from f(z)_, . in

the description mode p is the number ¢ of x_,,., in the set P of the pre-images
of f(x)_,.,, which is bounded by a constant. We conclude that

VneN, K(x_nw|f(z)_,.,)=0(1) .
Using remark 11, we conclude that: d(z, f(x)) = 0. O

Since the identity map is continuous, we have the following corollary.
Corollary 13. Surjective CA are continuous.
This result can be strengthened as follows:

Proposition 14. Continuous CA are either surjective or constant. Non-conti-
nuous CA are not compatible.

Proof. Let g be the global function of a non-surjective, non-constant CA of
radius r. Let s be the state obtained applying the local rule to 02" 1. We define h,
a state-to-state function on configurations which maps 0 to s, s to 0 and all other
states onto themselves. We define f = h o g. Since h is a involution, f is also
non-surjective and non-constant.

Using Moore-Myhill’s theorem, f is not injective when restricted to finite
configurations, and thus there exist two finite configurations such that

0%°wp0%® — 0290 and 0ws0>° — 0250
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for suitable finite words wp, wa, zg. Moreover, since the CA is not constant,
there exists at least one finite configuration 0°°w;0°° whose image is 0°°z;0%
with z; # zo. Without loss of generality one can choose |wo| = |wy] = |ws| and
|z1] = |z0] = |wo| + 2r. Let x be a random sequence of 0s and 1s. Define two
configurations a and 3 such that

— T T T
a=...0"w;,0"wg, ,0" ...

and
T r r
B=...0"wa, 0 wae, 0" ...

where r is the radius of the neighborhood. Note that a = 3. We have

flo) = ... 24,22, ... and f(B) = 2z5°

and hence d(f(«), f(3)) > 0. Since g = ho f, and h is a just renaming the states,

d(g(a),g(B)) > 0. Hence g is not compatible, and therefore not continuous.
Conversely, if ¢g is constant, it is continuous, and with lemma 13, if g is

surjective, it is continuous. a

Proposition 14 precisely characterizes the set of continuous CA on this space.
In dimension one, the class of continuous CA is decidable since surjectivity is
decidable [2,22]. Although continuity fails for non-surjective CA the following
proposition says that a small amount of continuity still persists.

Proposition 15. For all CA f,
i) f(0) =0, ie. 0 is a fix point of f in X;

ii) 0 is an equicontinuity point of f.

Proof. 1) The first part is straightforward since the image of 0 is a constant
configuration (made of only one state) and all of them are in the same class
(see Remark 11).

ii) Remark that Vo € X, 3c € N, Vt € N,

777.277.)

e 2n+1 01| ft (o
AP @), F(0)) = limsup 2 @)l + KO ()

A

i K(x_pn|0?" ™) + ¢
im sup

=d(z,0) .

O

Often, it is not interesting to consider the behavior of the CA over the whole
set of configurations. For instance, configurations which are destroyed by the
automaton after one step (i.e. any configuration which has no pre-image through
the CA) are not relevant when studying the evolution of the CA. In this way,
the notion of limit set have been introduced.
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Definition 16 (limit set). Let f be the global rule of a CA. The limit set of

this CA is the set
2=
neN
where X is the set of the configurations.

The limit set is the set of all the configurations having infinitely many pre-
images through f. We note (2,, the set of all words of size n which are subwords
of a configuration of (2.

It is a natural question to wonder whether non-surjective CA are continuous
at least on their limit sets (where they act surjectively). The following proposition
is a partial answer to this question.

Theorem 17. Let g:N — N be a computable function such that g(n) = o(n).
Let f be the global function of a CA. Let r be the radius of the CA. If the following
condition (that limits the growth of the number of pre-images) is verified

Vo € X, Vn €N, logo|f " (@-nn) N 2niar| < g(n) (2)
then f|q is equivalent to the identity map on 2.
Proof. Using Remark 11,
K(f (@) _pinl®—nin)

lim sup =0.
n— oo n
It remains to prove that, for all z in 2,
K(x_p. T)_ ..
lim sup (@ (2) pin) =0.
n—oo n

Consider a program p which on input (y, i) acts as follows:

— creates the set P of all the pre-images of y;

— enumerates the set of forbidden words F

— erases from P all the words containing words in F', until P contains less
than 29(vD words;

— outputs the ith word of P, following the lexicographic order.

This program p is well-defined since F' is recursively enumerable. Since condition
(2) holds, p always halts. Hence K (2_p,—armior|f(Z—nm)) = g(n). O

Theorem 18. In X the following statements hold:

i) randomness and weak-incompressibility is preserved by surjective CA;
ii) non-surjective CA destroy both randomness and weak-incompressibility;
11) all CA preserve non weak-incompressibility.

Proof. i) Lemma 12;

ii) Non-surjective CA erase at least a finite pattern (see for example [12]). Thus a
random sequence is mapped to a non-random-one according to both definitions.
iii) Proposition 15. O
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Abstract. The k-median problem is a classical facility location problem.
We consider the k-median problem for directed trees, motivated by the
problem of locating proxies on the World Wide Web. The two main
results of the paper are an O(nlogn) time algorithm for k=2 and an
O(n log? n) time algorithm for k=3. The previously known upper bounds
for these two cases were O(n?).

1 Introduction

In the k-median problem we are given a graph G in which each node u has a non-
negative weight w,, and each edge (u, v) has a non-negative length d,,. Our goal
is to find a set F' of k vertices that minimizes Cost(F) = ) ., minycr wedzy.
We think of the nodes of G as customers, with each customer x having a de-
mand w, for some service. F' is a set of k facilities that provide this service.
It costs dy, to provide a unit of service to customer at z from a facility lo-
cated at u. We wish to place k facilities in G so that the overall service cost
is minimized. This optimal set is called the k-median of the weighted graph G.
The k-median problem is a classical facility location problem which has been
a subject of study for several decades. The general case is known to be NP-
complete (see Problem ND51 in [8]), and most of the past work focussed on
efficient heuristics (see, for example, [14]) and approximation algorithms [2,6,5].

Trees. In this paper we focus on the case of the k-median problem when G is a
tree. In 1979 Kariv and Hakimi [13] presented a dynamic programming algorithm
for this problem that runs in time O(k?n?). Hsu [12] gave an algorithm with
running time O(kn?). More recently, Tamir [15] showed that the Kariv-Hakimi
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algorithm is faster than previously thought, namely that its running time is only
O(kn?). This is the best upper bound known to this date.

Some other special cases of the problem have been considered. Hassin and
Tamir [11] gave an O(kn) time algorithm when the tree is a path. Another
O(kn)-time algorithm for this problem was later given by Auletta et al. [4]. The
case k = 2 was considered by Gavish and Sridhar [9] who presented an algorithm
with running time O(nlogn). The dynamic version of the case k = 2 was studied
by Auletta et al. in [3]'.

Directed trees. We consider the k-median problem for rooted directed trees.
Let T be a directed tree with root r. If y is the father of x, denote by d, the
length of edge (x,y). The length function extends in a natural way to any pair
x,y where y is an ancestor of z. As in the undirected case, each node x is assigned
a non-negative weight w,. Our goal is to find a set of nodes F of size k that
minimizes the quantity:

Cost(F) = min wydg,
seT uweF+r

We use the same terminology as in the undirected case, that is, the nodes in F’
are called facilities, and the optimal set F' is called the k-median of T. Note,
however, that in our case we actually have k 4 1 facilities in the tree, since the
default “root facility” at r is fixed and not counted in F'. For specific values of k
this distinction makes the undirected case quite different from the undirected
one. For example, for £k = 2, in the undirected case we need to partition the tree
into two subtrees that form the domains of the two facilities. This task can be
accomplished by searching the tree for an edge that separates the tree into two
appropriately balanced subtrees [9,3]. In the directed case, however, we need to
partition T" into three subtrees.

The k-median problem for directed trees was introduced by Li et al. [16] as
a mathematical model for optimizing the placement of web proxies to minimize
average latency. In [16], the authors present a O(k?n3)-time algorithm for this
problem. This was later improved to O(k*n?) by Vigneron et al. [19]. In [19]
the authors also noted that the Kariv-Hakimi algorithm can be modified to
find k-medians in directed trees in time O(k*n?). Tamir (private communication)
observed that his method from [18] can be adapted to reduce the time complexity
to O(kn?). For the line, Li et al. [15] give an algorithm with running time O(kn?).
This was just recently improved by Woeginger [20] to O(kn).
Our results. We present several algorithms for the k-median problem on di-
rected trees. We start by describing, in Section 2, the basic dynamic program-
ming algorithm, Algorithm AncDP, which is an adaptation of the Kariv-Hakimi
algorithm to directed trees (see also [19]). Then, in Section 3, we propose an al-
ternative dynamic programming algorithm, Algorithm DepthDP. For k& = 2 this
algorithm can be implemented in time O(nlog®n). The problem of estimating

1 In [3], the authors also claimed a linear-time algorithm; however, their running time
analysis is flawed.
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the worst-case running time of Algorithm DepthDP reduces to an interesting
combinatorial problem of estimating the number of line segments in a certain
piece-wise linear function. We show that for k = 2 this number is O(n) and we
conjecture that it is also linear for any fixed k. This conjecture would imply that,
for each fixed k, Algorithm DepthDP has time complexity O(n?). We believe that
Algorithm DepthDP is faster than Algorithm AncDP on realistic data. Both al-
gorithms are being implemented and our experimental results will be reported
in the full version of this paper.

In Section 4 we show that with an additional requirement that the facilities
are independent (no facility is an ancestor of another) the problem can be solved
in time O(k?n).

Our main results are given in Sections 5 and 6. In Section 5 we improve the
asymptotic running time for £ = 2 to O(nlogn). By the result from Section 4, it
is sufficient to consider the case when one facility is an ancestor of the other. For
this case we show that the objective function satisfies the Monge property. Our
algorithm Fast2Median uses the divide-and-conquer approach. A given tree T is
split into two smaller trees, for which the solutions are computed recursively.
Yet another tree is constructed, on which we apply the SMAWK algorithm [1]
for computing maxima in Monge matrices. From the solutions for these three
instances we obtain the solution for 7T'.

In Section 6, we deal with the case kK = 3. For this case we present Al-
gorithm Fast3Median that runs in time O(nlog®n). The algorithm breaks the
problem into cases depending on various genealogical patterns among facilities,
and solves each case independently. The cases are solved by a combination of
dynamic programming and divide-and-conquer methods.

2 Ancestor-Based Dynamic Programming

Throughout the paper, we will assume that 7" is a binary tree with n nodes in
which each non-leaf node has two sons. Any tree can be transformed into such
a binary tree by adding a linear number of nodes with zero weight. By T, we
denote the subtree of T rooted at u, and n,, = |Ty,| is the number of descendants
of u. By d, = dy, we denote the depth of u, and by w, the total weight of T,
that is w, = ZmeTu w,. We often refer to w, as the tree weight of u.

We now show an adaptation of the Kariv-Hakimi algorithm to directed trees.
Let Cost/.(u) be the optimal cost of placing j facilities within 7}, given that the
closest facility above x is w. Formally, define T to be the tree that consists
of T,, with an additional root node r,, whose only son is x, and with edge (x,r,)
having length d,. Then Costi(u) is the minimum cost of placing j facilities
in 7. Note that we allow u = z, in which case dg,, = 0, and Cost’,(z) will be
equal to the minimum cost of placing j facilities in T, (not counting the default
facility at x).

Algorithm AncDP. We only show how to compute optimal cost. The algorithm
can be easily modified to determine the k-median. We compute all quantities
Cost! (u) bottom-up. If = is a leaf, set Cost> (u) = wyd,, and Cost! (u) = 0 for
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j > 1. Suppose that x is not a leaf and y, z are the sons of x. For each u that is
an ancestor of z and j =0, ...,k we then compute:

Costl (1) = min minp;:‘]l:j { Costh (u) + Costl(u) } + wadpy

Cost! ™" (x)
For j = 0, assume that Cost/~'(x) = oo. In the first case we have p facilities
in T}, q facilities in 7', and no facility at . In the second case we have one facility
at x. When we are done, return Costf(r).

Running time. Algorithm AncDP clearly runs in time O(k?n?). As noted by
Tamir (private communication), the bound can be improved to O(kn?) using
the method from [10,18].

3 Depth-Based Dynamic Programming

In this section we give a different algorithm called DepthDP. The idea is that
instead of computing Cost! (u) for the ancestors of u, we will compute a real-
argument function Costi («), for an appropriate range of a, which represents the
distance d;,. For k& = 2 we show an implementation of this algorithm called
DepthDP2 that runs in time O(nlog® n). Although later in Section 5 we improve
the upper bound further to O(nlogn), we include DepthDP2 in the paper, since it
is considerably simpler and easier to implement. Also, the main idea of DepthDP
will play a major role in Section 6, where we improve the upper bound for £ = 3
to O(nlog®n).

Let Cost!(a) be the optimal cost of placing j facilities within T, given that
the closest facility above z is at distance a. Formally, define TS to be the tree
that consists of T, and an extra root node r, whose only son is x and with
edge (z,74) having length o.. Then Cost! (o) = Cost!(r,), the minimum cost of
placing j facilities in 7¢. We allow a = 0, in which case Cost! (0) = Cost! (x).
Algorithm DepthDP. As before, we compute all functions Cost; () bottom-up.
If 2 is a leaf, set Cost)(a) = wya and Cost!, (o) = 0 for j > 1. Suppose that x is
not a leaf and y, z are the sons of x. Similarly as in Algorithm AncDP, we have

Gy o minpg—; { Costh(a + dye) + Costl(a + d.p) } + waer
Costl. (o) = min { Costi—1(0)

where Cost, *(0) = co. When we are done, return Cost* (0).

Functions Cost/ (o). We still need to explain how to store and maintain the
functions Cost) («) throughout the computation. Given a set F' C T of size 7,
denote by Cost! (a) the cost of having j facilities in F. For a fixed F, Cost’ ()
is a linear function, namely C'Ostf(a) = apa + bp for some constants ap,bp.
Thus Cost! () is a concave, piece-wise linear-function.

The crucial questions are: (1) What is the complexity (number of segments)
of Cost!.(a)? (2) How to store and update the functions Cost’(-) efficiently?
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Algorithm DepthDP2 for 2 medians. We now consider the case k = 2. For
j =0, Cost2(-) is a linear function and is easy to maintain. For j = 2, we only
need Cost> = Cost>(d,). The hardest case is 7 = 1. In this case, the problem
reduces to keeping track of a lower envelope of a number of line segments, which
can be done in time O(logn) per operation (details in the full paper).

Theorem 1. Algorithm DepthDP2 computes 2-medians in directed trees in time
O(nlog®n).

Minimizers. In order to estimate the running time of Algorithm DepthDP, one
needs to bound the complexity (that is, the number of segments) of functions
Cost! (-). We now consider this issue. Without loss of generality we can restrict
our attention to the case when z is the root of T" and j = k. For simplicity, we
will write Cost(a) for Costt(a).

For a set F of k vertices in T, let Cost’ (o) be the cost of placing k facilities
on F in T®. We say that F is a minimizer of Cost(-) at o if F minimizes Cost™ (c)
among all k-element sets. Each segment of Cost(-) belongs to some line CostF(-).
Thus we are interested in the following question: How many different minimizers
we may have? Clearly, this number cannot exceed (Z) We conjecture that this
number is substantially smaller.

Congecture 2. For each fixed k, the number of minimizers is O(n).

The above linearity conjecture immediately implies that, for any fixed k,
Algorithm DepthDP runs in time O(n?). For varying k, the complexity of the
algorithm depends on how fast the bound on number of maximizers grows with k.

The linearity conjecture is trivially true for £ = 1. We show that it also holds
for k = 2. The proof is based on amortized analysis and will appear in the full
version of this paper.

Theorem 3. For k = 2, function Cost(-) has O(n) minimizers.

4 Independent Facilities

Suppose that instead of any set of k facilities, we wish to find a set of k inde-
pendent facilities that minimizes cost. We show that this problem can be solved
in linear time for any fixed k.

Algorithm IndDP. The algorithm works by simple bottom-up dynamic pro-
gramming. For each node x and each j we compute IndGainfa, the maximum
gain resulting from placing up to j independent facilities in T}. If = is a leaf, set
IndGain) = 0 and IndGain), = w,d, for j > 0. Suppose that z is not a leaf and
y, z are the sons of z. For other nodes:

max;,g—; { IndGainy, + IndGain }
Wady

IndGain/, = max {

Algorithm IndDP clearly runs in time O(k*n).
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5 A Faster Algorithm for k£ = 2

We now improve the upper bound for k£ = 2 to O(nlogn). We have two subcases:
the independent case, when the two facilities are independent, and the ancestral
case, when one facility is an ancestor of the other. The independent case has
been solved in Section 4.

The ancestral case. In the ancestral case, our task is to find v and v € T},
that maximize the gain resulting from placing two facilities at u, v:

Gain(u,v) = dywy + (dy — dy)wy. (1)

The algorithm for the ancestral case uses the divide-and-conquer approach.
At each step we make a recursive call to some tree S to compute an ancestral
pair u,v that maximizes (1) among all pairs in S. Let x be the root of S.
It is well-known — and easy to see — that S always has a node y such that
2 18] < |Sy] < Z-|S|. We call this node y a centroid of S. Using y, we can
partition S into disjoint subtrees S, and S —S,,. This gives rise to three possible
locations of the optimal pair w,v: (i) u,v € Sy, (ii) w,v € S — S, or (iii)
u € path(z,y) and v € S, where path(x,y) denotes the path from z to y in S
(See Figure 1), excluding y. Recursively, we find optimal pairs in S, and S —S,,.

Fig.1. Three possible location of an optimal ancestral pair in a partitioned
tree S

We now show how to find an optimal pair that is split between path(zx,y)
and Sy. Denote by P = path(z,y) and Q = S, the lists of all ancestors (exclud-
ing y) and descendants of y, ordered by decreasing tree weight w. By routine
calculations we get the following lemma.

Lemma 4. Let P = (p1,...,pa) be a list of nodes ordered by increasing depth
and Q@ = (q1,-..,q) a list of nodes ordered by decreasing tree weight. Then
function Gain(-,-) has the Monge property on P X Q, that is, for all i < j and
g < h we have

Gain(p;, q4) + Gain(p;, qn) > Gain(pi, qn) + Gain(p;, q)

Procedure AncSplitPair(P, Q). The procedure receives on input two lists of
vertices P and @ that satisfy the conditions of Lemma 4. It outputs a pair
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{u,v}, for v € P and v € @, that maximizes Gain(u,v). To find u and v, we
simply apply the linear-time algorithm called SMAWK (see [1]) that computes
maxima of functions with the Monge property.

Procedure AncPair(S). The input S is a tree with root z. The procedure pro-
duces two outputs: the optimal ancestral pair from S, and the list of all nodes
of S sorted by decreasing tree weight. If S = {z}, return {x, 2} and a one-element
list (x). If |S] > 1, we proceed as follows:

0. Find a centroid y of S.

1. Call AncPair(Sy) to compute the best pair {u1,v1} in S, and the list Qq of
the nodes in S, sorted by decreasing tree weight.

2. Call AncPair(S — S,) to compute the best pair {us,v2} in S — S, and the
list 2 of the nodes in S — S, sorted by decreasing tree weight.

3. Call AncSplitPair(P,@Q1), where P = path(z,y), to compute the best pair
{us,vs}, where ug € path(z,y) and vs € S,,.

4. Return the best of the three pairs {u;,v;}, i =1,2,3.

5. Merge lists (1 and Q2 and return the resulting sorted list.

Algorithm Fast2Median. Given a weighted tree T, we use Algorithm IndDP
with & = 2 to find the best independent pair. Then we use Procedure AncPair
to find the best ancestral pair. We output the better of these two.

Theorem 5. Algorithm Fast2Median computes 2-medians in directed trees in
time O(nlogn).

Proof. Consider one recursive call of AncPair(S), with |S| = m and |S,| = m'.
The running time of AncPair(S) satisfies the recurrence t(m) = t(m’) + t(m —
m’) + O(m), where m/3 < m < 2m/3, since computing y, merging sorted se-
quences, and the call to AncSplitPair all take time O(m). This immediately im-
plies that the running time of AncPair is t(n) = O(nlogn).

6 An Algorithm for £k = 3

In this section we improve the time complexity for k = 3 to O(nlog®n). We
start by describing some auxiliary procedures.

Best-descendant function. First, we solve the following task. For each u, we
want to compute v € T,, that maximizes Gain(u,v) = dywy, + (dy — dy)w,. We
refer to this v as the best descendant of u and denote it BestDesc(u).

We compute the function BestDesc(-) by essentially the same algorithm as the
one for solving the ancestral case of the 2-median problem, AncPair. Referring to
the description of AncPair in Section 5, the following changes need to be made.
The recursive call to AncPair(S), instead of outputting just one optimal pair,
computes BestDesc(u) for all u € S. As before, it also produces a list of nodes
in S sorted according to decreasing tree weight. After the two recursive calls to .S,
and S — .S, we call a modified version of AncSplitPair(P, Q) that, for each u € P
computes an optimal v € @ that maximizes Gain(u,v). This, again, is done
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using the SMAWK algorithm. For u € S, — path(x,y) this gives us the desired
values of BestDesc(u). For u € path(z,y), BestDesc(u) is the better of the nodes
produced by the recursive call to AncPair(S — S,) and by AncSplitPair(P, Q1).
The running time of this modification of AncPair is also O(nlogn).

Forbidden path. We need another, rather technical procedure, similar to the
one given above for computing BestDesc(+). In this case, the input is some tree U
with root x. We are also given a node z € U. The goal is to compute, for each
u € path(x, z) the best descendant v of w in U —path(x, z) (the one that maximizes
Gain(u,v)). We call path(x, z) the forbidden path. We accomplish this task with
a recursive procedure PathBestDesc(U, z) based on the centroid partitions. We
find a centroid y of U and we partition U into U, and U — U,. We now have two
cases (see Figure 2).

