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Foreword

This volume contains papers selected for presentation at the 26th International
Symposium on Mathematical Foundations of Computer Science – MFCS 2001,
held in Mariánské Lázně, Czech Republic, August 27 – 31, 2001.

MFCS 2001 was organized by the Mathematical Institute (Academy of Sci-
ences of the Czech Republic), the Institute for Theoretical Computer Science
(Charles University, Faculty of Mathematics and Physics), the Institute of Com-
puter Science (Academy of Sciences of the Czech Republic), and Action M
Agency. It was supported by the European Research Consortium for Informatics
and Mathematics, the Czech Research Consortium for Informatics and Math-
ematics, and the European Association for Theoretical Computer Science. We
gratefully acknowledge the support of all these institutions.

The series of MFCS symposia, organized on a rotating basis in Poland, Slo-
vakia, and the Czech Republic, has a well-established tradition. The aim is to
encourage high-quality research in all branches of theoretical computer science
and bring together specialists who do not usually meet at specialized confer-
ences. Previous meetings took place in Jablonna, 1972; Štrbské Pleso, 1973; Jad-
wisin, 1974; Mariánské Lázně, 1975; Gdańsk, 1976; Tatranská Lomnica, 1977; Za-
kopane, 1978; Olomouc, 1979; Rydzina, 1980; Štrbské Pleso, 1981; Prague, 1984;
Bratislava, 1986; Karlovy Vary, 1988; Pora̧bka-Kozubnik, 1989; Banská Bystrica,
1990; Kazimierz Dolny, 1991; Prague, 1992; Gdańsk, 1993; Košice, 1994; Prague,
1995; Kraków, 1996; Bratislava, 1997; Brno, 1998; Szklarska Porȩba, 1999; and
Bratislava, 2000.

It is our pleasure to announce that at the opening of MFCS 2001, Dana
Scott (Carnegie-Mellon Univ., Pittsburg, PA, U.S.A.) was awarded the Bolzano
Honorary Medal of the Academy of Sciences of the Czech Republic for his con-
tribution to the development of theoretical computer science and mathematics
in general and his cooperation with Czech scientists in particular.

The MFCS 2001 proceedings consist of 10 invited papers and 51 contributed
papers. We are grateful to all the invited speakers for accepting our invitation
and sharing their insights on their research areas. We thank the authors of all
submissions for their contribution to the scientific program of the meeting.

The contributed papers were selected by the Program Committee out of
a total of 118 submissions. All submissions were evaluated by three or four
members of the committee, with the assistance of referees, for a total of more
than 450 reports. After electronic discussions, the final agreement was reached
at the selection meeting in Prague on May 11–12, 2001 (the program committee
members denoted by * in the list below took part in the meeting). We thank all
the program committee members and referees for their work which contributed
to the quality of the meeting. We have tried to make the list of referees as
complete and accurate as possible and apologize for any omissions and errors.
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Special thanks go to Jochen Bern who provided a reliable software system
used for electronic submissions and reviewing (tested before on STACS 1999
through 2001), and volunteered a fair amount of his night-time to maintain
and further improve the system according to our unrealistic specifications and
expectations.

Finally, we would like to thank Milena Zeithamlová, Lucie Váchová, and
Andrea Kutnarová from Action M Agency for their excellent work on local ar-
rangements.

We wish MFCS 2002, to be held in Warsaw, success and many excellent
contributions.

June 2001 Jǐŕı Sgall
Aleš Pultr

Petr Kolman

Program Committee

Manfred Broy (TU Munich)
Harry Buhrman (CWI, Amsterdam)
Anne Condon (Univ. of British Columbia, Vancouver)
Peter van Emde Boas (Amsterdam Univ.)
Martin Grohe (Univ. of Illinois, Chicago)
Petr Hájek * (Academy of Sciences, Prague)
Juraj Hromkovic * (RWTH Aachen)
Russell Impagliazzo (UC San Diego)
Achim Jung (Univ. of Birmingham)
Juhani Karhumäki * (Univ. of Turku)
Matthias Krause * (Univ. Mannheim)
J. A. Makowsky * (Technion, Haifa)
Tadeusz Morzy (Poznan Univ. of Technology)
Aleš Pultr * (Charles Univ., Prague, co-chair)
Giuseppe Rosolini (Univ. of Genova)
Branislav Rovan * (Comenius Univ., Bratislava)
Don Sannella (Univ. of Edinburgh)
Jǐŕı Sgall * (Academy of Sciences, Prague, chair)
Gábor Tardos (Academy of Sciences, Budapest)
Igor Walukiewicz (Warsaw Univ.)
Ingo Wegener * (Univ. Dortmund)
Peter Widmayer (ETH, Zurich)
Gerhard Woeginger * (Technical Univ. Graz)
Moti Yung (Columbia Univ., New York).
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A New Category for Semantics

Dana S. Scott

Carnegie Mellon University,
Pittsburgh, PA, USA

Abstract. Domain theory for denotational semantics is over thirty years
old. There are many variations on the idea and many interesting con-
structs that have been proposed by many people for realizing a wide
variety of types as domains. Generally, the effort has been to create cat-
egories of domains that are cartesian closed (that is, have products and
function spaces interpreting typed lambda-calculus) and permit solutions
to domain equations (that is, interpret recursive domain definitions and
perhaps untyped lambda-calculus).

What has been missing is a simple connection between domains and the
usual set-theoretical structures of mathematics as well as a comprehensive logic
to reason about domains and the functions to be defined upon them. In December
of 1996, the author realized that the very old idea of partial equivalence relations
on types could be applied to produce a large and rich category containing many
specific categories of domains and allowing a suitable general logic. The category
is called Equ, the category of equilogical spaces.