A N

Fig. 2. Two cases in computing descendants with a forbidden path

Suppose that y and z are independent, and denote by s their lowest common
ancestor. We first make a recursive call to PathBestDesc(U — Uy, z). This will
give us the correct descendant for each w € path(x,z) — path(x,s). Then for
all w € path(z,s) we compute the best descendant in U, using the SMAWK
algorithm, and we pick the better of the two choices.

We now examine the other case, when z € U,. We first make a recursive
call to PathBestDesc(U,, z). This will give us the correct descendant for each
u € path(y,z). Next, we make a recursive call to PathBestDesc(U — U,,y’),
where 3y’ is the father of y. Then, for all u € path(x,y’) we compute the best
ancestor in U, — path(y, z) using the SMAWK algorithm. (Removing path(y, z)
does not affect the algorithm, we just need to change the second input list). This
gives us up to two candidate descendants for all u € path(z,y’) and we pick the
better one.

Overall, if |U| = m, the above procedure in time O(mlogm) for each u €
path(zx, z) will compute its best descendant that is not on path(zx, z).

The algorithm. We consider separately four cases corresponding to different
genealogical relations between the facilities and choose the optimal solution.
These four cases are:

Independent: All three facilities are independent.

Partially independent: A pair of nodes u, v, with u being an ancestor of v, and
one node t independent of v and v.
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Ancestral: Three nodes u,v,t on a path from root to a leaf.
Partially ancestral: A node u with two independent descendants v, t.

To solve the independent case we can simply apply Algorithm IndDP from
Section 4 with k£ = 3. We now describe how to solve the remaining three cases.

Partially independent case. In this case, we use the function BestDesc(-).
We perform dynamic programming in a bottom-up order, similarly to the in-
dependent case from Section 4. For each node x we compute three values: an
optimal singleton in T}, and optimal ancestral pair in 7T,, and an optimal par-
tially independent triple in 7T,. Suppose we are now at x. The optimal singleton
in T} is either x, or the optimal singleton in T, or the optimal singleton in 7.
The optimal ancestral pair is either {z,v}, for v =BestDesc(x), or the optimal
pair from T}, or the optimal from 7. The optimal partially independent triple
is obtained by combining the optimal pair from one subtree with the optimal
singleton from the other and adding up their gain values. This can be done in
two ways, and we choose the better of the two triples.

Ancestral case. The totally ancestral case is solved, in essence, by applying
the ancestral case of the 2-median algorithm twice. We first compute function
BestDesc(+). With each v and v € T, we can associate a modified gain value
Gain™ (u,v) = dywy + (dy — dy)wy + G(v), where G(v) = (dy — dy)ws, for t =
BestDesc(v). Calculations similar to the proof of Lemma 4 show that Gain*(u, v)
has the Monge property. The maximum of Gain*(u,v) is equal to the maximum
gain of an ancestral triple {u, v,t}. Thus we can solve this case by running the
procedure AncPair(T) with the modified gain function Gain*(u,v) instead of
Gain(u,v).

Partially ancestral case. This is the most difficult case. The algorithm is again
based on divide-and-conquer using the centroid tree partition. As before, a given
tree S is partitioned into two subtrees S, and S —S,,. There are four possibilities
for the location of the optimal partially ancestral triple, see Figure 3. The first
two cases are solved recursively. The third case is solved using the depth-based
dynamic programming approach from Section 3. The last case is hardest. In this
case u € path(x,y), one of its descendants v is in S — S, — path(x, y) and the other
descendant ¢ is in S,. The idea is that we can compute v and ¢t independently of
each other. We compute ¢ using the SMAWK algorithm. To compute v, we call
the procedure PathBestDesc(S — S, y) that finds the best descendant that does
not lie on path(x,y).

®X

A\

Fig. 3. Four possible location of an optimal partially ancestral triple in a parti-
tioned tree S
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We now describe the whole procedure in more detail. For a tree S with root z,
let Gaing(a) denote the optimal gain of having one facility in S given that there
is another facility located at distance a above z. Similarly, let IndGainZ(c)
denote the optimal gain of having two independent facilities in S given that
there is another facility located at distance a above x. (We slightly overload the
notation introduced in Section 3 to avoid clutter).

Procedure PartAncTriple(S). The input S is a tree with root . The procedure
produces three outputs. The first output is an optimal partially ancestral triple
{u,v,t} in S (or nil if no such triple exists). The second output is the function
Gaing(-), and the third output is the function IndGain%(-). Both functions are
piece-wise linear functions, as explained in Section 3. For both functions, with
each segment, we store the node (or the pair of nodes) that corresponds to this
segment.
If |S| = {«}, return nil. If |S| > 1, we proceed as follows:

0. Find a centroid y of S. Let S’ =5 — §,,.

1. Call PartAncTriple(S,). Let {u1, v1,¢1} be the optimal triple in S,,.

2. Call PartAncTriple(S’). Let {usa, va,t2} be the optimal triple in S’.

3. We divide this step into three sub-steps. (3a) Call PathBestDesc(S’,y) to
compute, for each u € path(x,y) the best descendant v of u in S" — path(z,y).
(3b) For each u € path(x,y) compute its best descendant ¢ € S,. This again
can be done using the SMAWK algorithm. (3c¢) For each u € path(x,y) form a
partially ancestral triple {u, v,t} by using nodes v and ¢ from the previous two
steps. Among these triples, let {us,vs,t3} be the triple that has the maximum
gain value.

4. For each u € path(x,y) compute IndGains,(d, — d,). Let us be the node that
achieves this maximum, and vy, t4 the independent nodes in S, that correspond
to the line segment that contains a = d,, — d,,. Form a partially ancestral triple
{U4, V4, t4}.

5. Return the best of the triples {u;,v;,t;}, i = 1,2, 3, 4.

6. Compute Gaing(-). To determine Gaing(-), we use the gain functions com-
puted by the recursive calls in Step 1 and 2. We take Gaing(a) to be the maxi-
mum of Gamlsy (o +dy.) and Gaink, (a).

7. Compute IndGain(-). To determine IndGaing(a), we compute the maximum
of three functions that correspond to three possible locations of the independent
facilities v,t in S: v,t € Sy, v,t € §', and v € S, and ¢t € S’. Thus the first
function is IndGaingy (a4 dz.), the second function is IndGain, (a + dy.), and

the third function is Gainlsy (o + dys) + Gaing ().

Algorithm Fast3Median. Given a weighted tree T', we compute separately the
optimal triples for each of the four genealogical patterns. The independent case
was solved in Section 4. The algorithms for the other three cases were described
above.

Theorem 6. Algorithm Fast3Median computes 3-medians in directed trees in
time O(nlog®n).
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Proof. Tt is sufficient to estimate the running time of Procedure PartAncTriple.
Consider a recursive call to a tree S. Let m = |S| and m’ = |S;|. The recursive
calls take time ¢(m’) and ¢(m — m'). The invocation of PathBestDesc(S’,y) in
Step 3 executes in time O(mlogm). The rest of the computation in this step
requires only time O(m). Steps 4-7 take time O(m). So, overall, the running time
satisfies the recurrence: t(m) = t(m’) + t(m —m’) + O(mlogm), where m/3 <
m < 2m/3. This immediately implies that the running time of PartAncTriple is
t(n) = O(nlog®n).

7 Final Comments

We presented an O(nlogn)-time algorithm for 2-medians and an O(nlog? n)-
time algorithm for 3-medians in directed trees, improving the O(n?) upper bound
for these cases. Many open problems remain.

Can the 2-median problem be solved in linear time? The answer is positive
if the tree is a path. However, for general trees, we remain skeptical. The hard
case appears to be a tree with a long path from the root r to a node y and a
“bushy” subtree T),. If T}, is sorted by decreasing tree weight, we can apply the
SMAWK algorithm to get a solution in linear time. So the problem appears to
reduce to the question of whether sorting is necessary.

What is the complexity of the problem for general k7 We conjecture that
it can be solved in time O(cinlog” n), where a is a small constant and ¢ is a
constant that depends only on k. An analogous question can be asked for the
undirected case. We believe that our approach from Section 6 can be used to get
an O(nlog? n)-time algorithm for this problem in case k = 3.

The linearity conjecture remains open for k > 3. Getting good estimates on
the number of minimizers of the cost function would help to get better upper
bounds on the complexity of the k-median problem. The linearity conjecture is
closely related to some problems in combinatorial geometry. For example, if T is
a star, that is, a tree consisting only of a root with n — 1 sons, then the problem
is equivalent to counting the number of sets consisting of k top lines in an
arrangement of n — 1 lines, which is known to be O(kn). We suspect that nearly
linear upper bounds can be obtained using Davenport-Schinzel sequences [7,17],
but so far we were able to apply this method only for k£ = 2.
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Abstract. In this paper we consider the question of whether NC° cir-
cuits can generate pseudorandom distributions. While we leave the gen-
eral question unanswered, we show

o Generators computed by NCP° circuits where each output bit de-
pends on at most 3 input bits (i.e, NC3 circuits) and with stretch
factor greater than 4 are not pseudorandom.

o A large class of “non-problematic’ NC° generators with superlin-
ear stretch (including all NC§ generators with superlinear stretch)
are broken by a statistical test based on a linear dependency test
combined with a pairwise independence test.

e There is an NC§ generator with a super-linear stretch that passes
the linear dependency test as well as k-wise independence tests, for
any constant k.

1 Introduction

The notion of deterministically expanding a short seed into a long string that
looks random to efficient observers, i.e., the notion of a pseudorandom generator,
has been a fundamental idea in complexity as well as cryptography. Nevertheless,
the question of whether strong pseudorandom generators actually exist is a huge
open problem, as their existence (at least with cryptographic parameters) implies
that P # NP: One can prove that a generator GG is not pseudorandom by
presenting a polynomial-time algorithm to decide range(G). Therefore if P =
NP, strong pseudorandom generators do not exist.

On the other hand, that G has an NP-hard range does by no means guarantee
or even suggest that G is a strong generator, as there may be statistical regu-
larities in the output of the generator. For this reason, existing pseudorandom
generators are proven to be strong under stronger hardness assumptions than
P # NP. Some of the most important research in this area was presented in a
series of papers by Blum and Micali [2], Yao [18] and Goldreich and Levin [6].
Hastad, Impagliazzo, Levin and Luby [9,8], building on this research, finally
showed that the existence of a cryptographic one-way function is sufficient (and
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trivially necessary) for the existence of a cryptographic pseudorandom genera-
tor. This general construction only depends on a generic one-way function, but
the resulting generator is quite involved and seems to need the full power of the
complexity class P.

The general construction left open the precise computational power needed
to produce pseudorandomness. Kharitonov [11] showed, under a more specific
hardness assumption, that there is a secure pseudorandom generator in NC?!
for any polynomial stretch function. Impagliazzo and Naor [10] showed how to
construct secure pseudorandom generators based on the assumed intractability of
the subset sum problem. In particular, they showed how to construct a generator
with a non-trivial stretch function (expanding n bits to n + ©(log(n)) bits) in
the complexity class AC". This suggests that even rudimentary computational
resources are sufficient for producing pseudorandomness (it is worth noting that
Linial, Mansour and Nisan [14] proved that there are no pseudorandom function
generators in AC® with very good security parameters).

From both a theoretical and a practical point of view it seems worth finding
out how rudimentary pseudorandom generators can be. There are different in-
terpretations of this question, depending on how we formalise “rudimentary” or
“simple”. In previous work Kharitonov et al. [12] and Yu and Yung [19] proved
strong negative results about the ability of various automata and other severely
space-restricted devices to produce pseudorandomness. In this paper, we inter-
pret “simple” in terms of circuit complexity and ask: Are there pseudorandom
generators in NCO°?, that is, are there pseudorandom generators where each out-
put bit depends on only a constant number of input bits? Such generators would
be appealing in practice as they can be evaluated in constant time using only
bounded fan-in hardware. However, it seems that with such a severe constraint
on the generator, there would certainly be statistical regularities in the output,
so that we could construct a sequence of circuits to distinguish between the uni-
form distribution and output from the generator. This is a tempting conjecture,
but we have not been able to prove it without further restrictions.

Our main results are:

Theorem 11 There is no strong pseudorandom generator with a stretch factor
greater than 4 for which every output bit depends on at most 3 input bits (that
is, no NC9-generator).

We can actually prove a weaker version of the theorem above for a more general
class of “non-problematic” generators of which NC$ generators are a special
case, and we do this in Theorem 9. It is interesting to note that deciding the
range of a NCY circuit is, in general, NP-hard (see Proposition 1), so we cannot
use the approach of inverting the generator’s output to prove either of these two
theorems. Instead, in Theorem 9 we show that we can break any such generator
with a statistical test consisting of a linear dependency test and a test for pairwise
independence of the output bits. On the other hand, we show

Theorem 14 There is a generator with a superlinear stretch for which every
output bit depends on at most 4 input bits (i.e., an NCY-generator) so that
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that there are no linear dependencies among the output bits and so that for any
constant k and for sufficiently large input size, all bits of the output are k-wise
independent.

The question of whether there are true pseudorandom generators in NCY is
still open. We have no construction that we believe is truly pseudorandom, nor
do we have a general scheme for breaking such generators. We have been able to
reduce the number of boolean functions on 4 variables that could possibly serve
as basis for such a generator to 4, up to isomorphism.

2 Definitions and Background

Definition 1. A circuit C : {0,1}" — {0,1}*" is in NC? if every output bit
of C' is a function of at most ¢ input bits. The circuit C' is associated with an
induced distribution on {0,1}?", where the probability of y € {0,1}" is the
probability that C' outputs y when the input to C' is chosen from the uniform
distribution U,, on {0,1}". We will be flexible about notation and use C to
denote this induced distribution as well as the circuit itself. We say a sequence
of circuits {Cy, },, : {0,1}" — {0, 1} is in NCO if C,, is in NC? for all n. The
function ¢(n) is known as the stretch function of the sequence and the stretch
factor is £(n)/n.

Definition 2. A function f : N — [0, 1] is said to be negligible if for every ¢ > 0,
there is some constant n. such that f(n) < n=¢ for every n > n.. It is said to
be overwhelming if 1 — f is negligible.

Definition 3 (from [10]). A function G : {0,1}" — {0,1}*™ is a pseudoran-
dom generator if every non-uniform polynomial-time algorithm A has a negligible
probability of distinguishing between outputs of G' and truly random sequences;
that is, for every algorithm A,

|[Pr[A(G(x)) = 1] — Pr[A(y) = 1]| 1is negligible,
where x and y are chosen from U,, and Uy(n) respectively.

Deviating slightly from the above definition, we prove, for convenience, our non-
pseudorandomness results for sequences of NC? distributions by using a statis-
tical test to distinguish between several samples of the uniform distribution and
several samples of the NC? distributions, rather than one sample.

Definition 4. An efficient statistical test is a procedure which takes as input a
parameter N and m = m(N) samples (for some m(N) = NOW)) gy, ... y,, from
{0,1}", runs in polynomial time, and either ACCEPTs or REJECTs. Further-
more, if y1, ...,y are chosen from the uniform distribution Uy, the probability
of acceptance is overwhelming (that is, the probability of rejection is negligible).
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Definition 5. Let A be a statistical test. An ensemble {D,, },,en of probability
distributions on {0,1}*(™, ¢: N — N is said to fail A if the probability that A
rejects Y1, .. ., Ym(e(n)) chosen independently from D, is not negligible. Otherwise
the ensemble is said to pass A.

Although Definition 3 is the traditional definition of pseudorandomness, it is
well known that an ensemble of distributions generated by a generator fails some
(possibly non-uniform) statistical test in the sense of Definition 5 if and only if
the generator is not pseudorandom in the sense of Definition 3 (see Goldreich [5,
page 81] for details).

Some of the results in Sections 3 and 4 refer to special NC? circuits that we
refer to as non-problematic circuits. We need the following definition:

Definition 6. A function f : {0,1}¢ — {0,1} is affine if f(z1,...,2.) can be
written in the form ajz1 + ... @cxe + @eqr1 (mod 2), for «; € {0,1}. We say
that f is statistically dependent on the input variable x; if either Pr{f(x) =1 |
x; =1]#1/20r Pr[f(z) = 1| 2; = 0] # 1/2. An NC? circuit is non-problematic
if for every output gate y; = f;(z;1,...,x;.), the function f; is either an affine
function or depends statistically on one of its variables.

Before we present our results, we discuss previous negative results on genera-
tion of pseudorandomness. Lower bounds for pseudorandom function generators
were studied in [14,16,13]. The only papers we are aware of that give impossi-
bility results or lower bounds for “plain” pseudorandom generators as defined
above, are the papers by Kharitonov et al. [12] and Yu and Yung [19].

Kharitonov et al. [12] proved that no generator that is either a one-way
logspace machine or a one-way pushdown machine is a strong generator, even
when the generator is only required to extend the input by a single bit. They also
considered the question of whether sublinear-space generators exist and related
this issue to the L vs P question. It is worth noting that the proofs of non-
pseudorandomness that Kharitonov et al. obtain for one-way logspace machines
and one-way pushdown machines (and for finite reversal logspace machines)
depend on showing that the range of these generators can be recognized in
polynomial time.

Yu and Yung [19] considered bidirectional finite state automata and bidirec-
tional machines with sublogarithmic space (o(logn) space) as generators. They
proved that bidirectional finite state automata are not strong pseudorandom
generators, even when the generator only extends the input by one bit. For
these generators, they also showed that the tester for distinguishing between the
generator’s output and the uniform distribution can be assumed to lie in L2.
For bidirectional machines with o(logn)-space, they showed that any generator
in this class with superlinear stretch is not pseudorandom. All the impossibility
results of Yu and Yung are again obtained by showing that the range of the
generator can be recognized in polynomial time.

We can use a similar strategy to show that pseudorandom generators in NC9
do not exist: Note that for all uniform sequences {C,}, of circuits in NC3,
range(C,) is in P. This follows because the problem is a special case of 2-SAT.
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However, this is a strategy we cannot use (in general) for distributions generated
by NCP-circuits, because we now show that there are sequences {C,, },, of circuits
in NC9 such that deciding range(C,,) is NP-complete. The proposition below is
an improvement of a result due to Agrawal et al. [, Proposition 1], who showed
that there is a function f in NC§ such that that is NP-complete to invert f. It
also improves an unpublished theorem of Valiant (Garey and Johnson [4], page
251), stating that inverting multinomials over GF'(2) is NP-hard: we prove that
this is the case even for a specific sequence of multinomials.

Proposition 7. There is a uniform sequence {Cp}nen of NCY circuits such
that range(Cy,) is NP-complete. Also, every output gate in every circuit in the
sequence is a degree-2 multinomial over GF(2).

Proof. The reduction is from the NP-complete problem 3-SAT. For every n € N
we construct a NC9 circuit to model 3-SAT problem on n variables. The circuit
has an input gate x; for 1 < i < n for each logical variable, and three helper
inputs A1, hj 2, hj3 for every possible three-literal clause c; (there are 8(%) ¢;s).
The circuit has four output gates y; 0, y;,1,¥;,2, y;,3 for every ¢;. Let N = 1—3671(71—
1)(n — 2) denote the total number of output gates.

The gates are connected to form a NC9 circuit as follows: for every possible
clause ¢;j, we connect hj 1, h;2 and hj s (the “helper” inputs) to y; o as follows:

Y3,0 =def (1 + hj_]l + hj_]z + hjyg) (mod 2) (1)

It is easy to check that y;o = 1 iff an even number (0 or 2) of the helper
inputs {hj1,hj2,h;3} are switched on. Let the literals in clause ¢; be €1, {2
and /; 3. Each of the output gates {y; 1, y;.2, y;3} is the disjunction of one helper
input and one of the literals in c;:

Yji =der 1 — (1 —£;i)(1 = hj;) (mod 2)  i=1,2,3 (2)
Two facts:

(i) If all of the helper inputs for ¢; are 1 then y;0 = 0 and y;1y;2y;,3 = 111
both hold.

(ii) Suppose the z; inputs are fixed but the helper inputs are not. Then we can
set values for hj 1, hj2, h;3 to give y;0v;,1Y;,2v5,3 = 1111 iff at least one of
the literals in ¢; is true under the truth assignment given by the z; input
variables.

For any instance (X, C) of 3-SAT with n = | X| variables, define a € {0, 1}"
by setting 5,004,105 2053 = 1111 for EVery c; € (' and ;5,004,105 2053 = 0111 for
every ¢; ¢ C. By fact (i), we can imagine that all the helper inputs for clauses
outside C' are set to 1. Then by fact (ii), a € range(Cy,) iff there is some truth
assignment for the x; variables that satisfies some literal of every clause in C.

Note that the functions defined for the output gates (Equations 1 and 2) are
all degree 2 multinomials.
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3 Lower Bounds

In this section we prove that sequences of non-problematic NC? circuits with a
“large enough” (constant) stretch factor are not pseudorandom generators.

The particular statistical test that we use to detect non-pseudorandomness is
the LINPAIR test, which tests for non-trivial linear dependencies in the output
(Step (i)) and also tests that the distribution on every pair of indices is close
to uniform. We also use a generalization of the LINPAIR test called the LIN(k)
test, which instead of merely checking that the distribution on every pair of out-
puts is close to uniform, checks that the distribution on every group of k indices
is close to uniform (Step (ii)). Note that Step (i) of LIN(k) can be computed in
polynomial-time by Gaussian elimination. Also for any constant k& € N, Step (ii)
of LIN(k)[m, N] is polynomial in m and N, because there are only 2* (JZ) differ-
ent Fj, . [b1,...,bg] values to calculate and test.

Throughout the paper we will use LINPAIR[m, N] to denote LIN(2)[m, N].

Algorithm 1 LIN(k)[m, N]

input: m samples a1, ..., a,, € {0,1}"V. Each a; is written as a; 1 ... a; n-
output: ACCEPT or REJECT

(i) Check the linear system Ej zja;; = zn+1(mod 2) (1 <i < m) for a
non-trivial solution;
If there is a non-trivial solution then REJECT;

else
(ii) For every set of k indices ji,...,Jk (1 < j1 < ...jk < N),
calculate
Fjl-,---yjk [bl, . .,bk] =def %H S ) S m: Qg .- Qq g, = b1 . bk],

for every tuple by ...b, € {0, 1}%;
if |[Fy, . jelbr, ... bkl — (1/28)] > & for any ji,...,j, and by, ..., by
then
REJECT:
else
ACCEPT;
end
end

Now we show that LIN(k) is a statistical test for any k (it accepts the uniform
distribution):

Lemma 8. Let m : N — N be any function satisfying m(N) > N2log? N.
Then if the LIN(k) algorithm is run with m samples from Uy, the probability
that LIN(k) accepts is overwhelming.

Proof. First consider Step (i). First note that since we are working with binary
arithmetic modulo 2, any non-trivial solution to the linear system Zjvzl Zja;; =
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zN+1(mod 2) corresponds to a non-empty subset S C {1,..., N} such that either
(a) > jes @ij = 0holds for all 1 <4 < mor (b) 3 ;. ga;; =1 holds for all i.
For any fixed set S of indices, the probability that Zje g @i j = 0 holds for a
single a; chosen from the uniform distribution is 1/2. The probability that (a)
holds for all 1 < i < m is 1/2™, and the probability that either (a) holds or
(b) holds is 1/2™~L. There are only 2V subsets of {1,..., N}, so we can bound
the probability of finding any non-trivial solution to Zjvzl zja;; = zn+1(mod 2)
by 2V /2m=1 which is at most 2=~ when m > N2?log® N.

Next we bound the probability that Step (ii) rejects. For any k in-
dices ji,...,jk, and any k-tuple of bits by,...by € {0,1}*, the probability
that ji,...,jx reads by...by in a sample from Uy is 1/2*. By Hoeffding’s In-
equality (see McDiarmid [15, Corollaries (5.5) and (5.6)]), if we take m samples
from Uy, then

Pr[|F),, b1, .. bkl — 1/2%] > 1/N] < 2exp[—1/3(2% /N)?m(1/2%)]
< 2exp[—2"/3(log N)?|

which is at most 2N (106 M2"" There are 28 N* different tests in Step (i), so
the probability that any one of these fails is at most 2F+1 N+~ (log N)2k72, which
is at most N 198 N/2 for large N.

So LIN(k) succeeds with probability at least 1 — 2~ — N~ logN/2,

Theorem 9. For any constant ¢ > 2 there is a constant d € N so that the
following holds: If {Cy,}nen is a family of non-problematic NCQ circuits whose
stretch function satisfies €(n) > dn, then {Cp}nen fails LINPAIR[m, {(n)] for
any function m with m(£(n)) > log® £(n). Hence {Cy, }nen is not pseudorandom.

Proof. The constant d = (2(¢~12"(c—1)!)+1 is large enough for this theorem. We
will show that for all such circuits, LINPAIR[m, £(n)] fails for all m > log? {(n)
(for large enough n).

There are two cases. The circuits are non-problematic, so every output bit
of C, is either an affine bit or is statistically dependent on one of its input
variables.

Case (i): First we prove the theorem for the case when C,, has at least n + 1
affine outputs. Without loss of generality, let the affine outputs be y1,..., yn41.
Since there are only n input variables, and each output y; is an affine combination
of some input variables, there is a non-trivial affine dependence among the y;’s.
That is, we can find constants aq,...,an+1 € {0,1} such that not all of the
a; are 0 and such that either Y " | a;y; = O(mod 2) or Y i, ayy; = 1(mod 2)
holds for all x1,...,z, € {0,1}. Therefore, Step (i) of the LINPAIR algorithm
will always find a non-trivial solution (regardless of the number m of samples),
and the algorithm will reject.

Case (ii): If there are less than n+ 1 affine output bits, then there are at least
n(d—1) output bits that are statistically dependent on at least one of their input
variables. Therefore there is at least one input bit  such that (d — 1) different
output bits are all statistically dependent on z. Assume wlog that these output
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bits are y1,...,yq—1. We will prove that the distribution on some pair of these
bits deviates from the uniform distribution Uz, and therefore will fail Step (ii)
of LINPAIR.

We use the Erdés-Rado sunflower lemma (see Papadimitriou[17, page 345]),
which gives conditions that are sufficient to ensure that a family F of sets con-
tains a sunflower of size p, where a sunflower is a subfamily 7' C F of size p,
where every pair of subsets in F’ has the same intersection. The family F that
we consider contains a set I; for every 1 < ¢ < d — 1, where I; contains all the
input variables feeding y; except x. By the sunflower lemma, our definition of d
ensures that there is a sunflower of size d’ = 22" + 1 in F. That is, we have d’
special output bits y1, ..., 44, such that each y; depends on the bit x, on some
additional input bits u = (u1, ..., u,) common to y1, ...,y , and on some extra
input bits z; not shared by any two outputs in y1,...,ys.

There are only 22 different functions on ¢ variables, so if we take the most
common function f among the output bits y1, ...,y (with the input bits ordered
as x first, then u, then the private input bits), then we can find at least 2 output
bits with the same function. Assume these are y; and y,. So we have

Y1 :f(xaula"'aurvzl) and y2:f(xaula"'7u7“722)

where z; and zp are vectors of input bits, and z; and zo are disjoint and of
the same length. We can now show that the distribution on (y1,y2) is not Us.
Calculating, we have

1
Prly1ye = 11] = i(Pr[ylyg = 11|z = 1] + Prly1y2 = 11]z = 0])

1

= g(Ang(Pr[ylyz = U|zu = 1j])+Avg; (Pry1y2 = 11|zu = 0j]))
1 _ .

= §(Avgj(Pr[y1 = 1|zu = 15]*) + Avg; (Pr[y, = 1]zu = 05]%))
1

= §(Ang(6j)2 + Avg;(7;)?)

where Avg; denotes the average of its argument over all j € {0,1}", and f; =
Prly1 = 1|zu = 15] and ~; = Pr[y; = 1|zu = 0j]. We know that the output y; is
statistically dependent on x, so we assume wlog that Pry; = 1|z = 1] = 1/2+¢,
where € > 1/2¢ (since y; is a function on ¢ inputs). Then, assuming Prly; = 1] =
1/2, we have Pr[y; = 1|z = 0] = 1/2 — € (if we have Pr[y; = 1] # 1/2, then we
are already finished).

For any sequence of numbers {t;}, Avg;(t;)*> > (Avg;t;)*. Also, Prly; =
l|z = 1] = Avg,;3; and Prly; = 1|z = 0] = Avg;~;. Therefore

Priyiys = 11] > %(Pr[y1 = 1|z = 1> + Pry; = 1|z = 0]?)
= 2((/24 07 + (12— e

1
= 5(1/2 + 2€%)
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Now consider the calculation of Fjo[1,1] in Step (ii). The expected value
of Fy 5[1,1] is at least 1/4+1/2%¢. Therefore, if the deviation of F} 51, 1] from its
expectation is bounded by 1/2%2¢*1 we have |F} »[1,1] — 0.25| > 1/2%¢1. Using
Chernoff Bounds (see McDiarmid [15]), the probability that F 2[1,1] deviates
from its expectation by 1/22¢t1 is at most 2 exp[—2m(£(n))/22(2¢+V)]. Thus for
m(€(n)) > log? f(n) and large enough n, we have |F} o[1,1] — 0.25] > 1/22¢+1 >
1/£(n) with probability at least 1 — 2exp[—2(log£(n))3/?]. Therefore for suffi-
ciently large ¢(n), Step (ii) fails and LINPAIR[m, ¢(n)] rejects with probability
at least 1 — 2€(n)_2(1°g1/2 tmn),

One of our referees has pointed out that the bound on d in Theorem 9
can be improved by testing the variance of sums of output variables. For any
discrete random variable X, the variance of X, denoted var(X), is defined as the
expectation of (X — E[X])%. In case (ii) of Theorem 9, we find a set of output
variables y1,...,y4—1 such that each y; is statistically dependent on the same
variable x. Suppose d > 2%¢ + 1. Then Var(zztll z;) is at least d — 1 for some
choice of z; € {y;, i} : i =1,...d — 1, whereas the variance is (d — 1)/4 when
the z; are independent uniform random bits (see Grimmett and Stirzaker [7]).
The following statistical test distinguishes between the NC2 circuits of case (ii)

and the uniform distribution: for every z;,,...,2,_, where z; € {y:,5:} and
the i; are distinct indices, calculate the average of (Zj;ll 2z, — (d—1)/2)? over

the set of samples. If any of these estimates is greater than (d—1)/2, then reject.
The following observation can be easily verified by computer.

Observation 10 Every NCY circuit is non-problematic.

By Observation 10, Theorem 9 holds for all sequences of NC9 circuits. By
a more careful analysis of NC9 circuits, we can prove a stronger result:

Theorem 11. Let {C),}nen be any ensemble of NC$ circuits which has a
stretch function £(n) with £(n) > 4n + 1. Then {Cy}nen fails LIN(4)[m, ¢(n)]
for any m satisfying m(£(n)) > log? £(n) and therefore is not pseudorandom.

4 A Generator That Passes LIN(k)

Our original goal was to prove that for all ¢ € N there exists some constant
d € N such that any sequence of NC? circuits with stretch factor at least d is
not pseudorandom. So far we have only been able to prove this for sequences of
non-problematic circuits. For the set of NC9 circuits, we can classify the number
of different problematic output gate functions in the following way:

Observation 12 Consider the set of all problematic functions f : {0,1}* —
{0,1} on four variables. Define an equivalence relation on this set by saying

f=giff

f(w1, 20,03, 24) = bs + g(m(z1 + b1, ...,24+ bg))(mod 2)
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for some permutation ™ and some five boolean values by, . .., bs € {0,1}. That is,
two functions are equivalent if one can be obtained from the other by permuting
and possibly negating input variables and possibly negating the output. Then,
there are only four problematic non-equivalent functions on 4 inputs, namely

filxr, ... 24) = 21 + 22 + 2374 (mMod 2)

( ) = x1 + xows + w324 + 24 (MO 2)

(x1,...,24) = 21 + 22 + x4 (22 + x3) (MO 2)
(X1,...,x4) =21 + 22+ (21 + 24) (22 + 23) (Mod 2)

T1,...,24

Proof. Case analysis (by computer).

Any NCY circuit with a large enough stretch factor is guaranteed to either
(a) contain enough non-problematic output gates to allow us to use Theorem 9
to prove non-pseudorandomness, or (b) contain a large number of output gates
of the form f;, for one of the fi,..., f4 functions. So when we consider candidates
for pseudorandom generators in NC9 with superlinear stretch, we only have to
consider generators using gates of the form of one of f1, fo, f3, fa.

We show that Theorem 9 cannot be extended to non-problematic functions
by exhibiting an NC§ generator using only output gates of the form f; and
passing LIN(k) for all constants k. We need the following lemma (a variation of
the well-known Schwartz-Zippel lemma):

Lemma 13. For any r-variable multilinear polynomial f of degree at most 2
over GF(2) which is not a constant function, Pr,[f(x) = 0] € [1/4,3/4] when x
is chosen uniformly at random from {0,1}".

Theorem 14. Let k : N — N be any function satisfying 2 < k(n) < logn.
Then there is a generator in NC$ with stretch function £(n) = n'TO/k) " sych
that for any function m satisfying m > €(n)?(log” £(n)), the generator passes
LIN(k(n))[m, £(n)] with overwhelming probability.

Proof. In this proof we will informally use k to denote k(n) and ¢ to denote £(n).
Our construction uses the following result from extremal graph theory (see Bol-
labés [3, page 104]): For all n there exists a graph G on n/2 nodes with ¢ edges,
such that the girth of G (i.e., the length of the shortest cycle of G) is at least k.
We use this graph to construct a circuit, with an output gate for every edge
in G: the input bits of the generator are split into two sets, the set {zq,. .. 7Zn/2}
which will represent the nodes of G, and another set {z1,...,z, /2}. We assume
some arbitrary enumeration {(u;,v;) : @ = 1,...,£} of the edges of the graph,
and we also choose any ¢ different ordered pairs {(i1,i2) : ¢ = 1,...,¢} from
{1,...,n/2}2 Then, for every output bit y;, we define

Yi =def TiyTiy + Zu; + Zv; (mod 2),

where z,, and z,, are the inputs from {zi,... 7Zn/2} representing u; and v;
respectively. Note that Pry; = 1] = 1/2 for every 1.
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We show that the generator passes the linear dependency test of LIN(k)
with high probability and also that the output bits are k-wise independent, and
therefore pass Step (ii) of LIN(k).

First consider the test for linear dependence among the outputs yi,...,ys
(Step (i)). By definition of the y; functions, no two y; share the same x;, x;,
term. Then for every sequence aq,...,ay € {0,1} containing some non-zero
term, Zle a;y; is not a constant function. Step (i) rejects (given m sam-
ples ai,...,a, € {0,1}%) iff there exist ay,...,a, € {0,1} not all zero such
that

‘
Z ajaj,; is constant for all 1 <7 <m
i=1

For any particular sequence aq,...,a; € {0,1}, Lemma 13 implies that the
probability that m samples satisfy the equation above is at most 2(3/4)™. There
are 2¢ different a-sequences, so the total probability that Step (i) rejects is at
most 2¢2(3/4)™ = 2¢2(3/4)¢ 108’ £(n) < (3/4)°/2 which is negligible.

For Step (ii), we show that any k outputs are mutually independent. Let &’
be the minimum &’ for which &’ output bits are mutually dependent. Assume
wlog that these output bits are yi, ..., yr . Now, suppose there is some y; with
1 < < k' such that one of z,,, z,, does not appear in any other output func-
tion for y1,...,yx . If this is the case, then regardless of the values along the
output gates yi...Y;—1Yit+1-. .Yk, the probability that y; = 1 is always 1/2
(y; is mutually independent of all the other y;’s). Therefore the set of out-
puts yi,...4Yi—1,Yi+1 - - - Y must be mutually dependent and we obtain a contra-
diction. Therefore if k£’ is the minimum value for which &’ outputs are mutually
dependent, then for every y;, z,, and z,, appear in at least one other output
from y1,...,yr. In terms of the original graph that we used to construct our
circuit, we find that in the subgraph consisting of the set of edges for y1, ..., yx,
each vertex has degree at least 2. Then this subgraph contains a cycle of length
at most k', so k' > k, as required.

Then an argument similar to the argument for LIN(k) in Lemma 8 shows
that Step (ii) rejects with negligible probability.

5 Open Problems

The main open problem is of course whether NCP circuits in general can be
pseudorandom generators. We believe this may turn out to be a difficult question.
Some, perhaps, easier subquestions are the following:

We have been able to show that there is no pseudorandom generator in NC$
that expands n bits to 4n+1 bits. It would be interesting to optimise this to show
the non-existence of generators in NC$ expanding n bits to n+ 1 bits. . Another
goal that may be within reach is to prove that NCY generators with superlinear
stretch cannot be pseudorandom generators. There is no reason to believe that
the construction of Theorem 14 is unbreakable. Indeed, note that the generator
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is not specified completely as the graph and the exact enumeration of pairs is
unspecified. It is easy to give examples of specific graphs and enumerations where
the resulting generator can be easily broken by testing whether a particular
linear combination of the output bits yields an unbiased random variable. If
one believes that NC§ generators in general are breakable (as we tend to do),
Observation 12 suggests that a limited number of ad hoc tests may be sufficient
to deal with all cases. For instance, it is conceivable that every such generator
is broken by testing whether a particular linear combination of the output bits
yields an unbiased random variable.
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Abstract. In this paper we prove that, in the context of weak machines
over R, there are no sparse NP-hard sets.

1 Introduction

In [2] Berman and Hartmanis conjectured that all NP-complete sets are polyno-
mially isomorphic. That is, that for all NP-complete sets A and B, there exists
a bijection ¢ : X* — X* such that € A if and only if p(z) € B. In addition
both ¢ and its inverse are computable in polynomial time. Here X' denotes the
set {0,1} and X* the set of all finite sequences of elements in X.

Should this conjecture be proved, we would have as a consequence that no
“small” NP-complete set exists in a precise sense of the word “small”. A set
S C X* is said to be sparse when there is a polynomial p such that for all n € IN
the subset S, of all elements in S having size n has cardinality at most p(n). If
the Berman-Hartmanis conjecture is true, then there are no sparse NP-complete
sets.

In 1982 Mahaney ([11]) proved this weaker conjecture showing that there
exist sparse NP-hard sets if and only if P = NP. After this, a whole stream of
reserach developed around the issue of reductions to “small” sets (see [1]).

In a different line of research, Blum, Shub and Smale introduced in [4] a
theory of computability and complexity over the real numbers with the aim of
modelling the kind of computations performed in numerical analysis. The com-
putational model defined in that paper deals with real numbers as basic entities,
and performs arithmetic operations on them as well as sign tests. Inputs and
outputs are vectors in IR™ and decision problems are subsets of IR*, the disjoint
union of R™ for all n > 1. The classes Pr and NP —which are analogous to
the well known classes P and NP— are then defined and one of the main results
in [4] is the existence of natural NPr-complete problems.

Clearly, the sparseness notion defined above for sets over {0, 1} will not define
any meaningful class over IR since now the set of inputs of size n is IR and this
is an infinite set. A notion of sparseness over IR capturing the main features of
the discrete one (independence of any kind of computability notion and capture

* Partially supported by CERG grant 9040393.

J. Sgall, A. Pultr, and P. Kolman (Eds.): MFCS 2001, LNCS 2136, pp. 285291, 2001.
© Springer-Verlag Berlin Heidelberg 2001
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of a notion of “smallness”), however, was proposed in [6]. Let S C IR*>°. We say
that S is sparse if, for all n > 1, the set

S, ={xeS|zeR"}

has dimension at most log? n for some fixed ¢. Here dimension is the dimension, in
the sense of algebraic geometry, of the Zariski closure of S,,. Note that this notion
of sparseness parallels the discrete one in a very precise way. For a subset S,, C
{0, 1}"™ its cardinality gives a measure of its size and a sparse set is one for which,
for all n, this cardinality is polylogarithmic in the largest possible (i.e. 2™ the
cardinality of {0,1}"). For a subset S, C IR", we take the dimension to measure
the size of S,,, and again define sparseness by the property of having this measure
polylogarithmic in the largest possible (which is now n, the dimension of IR™).

Using this definition of sparseness for subsets of IR the main result of [6]
proves that there are no sparse NP-complete sets in the context of machines over
IR which do not perform multiplications or divisions and branch on equality tests
only. Note that this result is not conditioned to the inequality P % NP since this
inequality is known to be true in this setting (cf. [12]).

A variation on the BSS model attempting to get closer to the Turing machine
(in the sense that iterated multiplication is somehow penalized) was introduced
by Koiran in [10]. This model, which Koiran called weak, takes inputs from R
but no longer measures the cost of the computation as the number of arithmetic
operations performed by the machine. Instead, the cost of each individual op-
eration x o y depends on the sequences of operations which lead to the terms x
and y from the input data and the machine constants.

In this paper we extend Mahaney’s theorem to machines over R endowed
with the weak cost. Again, this is not a conditional result since it is known that
P # NP in this context too (cf. [7]). If NPy, denotes the class of sets decided in
non-deterministic polynomial cost, our main result is the following.

Theorem 1. There are no sparse NPy -hard sets.

2 The Weak Cost

Let M be a machine over R, let «1,...,a be its constants and a =
(1,...,a5) € R®. Let ¢ = (x1,...,2,) € R>®. At any step v of the com-
putation of M with input z, the intermediate value z € IR produced in this step
can be written as a rational function of @ and z, z = ¢(a, z). This rational func-
tion only depends on the computation path followed by M up to v (i.e. on the
sequence steps previously performed by M) and is actually a coordinate of the
composition of the arithmetic operations performed along this path (see [3] for
details). Let ¢ = #= be the representation of ¢ obtained by retaining numerators
and denominators in this composition. For example, the representation of the
product £ - T is always {= and the one of the addition ¥ + Z always %. We

will now use g, and h, to define weak cost.
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Definition 1. The weak cost of any step v is defined to be the maximum of
deg(gy), deg(h,), and the maximum bit size of the coefficients of g, and h,,. For
any z € R the weak cost of M on x is defined to be the sum of the costs of
the steps performed by M with input x.

The class Py of sets decided within weak polynomial cost is now defined
by requiring that for each input of size n the weak cost of its computation is
bounded by a polynomial in n. A set S is decided in weak nondeterministic
polynomial cost (we write S € NPy ) if there is a machine M working within
weak polynomial cost satisfying the following: for each z € R*, x € S if and
only if there is y € R*® with size polynomial in n such that M accepts the pair

(z, ).

Remark 1. The definitions above do not fully coincide with those given in [10]
since this reference requires the representation of the rational functions @ above
to be relatively prime. The definitions we give here, which are taken from [3],
are essentially equivalent. For, if a set is in Py with the definition above, it is
clearly in Py with Koiran’s. The converse is more involved to prove. Roughly
speaking, any machine can be simulated by another which keeps “programs” in-
stead of performing the arithmetic operations at the computation nodes. When
the computation reaches a branch node the program for the register whose value
is tested for positivity is evaluated at the pair (a,x) to decide such positivity. Now
note that one can use algorithms of symbolic computation to make the numera-
tor and denominator of the rational function computed by the program relatively
prime before evaluating.

3 Proof of the Main Result
Let n > 1. Consider the polynomial
fo=a22"+.. . +22 -1

and let C,, = {x € R™ | fu(x) = 0}. The polynomial f, is irreducible and the
dimension of Cy, is n — 1. Let C' C R*™ be given by C' = UC,,. We know (cf. [7])
that C' € NPy but C Q/ Pyw.

Let S € R*™ be a NPyy-hard set. Then C' reduces to S. That is, there exists
a function ¢ : R* — IR computable with polynomial cost such that, for all
re€R>®, zeC <= p(x) € S. For each n > 1, the restriction of ¢ to R" is a
piecewise rational function. Our first result, Proposition 2, gives some properties
of this function. It uses the following simple fact in real algebraic geometry whose
proof can be found in Chapter 19 of [3].