The simplest definition is the category of T0 spaces and total equivalence
relations with continuous maps that are equivariant (meaning, preserving the
equivalence relations). An equivalent definition uses algebraic (or continuous)
lattices and partial equivalence relations, together with continuous equivariant
maps. This category is not only cartesian closed, but it is locally cartesian closed
(that is, it has dependent sums and products). Moreover, it contains as a full
subcategory all T0 spaces (and therefore the category of sets and the category
of domains).

The logic for this category is intuitionistic and can be explained by a form
of the realizability interpretation, as will be outlined in the lecture. The project
now is to use this idea as a unifying platform for semantics and reasoning. In
the last four years the author has been cooperating with faculty and students
at Carnegie Mellon on this program, namely Steven Awodey, Andrej Bauer,
Lars Birkedal, and Jesse Hughes. A selection of papers (in reverse chronolog-
ical order) follows. These (and futute papers) are available via the WWW at
http://www.cs.cmu.edu/Groups/LTC.

J. Sgall, A. Pultr, and P. Kolman (Eds.): MFCS 2001, LNCS 2136, pp. 1–2, 2001.
c© Springer-Verlag Berlin Heidelberg 2001
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On Implications between P-NP-Hypotheses:

Decision versus Computation in Algebraic
Complexity

Peter Bürgisser

Dept. of Mathematics and Computer Science, University of Paderborn,
D-33095 Paderborn, Germany

buergisser@upb.de

Abstract. Several models of NP-completeness in an algebraic frame-
work of computation have been proposed in the past, each of them hing-
ing on a fundamental hypothesis of type P�=NP. We first survey some
known implications between such hypotheses and then describe attempts
to establish further connections. This leads us to the problem of relat-
ing the complexity of computational and decisional tasks and naturally
raises the question about the connection of the complexity of a polyno-
mial with those of its factors. After reviewing what is known with this
respect, we discuss a new result involving a concept of approximative
complexity.

1 Introduction

Algebraic complexity theory is the study of the intrinsic difficulty of compu-
tational problems that can be posed in an algebraic or numerical framework.
Instead of basing this study on the model of the Turing machine, it uses “alge-
braic models” of computation. Besides the fact that these models form a natural
theoretical framework for the algorithms commonly known to solve the problems
under consideration, the main motivation for this choice of model is the idea that
various methods from pure mathematics like algebraic geometry or topology
can be employed to establish lower bounds in this more structured world. This
project has been successful for problems of polynomially bounded complexity,
as illustrated by the large body of work presented in the textbook [14].

The theory of NP-completeness is one of the main cornerstones of computa-
tional complexity, although still resting on the unproven hypothesis that P �= NP.
In seminal works by Valiant [45,47] and Blum, Shub and Smale [9] models of
NP-completeness in an algebraic framework of computation have been proposed,
motivated by the hope to prove the elusive separation of P and NP in these
frameworks. So far, this hope has not been fulfilled except in rather trivial cases.
However, there have been successful attempts in relating these different mod-
els to each other and in establishing implications between the various P-NP-
hypotheses presently studied. The known “transfer theorems” either relate such
hypotheses of the same type refering to different fields, or provide implications
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from the separation of P and NP in the classical bit model to a corresponding
separation in an algebraic model of computation. As an exception to this rule,
Fournier and Koiran [20] (see also [31]) recently proved an implication in the
reverse direction for a restricted algebraic model. This has challenged the hope
that a P-NP-separation in the algebraic model might be easier to prove than in
the bit model. We review some of the known transfer results in Section 3.

In Section 4 we will discuss an attempt [12] to relate the P-NP hypothesis
in Valiant’s framework to the one in the Blum, Shub, Smale (BSS) framework,
as well as an attempt [42] to establish a connection to the complexity of certain
univariate polynomials. This leads us to the problem of relating the complexity
of computational and decisional tasks and naturally raises the question about
the connection of the complexity of a polynomial with those of its factors. This
relationship is not well understood and turns out to be the bottleneck in both
attempts.

In Section 5 we review what is known about the complexity of factors. We
mention a result by Kaltofen [27], which seems to be widely unknown in the
community (and has been independently discovered by the author). It states that
the complexity of an irreducible factor g of a polynomial f can be polynomially
bounded in the complexity of f , the degree of g, and the multiplicity of g. We
believe that the dependence on the multiplicity is not necessary, but we have
been unable to prove this. Instead, we present a new result [10], which states that
the dependence on the multiplicity can be avoided when replacing complexity
by the related notion of “approximative complexity”, which is introduced in
Section 6.

As a major application, we obtain the following relative hardness result about
decision complexity over the reals: Checking the values of polynomials forming
complete families in Valiant’s sense cannot be done with a polynomial number
of arithmetic operations and tests, unless the permanent has a p-bounded ap-
proximative complexity, which seems unlikely. This hardness result extends to
randomized algorithms with two-sided error, formalized by randomized algebraic
computation trees.

2 Algebraic Models of NP-Completeness

2.1 Blum-Shub-Smale Model

Blum, Shub, and Smale [9] have extended the classical theory of NP-completeness
to a theory of computation over arbitrary rings, the three most interesting cases
being the field of real or complex numbers, and the finite field F2. In the latter
case, the classical theory of computation is recovered. As usual in algebraic
complexity theory, a basic computational step is an arithmetic operation, an
equality test, or a ≤-test if the field is ordered, and we make the idealizing
assumption that this can be done with infinite precision. Moreover a uniformity
condition is assumed to be satisfied. For a recent account see [8]. Poizat [40]
describes an elegant approach to a P-NP-framework over general structures.
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Many ideas of discrete structural complexity can be extended to such a
framework; in particular the complexity classes P, NP and the notion of NP-
completeness. In this framework, a natural NP-complete problem turns out to
be the feasibility problem to decide for a given system of polynomials whether
they have a common root. In all three settings (F2,R,C) it is a fundamental
open problem whether P �= NP is true. It has been shown [7] that this question
has the same answer over all algebraically closed fields of characteristic zero.
Over the reals, no corresponding transfer theorem is known.