Proposition 1. Let f € R[z1,...,x,] be an irreducible polynomial such that
the dimension of its zero set Z(f) C R™ is n — 1. Then, for any polynomial
g € Rlxy,...,x,], g vanishes on Z(f) if and only if g is a multiple of f. O
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Proposition 2. Let n be sufficiently large. There exist x € Cy, and U C R"
an open ball centered at x such that the restriction of ¢ to U is a rational map
h:U — IR™ for some m bounded by a polynomial in n. In addition, if ha,...,
are the coordinates of h, then the degrees of the numerator and denominator of h;
are also bounded by a polynomial in n fori=1,...,m.

Proof. Let M be a machine computing ¢ within weak polynomial cost. By un-
winding the computation of M in a standard manner we obtain an algebraic
computation tree of depth polynomial in n. To each branch 7 in this tree one
associates a set D, C IR" such that the D, partition IR" (i.e. ubD, = R"
and D, N D, = () for n # ~). In addition, each branch 7 computes a rational
map h, and ¢|p, = hy. The set D, is the set of points in IR™ satisfying a system

t

/\qi(:vl,...,xn)EO/\ /\ gi(x1,...,x2n) <0 (1)
i=1 i=sy+1

where the ¢;(X1,...,X,,) are the rational functions tested along the branch.
Since M works within weak cost, the numerators and denominators of the ¢; as
well as those of h,, have degrees bounded by a polynomial in n.

Everything we need now to see is that for some branch n, D, contains an
open neighbourhood of a point x € C,.

To do so first notice that, by replacing each ¢; by the product of its nu-
merator and denominator, we can assume that the ¢; are polynomials. Also, by
writing ¢; > 0 as ¢; = 0V ¢; > 0 and distributing the disjunctions in (1) we can
express D,, as a finite union of sets satisfying a system

S

/\qi(arl,...,xn):O/\ /\ qi(x1,...,x,) <O0. (2)

i=1 1=s5+1

We have thus described IR™ as a union of sets which are solutions of systems like
(2). Since this union is finite there exists one such set D containing a subset H
of C,, of dimension n — 1. Let D be the solution of a system like (2). We claim
that there are no equalities in such system. Assume the contrary. Then there is
a polynomial ¢ such that H C Z(q). Since dim H = n — 1 and C,, is irreducible
this implies that ¢(C,) = 0 and, by Proposition 1, that ¢ is a multiple of f,.
Since deg f,, = 2" this is not possible for sufficiently large n.
The above implies that D is an open set from which the statement follows.

For the next result we keep the notation of the statement of Proposition 2.

Proposition 3. Let k = dim h(U).

(1) There exist indices iy,...,ix € {1,...,m}, a polynomial g € Ry, ..., yx]
and a rational function g € R(z1,...,x,) with both numerator and denom-
inator relatively prime with f, such that

g(h"ilv" '7h’ik) = frl;q
for some £ > 0.
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(ii) Let n be sufficiently large. Then k > n.

Proof. For part (i), first, notice that, since dim(h(U)) = k, there exist i1, ..., i €
{1,...,m} such that the functions h;,, ..., h;, are algebraically independent. We
want to show that dim(UNC,,) < k. Todo so let X = h(U),Y = h(U —C,,) and
Z = h(UNC,). We have that all X, Y and Z are semialgebraic subsets of R™.
In addition, Z is contained in the closure of Y with respect to the Euclidean
topology relative to X since h is continuous and Y N Z = () since h is the
restriction of ¢ to U and ¢ is a reduction.

From here it follows that Z is included in the boundary of Y relative to X.
Hence, dim Z < dimY = dim X (see e.g. Proposition 2.8.12 of [5]).

The above shows that dimh(U N C,) < k. Therefore, there exists g €
R[y1,-..,yx] such that, for all x € U N Cy, g(hiy(x),..., iy () = 0. Write

this as a rational function g(h) = a/b with a,b € Rlx1, ..., z,] relatively prime.
Then a(C,) = 0 and a # 0 (since h;,, ..., h;, are algebraically independent). By
Proposition 1 this implies that there exists r € R|x1, ..., 2,] such that a = r f,.

If £ is the largest power of f,, dividing a then the result follows by taking ¢ = -
where 7’ is the quotient of » divided by f:~!.

We now proceed to part (ii). To simplify notation, assume that i; = j for
j=1,...,k. Also, let d be a bound for the degrees of the numerators and denom-
inators of the h;. Recall from Proposition 2 that d is bounded by a polynomial
in n.

By part (i) there exists ¢ € R(x1,...,z,) relatively prime with f,, such that

faa= g1, )

for a certain ¢ > 1. Taking derivatives on both sides we obtain that, for all
xr e R™,
V(faa)(@) = V(g)(h(x)) o Dh(z) (3)
where V denotes the gradient and Dh(x) is the Jacobian matrix of h at x.
Assume that k < n. Transposing (3) one sees that V(f*q)(z) is the image of
a vector of dimension k. Thus, there exists a linear dependency among the first
k + 1 coordinates of V(f‘q)(x)

k+1
dfna
Ai—= =0 4
=1
and the coefficients \; of this linear dependency are the determinants of some
minors of Dh(x). Thus, for i = 1,...,k+ 1, \; is a rational function of z whose

numerator and denominator have degrees bounded by kd. Since the submatrix of
Dh(x) obtained by keeping its first k+ 1 rows contains at most k(k+ 1) different
denominators, multiplying equation (4) by the product of all of all of them allows
one to assume that the \; are polynomials with degree at most kd(k + 1).

By the product rule we get

k+1

~1 Ofn 9q
) -1 YJn 1 _
;Az (efn qaxi+fnaxi) 0
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i.e.
k41 k41

[fé 1 Z)\afn_’_fZZ)\

Since f¢ divides the second term above it must also divide the first from which,

using that f,, and ¢ are relatively prime, it follows that f,, divides ZkH i gé .
That is, there exists a polynomial p such that

k+1
fap = Z Aig— afn

ie. -
(Zx —1)—2"ZA A

Now, for n large enough, the degrees of the A, are smaller than 2" — 1 since
kd(k 4+ 1) is polynomial in n. This implies that the degree of p must also be
bounded by kd(k + 1). But then, for each i < k + 1, prﬂ = /\i:v?nfl, ie.,
px; = A;. And from here it follows that —p = 0, a contradiction.

Theorem 1 now readily follows. For all n € IN, Proposition 2 ensures the
existence of an open ball U C R™ whose image by the reduction ¢ is included
in R™ with m polynomially bounded on n. But for all n sufficiently large this
image, by Proposition 3 (ii), has dimension at least n and therefore it can not
be polylogarithmic on m.

Remark 2. The result of Theorem 1, together with that in [0], supports the con-
jecture that there are no sparse NP-hard sets over the reals unless P = NP.
There are two main settings where this remains to be proved. On the one hand,
machines which do not multiply nor divide but which branch over sign tests. On
the other hand, the unrestricted case in which the machine can multiply or divide
(and branch over sign tests) with unit cost. In these two cases, the result seems
harder since there is no proof that P # NP. In the first case, we would like to
remark that, if many-one reductions are replaced by Turing reductions and we
assume that P # NP then Mahaney’s conjecture is false. This is due to a result
of Fournier and Koiran [9] proving that any NP-complete set in the Boolean
setting (i.e. over {0,1}) is NP-complete over the reals with addition and order
for Turing reductions. Since the subsets of elements of size n of any such set S
have dimension 0 the sparseness of S is immediate. For more on this see [S].
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Abstract. A secret sharing scheme is a method for distributing a secret
among several parties in such a way that only qualified subsets of the
parties can reconstruct it and unqualified subsets receive no information
about the secret. A multi secret sharing scheme is the natural extension
of a secret sharing scheme to the case in which many secrets need to be
shared, each with respect to possibly different subsets of qualified parties.
A multi secret sharing scheme can be trivially realized by realizing a
secret sharing scheme for each of the secrets. A natural question in the
area is whether this simple construction is the most efficient as well, and,
if not, how much improvement is possible over it.

In this paper we address and answer this question, with respect to the
most widely used efficiency measure, that is, the mazimum piece of in-
formation distributed among all the parties. Although no improvement
is possible for several instances of multi secret sharing, we present the
first instance for which some improvement is possible, and, in fact, we
show that for this instance an improvement factor equal to the number
of secrets over the above simple construction is possible. The given im-
provement is also proved to be the best possible, thus showing that the
achieved bound is tight.

Keywords: Cryptography, Secret Sharing, Multi-Secret Sharing

1 Introduction

A secret sharing scheme is a pair of efficient algorithms: a distribution algorithm
and a reconstruction algorithm, run by a dealer and some parties. The distri-
bution algorithm is executed by a dealer who, given a secret, computes some
shares of it and gives them to the parties. The reconstruction algorithm is exe-
cuted by a qualified subset of parties who, by putting together their own shares,
can therefore reconstruct the secret. A secret sharing scheme satisfies the ad-
ditional property that any non-qualified subset of participants does not obtain
any information about the secret. The notion of secret sharing was introduced
by Blackley [2] and Shamir [21], who considered the important case in which the
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set of qualified subsets of participants is the set of all subsets of size at least k,
for some integer k.

Since their introduction, secret sharing schemes have been widely employed in
the construction of more elaborated cryptographic primitives and several types
of cryptographic protocols. Being so often employed, central research questions
in this area are both the construction of efficient algorithms for this task, and
finding bounds on the possible efficiency that such algorithms can achieve, where
the efficiency measure mostly studied in the literature, and the one that we
will also consider in this paper, is related to the size of the largest distributed
share (typically called “information rate”, for its analogy with a so-called coding
theory notion). Several efficient algorithms have been given in the literature (see,
e.g., [21,1,15]) and many lower bounds on the size of the shares distributed to
participants have been presented (see, e.g., [8,5,23,9,25]).

A natural extension of secret sharing schemes, motivated by several ap-
plication scenarios, is to consider the case in which many secrets need to be
shared, each requiring a possibly different set of qualified subsets of parties.
These schemes are called multi-secret sharing schemes and were considered, for
instance, in [4,16,17,7].

Note that the scheme obtained by composing a (single) secret sharing scheme
for each of the secrets results in a multi secret sharing scheme. From an efficiency
point of view, however, it is interesting to ask whether this is the best possible
construction in general (that is, for all possible sets of qualified subsets of parties)
or some improvement is possible, using some different construction. Moreover it
is of interest to ask how much improvement, if any at all, can be achieved. This
paper addresses and completely answers both these questions.

Previous results. First of all notice that it is not hard to come up with ele-
mentary classes of sets of qualified parties for which no improvement is possible
(for instance, just think of each secret being recovered by subsets of a new group
of parties, or each secret being recovered by exactly the same list of subsets of
parties). Moreover, previous results in [4] imply that no improvement is possible
for a large class of sets of qualified parties (namely, the sets of parties of size
larger than a given threshold). On a different note, results in [4] imply that some
improvement is possible for the case in which 2 or 3 secrets are shared, if one
considers another efficiency measure which has sometimes been studied in the
literature; namely, a measure related to the sum of the shares distributed to the
parties (also called “average information rate”). The study of the analogue ques-
tions of this paper for this measure was done in [11], where it was shown that
if m secrets are to be shared, there exists an instance for which an improvement
by a factor of 1/m+ €, for any e > 0, is possible. None of the techniques in [4,11]
naturally extends to the most used (and more difficult to treat) measure of the
maximum size of the shares, that is considered in this paper. In fact, neither the
schemes presented in [4,11] nor other schemes in the literature give any improve-
ment at all on the maximum size of the shares, thus leaving open the questions
of whether any improvement is possible; and, if so, how much.

Our results. In this paper we solve the above open questions.
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First of all we observe that the maximum size of the shares of any multi
secret sharing scheme will always be at least 1/m times the maximum size of the
shares of the basic multi secret sharing scheme, if m is the number of secrets.
This observation directly follows from the fact that a multi secret sharing scheme
is a (single) secret sharing scheme with respect to all secrets.

Our main result is the following construction. Specifically, we show the first
instance of multi secret sharing for which some improvement is achievable.
Even more interestingly, for this construction -the best possible- improvement is
achievable, therefore showing that the previous bound is tight. In other words,
there exists an instance of multi secret sharing and a multi secret sharing scheme
for it such that the maximum size of the shares distributed according to this
scheme is equal to 1/m times the maximum size of the shares distributed ac-
cording to the basic multi secret sharing scheme. Establishing this result requires
understanding the combinatorial structure that such an instance should satisfy,
finding such an instance and finding an especially efficient multi secret sharing
scheme for it. We believe most of the techniques used can find applications in
the design of efficient multi secret sharing schemes.

Our investigation could also be considered as the study of the “direct product
problem” for secret sharing schemes. This type of problem has received a lot of
attention in several areas of theoretical computer science (see Appendix A).

Organization of the paper. In Section 2 we present all definitions of interest
for the rest of the paper. In Section 3 we present our observation on the best
possible improvement in the maximum share size when designing multi secret
sharing schemes. Our main result is presented in Section 4. Given the space
constraints, we omit several definitions and proofs.

2 Definitions

In this section we recall the definitions of secret sharing schemes and multi-secret
sharing schemes, and define quantities that will be of interest in this paper, as
max share size, optimal max share size and max improvement ratios.

SECRET SHARING SCHEMES. Informally, a secret sharing scheme is a pair of effi-
cient algorithms (the distribution and the reconstruction algorithm) which allow
a dealer to divide a certain secret s into n pieces of information, called shares, in
such a way that the following two requirements hold: qualified subsets of the n
pieces of information allow to compute s (this is the correctness requirement)
but given any non-qualified subset of such pieces, no algorithm can compute any
information about s (this is the privacy requirement). Whether a certain subset
is qualified or not is determined by a fixed, so-called, access structure.

More formally, let P = {Py, Ps, ..., P,} be a set of n participants, and define
an access structure A over P as a set of subsets of P. We say that an access
structure A is monotone if A € A implies B € A, for any B such that A C B.
Any monotone function f over n boolean variables 1, ..., x, implicitly defines
an access structure in the standard way: if f(x1,...,2,) = 1 then subset A
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belongs to A, where P; € A if and only if x; = 1. In this paper, as usually done
in secret sharing, we will only consider monotone access structures. Then the
correctness requirement is formalized by saying that, for any subset A € A, given
the shares returned by the distribution algorithm and corresponding to parties
in A, the reconstruction algorithm returns a value equal to the secret. Moreover,
the privacy requirement is formalized by saying that, for any subset A ¢ A, the
value of the secret is independent from the value of the shares returned by the
distribution algorithm and corresponding to parties in A.

MAX SHARE SIZE. We denote by 7S the random variable denoting the secret
and taking value s € S and by rSHy,...,rSH, the random variables denot-
ing the shares, each taking value sh; € Sh; (all variables being determined by
the distribution from which the secret s is selected and by an execution of the
distribution algorithm D on input s). We define the maz share size for access
structure A with respect to secret sharing scheme (D, R) as the value

MaxShSize(A, (D, R)) = m@g H(rSH;),

where by H we denote the binary entropy version (see, e.g. [10]), and the optimal
mazx share size for access structure A as the value

OpMaxShSize(A) = (%117% MaxShSize(A, (D, R)).

2.1 Multi-secret Sharing Schemes

Informally, a multi secret sharing scheme is a pair of efficient algorithms (the
distribution and the reconstruction algorithm) which allow a dealer to divide m
secrets s1, ..., Sy, into n shares in such a way that the following two requirements
hold for each i = 1,...,n: qualified subsets of the n pieces of information allow
to compute s; (this is the correctness requirement), but given any non-qualified
subset of such pieces, no algorithm can compute any information about the
value of s; other than the information that is given by the secrets determined
by such pieces; moreover, this holds even if the value of all other secrets is
known (this is the privacy requirement). For each i = 1,...,m, whether a certain
subset is qualified or not for the computation of the i-th secret s; is determined
by a fixed access structure 4;. An important observation is that the m access
structures, each associated with secret s;, for ¢ = 1,...,m, are not, in general,
equal. More formally, the correctness requirement is defined by saying that for
any ¢ = 1,...,m, and for any subset A € A;, given the shares returned by
the distribution algorithm and corresponding to parties in A and value 4, the
reconstruction algorithm returns a value equal to secret s;. Moreover, the privacy
requirement is formalized by saying that, for any i = 1, ..., m, and for any subset
A & A, the value of the i-th secret s; is independent from the value of the shares
returned by the distribution algorithm and corresponding to parties in A, even
given the value of all other secrets.

MAX SHARE SIZE. In the rest of the paper we will assume, for simplicity, that
all secrets have the same size, i.e., |s1| = -+ = |sy| = [. Similarly as for the



296 Giovanni Di Crescenzo

case of single secret sharing, we will denote by 7S™ the random variable denoting
the m-tuple of secrets and taking value si,..., s, € " and by rSHy,...,rSH,
the random variables denoting the shares returned by the distribution algorithm,
each taking value sh; € SH;. We define the max share size of access structures
A1, ..., Ay with respect to multi secret sharing scheme (D, R) as the value

MaxShSize( Ay, ..., Am, (D, R)) = m:flilx H(rSH;),

and the optimal maz share size of access structures Ay, ..., Ay, as the value

OpMaxShSize( A4, ..., A,,) = (%1171%) MaxShSize(Aq, ..., A, (D, R)).

2.2 Improvement Ratios

THE BASIC MULTI SECRET SHARING SCHEME. The first approach to consider in
constructing a multi secret sharing scheme for access structures Ay, ..., A, is
certainly to combine m (single-secret) sharing schemes, each for access struc-
ture A;, for i = 1,...,m. Specifically, given secret sharing scheme (D;, R;)
for access structure A;, for i = 1,...,m, define the ((D1,R1),..., (Dm, Rm))-
composed scheme as the following multi secret sharing scheme (c¢-D,c-R): al-
gorithm c-D sequentially runs algorithms Dy, ..., D,,, using each time inde-
pendently chosen random bits; algorithm c-R takes as additional input an in-
dex i (meaning that it is trying to recover the i-th secret) and runs algorithm
R; using as additional input the output of D;. We can now define the basic
multi secret sharing scheme for access structures Aj, ..., A, that we denote
as (b-D,b-R), as the ((D1,R1),- ., (Dm, Rm))-composed scheme, for the same
structures, where, for i = 1,...,m, each (D;, R;) is chosen so that it minimizes
OpMaxShSize(4;); moreover, if for some ¢ there are many schemes (D;, R;) which
minimize OpMaxShSize(4;), we choose the one that results in the minimum value
for MaxShSize( A4, ..., Ay, (¢-D,c-R)).

IMPROVEMENT RATIOS. In order to study all other possible approaches for
constructing a multi secret sharing scheme, we define quantities that measure
how well these approaches perform, when compared with the basic multi secret
sharing scheme for the same access structures. Specifically, we define the max-
improvement ratio for access structures Ay, ..., Ap with respect to multi secret
sharing scheme (D, R) as the value

MaxShSize(A1, ..., A, (D,R))

MaxiR( Ay, -, Am, (D R)) = MaxShSize( Ay, ..., Am, (b-D,b-R))’

and the optimal mazx-improvement ratio for access structures Aq, ..., A, as the
value

OpMaxIR(Ay1, ..., An) = (gn% MaxIR(A1, ..., Am, (D, R)).
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3 A Lower Bound on the Optimal Max-improvement
Ratio

In this section we present a lower bound on the optimal max improvement ratio
for any tuple of access structures. Informally, this result gives a limit on the
possibility of designing non-trivial algorithms for multi secret sharing schemes
versus the trivial approach of the above defined basic multi secret sharing scheme.
The limit consists of the fact that the largest share of any multi secret sharing
scheme can be smaller than the largest share of the basic multi secret sharing
scheme for the same access structures by a factor of at most the number of
secrets. Formally, we have the following

Theorem 1. Let m,n be positive integers and let Ay, ..., A, be access struc-
tures over a set of size n. It holds that OpMaxIR( Ay, ..., Ay) > 1/m.

The proof of the above theorem directly follows from the fact that any multi-
secret sharing scheme is also a single secret sharing scheme for each of the secrets
and can be extended so that it applies to a large class of practical efficience
measures.

4 An Upper Bound on the Max-improvement Ratio

In this section we present an upper bound on the optimal max improvement ratio.
Our bound is obtained by exhibiting a specific tuple of access structures and a
multi secret sharing schemes for it. This construction gives the first example
of a multi secret sharing scheme that is more efficient than the basic multi
secret sharing scheme for the same access structures. Moreover, the improvement
in efficiency is the best possible; in other words, the largest share distributed
according to our multi secret sharing scheme is smaller than the largest share
distributed according to the basic multi secret sharing scheme by a factor equal
to m, the number of secrets. Formally, we obtain the following

Theorem 2. Let m be an integer. There exists an integer n and access struc-
tures A1, ..., Ay over a set of size n such that OpMaxIR( Ay, ..., A,) = 1/m.

REMARKS. Intuitively, this result guarantees the possibility of designing non-
trivial multi secret sharing schemes which have much better max share size than
using the basic multi secret sharing scheme. The fact that, as we will see later,
the proofs only uses graph-based access structures (a relatively elementary class
of access structures) should be viewed as evidence that the class of access struc-
tures for which the improvement ratio is strictly smaller than 1 is indeed quite
large. Most importantly, our construction matches the bound of Theorem 1, and,
therefore, it shows that such bound exactly quantifies the possible improvement
in the design of a multi secret sharing scheme.

SUBTLETIES TOWARDS PROVING THE THEOREM. We note that no construction
of a multi secret sharing scheme was given in the literature which gives any
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saving in terms of max share size with respect to the basic multi secret sharing
scheme construction. (Even the construction of a tuple of access structures pre-
sented in [1 1], which does give some saving with respect to the average share size,
gives no saving with respect to the max share size.) Therefore we have to follow
a significantly different approach in our construction. Finding a tuple of access
structure and a scheme for it that is better than the basic multi secret sharing
scheme requires the following steps. First, a tuple of access structures needs to
be carefully selected, in such a way that the following two steps can be success-
fully performed. Second, a single secret sharing scheme with optimal share size
needs to be presented for each of these access structures, so that a basic multi
secret sharing scheme can be constructed. (Here note that the number of access
structures that are known in the literature to have optimal constructions for sin-
gle secret sharing is very small.) Third, an efficient multi-secret sharing scheme
needs to be presented for the access structures, so that the max share size of
this scheme is smaller than that of the basic multi secret sharing scheme. (Here,
note that no such construction had been previously given in the literature.)

INFORMAL DESCRIPTION OF THE PROOF. The rest of this section is devoted
to the proof of the above theorem. We start by presenting an m-tuple of access
structure and a multi secret sharing scheme for it based on a recursive approach.
This scheme achieves max improvement ratio equal to (1 + logm)/m. Although
this construction already gives a significant improvement over the basic multi
secret sharing scheme, it is still far from the optimal by a logarithmic factor. In
order to gain such factor, we take a single graph access structure which has quite
large max share size (such constructions exist in the literature) and carefully
compose it with the m-tuple of access structure constructed so far. Specifically,
we purposely increase the max share size of each single access structure by
a logarithmic (in m) factor. As a result, the basic multi secret sharing scheme
achieves a max share size of mlog m+m. Finally, because of the careful insertion
of the latter graph access structure in the previously constructed m-tuple, we
can use the previously constructed multi secret sharing scheme and achieve max
improvement ratio equal to (1 +logm)/m(1 +logm) = 1/m.

4.1 A first m-Tuple of Access Structures

We present a tuple of access structures, we analyze the performance of the basic
multi secret sharing scheme and present an improved multi secret sharing scheme
for it. These structures achieve a max improvement ratio equal to (1+logm)/m,
where m is the number of secrets.

THE ACCESS STRUCTURES. Let m be a positive integer; for simplicity, let us
assume m can be written as 2!, for some positive integer I. Let n = m + 1, and
define the set P of participants as P = {X1,..., X,,,Y}. Fori = 1,...,m, define
access structure A; as the set of subsets Z of P such that X; € Z and U € Z,
for any U € P\ {X,}.

THE BASIC MULTI SECRET SHARING SCHEME FOR Ajp,..., A,,. Fori=1,... m,
a single secret sharing scheme (D;,R;) for access structure A; is obtained as
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follows. On input a secret s, algorithm D; uniformly chooses a string a of the
same length as s and distributes string a to participants X1, ..., X;—1, Xjy1,. ..,
X, Y, and string a & s to participant X;. The algorithm R; is straightforward:
first note that Y and X; can compute the logical xor of a ® s and s and therefore
recover s; then note that participants X; and X, for any j € {1,...,n}\ {i},
can compute s in the same way. Note that this scheme is optimal with re-
spect to the max share size measure since each party obtains a share of the
same size of the secret, which is the minimum necessary, as proved in sev-
eral papers. Moreover, any other scheme optimal for A; distributes the same
amount of information to all parties. Therefore the basic multi secret shar-
ing scheme (b-D,b-R) for Ay, ..., A, is obtained by composing the above de-
fined schemes (D;, R;) according to the definition of basic multi secret sharing
scheme. We observe that the optimal max share size MaxShSize(4;, (D;, R;))
of the above scheme (D;, R;) is equal to H(rS), and therefore the max share
size MaxShSize(Aq, ..., Apm, (b-D,b-R)) of the scheme (b-D,b-R) is equal to
m - H(rS).

AN EFFICIENT MULTI SECRET SHARING SCHEME FOR Aj,..., A,,. We now de-
scribe a more efficient multi secret sharing scheme (D, R) for the above access
structures Ay, ..., An,.

Instructions for algorithm D: On input a k-bit secret s, do the following:
1. Uniformly and independently choose k-bit strings a1, ..., Gm.
2. Givea1 ®---®am to Y.
3. Give a; @ s; to X;, fori=1,...,m.
4. Run procedure Procl(1l,m,aa), where aa = (ai,...,am).

Instructions for Procedure Procl: On input min, max, aa, do the following:
1. Let med = (min + max + 1)/2.

Let So = {min,...,med — 1} and S1 = {med, ..., maz}.

Give @iesyai to Xj, for all j € S;.

Give @ies, ai to Xj, for all j € Sp.

Run procedures Procl(min, med — 1,aa) and Procl(med, maz,aa).

6. Return.

Grs LN

Instructions for algorithm R: Oninput: € {1,...,m}, and A € A;, do the following
1. If A=Y, X;} then
let t be the share given to Y;
let t1,...,tiogm+1 be the shares given to X;;
output: s; =t1 ® -+ D liogm+1 D L.
2. If A ={X;, X,} then run procedure Proc2(1,m,aa).
Instructions for Procedure Proc2: On input min, max,aa, do the following:
1. Let med = (min + max + 1)/2.
Let So = {min,...,med — 1} and S1 = {med, ..., mazx}.
If X;, X; € So then run procedure Proc2(min, med — 1,aa) and return.
If X;, X; € S1 then run procedure Proc2(med, max,aa) and return.
If X; € Sy and Xj € S7 then
let ¢ be the share given to X; equal to amin ® - - - B Gmed—1;
let t1,...,t; be the shares given to X; using any of the values amin, ..., Gmed—1
in their computation;
output: s; =t1 ®--- dt; &t and return.

GUs W
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6. If X; € Sop and X; € Sy then
let ¢ be the share given to X; equal to amed ® - - B Gmaxz;
let t1,...,t; be the shares given to X, using any of the values amed, - - - , Gmaz N
their computation;
output: s; =t1 ®--- ®t; &t and return.

We describe an example for how the above construction works for the case m = 8.
Recall that the set of participants is P = {X1,..., Xg,Y};fori =1,...,8, access
structure A; includes all subsets of P that include the subsets {X;, X;}, for all
Jj € {1,...,8}\ {i}, and subset {Y, X;}. Now, consider scheme (D, R); let us
call s1,...,sg the 8 secrets, and aq, ..., ag the random values chosen during the
execution of algorithm D; then the shares distributed to the participants are of
the following form:

e a1 @ --- @ ag to participant Y

as @ as P ar D ag,az D aq,a2,a1 b s1 to participant X7;

as D as P a7 P ag,as D a4, a1, a2 O s2 to participant Xa;

as D as P a7 P ag, a1 D az,aq,as P s3 to participant Xs;

as @ as P ar D ag, a1 D az,as,as b s4 to participant Xu;

a1 @D az P as P aq, a7 D as, ag, as PO S5 to participant Xs;

a1 @D az P as P aq, a7 D as, as,as D S¢ to participant Xe;

a1 @ az P as D aq,as D as, as, a7 b sy to participant Xz;

a1 @D az P as P aq, a5 D as, a7, as P ss to participant Xs.

We note that the max share size MaxShSize(Aj, ..., A, (D, R)) of scheme(D, R)
is equal to (1+logm)-H(rS) (since all parties X; receive 1+ logm shares of the
same size as the secret, which is assumed wlog to be equal to its entropy). Instead,
scheme (b-D, b-R) has max share size MaxShSize( A4, ..., Ay, (b-D,b-R)) = m-
H(rS). We then have that

MaxIR(Az, ..., A, (D,R)) is equal to

MaxShSize( Ay, ..., Amn, (D, R)) (1+1logm)-H(rS) 1+logm

MaxShSize( Ay, ..., An, (b-D,b-R)) m - H(rS) B m

4.2 A Specific Graph-Based Access Structure

In this section we combine some results in the literature to obtain an access
structure with certain specific properties. Oddly enough, a first property we
require from such access structure is that the optimal max share size of it has
to be much larger than the size of the secret; specifically, we would like the
ratio of the size of the secret to the optimal max share size to go to 0 as the
number of secrets grows. A second property we require is that there exists a
construction of a secret sharing scheme that exactly achieves the optimal max
share size. One construction in the literature that satisfies the above two property
is presented in [3], based on an access structure presented in [25]. We now recall
some necessary definitions and results. First of all, we say that an access structure
A is graph-based if for each subset A € A, there exists a subset B such that
Be A BC A, and |B| = 2. A graph-based access structure A can be described
by a graph G4, which is called the graph associated to A, and is defined as
follows: the set of vertices is the set of participants, and the set of edges is
defined by all subsets B in A such that |B| = 2.
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Fact 1 [3,25] For any even positive integer q,p > 6, and any positive integer
d > 2, there exists a graph-based access structure A such that the graph associated
to A is d-reqular and has qp?=2 nodes, and such that the optimal max share size

of A is greater or equal to (d + 1)YH(rS)/2.

Fact 2 [22] For any positive integer d, and any graph-based access structure A,
such that the graph associated to A has maz degree d, it is possible to construct
a secret sharing scheme (D, R) for A such that the maz share size of A with
respect to (D, R) is equal to (d+ 1)H(rS)/2.

By combining the above two facts, we obtain the following

Fact 3 [22,3,25] For any even positive integer q,p > 6, and any positive integer
d > 2, there exists a graph-based access structure A, such that the graph associ-
ated to A has maz degree d and qp®=? nodes, and such that (a) the optimal max
share size of A is greater or equal to (d + 1)H(rS)/2, and (b) it is possible to
construct a secret sharing scheme (D, R) for A such that the maz share size of

A with respect to (D, R) is equal to (d + 1)H(rS)/2.

4.3 A Substitution Based Construction

We now conclude the description of our construction by describing a final step.
Informally, we would like to replace the participant Y in the access structures
Ai, ..., A, with any qualified subset of the access structure A from Fact 3.

THE ACCESS STRUCTURES. Let m be a positive integer, which we assume for
simplicity to be equal to 2!, for some positive integer I; let ¢ = p = 6, d =
2(14+1logm) — 1, k = gp®=2 and n = m + k. Define the set P of participants as
P={X1,...,Xm,U1,...,Ui}. Let A be the access structure over {Uy,...,Us}
guaranteed by Fact 3. For i = 1,...,m, define access structure A; as the set
of subsets Z of P such that either: (a) X; € Z and X; € Z, for any j # i, or
(b) X; € Z and Y C {Uy,..., Ui} such that Y C Z and Y € A.

THE MAX-BASIC MULTI SECRET SHARING SCHEME FOR Aj,..., A,. A crucial
fact to observe is that any secret sharing scheme for access structure A; has
max share size at least (1+logm) - H(rS). Assume for the sake of contradiction
that this is not the case; then, observe that 14 1logm = (d+ 1)/2, and therefore
there exists a secret sharing scheme for A; that has max share size smaller
than (d 4+ 1)H(rS)/2. This scheme can be used, for instance as done in the
proof of Lemma 4.1 in [6], in order to construct a secret sharing scheme for
access structure A4 having max share size smaller than (d + 1)H(rS)/2. This
contradicts Fact 3. Finally, we derive that the max-basic multi secret sharing
scheme for Aj,..., A, has max share size at least m(1 +logm)-H(rS) (in fact,
this inequality can be made tight by using Fact 3).

AN EFFICIENT MULTI SECRET SHARING SCHEME FOR Aj,..., An. A multi se-
cret sharing scheme (D, R) for A;,..., A, can then simply be obtained from
the multi secret sharing scheme given in Section 4.1, call it (Dg, Ry), and the
single secret sharing scheme for access structure A guaranteed by Fact 3, call it



302 Giovanni Di Crescenzo

(D1, R1), as follows. Algorithm D runs algorithm Dy with the following modifica-
tion: when algorithm Dy sends a1 ®- - -@Ba,, to Y, algorithm D shares a1 ®- - -Bay,
among the participants Uy, . .., Uk, and according to algorithm D;. Algorithm R
runs algorithm Ry with the following modification: when algorithm R, require
participant Y to provide the share equal to a1 & - - - ® a,,, algorithm R requires
participants Uy, ..., Uy to run algorithm R; to recover the value a; & - ® an,
and to provide such value for the remaining computation made by R.

PROPERTIES AND MAX IMPROVEMENT RATIO OF OUR SCHEME. The correctness
property of our scheme (D, R) follows directly from the analogue property of
schemes (Dy, Ro) and (D1, R1). The privacy property of (D, R) follows the same
reasoning done in order to prove the analogue property of scheme (Dy, R) after
replacing participant Y with the participants Uy, ..., Us. We note that in our
scheme (D, R) all parties X; receive 1 + logm shares of the same size as the
secret, as can be seen by the construction of algorithm Dy, and all parties U;
also receive 1 + logm shares of the same size as the secret, because of Fact 3.
Therefore the max share size MaxShSize( Ay, ..., Ay, (D,R)) of scheme (D, R)
is equal to (1 +logm) - H(rS). Instead, scheme (b-D,b-R) has max share size
MaxShSize(As, ..., Am, (b-D,b-R)) = m(1 + logm) - H(rS). We conclude the
proof of Theorem 2 by observing that MaxIR(A1, ..., A, (D, R)) is equal to

MaxShSize(Ay,...,An,(D,R))  (14logm)-H(rS) 1

MaxShSize(Ai, ..., Am, (b-D,b-R))  m(1+1logm)-H(rS) m
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A Direct Product Problems

A direct product problem addresses the following question. Assume we are given
a certain model of computation, a certain problem P, an instance x for prob-
lem P, and an algorithm A that is supposed to solve the instance x for problem P;
moreover, let us associate a complexity value to algorithm A. Then the questions
asks whether the complexity of an algorithm solving k instances x1, ...,z of
problem P can be smaller than the complexity of the algorithm which solves each
of the instances separately. In case the answer to this question is affirmative, it
is of interest to quantify what type of improvement is possible, and to exhibit
examples which achieve as large as possible an improvement.

Direct product problems have been studied in the literature in the contexts of
communication complexity (see [13,14]), and computational complexity (see [26]
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for boolean circuits, [19] for boolean decision trees, [20] for 2-Prover interactive
proofs, and [12] for interactive proofs of knowledge and computational ability).
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Abstract. We define a variant of the H-coloring problem by fixing the
number of preimages of a subset C' of the vertices of H, thus allowing
parameterization. We provide sufficient conditions to guarantee that the
problem can be solved in O(kn + f(k, H)) steps where f is a function
depending only on the number k of fixed preimages and the graph H,
and in O(nk+c) steps where c is a constant independent of k. Finally, we
prove that whenever the non parameterized vertices induce in G a graph
that is bipartite and loopless the problem is NP-complete.

1 Introduction

For a given input graph G, let us consider the set of labelings that are given as
homomorphisms to a fixed graph H. Recall that given graphs H = (V(H), E(H))
and G = (V(G), E(G)), an homomorphism is a mapping 6 : V(G) — V(H) such
that {v,u} € E(G) if {0(v),0(u)} € E(H).

For a fixed graph H, the H-coloring problem checks whether, there exists an
homomorphism from an input graph G to H. The name of H coloring comes from
the fact that each vertex in H can be thought as a “color” that can be assigned
to v. In fact, if H is the complete graph on ¢ nodes, the set of H-coloring of G
coincides with the set of proper ¢ coloring of G. An interesting generalization of
the H-coloring problem is the list H-coloring problem where each vertex of G is
given together with a list of vertices of H, the vertices where it can be mapped.
For results related to the complexity of the H-coloring, see [HN90], and for the
list H-coloring problem, see [FH98, FHH99.

In recent times, the H-coloring problem has received a lot of attention, from
the structural combinatorics point of view as well as from the algorithmic point
of view. For instance, when H is bipartite or it has a loop the H-coloring problem
can be trivially solved in polynomial time, but in the case that H is loopless and
not-bipartite the problem is known to be NP-complete [[IN90] (see also [GTINO0)]
for the complexity of the H-coloring problem for bounded degree graphs). The
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classical approach to cope with the hardness of the H-coloring problem is to
consider subproblems in the case where G is restricted. The most general result
in this direction was given recently in [DSTO1b] where a O(nh**! min{k,h})
time algorithm is given for the case where when G is a partial k-tree, where
n=|V(G)| and h = |[V(H)| (see also [TP97]).

In this paper, we define a natural version of the H-coloring problem that
allows parameterization. In particular, we set up a weighting K of a subset C'
of V(@) with non negative integers and we say that an input graph G has a
(H,C, K)-coloring if there exists an H-homomorphism x : V(G) — V(H) such
that the number of the preimages of any weighted vertex is equal to its weight.
We call the triple (H, C, K) partial weighted assignment. If we additionally assign
to each vertex of GG a list of permissible images, we have a more general version
of the (H, C, K)-coloring problem, the list (H, C, K)-coloring problem.

A well known and popular interpretation of the various versions of the H-
coloring problem is based on a model where the vertices of H are processors and
the edges of H represent communication links between them. An instance of
the H-coloring problem represent the problem where we have an input graph G
where each vertex represents a job to be processed and each edge represents a
communication demands between two jobs. A solution to the H-coloring prob-
lem is an assignment of jobs to the processors satisfying all the communication
demands, see [FT198]. If now, for some subset C' of processors, there is a set of
restrictions on the number of jobs to be assigned represented by a tuple K then
we have an instance of the (H,C, K)-problem introduced and studied in this
paper. If, additionally, we demand that each job can be processed by only a list
of processors, we have an instance of the list H-coloring and if again we bound
the number of jobs that may be processed by some of the processors we have an
instance of the list (H, C, K)-coloring problem.

In the (H,C, K)-coloring problem, we can consider the integers in K to be
fixed constants and this constitutes a parameterization of the classic H-coloring
problem and initiates an alternative approach to study the complexity of the
problem. The independent set problem and the vertex cover problem are exam-
ples of parameterized problems expressed that way (See Figure 1).

In general, many NP-complete problems can be associated with one or more
parameters. In many cases, when the parameter is considered to be a fixed
constant, the problem becomes polynomially solvable and the question then is
whether it is possible to find an algorithm of complexity O(f(k)n®), where «
is a constant. In such a case, the problem is called Fized Parameter Tractable
(FPT). On the other hand, not all the parameterizations yield an FTP or even
a polynomial time solution. A characteristic example of this behaviour is the
coloring problem, where the parameter k& is the number of the used colors: It
is in P when k < 2 and it is NP-complete when k£ > 3. In this paper we will
attempt a classification of the partial weighted assignments (H,C, K), where
the integers in K are fixed constants. We will give properties for (H,C, K) that
guarantee that the corresponding problem is in FPT, in P, or NP-complete.
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Fig. 1. The graphs (H, C, K) for the parameterized independent set and vertex
cover as parameterized colorings (the big vertices represent the labeled vertices
of H)

Our main results are three theorems. We first prove that there exists a O(kn+
f(k, h)) step algorithm for solving the (H, C, K)-coloring problem when the non-
weighted vertices of H form an independent set, where k is the sum of the
integers in K. This algorithm is the main subroutine for our next result that is a
sufficient condition for (H, C, K)-coloring problem to be in FPT. This condition
is a set of properties to be satisfied by the connected components of H and the
algorithm involved runs in O((k + h)n 4+ v(G) f(k, h)) steps, where v(G) is the
number of connected components of G. Our second result is a condition for the
(H, C, K)-coloring problem to have a polynomial time algorithm. In particular,
we provide a O(n*+¢) time algorithm for the case where the non parameterized
vertices induce a graph for which the list H-coloring is in P. Our third result is a
sufficient condition for the parameterized H-coloring problem to remain an NP-
complete problem. We prove that this is the case when the non parameterized
vertices induce a loopless and non-bipartite graph. All those results depend only
on properties of the graph induced by the non-weighted vertices.

We also show that for a any graph F' for which the F-coloring is in P but
the list F-coloring is NP-complete, it is possible to connect additional bounded
vertices in such a way that the resulting (H,C, K)-coloring problem is in P.
Moreover, we provide some examples of NP-complete (H, C, K)-coloring prob-
lems verifying that the list (H — C')-coloring is NP-complete and the (H, C, K)-
coloring is also NP-complete.

Finally we prove that a very similar classification exists for the list (H, C, K)-
coloring problem. In particular, we show that the problem is in FPT when the
non-weighted vertices of H form an independent set. Moreover, we prove that
the list (H,C, K)-coloring problem is NP-complete if the list H — C-coloring
problem is NP-complete. Otherwise the problem is in P.

In Section 2, we give some basic definitions as well as a formal description
of the problems introduced in this paper. In Section 3 we present the algorithm
showing the fixed parameter tractability, as well as the theorem supporting its
correctness. In Section 4 we present the cases where our parameterization accepts
a polynomial solution and the NP-completeness proof is presented in Section 5.
Section 6 presents the extensions to list H-colorings. Finally, in Section 7 we
conclude with some remarks and open problems.
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2 Definitions

All the graphs in this paper are undirected, have no multiedges, but can have
loops. Following the terminology of [F'T198, FHH99], we call reflezive (irreflexive)
any graph where any (none) of its vertices have a loop. The vertex (edge) set
of a graph G is denoted as V(G) (E(G)). If S C V(G), we call the graph
(S, E(G) N {{z,y} | z,y € S}) the subgraph of G induced by S and we denote
it by G[S]. We denote by v(G) the number of connected components of G. We
also use the notation G — S for the graph G[V(G) — S]. The neighborhood of a
vertex v in graph G is the set of vertices in G that are adjacent to v in G and
we denote it as Ng(v) (clearly, if v has a loop then it is a neighbor of itself). A
reflexive clique is a clique where all the vertices have loops. A graph G is bipartite
when V(@) can be partitioned to two parts such that all the non-loop edges of G
have endpoints in both parts. Unless otherwise mentioned, we assume that all the
bipartite graphs in this paper are irreflexive. For any function ¢ : A — B and any
subset C' of A we define the restriction of ¢ to C as ¢|c = {(a,b) € ¢ |a € C}.

Let C ={aq,...,a,} be a set of r vertices of H and let K = (ky,...,k,) and
K' = (K|,...,k.) be two r-tuple of non negative integers. We say that K’ < K
when for all 4, 1 < i < r, we have k} < k;. Moreover, we define K + K' =
(kv + ki, ..., kr + k). We call the triple (H,C, K) partial weighted assignment
on H. We say that a mapping x : V(G) — V(H) is an (H, C, K)-coloring of G if
X is an H-coloring of G such that for all i, 1 < i < r, we have |y~ '(a;)| = k;. If
in the above definition we replace “=" with “<” we say that x is a (H,C, < K)-
coloring of G. We refer to the vertices in C' as the weighted vertices in H. We say
that two partial weighted assignments (H, C, K) and (H',C’, K') are equivalent,
(H,C,K) ~ (H',C'",K'), when for any graph G, G has a (H,C, K)-coloring
iff G has a (H',C’, K')-coloring. We also call them <-equivalent and we denote
itas (H,C,K) ~< (H',C', K') if for any graph G, G has a (H,C, < K)-coloring
iff G has a (H',C’, < K')-coloring. In Figure 1, we show two examples where the
(H, C, K)-coloring can express the independent set and the vertex cover problem.