2.2 Valiant’s Algebraic Model

In [45,47] Valiant proposed an analogue of the theory of #P-completeness in a
framework of algebraic complexity, in connection with his famous hardness re-
sult for the permanent [46]. This theory features algebraic complexity classes VP
and VNP as well as VNP-completeness results for many families of generating
functions of graph properties, the most prominent being the family of perma-
nents. For a comprehensive presentation of this theory, we refer to [21,14] and
to the recent account [12].

While the complexity classes in the BSS-modell capture decision problems,
the Valiant classes deal with the computational problem to evaluate multivariate
polynomials. Only straight-line computations are considered and uniformity is
not taken into account. The basic object studied is a p-family over a fixed field k,
which is a sequence (fn) of multivariate polynomials such that the number of
variables as well as the degree of fn are polynomially bounded (p-bounded)
functions of n. The complexity class VP over k consists of the p-families (fn)
which are p-computable, which means that the straight-line complexity of fn
is p-bounded in n. Note that although X2n

can be computed with only n mul-
tiplications, the corresponding sequence is not considered to be p-computable,
as the degrees grow exponentially. A p-family (fn) is called p-definable iff there
exists (gn) ∈ VP such that for all n

fn(X1, . . . , Xv(n)) =
∑

e∈{0,1}u(n)−v(n)

gn(X1, . . . , Xv(n), ev(n)+1, . . . , eu(n)).

The set of p-definable families form the complexity class VNP. The class VP is
obviously contained in VNP, and Valiant’s hypothesis claims that this inclusion
is strict. It has been shown in [12, § 4.1] that over algebraically closed fields, this
hypothesis depends at most on the characteristic of the field.

3 Known Implications between P-NP-Hypotheses

In each of the algebraic models discussed before we have raised the fundamental
question whether P �= NP. Recently, a considerable amount of research has
been directed towards establishing “transfer theorems” that provide implications
from the separation of P and NP in the classical bit model to a corresponding
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separation in an algebraic model of computation. These results rely on various
techniques to eliminate the real or complex constants that may be used by a
computation in the algebraic model on a Boolean input. One of the first results
of this kind was established by Koiran [29] for the additive BSS-model over the
reals, which allows additions and subtractions as the only arithmetic operations.
Koiran showed that

P �= NP nonuniformly =⇒ P �= NP over R as an ordered group. (1)

Here, the elimination of constants is based on polyhedral geometry, in par-
ticular on the fact that a nonempty polyhedron defined by a system of in-
equalities with small coefficients has a small rational point. Quite astonishingly,
the converse of the above implication is also true, as recently established by
Fournier and Koiran [20]. The proof of the converse of (1) relies on Meyer auf
der Heide’s [37,39] construction of small depth linear decision trees for locating
points in arrangements of hyperplanes.

For the unrestricted BSS-model over the reals (with order) no implication
in either direction is known. Over the complex numbers, we know the following
about the unrestricted BSS-model

P �= NP nonuniformly =⇒ P �= NP over C, (2)

as noticed independently by several researchers. The essential point here is that
using modular arithmetic, it is possible to test in random polynomial time
whether an integer given by a straight-line program equals zero. Actually, the
left-hand side can be replaced by the weaker statement NP �⊆ BPP. (A proof can
be found in Cucker et al. [18], although somewhat hidden.) We do not know how
to efficiently test for positivity of an integer given by a straight-line program,
and this seems to be the main obstacle for establishing an implication analogous
to (2) over the reals.

In [13] we have shown the following implication for Valiant’s model over F2:

NC2 �= ⊕P nonuniformly =⇒ VP �= VNP over F2. (3)

More specifically, by interpreting families of polynomials over F2 as Boolean
functions, we can assign to an algebraic class C its Boolean part BP(C). It turns
out that over F2 we have

NC1/poly ⊆ BP(VP) ⊆ NC2/poly, BP(VNP) = ⊕P/poly,

which immediately implies (3). Note that the class VNP over F2 is by definition
closely related to ⊕P. On the other hand, the Boolean function corresponding
to a p-computable family lies in NC2/poly, due to the fact [6] that an algebraic
straight-line program of size nO(1) computing a polynomial of degree nO(1) can
be efficiently parallelized, i.e., simulated by a straight-line program of size nO(1)

and depth O(log2 n). A challenging open problem is to find out to what extent
implication (3) might be reversed: does BP(VP) = BP(VNP) imply that VP =
VNP over F2? As a first step in this direction, it seems rewarding to locate
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BP(VP) exactly in the hierarchy of known complexity classes between NC1/poly
and NC2/poly.

For Valiant’s model in characteristic zero, we have proved in [13] the following
implication similar to (3):

FNC3 �= #P nonuniformly =⇒ VP �= VNP in characteristic zero,

conditional on the generalized Riemann hypothesis. Besides the ideas mentioned
for the field F2, the proof is based on some elimination of constants, which is
achieved by a general result about the frequency of primes p with the property
that a system of integer polynomial equations solvable over C has a solution
modulo p.

In Section 4.2 we will address the question whether VP �= VNP implies
P �= NP over C. The difficulty here is not to eliminate constants, but to link the
complexity of decisional problems to the complexity of computational problems.

4 Attempts to Establish Further Connections

4.1 Linking Decisional to Computational Complexity

Are there functions, whose value can be checked in polynomial time but which
cannot be computed in polynomial time? In fact, this is a basic assumption in
cryptography, since it turns out to be equivalent to the existence of one-way
functions [24,41]. We ask now this question for a real or complex polynomial
function g. More specifically, we ask whether deciding g(x) = 0 can be done
considerably faster than just by computing g at input x?

In order to make this formal, we introduce the computational complexity L(g)
and the decisional complexity C(g). The first one refers to the straight-line model
of computation and counts all arithmetic operations (divisions are not allowed
for simplicity). The decisional complexity refers to algebraic computation trees
and counts besides arithmetic operations also branchings according to equality
tests (and ≤-tests over the reals). Clearly, C(g) ≤ L(g) + 1. In both cases, we
allow that any real or complex numbers may be used as constants.

Assume that g is the product of m real linear polynomials: g = h1 · · ·hm.
In the case n = 1 we have obviously C(g) = O(log m) using binary search. The
result by Meyer auf der Heide [37,39] and Meiser [36] extends this to higher
dimensions and states that it is possible to locate a given point x ∈ Rn in the
hyperplane arrangement given by h1, . . . , hm by an algebraic computation tree
with depth (n logm)O(1). (In fact, linear decision trees are sufficient for this,
see [19].) We therefore have C(g) = (n logm)O(1). On the other hand, one can
show that the complexity for evaluating g equals Θ(mn) if the hi are in general
position [14, Chap. 5]. This example shows that computational and decisional
complexity may differ dramatically. In Section 7.1 we will provide strong evidence
that this phenomenon does neither occur over the complex numbers nor over the
reals if g is irreducible and has a degree polynomially bounded in its complexity.
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The following well-known lemma [16,8] provides a link from decisional to
computational complexity. It naturally leads to the question of relating the
complexity of a polynomial to those of its multiples, which will be investigated
systematically in Section 5.

Lemma 1. There exists a nonzero multiple f of g such that L(f) ≤ C(g).
Over C this is true without additional assumption, over R we have to require
that g is irreducible.

4.2 Does Valiant’s Hypothesis Imply the BSS Hypothesis over C?

In [12, §8.4] we have conjectured that Valiant’s hypothesis implies the BSS
hypothesis over C. Loosely speaking, this means that if the permanent is in-
tractable, then solving systems of polynomial equations over C is intractable
as well. The following reasonings from [12], similar as in Heintz and Morgen-
stern [25], have lead us to this conjecture.

The real, weighted cycle cover problem is the following decision problem:
given a real n×n matrix [wi,j ] of weights and a real number s, one has to decide
whether there exists some permutation π ∈ Sn such that

∑n
i=1 wi,π(i) = s. (Note

that a permutation can be visualized as a cycle cover.) By the above mentioned
result [37,39], this decision problem can be solved by algebraic computation trees
over the reals with depth nO(1). We reformulate this problem now as follows:
let xi,j = 2wi,j and y = 2−s. Then the above question amounts to test whether
the (reducible) polynomial

gn :=
∏
π∈Sn

(1− Y X1,π(1) · · ·Xn,π(n))

vanishes for a given (positive) real matrix x = [xi,j ] and y > 0.
If we expand gn according to powers of Y , we see that the permanent of

the matrix [Xi,j ] is the coefficient of Y : in fact, gn = 1− Y PERn(X) + O(Y 2).
A variant of a well-known result on the computation of homogeneous parts im-
plies L(PERn) ≤ 4L(gn) (compare [14, § 7.1 ]). Therefore, gn is hard to compute
if Valiant’s hypothesis is true.

It is easy to see that the problem to check whether gn(x, y) = 0 gives rise
to a problem in the BSS complexity class NP over the reals. Indeed, for a given
matrix x and y ∈ R it suffices to guess the permutation π and to check that
yx1,π(1) · · ·xn,π(n) = 1.

We present now an attempt to deduce P �= NP over C from Valiant’s hy-
pothesis, based on the decision problem gn(x, y) = 0 over the complex numbers.
Assume that P = NP over C. Then the above decision problem would lie in
P and therefore could be solved by algebraic computation trees of depth poly-
nomially bounded in n, hence C(gn) = nO(1). By Lemma 1 there is a nonzero
multiple fn of gn for each n such that L(fn) ≤ C(gn), hence L(fn) = nO(1).
If we could derive from this that the factor gn has a complexity polynomially
bounded in n, then we could conclude L(PERn) = nO(1), which contradicts
Valiant’s hypothesis, as the the permanent family is VNP-complete.
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4.3 Univariate Polynomials and P �= NP over C

For given n ∈ N consider the problem (“Twenty Questions”) to decide for a given
complex number x whether x ∈ {1, 2, . . . , n}. The complexity of this problem in
the model of computation trees over C thus equals C(pn), where

pn(X) := (X − 1)(X − 2) · · · (X − n)

are the Pochhammer-Wilkinson polynomials. Shub and Smale [42] made the fol-
lowing reasoning similar to the one in Section 4.2. By considering the parameter n
also as an input, the above decision problem is easily seen to lie in the class NP
over C, when we consider the pair (n, x) as an instance of size � = �logn�. The
point is that one can check whether x is an integer in the range 0, 1, . . . , 2� − 1
by guessing complex numbers w0, . . . , w�−1 and checking that x =

∑�−1
i=0 wi2i

and wi(wi − 1) = 0 for all i.
Assume that P = NP over C. Then the above decision problem would lie in P

and we would have C(pn) = nO(1). By Lemma 1 there would exist a nonzero
multiple fn of pn with complexity L(fn) ≤ C(pn) = nO(1). This argument
can be refined: by eliminating the finite set of complex constants used by a
BSS-machine, it is possible to achieve that the multiple fn of pn is an integer
polynomial computed by a straight-line program of length nO(1) using 1 as the
only constant. We call the minimal length of a straight-line program satisfying
this additional condition the τ -complexity τ(f). Clearly, L(f) ≤ τ(f).