For each parameter assignment (H, C, K') we will use the notation h = |V (H)|
and k=), ; . k;. Finally, for any i,1 <i <r, (H,C, K)[—i] denotes the par-
tial weighted assignment (H’,C’, K') where H' = H — {a;}, C' = C — {a;},
and K/ = (k1,...,ki—1,kit1,- -, k). In the obvious way, we can define the ex-
tension (H,C,K)[—S] for S C {1,...,r}. Similarly we define the notions of
(H,C,<K)[—i] and (H,C,<K)[-S]. We call a (H,C, K) positive if all the in-
tegers in K are positive. A partial weighted assignment (H,C, K) is a weighted
extension of a graph F' when H — C' = F.

For fixed H, C, and K, the (H,C, K)-coloring problem asks whether there
exists an (H,C, K)-coloring of an input graph G. We will also consider the
(H,C, < K)-coloring problem defined in the same way for (H, C, < K)-colorings.
Notice that, for any G, the existence of a (H, C, K)-coloring implies the existence
ofa (H,C, < K)-coloring. However, the existence of an (H, C, < K)-coloring of G
does not necessarily imply the existence of a (H, C, K )-coloring of G. In whatever
concerns the parameterized complexity of the (H, C, K)-coloring, its parameters
will be the integers in K.
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For a fixed graph H, given a graph G and given a subset L(u) C V(H),
for each vertex u € V(G), the list H-coloring problem asks whether, there is
an H-coloring x of G so that for every u € V(G) we have x(u) € L(u). This
problem can be parameterized in the same way as the H-coloring, to define the
list (H, C, K )-coloring problem.

3 Cases in FPT

In this section we will give a sufficient condition for the parameterized (H, C, K)-
coloring problem to be in FPT. The basic component of the general algorithm
will be a procedure that outputs, if it exists, an (H, C, K)-coloring of an input
graph G, when C' is a vertex cover of H, in O(kn + f(k,h)) steps,. The main
idea of the proof is to create an equivalent problem whose size does not depend
in the size of G (steps 1-8 of the algorithm Find Coloring).

Proposition 1. If (H,C, K) is a partial weighted assignment where E(H —C')=
(0, then the algorithm Find-Coloring in Figure 2 checks in O(kn-+ hk2+2k+(k+1)'2k)
steps whether an input graph G with n vertices has an (H,C, K)-coloring and,
if yes, outputs the corresponding mapping.

Given a partial weighted assignment (H,C, K), we say that it is compact if
each connected component H; of H satisfies one of the following conditions:

1. E(H; — C) =0,

2. H;[C] is a non-empty reflexive clique with all its vertices adjacent with one
looped vertex of H; — C, or

3. V(H;)NC =0 and H; contains at least one looped vertex.

Notice that any connected component of H satisfies exactly one of the three
conditions in the above definition. Let (H,C, K) be a compact partial weighted
assignment. We call a connected component of H that satisfies (1) I-component
of H. Analogously, we define the 2-components and the 3-components of H. We
call a 2-component H; of H compressed if |V (H;) N C| =1 and we call it small
if it is compressed and |V (H;) — C| = 1. We call a compact partial weighted
assignment (H,C, K) compressed (small) if it has no 2-components or if all
the 2-components of H are compressed (small). We call a 3-component of H
tiny when it consists only of a looped non-weighted vertex. We call a compact
parameter assignment (H,C,K) tiny if it has not 3-components or of all its
3-components are tiny. For an example of these notions see Figure 3.

We can now state the following theorem.

Theorem 2. If (H,C, K) is compact, then the (H,C, K)-coloring problem, pa-
rameterized by K, is in FPT.

For lack of space we explain briefly the main ideas of the algorithm used to
prove Theorem 2. We first prove that, for any compact partial weighted assign-
ment (H,C, K), there exists an equivalent weighted assignment (H', C’, K') that
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Algorithm Find-Coloring(G, H, C, K).

Input: Two graphs G, H, and a partial weighted assignment (H,C, K) on H
such that E(H — C) = 0.

Output: If exists, an (H,C, K)-coloring of G and,
if not, a report that ‘ ‘no (H,C, K)-coloring of G exists’’.

1: Let R: be the set of vertices in G of degree > k.
2: If |Ri| > k or |[E(G)| > kn then return ‘ ‘no (H,C, K)-coloring of G
exists’’.
3: Set G =G[V(G) — Ri].
4: Let R> be the non isolated vertices in G’ and let R3 be the isolated vertices
in G'.
5: If |Ra| > k® 4 k then return ¢ ‘no (H,C, K)-coloring of G exists’’
and stop.
6: Set up a partition R = (P1,..., P;) of R3 where
(g is the number of different neighborhoods of vertices in R3 and
for all v,u € Rs (F1<i<q {v,u} € Pi & Ng(v) = Na(u)).
7: Let Q =10.
8 Fori=1,...,q,
if |P;| <k+1, then set F; = P;,
otherwise let F; be any subset of P; where |F;| =k + 1.
SetQ:QUFi and P7,:PZ—FZ
9: Let H be the set of all the (H,C, K)-colorings of G[R1 U Rz U Q).
10: If |H| = 0 then output ‘‘no (H,C, K)-coloring of G exists’’ and stop.
11: Let x be an (H,C, K)-coloring in H.
12: For anyi=1,...,q such that P; # 0,
Let u be a vertex of F; such that x(u) € V(H) — C.
For any w € P;, set x'(w) = x(u).
13: Output x U X’ as an (H,C, K)-coloring of G.
14: End.

Fig. 2. The algorithm Find-Coloring

is compact, positive, small, tiny, and such that H' contains only 2-components
or only 3-components but not both. The construction of this new weighted as-
signment can be done in O(rh) steps.

We observe that if x : V(G) — V(H) is a (H',C’, K')-coloring of G, then
the total size of the connected components of G that are mapped to the vertices
of some 2-component H, is at least k;, where a/ is the unique weighted vertex
in H/. This observation is the main necessary condition that satisfy the vertices
of G that are mapped to 2-components in a (H',C’, K')-coloring of G. There
are two main cases; the first case is when G has “many” connected components.
Then we use the Find-Coloring algorithm to check whether a “small” number of
them are mapped to the 1-components of H' and after we are left with “many”
components that will allow us to extend the mapping. On the other hand, if G
has only “few” connected components then the number the components of G
that can be “mapped” to the components of H does not depend on the size
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1-component 2-component 3-component

o

tiny compressed small

Fig. 3. Components for a compact partial weighted assignment

of G and the existence of an (H’,C’, K')-coloring is checked by a combination
of exhaustive search and application of the Find-Coloring algorithm.

Observe that if there exists an FPT algorithm for the (H,C, K)-coloring
with K as parameter, then by running it O(k") times we have an algorithm for
the parameterized (H, C, < K)-coloring problem.

Corollary 3. If (H,C,K) is compact, then the (H,C,< K)-coloring problem,
parameterized by K, is in FPT.

4 Cases in P

In this section we present some cases of the (H, C, K)-coloring problem that can
be solved by a polynomial time algorithm within time bound O(n®®)).

Our first result relates the decision problem with the list H-coloring problem.
In particular we provide a polynomial time algorithm if the list coloring can be
solved in the graph induced by the non-weighted vertices.

Theorem 4. For any K, the (H,C,K)-coloring problem can be solved in
O(n*+¢) steps whenever the list (H — C)-coloring can be solved in O(n¢) steps.

Proof. The basis of the algorithm is a reduction to the list (H — C)-coloring
problem.

Assume that we have a H[C]-coloring y for some D C V(G), with k vertices.
We consider the graph G’ = G[V (G)— D] and associate to each vertex v € V(G’)
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the list
L(v) = {mNc(y)mD(NH(@(u))_O)a if Na(v)ND #0
V(H-C) otherwise

Notice that y can be completed to an H-coloring if and only if (G’, L) has a list
(H — C)-coloring. As the number of H[C]-colorings of subgraphs with k vertices
is at most n* we obtain the desired result.

The previous theorem includes the case when H — C' is a reflexive interval
graph [F1198] and the case when H —C'is an irreflexive graph whose complement
is a circular arc graph of clique covering number two [FTI99].

The above proof can be extended to show tractability of a weighted extension
of any graph F' for which the list H-coloring is still NP-complete, but the F-
coloring is in P.

Theorem 5. Let Fy be either a bipartite graph with or without loops or a graph
with at least one loop, and let Fy be any graph. Then, for any K, the (Fy &
Fy, V(Fy), K)-coloring can be solved in polynomial time for any partial weighted
assignment K.

In the previous theorem, F; & F» denotes the graph obtained from F; and F;
by adding all the edges between vertices in different graphs.

Notice that as we have all to all connections between F; and F5, the lists
associated to each vertex are just all the vertices in F}. Therefore we just have
to solve a Fj-coloring problem that indeed is in P. Finally we mention that any
weighted extension of a graph F' for which the F'-coloring problem is in P, is
also polynomially solvable in the trivial case when K = (0,...,0).

5 NP-Complete Cases

In this section first we will prove that if H — C' is not bipartite and it does not
contain a loop then the (H,C, K)-coloring problem is NP-complete. After we
show that some weighted extensions of bipartite graphs, with or without, looped
vertices, are also NP-complete. We will consider only the essential cases where
(H,C, K) is positive.

Let (H,C, K) be a partial weighted assignment and let a; be a vertex in C.
We say that (H, C, K) is i-reducible if H is H'-colorable, where H' = H — {a;}.
We call the vertex a; a reducible vertex of (H,C, K). We say that (H,C, K) is
reducible if it is i-reducible, for some 1 <7 < 7.

The following lemma indicates that for any (H,C, K)-coloring problem in
which (H,C,K) is reducible, there exists an equivalent (H',C’, K')-coloring
problem where (H',C’, K') is not reducible.

Lemma 6. If (H,C,<K) is i-reducible then (H,C,<K) ~< (H,C,<K)[—i].

Therefore, by removing all the reducible weighted vertices we obtain an equiv-
alent problem, and we can prove the main result in this section.
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Lemma 7. For any (H,C,K), where the (H — C)-coloring problem is NP-
complete, the (H,C, < K)-problem is also NP-complete.

Proof. From Lemma 6 we can assume that (H,C, K) is a non reducible par-
tial weighted assignment. We set H' = H — C and, in what follows, we will
reduce the H’-coloring problem to the (H,C, < K)-coloring problem. Let G be
an instance of the H’-coloring problem. We will construct an instance G’ of the
(H, C, < K)-coloring problem as follows: Take as G’ the disjoint union of G' and
a graph H constructed from H’ such that each vertex a; € C is replaced by a set
of k; vertices V; = {v},..., v}, and each vertex b € V(H) — C is maintained.
Any edge connecting two vertices in V(H) — C' is copied, an edge connecting a
vertex in V(H)—C and a vertex a; € C,is rephcated for each vertex in V;, finally

an edge connecting a vertex v} and a vertex vf/ is added if {a;,a} € E(H). We
set O/ = Ulgzg‘c‘v

We claim that G has an H'-coloring iff G’ has a (H, C, < K)-coloring. Making
x(a) =afora e V(H)—C"=V(H)—C and x(v]) = v; for v] € C'" we see
that H is (H,C, < K)-colorable. Notice now that if G is H'-colorable, then G’ is
also (H,C, < K)-colorable. It remains to show that if G’ is (H, C, < K)-colorable
then also G is H'-colorable. _

Let 6 be an (H, C, < K)-coloring of G'. In the case where for some v! € V (H)
O(v)) € V(H) — C, we set V. = V(H) — C' U {U{""’U‘IjCI}' Otherwise, we
have that § = 0|y is an (H — {v;})-coloring of H and (H,C, K) is reducible, a
contradiction. Therefore, (C") C C and as |C'| = Y, ., ki, the requirement
|0~ (v;)| < k; forces 6=(C) = C’, which implies that §~1(C) NV (G) = ) and
O(V(G)) CV(H —C) = V(H'). This means that 0|y () is a H'-coloring of G.

Using now Lemma 7 and the result of P. Hell and J. Nesetfil, on the NP-
completeness of H-coloring, we conclude to the main result in this section.

Theorem 8. The (H,C, < K)-coloring problem is N P-complete if H— C' is not
bipartite and does not contain a loop.

Notice that the existence of a polynomial algorithm that solves the (H, C, K)-
coloring problem implies a polynomial algorithm for the (H,C, < K)-coloring
problem. Therefore, we can state the following corollary.

Corollary 9. The (H,C, K)-coloring problem is N P-complete if H — C' is not
bipartite and does not contain a loop.

The condition of Theorem 8 is not a necessary condition. In the next theorem
we prove that the (H,C, K)-coloring remains NP-compete for certain weighted
extensions of graphs that are either bipartite or that contain at least one looped
vertex. We omit the proof that basically adapts the reductions given in the proofs
of NP-completeness for the corresponding list (H — C')-coloring problems. Notice
that in the case of looped vertices the (H,C, < K)-coloring is trivially in P.

Theorem 10. The (H,C, K)-coloring problem is N P-complete for the partial
weighted assignments depicted in Figure 4 provided that (H,C, K) is positive.
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Fig. 4. Some hard partial weighted assignments

Observe that, for the irreflexive graphs in Figure 4, the (H, C, < K)-coloring
problem remains NP-complete if K is positive, but it is trivially in P for the
other two.

Finally notice that, by Theorem 5, the subgraph induced by the non param-
eterized vertices in each of the three problem in Figure 4 has another weighted
extension so that the corresponding parameterized coloring problem is in P.

6 Results on List (H,C, K)-Coloring

Proposition 1, and Theorems 4 and 8 can be generalized for the list (H, C, K)-
coloring as follows.

Theorem 11. If (H,C, K) is a partial weighted assignment where E(H — C) =

(0, then there exists an O(kn+ hk2+2k+(k+1)'2k) time algorithm checking whether
an input graph G with n vertices has a list (H, C, K )-coloring and, if yes, outputs
the corresponding mapping.

The algorithm involved in the above theorem is an extension of the Find
Coloring algorithm.

Theorem 12. For any K, the list (H,C, K)-coloring problem can be solved
in nFte steps whenever the list (H — C)-coloring can be solved in O(n€) steps.

The proof of this theorem is a direct extension of the proof of Theorem 4.

Theorem 13. The list (H,C,<K)-coloring and the list (H,C,K)-coloring
problems are N P-complete if the list (H — C)-coloring is N P-complete.

The proof of the above theorem is based on a simpler version of the reduction
in Theorem 8 that does not require an analogue of Lemma 6.
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7 Remarks and Open Problems

The results in Theorems 4 and 8 are sharp in the following sense: If F' is a graph
where the F-coloring problem is NP-complete then, for any weighted extension
(H,C,K) of F, the (H,C, K)-coloring problem is also NP-complete. Moreo-
ever, if the F-coloring problem is in P, then there exists a weighted extension
(H,C,K) of F so that the (H,C, K)-coloring problem is in P. Moreover the
results in Theorems 4 and 10 are also sharp in the sense that if F' is a graph
where the list F-coloring is in P then for any weighted extension (H,C, K) of F,
the (H,C, K)-coloring is also in P. On the other hand, we provided some exam-
ples where the F-list coloring is NP-complete and F' has a weighted extension
(H,C, K) such that (H,C, K)-coloring is also NP-complete.

The above observations argue that there are graphs that for different weighted
extensions produce parameterized coloring problems with different complexities.
It seems to be a hard problem to achieve a dichotomy distinguishing those pa-
rameterized assignments (H,C, K) of a given graph F for which the (H,C, K)-
coloring problem is either NP-complete or it is in P. However we conjecture the
following.

Conjecture 14. For any graph F' such that the list F-coloring is NP-complete,
there is a weighted extension (H,C, K) of F such that the (H, C, K)-coloring is
also NP-complete.

All of our results on NP-completeness indicate that this frontier depends
not only on H — C but also on the structure imposed by the weighted vertices.
However, we observe that in all our complexity results — positive or negative —
this dichotomy does not depend on the choice of the numbers in a positive K.

We now fix our attention on whether there are cases more general than those
in Theorem 2, where the (H, C, K)-coloring problem is in FPT. In particular we
conjecture that the condition of Theorem 2 is also necessary.

Conjecture 15. For any partial weighted assignment (H,C, K), if (H,C, K) is
compact then the (H, C, K)-coloring problem, with the numbers in K as param-
eters, is in FPT, otherwise it is W[1]-hard.

In support of our dichotomy conjecture we recall that the parameterized
independent set problem, that is known to be W[1]-complete [DF99] falls in this
area.

We mention that our second conjecture is quite general to express several
open problems in parameterized complexity such as

1. (Parameter: k) Does G contain an independent set S, where |S| = k, and
such that G[V(G) — S] is bipartite? (This problem can be seen as a param-
eterization of 3-coloring where some color should be used exactly & times.)

2. (Parameter: k) Is there a set S C V(G), where |S| = k and G[V(G) — 5] is
bipartite?

3. (Parameters: k, ) Does G contain K}, ; as subgraph?
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e [

(H1,C1, K1) (H2,C2,K>) (Hs,C3, K3)

Fig. 5. Three weighted extensions conjectured to be W/[1]-hard when K is pa-
rameterized

This problems correspond to the the parameterized colorings given in Fig-
ure 5. The (Hs,Cy, K3)-problem is equivalent to ask if the complement of G
contains Ky, r, as a subgraph.

For results on counting (H,C, K)-colorings and list (H,C, K)-colorings,
see [DSTO1a].
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1 Introduction

How random is a real? Given two reals, which is more random? If we parti-
tion reals into equivalence classes of reals of the “same degrees of randomness”,
what does the resulting structure look like? The goal of this paper is to look
at questions like these, specifically by studying the properties of reducibilities
that act as measures of relative randomness, as embodied in the concept of
initial-segment complexity. One such reducibility, called domination or Solovay
reducibility, was introduced by Solovay [34], and has been studied by Calude,
Hertling, Khoussainov, and Wang [3], Calude [3], Kucera and Slaman [22], and
Downey, Hirschfeldt, and Nies [15], among others. Solovay reducibility has proved
to be a powerful tool in the study of randomness of effectively presented reals.
Motivated by certain shortcomings of Solovay reducibility, which we will discuss
below, we introduce two new reducibilities and study, among other things, the
relationships between these various measures of relative randomness.

We work with reals between 0 and 1, identifying a real with its binary expan-
sion, and hence with the set of natural numbers whose characteristic function
is the same as that expansion. (We also identify finite binary strings with ratio-
nals.) Our main concern will be reals that are limits of computable increasing
sequences of rationals. We call such reals computably enumerable (c.e.), though
they have also been called recursively enumerable, left computable (by Ambos-
Spies, Weihrauch, and Zheng [2]), and left semicomputable. If, in addition to the
existence of a computable increasing sequence qq, q1, . . . of rationals with limit «,
there is a total computable function f such that o — g,y < 27" for all n, then
« is called computable. These and related concepts have been widely studied. In
addition to the papers and books mentioned elsewhere in this introduction, we
may cite, among others, early work of Rice [28], Lachlan [23], Soare [30], and
Ceitin [10], and more recent papers by Ko [19,20], Calude, Coles, Hertling, and
Khoussainov [7], Ho [18], and Downey and LaForte [16].

An alternate definition of c.e. reals can be given by using the following defi-
nition.
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Definition 1. 4 set A C N is nearly computably enumerable if there is a
computable approximation {As}secw such that A(x) = limg Ag(x) for all © and
As(x) > Asia(z) = Ty < 2(As(y) < Asa(y))-

As shown by Calude, Coles, Hertling, and Khoussainov [7], a real 0.x4 is
c.e. if and only if A is nearly c.e.. An interesting subclass of the class of c.e. reals
is the class of strongly c.e. reals. A real 0.x4 is said to be strongly c.e. if A is
c.e.. Soare [31] noted that there are c.e. reals that are not strongly c.e..

A computer M is self-delimiting if, for all finite binary strings o and 7 C 7/,
we have M7(1)| = M°(7’)1, where M? means that M uses o as an oracle.
It is universal if for each self-delimiting computer N there is a constant ¢ such
that, for all binary strings o and 7, if N7(7) | then M?(u) |= N7(7) for some
p with |p| < |7| 4+ ¢. We call ¢ the coding constant of N.

Fix a self-delimiting universal computer M. We can define Chaitin’s number
2 = O via 2 = 3 ,y,271%1, which is the halting probability of the com-
puter M. The properties of {2 relevant to this paper are independent of the
choice of M. A c.e. real is an 2-number if it is £2); for some self-delimiting
universal computer M.

The c.e. real 2 is random in the canonical Martin-Lof sense [27] of c.e. ran-
domness. There are many equivalent formulations of c.e. randomness. The one
that is most relevant to us here is Chaitin randomness, which we define below.
The history of effective randomness is quite rich; references include van Lambal-
gen [36], Calude [4], Li and Vitanyi [26], and Ambos-Spies and Kucera [1].

Recall that the prefix-free complexity H(7) of a binary string 7 is the length
of the shortest binary string o such that M (o) |= 7. (The choice of self-delimiting
universal computer M does not affect the prefix-free complexity, up to a constant
additive factor.) Most of the statements about H (7) made below also hold for the
standard Kolmogorov complexity K (7). For more on the the definitions and ba-
sic properties of H(7) and K (1), see Chaitin [14], Calude [4], Li and Vitanyi [20],
and Fortnow [17]. Among the many works dealing with these and related top-
ics, and in addition to those mentioned elsewhere in this paper, we may cite
Solomonoft [32,33], Kolmogorov [21], Levin [24,25], Schnorr [29], Chaitin [11],
and the expository article Calude and Chaitin [5].

A real « is random, or more precisely, 1-random, if there is a constant ¢ such
that Vn(H(a [ n) > n —c).