Shub and Smale [42] set up the so-called τ -conjecture, which claims the
following connection between the number z(f) of distinct integer roots of a
univariate integer polynomial f and its τ -complexity:

z(f) ≤ (1 + τ(f))c ,

where c > 0 is a universal constant. The τ -conjecture thus implies P �= NP over
the field of complex numbers.

In order to illustrate that the τ -conjecture is of a number theoretic quality, let
us ask a more general question. Let k be a field, f be a polynomial in n variables
over k, and d ∈ N. We write Nd(f) for the number of irreducible factors of f
over k having degree at most d, not counting multiplicity. For a fixed field k, we
raise the following question:

∃c > 0 ∀n, d ∀f ∈ k[X1, . . . , Xn] : Nd(f) ≤ (L(f) + d)c. (4)

It is clear that this statement over Q implies the τ -conjecture: the difference being
that we take n = d = 1, count all rational roots of f , and measure complexity
with L instead of τ . Refering to question (4), we observe the following:

(i) If (4) is true over some field k, then it must be true over the rationals.
(ii) Question (4) is false over finite fields, real or algebraically closed fields, and p-

adic fields.
(iii) Over number fields one may equivalently take n = 1 in (4).
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The proof is simple: first note that property (4) is inherited by subfields of k.
A counterexample over k = Fq is provided by the factorization of f = Xqd −X
into the product of all monic irreducible polynomials over Fq whose degree is
a divisor of d. This example can be lifted to the p-adics. Over R and C one
may use f = Xn − 1 or the Chebychev polynomials. The proof of (iii) is an
immediate consequence of the Hilbert irreducibility theorem [32]. (We note that
a corresponding conclusion with τ instead of L is not clear.)

It is interesting to note that the Pochhammer-Wilkinson polynomial pn can
be evaluated with O(

√
n log2 n) arithmetic operations. Indeed, assume n = m2

and write for x ∈ R

pm2(x) =
∏

0≤q<m
0≤r<m

(x− qm− r) =
∏m−1
q=0 hm(q),

where hm(Y ) :=
∏m−1
r=0 (x − mY − r) =

∑m
i=0 ai(x)Y i. Using FFT-based fast

arithmetic (cf. [14, Chap. 2]) one can compute on input x all coefficients ai(x)
and then use multiple evaluation to obtain hm(q) for all q < m using only
O(m log2 m) arithmetic operations. A more detailed reasoning yields τ(pm2) =
O(m log2 m log logm). We remark that a similar idea was first formulated for
the efficient computation of factorials [44].

We do not know whether the sequence of Pochhammer-Wilkinson polyno-
mials (pn) is hard to compute in the sense that L(pn) ≥ nε for some ε > 0.
However, we can make the following interesting observation:

pn(X2) = qn · qn :=
∏n
j=1(X −√j) ·∏n

j=1(X +
√
j).

Using techniques of algebraic complexity theory, Heintz and Morgenstern [25]
were able to prove that each of the sequences (qn) and (qn) is hard to compute
(see also Baur [4]).

If we were able to extend the hardness proof for qn to all of its nonzero
multiples, then we had proved that all nonzero multiples of pn are hard and thus
P �= NP over C. The problem to relate the complexity of a polynomial with its
nonzero multiples appears here closely related to the P-NP problem over the
complex numbers.

We remark that Aldaz at al. [1] showed that
∏n
i=1(X−22i

) is hard to compute
and Baur and Halupczok [5] proved a corresponding lower bound for all the
nonzero multiples of these polynomials.

5 Complexity of Factors

We proceed now with a systematic investigation of the relationship in complexity
of a polynomial f with those of its factors. The first question to ask is whether
the complexity of a factor g can always be polynomially bounded in the com-
plexity of f . Our developments in Section 4.3 already indicate that the answer
to this question is negative, since a positive answer would provide a proof of
P �= NP over C. The answer is indeed negative, as first discovered by Lipton
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and Stockmeyer [35]. The simplest known example illustrating this is as follows:
consider fn = X2n − 1 =

∏
j<2n (X − ζj), where ζ = exp(2πi/2n). By repeated

squaring we get L(fn) ≤ n+1. On the other hand, one can prove that for almost
all M ⊆ {0, 1, . . . , 2n − 1} the random factor

∏
j∈M (X − ζj) has a complexity

which is exponential in n, cf. [14, Exercise 9.8]. A similar reasoning can be made
over the rationals based on the factorization into the cyclotomic polynomials.
This idea yields reducible factors of high complexity.

Problem 1. Construct a sequence of irreducible polynomials gn with complexity
exponential in n, which have a nonzero multiple fn with complexity polynomially
bounded in n.

In the above example, the degree of the factor g is exponential in the complex-
ity of f . We restrict now our attention to factors having a degree polynomially
bounded in the complexity of f . A well-known result by Kaltofen [28] describes
a randomized polynomial time algorithm for factoring a multivariate polyno-
mial f given by a straight-line program. Hereby, the upper bound is polynomial
in the straight-line complexity of f and the degree of f . In a widely unknown
paper, Kaltofen [27] also proved that the complexity of any irreducible factor g
is polynomially bounded in the complexity of f , the degree of g and the multi-
plicity of g. This result, stated explicitly below, was independently found by the
author, compare [12, Thm. 8.14]. Hereby, the notation M(d) stands for an upper
bound on the complexity for the multiplication of two univariate polynomials of
degree d over k, e.g. M(d) = O(d log d) if the field k “supports” fast Fourier
transforms.

Theorem 1. Assume f = geh with polynomials g, h ∈ k[X1, . . . , Xn] which are
coprime. Let d ≥ 1 be the degree of g and suppose that k is a field of characteristic
zero. Then we have

L(g) = O
(
M(d3e)(L(f) + d log e)

)
.

In [12, Conj. 8.3] we have conjectured that the dependence on the multiplic-
ity e can be omitted, that is, we think that the complexity of the factor g is
polynomially bounded in the complexity of f and the degree d of g.