Many authors have studied {2 and its properties, notably Chaitin [12,13,14]
and Martin-Lof [27]. In the very long and widely circulated manuscript [34] (a
fragment of which appeared in [35]), Solovay carefully investigated relationships
between Martin-Lof-Chaitin prefix-free complexity, Kolmogorov complexity, and
properties of random languages and reals. See Chaitin [12] for an account of some
of the results in this manuscript.

Solovay discovered that several important properties of {2 (whose definition
is model-dependent) are shared by another class of reals he called (2-like, whose
definition is model-independent. To define this class, he introduced the following
reducibility relation between c.e. reals.
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Definition 2. Let o and 3 be c.e. reals. We say that o dominates § and that 3 is
Solovay reducible (S-reducible) to «, and write 3 <g «, if there are a constant ¢
and a partial computable function ¢ : Q — Q such that for each rational ¢ < «
we have ¢(q) |< B and § — ¢(q) < cla — q). We write o =5 0 if @ <s 8 and
B <s a.

Solovay reducibility is reflexive and transitive, and hence =g is an equivalence
relation on the c.e. reals. Thus we can define the Solovay degree deg () of a c.e.
real a to be its =5 equivalence class.

Solovay reducibility is naturally associated with randomness due to the fol-
lowing fact.

Theorem 3 (Solovay [34]). Let § <s « be c.e. reals. There is a constant ¢
such that H(B I n) < H(a | n) + ¢ for all n.

It is this property of Solovay reducibility (which we will call the Solovay
property), which makes it a measure of relative randomness. This is in contrast
with Turing reducibility, for example, which does not have the Solovay property,
since the complete c.e. Turing degree contains both random and nonrandom
reals.

Solovay observed that {2 dominates all c.e. reals, and Theorem 3 implies that
if a c.e. real dominates all c.e. reals then it must be random. This led him to define
a c.e. real to be 2-like if it dominates all c.e. reals (that is, if it is S-complete).
The point is that the definition of {2-like seems quite model-independent (in the
sense that it does not require a choice of self-delimiting universal computer),
as opposed to the model-dependent definition of (2. However, Calude, Hertling,
Khoussainov, and Wang [8] showed that the two notions coincide. This circle of
ideas was completed recently by Kucera and Slaman [22], who showed that all
random c.e. reals are (2-like.

For more on c.e. reals and S-reducibility, see for instance Chaitin [12,13,14],
Calude, Hertling, Khoussainov, and Wang [3], Calude and Nies [9], Calude [3],
Kucera and Slaman [22], and Downey, Hirschfeldt, and Nies [15].

Solovay reducibility is an excellent tool in the study of the relative random-
ness of reals, but it has several shortcomings. One such shortcoming is that
S-reducibility is quite unnatural outside the c.e. reals. It is not very hard to con-
struct a noncomputable real that is not S-above the computable reals (in fact,
this real can be chosen to be d.c.e., that is, of the form a — 8 where a and 3
are c.e.). This and similar facts show that S-reducibility is very unnatural when
applied to non-c.e. reals. Another problem with S-reducibility is that it is uni-
form in a way that relative initial-segment complexity is not. This makes it too
strong, in a sense, and appears to preclude its having a natural characterization
in terms of initial-segment complexity. In particular, Calude and Coles [6] an-
swered a question of Solovay by showing that the converse of Theorem 3 does not
hold (see below for an easy proof of this fact). One consequence of the uniformity
of S-reducibility is that there does not appear to be a natural characterization
of S-reducibility in terms of initial-segment complexity. Thus, if our goal is to
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study relative initial segment complexity of reals, it behooves us to look beyond
S-reducibility.

In this paper, we introduce two new measures of relative randomness that pro-
vide additional tools for the study of the relative randomness of reals, and study
their properties and the relationships between them and S-reducibility. We begin
with sw-reducibility, which has some nice features but also some shortcomings,
and then move on to the more interesting rH-reducibility, which shares many of
the best features of S-reducibility while not being restricted to the c.e. reals, and
has a very nice characterization, in terms of relative initial-segment complexity,
which can be seen as a partial converse to the Solovay property. (Indeed, rH
stands for “relative H”.)

2 Strong Weak Truth Table Reducibility

Solovay reducibility has many attractive features, but it is not the only interest-
ing measure of relative randomness. In this section, we introduce another such
measure, sw-reducibility, which is more explicitly derived from the idea of ini-
tial segment complexity, and which is in some ways nicer than S-reducibility. In
particular, sw-reducibility is much better adapted to dealing with non-c.e. reals.
Furthermore, sw-reducibility is also helpful in the study of S-reducibility, as we
will indicate below, and provides a motivation for the definition of rH-reducibility
in the next section, since rH-reducibility is a kind of “sw-reducibility with ad-
vice”. In the interest of space, we omit most proofs in this section.

Recall that a Turing reduction I'* = B is called a weak truth table (wtt)
reduction if there is a computable function ¢ such that the use function v(x) is
bounded by ¢(z).

Definition 4. Let A, B C N. We say that B is strongly weak truth table re-
ducible (sw-reducible) to A, and write B <.,, A, if there are a constant ¢ and a
wtt reduction I such that B = I'* and Yx(y(z) < x+c). For reals a = 0.xa and
0 =0.xp, we say that B is sw-reducible to o, and write B <., «, if B <., A.

Since sw-reducibility is reflexive and transitive, we can define the sw-degree
deg_, (a) of a real « to be its sw-equivalence class.

Solovay [341] noted that for each & there is a constant ¢ such that for all n > 1
and all binary strings o, 7 of length n, if |0.0 —0.7| < k27" then |H (7)-H (0)| <c.
Using this result, it is easy to check that sw-reducibility has the Solovay property.

Theorem 5. Let S<,,, « be c.e. reals. There is a constant ¢ such that H(8]n) <
H(a In)4c forallnew.

Theorem 7 below shows that the converse of Theorem 5 does not hold even
for c.e. reals.

We now explore the relationship between S-reducibility and sw-reducibility
on the c.e. and strongly c.e. reals. In general, neither of the reducibilities under
consideration implies the other.
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Theorem 6. There exist c.e. reals o <.,, 3 such that o £s . Moreover, a can
be chosen to be strongly c.e..

The proof of this theorem is a finite injury argument, in which we meet
requirements of the form 3¢ € Q(c¢(8 — q) # a — Pc(q)), where P, is the eth
partial computable function.

We note that, since sw-reducibility has the Solovay property, the previous
result gives a quick proof of the theorem, due to Calude and Coles [6], that the
converse of Theorem 3 does not hold. This is one example of the usefulness of
sw-reducibility in the study of S-reducibility.

Theorem 7. There exist c.e. reals a <s 3 such that a %, B (in fact, even
a Ly B). Moreover, 8 can be chosen to be strongly c.e..

The proof of this theorem is a diagonalization argument similar to the proof
of the previous theorem.

The counterexamples above can be jazzed up with relatively standard degree
control techniques to prove the following result.

Theorem 8. Let a be a nonzero c.e. Turing degree. There exist c.e. reals o and
B of degree a such that o is strongly c.e., a <, 3, and a £s 8. There also exist
c.e. reals v and & of degree a such that § is strongly c.e., v <s 6, and y %, 0.

On the strongly c.e. reals, however, S-reducibility and sw-reducibility coin-
cide. Since sw-reducibility is sometimes easier to deal with than S-reducibility,
this fact makes sw-reducibility a useful tool in the study of S-reducibility on
strongly c.e. reals. An example of this phenomenon is Theorem 12 below, which
is most easily proved using sw-reducibility, as the proof sketch included below
illustrates.

Theorem 9. If (3 is strongly c.e. and « is c.e. then a <, O implies a <g 3.
Theorem 10. If a is strongly c.e. and (8 is c.e. then o <5 § implies o <., 3.
Corollary 11. If o and 3 are strongly c.e. then o <s 3 if and only if o <, 3.

There is a greatest S-degree of c.e. reals, namely that of {2, but the situation
is different for strongly c.e. reals.

Theorem 12. Let o be strongly c.e.. There is a strongly c.e. real that is not
sw-below a, and hence not S-below .

Proof. The argument is nonuniform, but is still finite injury. Since sw-reducibility
and S-reducibility coincide for strongly c.e. reals, it is enough to build a strongly
c.e. real that is not sw-below a.. Let A be such that o = 0.y 4. We build c.e. sets B
and C' to satisfy the following requirements.

Rei:TA+BVIA+C,
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where I, is the eth wtt reduction with use less than x + e. It will then follow
that either 0.xp %.. @ or 0.x¢ L. a.

The idea for satisfying a single requirement R.; is simple. Let i(e,4,s) =
max{z | Yy < x(Fe“}; (y) = Bs(y)/\Fi‘j‘; = C4(y))}. Pick a large number k >> e,
and let R, ; assert control over the interval [k, 3k] in both B and C', waiting until
a stage s such that I(e,i,s) > 3k.

First work with C. Put 3k into C, and wait for the next stage s’ where
l(e,i,s") > 3k. Note that some number must enter Ay — As below 3k + i. Now
repeat with 3k — 1, then 3k — 2,...,k. In this way, 2k numbers are made to
enter A below 3k + ¢. Now we can win using B, by repeating the process and
noticing that, by the choice of the parameter k, A cannot respond another 2k
times below 3k + e.

The theorem now follows by a standard application of the finite injury
method. a

Some structural properties are much easier to prove for sw-reducibility than
for S-reducibility. One example is the fact that there are no minimal sw-degrees
of c.e. reals, that is, that for any noncomputable c.e. real « there is a c.e. real
strictly sw-between a and the computable reals. The analogous property for
S-reducibility was proved by Downey, Hirschfeldt, and Nies [15] with a fairly
involved priority argument.

Definition 13. Let A be a nearly c.e. set. The sw-canonical c.e. set A* associ-
ated with A is defined as follows. Begin with A% = (). For all x and s, if either
x & As and x € Agyq, or x € Ay and x € Agqq, then for the least j with
(z,7) & A}, put (x,j) into A%, .

Lemma 14. A* <, A and A <,, A*.

Proof. Since A is nearly c.e., (x, j) enters A* at a given stage only if some y <
enters A at that stage. Such a y will also be below (z, 7). Hence A* <,,, A with
use x. Clearly, € A if and only if A* has an odd number of entries in row z, and
furthermore, since A is nearly c.e., the number of entries in this row is bounded
by x. Hence A <,, A*. |

Corollary 15. If A is nearly c.e. and noncomputable then there is a noncom-
putable c.e. set A* <., A.

Corollary 16. There are no minimal sw-degrees of c.e. reals.

Proof. Let A be nearly c.e. and noncomputable. Then A* <_, A is noncom-
putable, and we can c.e. Sacks split A* into two disjoint c.e. sets A7 and A% of
incomparable Turing degree. Note that Af <, A*. (To decide whether = € A,
ask whether z € A* and, if the answer is yes, then run the enumerations of Aj
and A% to see which set x enters.) So 0 <., A} <., A* <., A. O

Actually, while the above proof yields more than just nonminimality, there
is an easier proof that the sw-degrees of c.e. reals have no minimal members.
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Given a c.e. real A = 0.ajas ..., consider the c.e. real B = 0.a10a200a3000a4 . . ..
It is easy to prove that if A is noncomputable then so is B. But it is also easy
to see that B <,,, A, and that if it were the case that A <., B then A would be
computable. Hence () <_,, B <,,, A.

One thing we can get out of the proof of Corollary 16 is that every c.e. real
has a noncomputable strongly c.e. real sw-below it. The same is not true for
S-reducibility.

Theorem 17. There is a noncomputable c.e. real o such that all strongly c.e. re-
als dominated by « are computable.

The proof of this theorem uses a result of Downey and LaForte [16]. A c.e. set
A C{0,1}* presents a c.e. real a if A is prefix-freeand a =) . , 2-191. Downey
and LaForte constructed a noncomputable c.e. real o such that if A presents «
then A is computable. Given a strongly c.e. real 3 <s «, it is possible to build a
presentation A of o that “encodes” 3, in the sense that, for some constant &, by
knowing how many strings of length n + & are in A, we can tell whether the nth
bit of 3 is 1. Since A must be computable, this allows us to compute £3.

As we have seen, in some ways the sw-degrees are nicer than the S-degrees.
Unfortunately, the theorem below shows that this is not always the case. There
is a simple join operator, arithmetic addition, which induces a join operation on
the S-degrees. No such operation exists for the sw-degrees.

Theorem 18. There exist nearly c.e. sets A and B such that for all nearly
ce. W >,., A, B there is a nearly c.e. Q with A, B <., Q but W y{sw Q. Thus

the sw-degrees of c.e. reals do not form an uppersemilattice.

The idea of the proof of this theorem is that if W >, B then, by changing B
very often, we can cause W to change very often, and hence force W to con-
tain large blocks of 1’s. We can then use A to force a change in W somewhere
within such a block, which, because W is nearly c.e., forces W to change below
the block. But if the block is large enough then we can use this W change to
destroy a potential sw-reduction from W to @, while still allowing @ to be sw-
above A and B. The full details involve a finite injury priority argument which
is nonuniform in the sense that we prevent a given W >, A, B from being a join
by constructing infinitely many c.e. reals @; >., A, B and using the argument
outlined above to show that W %SW Q; for at least one of the @Q;.

The lack of a join operation leads to difficulties in exploring the structure of
the sw-degrees beyond what is done here, and is one of the motivations for the
introduction of rH-reducibility in the following section.

3 Relative H Reducibility

Both S-reducibility and sw-reducibility are uniform in a way that relative initial-
segment complexity is not. This makes them too strong, in a sense, and it is nat-
ural to wish to investigate nonuniform versions of these reducibilities. Motivated



Randomness and Reducibility 323

by this consideration, as well as by the problems with sw-reducibility, we intro-
duce another measure of relative randomness, called relative H reducibility, which
can be seen as a nonuniform version of both S-reducibility and sw-reducibility,
and which combines many of the best features of these reducibilities. Its name
derives from a characterization, discussed below, which shows that there is a
very natural sense in which it is an ezact measure of relative randomness.

Definition 19. Let a and (8 be reals. We say that 3 is relative H reducible
(rH-reducible) to «, and write 5 <.u «, if there are a constant k and a partial
computable binary function f such that for each n there is a j < k for which

flatn,j)l=p1n.

Since rH-reducibility is reflexive and transitive, we can define the rH-degree
deg,,,(a) of a real « to be its rH-equivalence class.

There are several characterizations of rH-reducibility, each revealing a differ-
ent facet of the concept. We mention three, beginning with a “relative entropy”
characterization whose proof is quite straightforward. For a c.e. real § and a
fixed computable approximation 3y, 31,... of B, we will let the mind-change
function m(8, n, s, t) be the cardinality of {u € [s,t] | Bu | n # But1 | n}.

Proposition 20. Let « and (8 be c.e. reals. The following condition holds if
and only if B <.y a. There are a constant k and computable approrimations
o, a1, ... and By, 1, ... of a and (3, respectively, such that for alln and t > s,
if ap [ m=as [ n then m(B,n,s,t) < k.

The following is a more analytic characterization of rH-reducibility, which
clarifies its nature as a nonuniform version of both S-reducibility and sw-reduc-
ibility.

Proposition 21. For any reals o and 3, the following condition holds if and
only if B <.,u a. There are a constant ¢ and a partial computable function @ such
that for each n there is a T of length n + ¢ with |a — 7| < 27" for which o(7) |
and | — (1) < 27",

Proof. First suppose that 3 <.; a and let f and k be as in Definition 19. Let ¢
be such that 2¢ > k and define the partial computable function ¢ as follows.
Given a string o of length n, whenever f(o,j) | for some new j < k, choose a
new 7 2 o of length n + ¢ and define ¢(7) = f(o,J). Then for each n there is
a7 2 « | nsuch that (r) |[= f | n. Since |a — 7] < |a —a [ n| < 27" and
|8 — B 1 n| <27, the condition holds.

Now suppose that the condition holds. For a string o of length n, let S, be
the set of all u for which there is a 7 of length n + ¢ with |0 — 7| < 27! and
| — p(7)| < 2771 It is easy to check that there is a k such that |S,| < k for
all 0. So there is a partial computable binary function f such that for each o
and each p € S, there is a 7 < k with f(o,7) |= p. But, since for any real v and
any n we have |y —~ [ n| <277, it follows that for each n we have 8 | n € Sqpn.
Thus f and k witness the fact that § <.y a. O
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The most interesting characterization of rH-reducibility (and the reason for
its name) is given by the following result, which shows that there is a very natural
sense in which rH-reducibility is an exact measure of relative randomness. Recall
that the prefix-free complexity H(7 | o) of 7 relative to o is the length of the
shortest string p such that M?(u) |= 7, where M is a fixed self-delimiting
universal computer.

Theorem 22. Let o and (B be reals. Then B <.y « if and only if there is a
constant ¢ such that H(B [ n|a | n) <c for all n.

Proof. First suppose that 8 <,; « and let f and k be as in Definition 19.
Let m be such that 2™ > k and let 79,...,7om_1 be the strings of length m.
Define the prefix-free machine N to act as follows with ¢ as an oracle. For all
strings p of length not equal to m, let N(u) 1. For each ¢ < 2™, if f(o,4) |
then let N°(7;) |= f(o,7), and otherwise let N7(7;) T. Let e be the coding
constant of N and let ¢ = e + m. Given n, there exists a j < k for which
f(a | n,j) = B | n. For this j we have N*I"(7;) |= 3 | n, which implies that
HBn|aln) <|rj|+e<e

Now suppose that H(B [ n | a | n) < ¢ for all n. Let 79,..., 7% be a list of
all strings of length less than or equal to ¢ and define f as follows. For a string
oand a j < k, if M7(7;) | then f(o,j) |= M7(7;), and otherwise f(o,7) 7.
Given n, since H(B [ n | a | n) < ¢, it must be the case that M*I"(7;) |= [ n
for some j < k. For this j we have f(a [ n,j)]= 8| n. Thus 8 <. a. O

An immediate consequence of this result is that rH-reducibility satisfies the
Solovay property.

Corollary 23. If § <.x « then there is a constant ¢ such that H(f | n) <
H(a | n) 4+ ¢ for all n.

On the other hand, the converse of this corollary is not true even for strongly
c.e. reals. This follows from Theorem 28 below and a result of Zambella [37], who
showed, using a technique due to Solovay [34], that there is a noncomputable
strongly c.e. real 5 such that H(G | n) < H(1™) + O(1).

The next two theorems, which show that rH-reducibility is a common weak-
ening of S-reducibility and sw-reducibility, follow easily from Proposition 21.

Theorem 24. Let o and 3 be c.e. reals. If § <s a then 3 <. «.
Corollary 25. A c.e. real o is rH-complete if and only if it is random.
Theorem 26. If 3 <,,, a then f <.y «.

Theorems 6 and 7 show that the converses of Theorems 24 and 26 do not
hold, but even among strongly c.e. reals, where S-reducibility and sw-reducibility
agree, rH-reducibility is not equivalent to its stronger counterparts.

Theorem 27. There exist strongly c.e. reals o and 3 such that § <.y « but

B o a0 (equivalently, § &s o).
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The proof of this theorem is a straightforward finite injury argument.

It is interesting to note that, despite the nonuniform nature of its definition,
rH-reducibility implies Turing reducibility. Since any computable real is obvi-
ously rH-reducible to any other real, this implies that the computable reals form
the least rH-degree.

Theorem 28. If 8 <.y a then f <; a.

Proof. Let k be the least number for which there exists a partial computable
binary function f such that for each n there is a j < k with f(a [ n,j) =0 | n.
There must be infinitely many n for which f(a [ n,j) | for all j < k, since
otherwise we could change finitely much of f to contradict the minimality of k.
Let ng < n1 < --- be an a-computable sequence of such n. Let T be the a-
computable subtree of 2% obtained by pruning, for each i, all the strings of
length n; except for the values of f(a [ n;,j) for j < k.

If ~ is a path through T then for all ¢ there is a j < k such that v extends
f(a | m;, 7). Thus there are at most k& many paths through 7', and hence each
path through 7' is a-computable. But (3 is a path through 7', so § < a. ]

On the other hand, by Theorem 7, S-reducibility does not imply wtt-
reducibility, even among c.e. reals, and hence rH-reducibility does not imply
wtt-reducibility.

Structurally, the rH-degrees of c.e. reals are nicer than the sw-degrees of
c.e. reals.

Theorem 29. The rH-degrees of c.e. reals form an uppersemilattice with least
degree that of the computable sets and highest degree that of £2. The join of the
rH-degrees of the c.e. reals o and (3 is the rH-degree of o + (3.

Proof. All that is left to show is that addition is a join. Since «, 3 <s « + 3,
it follows that a, 8 <.y a + (. Let v be a c.e. real such that o, 5 <,4 7. Then
Proposition 20 implies that o + 8 <, 7, since for any n and s < ¢t we have
m(a+ B,n,s,t) < 2(m(a,n,s,t) +m(B,n,s,t)) + 1. O

In [15], Downey, Hirschfeldt, and Nies studied the structure of the S-degrees
of c.e. reals. They showed that the S-degrees of c.e. reals are dense. They also
showed that every incomplete S-degree splits over any lesser degree, while the
complete S-degree does not split at all. The methods of that paper can be
adapted to prove the analogous results for rH-degrees of c.e. reals.

Theorem 30. For any rH-degrees a < b of c.e. reals there is an rH-degree ¢ of
c.e. reals such that a < c < b.

For any rH-degrees a < b < deg,,,(2) of c.e. reals, there are rH-degrees co
and cq of c.e. reals such that a < cg,c1 < b and co Vc1 =b.

For any rH-degrees a,b < deg,(£2) of c.e. reals, aV b < deg,,,(12).

Thus we see that rH-reducibility shares many of the nice structural properties
of S-reducibility on the c.e. reals, while still being a reasonable reducibility on
non-c.e. reals. Together with its various characterizations, especially the one in
terms of relative H-complexity of initial segments, this makes rH-reducibility a
tool with great potential in the study of the relative randomness of reals.
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Abstract. This paper contains answers to several problems in the the-
ory of the computational complexity of infinite words. We show that the
problem whether all infinite words generated by iterating dgsm’s have
logarithmic space complexity is equivalent to the open problem asking
whether the unary classes of languages in P and in DLOG are equiva-
lent. Similarly, the problem to find a concrete infinite word which cannot
be generated in logarithmic space is equivalent to the problem to find
a concrete language which does not belong to DSPACE(n). Finally, we
separate classes of infinite words generated by double and triple DOL
TAG systems.