In Section 7.1 we will present a new result [10] stating that the dependence on
the multiplicity in Theorem 1 can indeed be omitted when replacing complexity
by the related notion of “approximative complexity”, to be defined next.

The fact that a computation with a polynomial number of steps may produce
intermediate results of exponential degree is well-known to cause considerable
complications. Actually, the so-called weak BSS model of computation [30] was
defined in order to cope with this phenomenon, simply by forbidding such an
exponential growth of degree. The fact that the P-NP separation in the weak
model is trivial to obtain clearly shows that this model is a large oversimplifi-
cation. We remark that the Valiant model also excludes an exponential growth
of degrees during a computation. However, one can show [43] that this is no
restriction for the study of polynomials of p-bounded degree, like permanents.
Note that resultants of systems of polynomial equations have a huge degree and
are not captured by Valiant’s framework.
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6 Approximative Complexity

The concept of approximative complexity has been systematically studied in the
framework of bilinear complexity (border rank) and there it has turned out to
be one of the main keys to the currently best known fast matrix multiplication
algorithms [17]. For computations of polynomials or rational functions, approx-
imative complexity has been investigated in less detail. Griesser [22] generalized
most of the known lower bounds for multiplicative complexity to approxima-
tive complexity. Lickteig [33] as well as Grigoriev and Karpinski [23] employ the
notion of approximative complexity for proving lower bounds. We refer to [14,
Chap. 15] and the references there for further information.

6.1 Algebraic Definition and Topological Characterization

Let f = fq(X1, . . . , Xn)Y q + fq+1(X1, . . . , Xn)Y q+1 + . . . be the expansion
of a polynomial f with respect to the variable Y . We do not know whether
the complexity of the leading coefficient fq can be polynomially bounded in
the the complexity of f . However, we can make the following observation. For
the moment assume that k is the field of real or complex numbers. We have
limy→0 y

−qf(X, y) = fq(X) and L(f(X, y)) ≤ L(f) for all y ∈ k. Thus we can
approximate fq with arbitrary precision by polynomials having complexity at
most L(f). We could say that fq has “approximate complexity” at most L(f).

We will formalize this in an algebraic way; a topological interpretation will
be given later. In what follows, K := k(ε) is a rational function field in the
indeterminate ε over the field k and R denotes the local subring of K consisting
of the rational functions defined at ε = 0. We write Fε=0 for the image of
F ∈ R[X ] under the morphism R[X ]→ k[X ] induced by ε �→ 0.

Definition 1. Let f ∈ k[X1, . . . , Xn]. The approximative complexity L(f) of
the polynomial f is the smallest natural number r such that there exists F in
R[X1, . . . , Xn] satisfying Fε=0 = f and L(F ) ≤ r. Here the complexity L is to
be interpreted with respect to the larger field of constants K.

Even though L refers to division-free straight-line programs, divisions will
occur implicitly since our model allows the free use of any elements of K as
constants. In fact, the point is that even though F is defined with respect to the
morphism ε �→ 0, the intermediate results of the computation may not be so.
Note that L(f) ≤ L(f).

We remark that the assumption that any elements of K are free constants is
made for achieving conceptual simplicity. We could as well require to build up
the needed elements of K from ε, ε−1 and elements of k. One can show that this
would not significantly change our main conclusions.

The topological characterization of approximative complexity, to be pre-
sented next, shows that this is a very natural notion from a mathematical point
of view. Assume k to be an algebraically closed field. There is a natural way to
put a Zariski topology on the polynomial ring An := k[X1, . . . , Xn] as a limit of
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the Zariski topologies on the finite dimensional subspaces {f ∈ An | deg f ≤ d}
for d ∈ N. If k is the field of complex numbers, we may define the Euclidean
topology on An in a similar way. If f ∈ An satisfies L(f) ≤ r, then it easy to see
that f lies in the closure (Zariski or Euclidean) of the set {f ∈ An | L(f) ≤ r}.
Alder [2] has shown that the converse is true and obtained the following topo-
logical characterization of the approximative complexity.

Theorem 2. The set {f ∈ An | L(f) ≤ r} is the closure of the set {f ∈ An |
L(f) ≤ r} for the Zariski topology. If k = C, this is also true for the Euclidean
topology.

6.2 Computation of p-adic Coefficients

Let f, p ∈ k[X1, . . . , Xm][Y ] and assume p to be monic of degree d ≥ 1 in Y .
Let f =

∑
i fip

i be the p-adic representation of f , that is, fi ∈ k[X,Y ] and
degY fi < d. Using the idea in [14, § 7.1] it is not hard to see that the complexity
of the coefficient polynomial fi of Y i can be polynomially bounded in d, i,
and L(f). The following observation shows that the dependence on the degree i
cannot be avoided in general.

Proposition 1. The complexity of coefficient polynomials in a p-adic represen-
tation of a polynomial f is not polynomially bounded in L(f) and d = deg p,
unless Valiant’s hypothesis is false.

Consider the Y -adic representation of the following polynomial fn of com-
plexity L(fn) = O(n2)

fn :=
∏n
i=1

(∑n
j=1 XijY

2j−1)
=
∑
i fn,i(X)Y i

and observe that the coefficient fn,2n−1(X) equals the the permanent of the
matrix [Xij ]. This already provides the proof of Proposition 1.

Assume now that the p-adic representation f = f�p
�+f�+1p

�+1 + . . . starts at
order �, f� �= 0. We can consider f� as the leading coefficient of f with respect to
the basis p. By contrast with Proposition 1, we can say the following about the
approximative complexity of the leading coefficient in relation to the complexity
of f (cf. [10]).

Proposition 2. The approximative complexity of the leading coefficient f� is
polynomially bounded in d and L(f): we have

L(f�) = O(M(d)L(f)).

7 Decision versus Computation

7.1 Approximative Complexity of Factors

Here is the result from [10], which eliminates the dependence on the multiplicity
in Theorem 1 by switching to approximative complexity. The number 2 ≤ ω ≤
2.38 denotes the exponent of matrix multiplication (cf. [14, Chap. 15]).
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Theorem 3. Assume that g is an irreducible factor of degree d of a polynomial
f ∈ R[X1, . . . , Xn]. We assume that the zeroset of g is a hypersurface in Rn.
Then we have for any ε > 0 that

L(g) = O
(
M(d4)L(f) + d2ω+εM(d)

)
.

A corresponding result holds over C. Moreover, we remark that in the special
situation, where g is the generator of the graph of a polynomial function, we
obtain considerably better bounds, valid over any infinite field of characteristic
zero.

The idea of the proof of Theorem 3 is as follows: After a suitable coordinate
transformation, one can interpret the zeroset of the factor g locally around the
origin as the graph of some analytic function ϕ. In order to cope with a possibly
large multiplicity of g, we apply a small perturbation to the polynomial f without
affecting its complexity too much. This results in a small perturbation of ϕ. We
compute now the homogeneous parts of the perturbed ϕ by a Newton iteration
up to a certain order. Using efficient polynomial arithmetic, this gives us an upper
bound on the approximative complexity of the homogeneous parts of ϕ up to a
predefined order. In the special case, where the factor g is the generator of the
graph of a function, we are already done. Otherwise, we view the factor g as the
minimal polynomial of ϕ in the variable Y := Xn over the field k(X1, . . . , Xn−1).
We show that the Taylor approximations up to order 2d2 uniquely determine the
factor g and compute the bihomogeneous components of g with respect to the
degrees in the X-variables and Y by fast linear algebra.

7.2 Applications to Decision Complexity

By combining Theorem 3 with Lemma 1 we immediately get the following result
stating that the approximative complexity of a polynomial g can be bounded
polynomially in the decision complexity and the degree of g.

Corollary 1. Let g be the generator of an irreducible hypersurface in Rn or
in Cn, d = deg g. Then we have for any ε > 0 that

L(g) = O
(
M(d4)C(g) + d2ω+εM(d)

)
.

It is quite natural to incorporate the concept of approximative complexity
into Valiant’s algebraic framework of NP-completeness.

Definition 2. An approximatively p-computable family is a p-family (fn) such
that L(fn) is a p-bounded function of n. The complexity class VP comprises all
such families over a fixed field k.

It is obvious that VP ⊆ VP. If the polynomial f is a projection of a poly-
nomial g, then we clearly have L(f) ≤ L(g). Therefore, the complexity class
VP is closed under p-projections. We remark that VP is also closed under the
polynomial oracle reductions introduced in [11].

At the moment, we know very little about the relations between the com-
plexity classes VP, VP, and VNP.
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Problem 2. 1. Is the class VP strictly contained VP?
2. Is the class VP contained in VNP?

Since the class VP is closed under p-projections, the following strengthening
of Valiant’s hypothesis is equivalent to saying that VNP-complete families are
not approximately p-computable.

Conjecture 1. The class VNP is not contained in the class VP.

This conjecture should be compared with the known work on polynomial
time deterministic or randomized approximation algorithms for the permanent
of non-negative matrices [34,3,26]. Based on the Markov chain approach, Jerrum,
Sinclair and Vigoda [26] have recently established a fully-polynomial random-
ized approximation scheme for computing the permanent of an arbitrary real
matrix with non-negative entries. We note that this result does not contradict
Conjecture 1 since the above mentioned algorithm works only for matrices with
non-negative entries while approximative straight-line programs work on all real
inputs.

Under the hypothesis VNP �⊆ VP, we can can conclude that checking the val-
ues of polynomials forming VNP-complete families is hard, even when we allow
randomized algorithms with two-sided error, formalized by randomized algebraic
computation trees. This follows for deterministic computations easily from Corol-
lary 1. The extension to randomized trees is straight-forward using [38,15,18].

Corollary 2. Assume VNP �⊆ VP over R. Then for any VNP-complete fam-
ily (gn), checking the value y = gn(x) over the reals cannot be done by deter-
ministic or randomized algebraic computation trees with a polynomial number of
arithmetic operations and tests in n.

By applying Corollary 1 to the permanent polynomial, we see that Conjec-
ture 1 implies the following separation of complexity classes in the BSS-model
of computation (cf. [8]).

Corollary 3. If VNP �⊆ VP is true, then we have P �= PAR in the BSS-model
over the reals.

References

1. M. Aldaz, J. Heintz, G. Matera, J. L. Montaña, and L. M. Pardo. Time-space
tradeoffs in algebraic complexity theory. J. Compl., 16:2–49, 2000. 10

2. A. Alder. Grenzrang und Grenzkomplexität aus algebraischer und topologischer
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Abstract. Combinatorial games lead to several interesting, clean prob-
lems in algorithms and complexity theory, many of which remain open.
The purpose of this paper is to provide an overview of the area to encour-
age further research. In particular, we begin with general background in
combinatorial game theory, which analyzes ideal play in perfect-informa-
tion games. Then we survey results about the complexity of determining
ideal play in these games, and the related problems of solving puzzles, in
terms of both polynomial-time algorithms and computational intractabil-
ity results. Our review of background and survey of algorithmic results
are by no means complete, but should serve as a useful primer.

1 Introduction

Many classic games are known to be computationally intractable: one-player
puzzles are often NP-complete (as in Minesweeper), and two-player games are
often PSPACE-complete (as in Othello) or EXPTIME-complete (as in Checkers,
Chess, and Go). Surprisingly, many seemingly simple puzzles and games are
also hard. Other results are positive, proving that some games can be played
optimally in polynomial time. In some cases, particularly with one-player puzzles,
the computationally tractable games are still interesting for humans to play.