Introduction

The study of infinite words is an important research topic in Combinatorics
on words. The main stream of research focused on combinatorial properties,
cf. [Lo], and the descriptional complexity of infinite words, i.e., the measure how
complicated simple mechanisms are needed to generate particular infinite words.
An extensive study of different machineries for infinite word generation can be
found in [CK].

In [[HKL] a new area of investigation was introduced, the computational com-
plexity of words, i.e., the measure how much resources (such as time and space)
are needed to generate a certain infinite word. The paper concentrates on rela-
tions between the two mentioned complexities: descriptional and computational.
Further results in this area can be found in [HK].

In [CK], [HKL] and [HK] several interesting problems are proposed. In this
paper we will show that even some of the simplest problems proposed are equiva-
lent to well-known hard open problems in complexity theory of Turing machines.

The paper is organized as follows:
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In Section 1 we fix our terminology. In Section 1.1 we recall the definition of the
computational complexity, while in Section 1.2 we define several simple methods
for generating infinite words:

— iterating morphism, the most commonly used method introduced already
in [Th];

— iterating a deterministic generalized sequential machine (a dgsm), i.e. a de-
terministic finite state transducer;

— double and triple DOL TAG systems.

In Section 2.1 we consider the open problem, proposed in [HIKL], namely
whether all infinite words generated by iterating dgsm’s have logarithmic space
complexity. This problem was attacked in [Le], claiming that the answer to
the problem is affirmative. On the other hand, here we show that the problem
is equivalent to an other hard open problem asking whether unary classes of
languages P and DLOG (denoted u-P and u-DLOG, respectively) are equivalent.
One can easily observe that u-P = u-DLOG if and only if U.so DTIME(c") =
DSPACE(n).

Section 2.1 contains two other small results concerning the growth of dgsm'’s,
It was shown in [[TIK]] that the greatest possible growth of a dgsm is exponen-
tial and that infinite words generated by such dgsm’s have logarithmic space
complexity. We show that the smallest non-trivial growth is ©(nlogn) and that,
similarly, dgsm’s with such growth generate infinite words with logarithmic space
complexity.

In [HKL] an another interesting problem is proposed: to find a concrete
infinite word which cannot be generated in the logarithmic space. It is mentioned
already in [ITK] that this problem is at least as hard as to prove L ¢ DLOG
for some L € NP. In Section 2.2 we show that it is exactly as hard as the
problem to find a concrete language, which does not belong to DSPACE(n).
Note that even the problem to find a concrete language, which does not belong
to DSPACE(logn) = DLOG is a hard open problem.

Finally, in Section 2.3 we separate the classes of infinite words generated by
double and triple DOL TAG systems as it was conjectured in [CLK].

1 Preliminaries

In this section we fix our terminology. Let X' be a finite alphabet. The sets of
all finite and infinite words over ¥ are denoted X* and SN , respectively. In the
following sections we define the computational complexity of infinite words and
describe several iterative devices generating infinite words.

1.1 The Computational Complexity of Infinite Words

The best way how to define the computational complexity of an object is to
describe it in the terms of Turing machines. For example, the Kolmogorov com-
plexity of a finite word is the size of the smallest Turing machine generating the
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word, cf. [Ko]. In the case of infinite words we will use the model of computation
based on k-tape Turing machine, which consists of

1. a finite state control;

2. k infinite one-way working tapes each containing one two-way read/write
head;

3. one infinite output tape containing one one-way write-only head.

We assume that k-tape TM starts in the initial state with all tapes empty
and behaves as normal Turing machine. We say that k-tape TM generates an

infinite word w € EN if

1. in each step of computation, the content of the output tape is a prefix of w;
2. for each u, prefix of w, there is an integer n such that u is a prefix of the
content of the output tape after n steps of computation.

Let M be a k-tape TM generating a word w. The time and space complezities
of M are functions Th; : N — N and Sy; : N — N defined as follows:

— Ta(n) is the smallest number of steps of the computation of M when the
prefix of w of length n is already written on the output tape;

— Swm(n) is the space complexity of working tapes during first Ths(n) steps of
the computation, i.e., the maximum of lengths of words written on working
tapes.

Finally, for any integer function s : N — N we define the following complexity
classes:

— GTIME(s) = {w € EN; there exists a k-tape TM M generating w and
Tar(n) < s(n) for all n > 1};

— GSPACE(s) = {w € SN there exists a k-tape TM M generating w and
Sar(n) < s(n) for all n > 1};

It follows from the speed-up argument, as in ordinary complexity theory, that
functions s(n) and c.s(n), where ¢ is a constant, have the same space computa-
tional complexities.

1.2 TIterative Devices Generating Infinite Words

In this section we define several simple methods used for generating infinite
words. The simplest and most commonly used method is to iterate a morphism
h: X* — X*:if h is nonerasing and for a letter a € X, a is a prefix of h(a), then
there exists the limit

w= lim h"(a).

n—oo
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A natural generalization of this method is to use more powerful mapping in
the iteration, a deterministic gsm. As a convention we assume throughout that
all dgsm’s are non-erasing.

The further generalization leads to double DOL TAG system which consist of
two infinite one-way tapes each of which containing a one-way read-only head
and a one-way write-only head. In each step of the generation both read-only
heads read a symbol and move right to the next square while the write-only
heads write the corresponding outputs to the first empty squares of these tapes.
We assume that the infinite word generated by a double DOL TAG system is
written on the first tape. A double DOL TAG system can be specified in the
terms of the rewriting rules of the form:

(Z) — (g), where a,b € X, a, 5 € X7,

Assuming that in each rewriting rule, | 3] = 1, we get a mechanism which iterates
a dgsm. Finally, we can define triple DOL TAG system by extending the number
of tapes to three.

2 The Results

2.1 Dgsm’s

In [[TKL] the following problem is proposed: are all words generated by dgsm’s in
GSPACE(logn)? We prove here that this problem is equivalent to the problem
whether classes u-DLOG and u-P are equivalent. Note that this in some sense
contradicts the result of [Le] that all infinite words generated by iterating dgsm’s
have logarithmic space complexity: if the result in [l.¢] is correct, then, together
with the following theorem, we have D-EXPTIME = DSPACE(n), which is
unlikely. [Le] gives only the sketch of the proof of the result and, hence, we are
unable to check if it is correct.

Theorem 1. All infinite words generated by iterating dgsm’s have logarithmic
space complezity if and only if u-P = u-DLOG.

Proof. First, let us assume that u-P = u-DLOG. Take a dgsm 7 over finite al-
phabet X' generating an infinite word w = wjws.... We prove that the space
complexity of w is O(logn). It is obvious that there is a 1-tape Turing ma-
chine M generating the word w in quadratic time. Consider the languages L. =
{0™; n > 1, w, = ¢} for all ¢ € ¥. Note that L. is an unary language. We can
easily construct a Turing machine recognizing L. in quadratic time using Turing
machine M. By the assumption there exist Turing machines M. recognizing the
languages L. in logarithmic space. Now, consider 3-tape TM, which runs M.’s
to generate n-th letter of w by using the third tape as working tape. It stores
the binary representation of n on the first tape and the position of the head of
TM M, on the input tape on the second tape. Before each run of any M, it
erases the working tape and writes on the second tape position 1. It runs M, for
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each letter ¢ of the alphabet of 7 until some M, accepts and then it writes the
letter ¢ on the output tape. In each step of the simulation of any M, it checks
whether the position represented on the second tape is the last one. Clearly such
machine generates the word w in logarithmic space.

Second, assume that all words generated by iterating a dgsm have logarithmic
space complexity. Take a Turing machine M working in polynomial time, i.e.,
T(M) = O(n*), recognizing language L C 0*. We construct 1-tape TM M’
for generating an infinite word with the tape divided into three layers. On the
first layer it generates unary inputs in increasing order, on the second layer it
simulates computations of M on the input stored on the first layer, and on the
third layer it writes 1, if computation ends in an accepting state, or 0, if it ends
in a rejecting state. Before each simulation it erases the second and third layer
of the tape.

Now, consider a dgsm 7 which carries out the computations

Ci — Ci+1, for 4 2 O,

where C; corresponds to the i-th configuration of M’. It also maps the start-
ing letter $ into the starting configuration of M’. Clearly, the iteration of 7
will generate infinite word, the sequence of all configurations of TM M': W =
$CoC1C5 . .. . By the assumption the infinite word W has logarithmic space com-
plexity, i.e., there exists a TM M" generating W in logarithmic space. Finally,
we define TM M recognizing L, which on the input 0™ runs M”, but instead of
writing the bits of W to the output tape, it compares its input with the input on
the first layer of each generated configuration, and moreover, it checks the first
letter on the third layer of each generated configuration. When the compared
inputs coincide and the first letter on the third layer is 0 or 1 then TM M"” halts
in the rejecting or in the accepting state, respectively. Otherwise, it continues in
generating bits of the next configuration. Clearly, M"” recognize the language L.

Now, it suffices to show that M"”" works in logarithmic space. Let C; be
the configuration in which M’ writes 0 or 1 on the first place of the third layer,
when the first layer contains 0. Hence in the block of configurations B,, =
Ci, 141...Cyi . M’ erases the second and the third layer of the tape, changes
the input on the first layer to 0" and runs TM M on this input. Since M works
in time O(n*) the length of any configuration in block B, is at most O(n*)
and the number of configurations in B, is at most O(n*). Hence the length of
the block B,, is at most O(n2*). Turing machine M’ on the input 0% generates
first « blocks of configurations until it halts. Hence it generates the prefix of the
infinite word W of length

Z |Bn| _ O(.’L‘2k+l) )
n=0

Since M" works in logarithmic space, M’ will use space O(log ) to carry out
the computation on the input 07.

Next, we will show two small results concerning the growth of a dgsm 7, i.e.,
the integer function g : N — N, where g(n) is the length of 7"(a). In [HKL)]
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it was proved that the infinite word generated by a dgsm with the exponential
growth has logarithmic space complexity. Note that the exponential growth is
the greatest possible growth. Next, we show that the smallest non-trivial growth
of a dgsm is ©(nlogn) and also that dgsm’s with the growth ©(nlogn) generate
infinite words with logarithmic space complexity. More precisely:

Lemma 2. If a dgsm has the growth o(nlogn), then it generates an ultimately
periodic infinite word. Such word can be generated in constant space.

Proof. Let T be a dgsm with the growth o(nlogn) generating an infinite word
w = wiws..., with w; € X. Let 74(2) [04(2)] be the output [the last state] of
dgsm 7 when reading the input z and starting in the state q.

We define the two sequences of words and one sequence of states of dgsm 7.
Let a be the starting symbol, go be the initial state and let 7(a) = 74, (a) = av.
Then put:

u] = a, V] =, q1 = 0q,(a)
Up = Un—1Un—1, Un = Tanl(vnfl)a qn = U%zfl(vnfl)'
Observe that 7"(a) = Upt1 = UpVp = -+ = UIVIV2...V,. This implies 1 +

Z?Zl lv;| = |7"(a)] = o(nlogn). Next, we try to estimate the length of the
increment |vy,|. Since dgsm 7 is non-erasing, for all i < n we have |v;| < |v,|. We
have:

2n 2n
nlv,| < Z lv;| < Z |vj| = o(2nlog2n) = o(nlogn) .
j=n+1 j=1

Hence, |v,| = o(logn) and for any constant ¢ there exists n such that ¢/l < n.
If we take ¢ = | Y| + 1, there must be a repetition among the words vy, ..., vy,
let say v; = v;4 for some integers 4,7 + &k < n and k > 0. Then v; = v, for
all j > 4, hence the infinite word w = ujv1v9v3 ... is ultimately periodic and it
can be then generated in constant space, cf. [[TKL], Lemma 3.1.

Lemma 3. An infinite word generated by a dgsm with the growth ©(nlogn) has
logarithmic space complexity.

Proof. Let 7 be a dgsm with the growth ©(nlogn) generating an infinite word
w = wiws.... Consider the sequences {un}n>0, {Vn}tn>0, {@n}tn>0 from the
previous proof.

We construct TM M generating w as follows. In the first step it writes u; on
the output tape, v on the first tape and it sets to the state ¢;. In each following
step n it simulates dgsm 7 on input written on the first tape starting in the
state ¢,—1. The output of the simulation of 7 is written, at the same time, to the
output tape and to some temporary tape, so that after the simulation it can be
copied back to the first tape. Hence, in the end of step n the first tape contains
word v,. The last state of the simulation of 7 is the state ¢,, from which the
next simulation will start.

The space needed to generate the m-th letter of w is at most |v,|, where n
is an integer such that v,, contains the letter w,y,, i.e.,
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n—1 n
Z|vl| <m§Z|vi|.
i=1 i=1

One can show in the same way as in in the proof of Lemma 2 that |v,,| = O(logn).
Moreover, since n < 1 + Z?:_ll [v;] < m, we have |v,| = O(logn) = O(logm).
Hence, TM M works in logarithmic space.

2.2 Logarithmic Space Complexity

The second part of Problem 5.2 in [[TK] asks to find a specific infinite word which
cannot be generated in logarithmic space. We show that this problem is as hard
as the problem to find a specific language which does not belong to DSPACE(n),
and this is a hard open problem.

Notation 1. Denote the n-th binary word in the lexicographical order by lex(n).
Note that for n > 1, bin(n) = 1lex(n).

Definition 4. Let w be an infinite binary word and L C {0,1}* an binary lan-
guage. We say that w determines language L if for every positive integer n:
the n-th letter of w is 1 if and only if lex(n) belongs to L.

Theorem 5. Let w be an infinite binary word and L the language determined
by w. Then, the word w is in GSPACE(logn) if and only if L belongs to
DSPACE(n).

Proof. First, assume that w has logarithmic space complexity. Let M be a Turing
machine generating w in logarithmic space. We construct Turing machine M’
recognizing language L. Let lex(n) be the word on the input tape of M’, where n
is a positive integer. The length of input is @(logn). M’ simulates M in the
following way: it remembers only the last letter generated by M and counts the
number of them on a special working tape. When this number is equal to n, it
stops and accepts the input if and only if the last output letter was 1.

Since M uses space only O(logn) to generate first n output letters and the
same space is needed for counting of the number of output letters, M’ works in
space O(logn), which is linear to the length of input. Hence, L € DSPACE(n).

Next, assume that L € DSPACE(n). So we have a Turing machine M rec-
ognizing L in linear space. Let M’ be a Turing machine such that it generates
words in lexicographical order on the first working tape and runs M on each
generated word. Depending on if the word was accepted or rejected it writes 1
or 0 on the output tape. Clearly, the length of the n-th word on the first working
tape is ©(logn). M works in linear space, hence in space ©(logn). Therefore, M’
uses logarithmic space to generate n-th letter: w € GSPACE(logn).

As a consequence we have that if we would be able to show about a specific
infinite word that it does not belong to GSPACE(logn), then we would have
also a specific language which does not belong to DSPACE(n), and vice versa.
Note, that even the problem to show that a specific language does not belong to
DSPACE(logn) is open.
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2.3 Separation of Double and Triple DOL TAG Systems

In the Section 6 of [[TKXL] is mentioned that the generation of infinite words by
double DOL TAG systems is very powerful mechanism, and that it is not known
any concrete example of an infinite word which cannot be generated by this
mechanism, although by a diagonalization argument such words clearly exist.
In [CK] (Conjecture 4) is conjectured that there exists an infinite word that
can be generated by a triple DOL TAG system, but not by any double DOL
TAG system. In what follows we are going to give the whole class of infinite
words which cannot be generated by any double DOL TAG system. Combining
this result with some results in [C] we can also give an affirmative answer to
Conjecture 4 of [CK]. First, let us fix some notation.

Notation 2. Let w = ¢; ... ¢, be aword with ¢; € X. Then symb(w) = {¢;, 1 <
i < n} denotes the set of all symbols occurring in the word.

Theorem 6. Let s : N — N be an integer function such that s(i) € 2°@) i.e.,
s(i) grows faster than exponentially. Then the infinite word

w=10"M105@ 105 ..
cannot be generated by any double DOL TAG system.

Proof. Assume that w can be generated by double DOL TAG system, and let 7
be such a system. Let M be the set of all symbols occurring on the second tape
of 7 and B the maximal number of symbols written on any tape in one step, i.e.,

) is a rewriting rule of 7} .

B = max{max(|a|, |3]), where (Z) - (g

Let w; = 10°%. First, we show that for any constant k > 1 there is a positive
integer j such that:

s(7) +1=|wj| > klwy ... wj—11] + 1. (1)
Since s(i) € 2¢() for any number ¢ > 1 there is an integer j such that:
jw;| > ¢,
|wi|§ci forall1<i<j—1.
Then we have
j—1

k|w1...wj_11| < kzcl <k-
=0

-1
c—1"

Taking ¢ = k + 1, we get kjw; ... w;_11| +1 < & < |wj].

Consider that we are reading the first 0 of w; = 10°) in the word w. Let u,
(v1) be the word written on the first (second) tape between the reading and
the writing head. And let, recursively, u; (resp. v;) be the word added on the
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first (resp. second) tape after reading v;—1. Note that for all [ > 1, we have
v o] < ur ..oyl

We define also set My C M as follows. For z € M, let (g) — (g) be a rule
of 7. Then, z € My if and only if & € 0. Hence, My is the set of all symbols
such that when reading 0 on the first tape and such symbol on the second tape,
it writes only 0’s on the first tape.

Assume that for some 7 > 1:

3 ful < s(5). )
=1

By (2), words u1, . .., u; contain only 0’s, hence when reading words vy, ..., v;—1,
only 0’s are written on the first tape. Since |vy ... v—1| < |us ... w|, we have also
that while reading words vy, ...,v;—1, only 0’s are read from the first tape.

Consider the following oriented graph. The vertices are elements of M. There
is an arc z — y, if for rule (?) — (g), y € symb(3) (see Notation 2). For X C M,
let clos(X) be the set of all vertices of the graph to which we can get from any
vertex of X following the arcs. If clos(symb(vy)) C My, then since u; € 01, we
get by induction that u; € 07 and symb(v;) C clos(symb(vq)) C Mg for all 1 > 1.
This is a contradiction since, there must be u; containing 1.

Hence, there must be an oriented path starting in a vertex of symb(v;) and
ending in a vertex of M — My of length ig < |Mjy|. Let ip be the shortest such
path. If we prove that (2) holds true for i = |[M|+ 1 > |My| + 2 > ig + 2, then
since during reading vy, ..., v;,4+1 only 0’s are read and written on the first tape,
we have symb(v1),...,symb(v;,) C My and symb(v;,+1) N (M — My) # 0. This
implies that 1 € symb(u;,+2), which is a contradiction with (2).

Now it suffices to prove that Equation (2) holds for ¢ = |M|+1. After reading
one symbol, system 7 can write on any tape at most B symbols. Hence, we have
for all I > 1, |ujq1], |uir1| < Blug|. We estimate the left hand side of (2):

[M]|+1 [M]+1 | M|
Z lwg| < |ur| + Z B Yoy | < max(|u|, [v1]). ZBl. (3)
=1 1=2 1=0

Notice that T = Z}fo‘ B! is a constant for 7.

Next, we try to estimate |u1| and |vq|. Consider the situation when the reading
heads are on the (n + 1)-th symbols of both tapes. Then n symbols have been
already read and hence at most Bn symbols written. So, there is at most (B—1)n
symbols between writing and reading head on any tape. This implies:

max(|u1l, [v1]) < (B —1)jwy ... w;—11]. (4)
Taking k = T(B — 1) we get

|M|+1 (4) 1)
D Jul < Tomax(juy], |v1]) < T(B = Dfws ... w;—11] < s(j)
=1

as desired.



On the Computational Complexity of Infinite Words 337

Let us recall one lemma proved in Examples 11 and 13 of [CK]:

Lemma 7. Let s : N — N be an integer function which is computable, i.e., can
be computed by a TM. Then there exists t : N — N such that t(n) > s(n) for all
n > 1 and the word

w = 10"1M10"2 10! .

can be generated by a triple DOL TAG system. Moreover, such integer function t
can be effectively computed.

The proof of the lemma is based on the following idea. Let M be a TM com-
puting unary strings 1°1) 15 and let 7 be a dgsm generating the sequence
of configurations of computation of M. We can easily extend the dgsm 7 to a
triple DOL TAG system by coding all letters generated by 7 to 0, except for the
last letters of the strings in the sequence 15 15(2) . which are coded to 1.
Together with our result we have the following corollary:

Corollary 8. There exists an infinite word which can be generated by a triple
DOL TAG system, but not by any double DOL TAG system.

Hence, the inclusion “double DOL C triple DOL” is proper, as conjectured
in Conjecture 4 in [CK].
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Abstract. The problem of scheduling jobs that arrive over time on
a single machine is well-studied. We study the preemptive model and
the model with restarts. We provide lower bounds for deterministic and
randomized algorithms for several optimality criteria: weighted and un-
weighted total completion time, and weighted and unweighted total flow
time. By using new techniques, we provide the first lower bounds for
several of these problems, and we significantly improve the bounds that
were known.

1 Introduction

We consider on-line scheduling of n jobs on a single machine. The jobs arrive over
time. Job J; with processing time (or size) p; is released (or arrives) at time ;.
This is also the time when it is revealed to the algorithm. The algorithm is
required to assign each job to a machine. A job can be assigned at its arrival time
or later. The algorithm may run at most one job on each machine at any time. In
weighted problems, each job J; is also given a positive weight w; which represents
its importance. We consider both deterministic and randomized algorithms.

Scheduling on a single machine simulates (e.g.) processing tasks on a se-
rial computer. This important problem has been widely studied both on-line
and off-line, considering various optimality criteria [1,4,5,8,9,17]. However, until
now only relatively weak lower bounds were known, especially for the weighted
problems, and in some cases no bounds were known at all. We make significant
progress in this area by providing strong (or stronger) lower bounds for severa