After reviewing some of the basic concepts in combinatorial game theory
in Section 2, Sections 3–5 survey several of these algorithmic and intractabil-
ity results. We do not intend to give a complete survey, but rather to give an
introduction to the area. Given the space restrictions, the sample of results men-
tioned here reflect a personal bias: results about “well-known” games (in North
America), some of the results I find interesting, and results in which I have
been involved. For a more complete overview, please see the full version of this
paper [12].

Combinatorial game theory is to be distinguished from other forms of game
theory arising in the context of economics. Economic game theory has applica-
tions in computer science as well, most notably in the context of auctions [11]
and analyzing behavior on the Internet [33].
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2 Combinatorial Game Theory

A combinatorial game typically involves two players, often called Left and Right,
alternating play in well-defined moves. However, in the interesting case of a
combinatorial puzzle, there is only one player, and for cellular automata such
as Conway’s Game of Life, there are no players. In all cases, no randomness or
hidden information is permitted: all players know all information about gameplay
(perfect information). The problem is thus purely strategic: how to best play the
game against an ideal opponent.

It is useful to distinguish several types of two-player perfect-information
games [3, pp. 16–17]. A common assumption is that the game terminates after
a finite number of moves (the game is finite or short), and the result is a unique
winner. Of course, there are exceptions: some games (such as Life and Chess)
can be drawn out forever, and some games (such as tic-tac-toe and Chess) define
ties in certain cases. However, in the combinatorial-game setting, it is useful to
define the winner as the last player who is able to move; this is called normal
play. If, on the other hand, the winner is the first player who cannot move, this
is called misère play. (We will normally assume normal play.) A game is loopy
if it is possible to return to previously seen positions (as in Chess, for example).
Finally, a game is called impartial if the two players (Left and Right) are treated
identically, that is, each player has the same moves available from the same game
position; otherwise the game is called partizan.

A particular two-player perfect-information game without ties or draws can
have one of four outcomes as the result of ideal play: player Left wins, player
Right wins, the first player to move wins (whether it is Left or Right), or the
second player to move wins. One goal in analyzing two-player games is to deter-
mine the outcome as one of these four categories, and to find a strategy for the
winning player to win. Another goal is to compute a deeper structure to games
described in the remainder of this section, called the value of the game.

A beautiful mathematical theory has been developed for analyzing two-player
combinatorial games. The most comprehensive reference is the book Winning
Ways by Berlekamp, Conway, and Guy [3], but a more mathematical presen-
tation is the book On Numbers and Games by Conway [8]. See also [21] for
a bibliography. The basic idea behind the theory is simple: a two-player game
can be described by a rooted tree, each node having zero or more left branches
correspond to options for player Left to move and zero or more right branches
corresponding to options for player Right to move; leaves corresponding to fin-
ished games, the winner being determined by either normal or misère play. The
interesting parts of combinatorial game theory are the several methods for ma-
nipulating and analyzing such games/trees. We give a brief summary of some of
these methods in this section.

2.1 Conway’s Surreal Numbers

A richly structured special class of two-player games are John H. Conway’s
surreal numbers [8], a vast generalization of the real and ordinal number systems.
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Basically, a surreal number {L |R} is the “simplest” number larger than all Left
options (in L) and smaller than all Right options (in R); for this to constitute a
number, all Left and Right options must be numbers, defining a total order, and
each Left option must be less than each Right option. See [8] for more formal
definitions.

For example, the simplest number without any larger-than or smaller-than
constraints, denoted { | }, is 0; the simplest number larger than 0 and without
smaller-than constraints, denoted {0 | }, is 1. This method can be used to gener-
ate all natural numbers and indeed all ordinals. On the other hand, the simplest
number less than 0, denoted { | 0}, is −1; similarly, all negative integers can be
generated. Another example is the simplest number larger than 0 and smaller
than 1, denoted {0 | 1}, which is 1

2 ; similarly, all dyadic rationals can be gen-
erated. After a countably infinite number of such construction steps, all real
numbers can be generated; after many more steps, the surreals are all numbers
that can be generated in this way.

What is interesting about the surreals from the perspective of combinatorial
game theory is that they are a subclass of all two-player perfect-information
games, and some of the surreal structure, such as addition and subtraction,
carries over to general games. Furthermore, while games are not totally ordered,
they can still be compared to some surreal numbers and, amazingly, how a game
compares to the surreal number 0 determines exactly the outcome of the game.
This connection is detailed in the next few paragraphs.

First we define some algebraic structure of games that carries over from
surreal numbers. Two-player combinatorial games, or trees, can simply be rep-
resented as {L |R} where, in contrast to surreal numbers, no constraints are
placed on L and R. The negation of a game is the result of reversing the roles of
the players Left and Right throughout the game. The (disjunctive) sum of two
(sub)games is the game in which, at each player’s turn, the player has a binary
choice of which subgame to play, and makes a move in precisely that subgame.
A partial order is defined on games recursively: a game x is less than or equal to
a game y if every Left option of x is less than y and every Right option of y is
more than x.

Note that while {−1 | 1} = 0 = { | } in terms of numbers, {−1 | 1} and { | }
denote different games (lasting 1 move and 0 moves, respectively), and in this
sense are equal in value but not identical symbolically or game-theoretically.
Nonetheless, the games {−1 | 1} and { | } have the same outcome: the second
player to move wins.

Amazingly, this holds in general: two equal numbers represent games with
equal outcome (under ideal play). In particular, all games equal to 0 have the
outcome that the second player to move wins. Furthermore, all games equal
to a positive number have the outcome that the Left player wins; more gener-
ally, all positive games (games larger than 0) have this outcome. Symmetrically,
all negative games have the outcome that the Right player wins (this follows
automatically by the negation operation).
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There is one outcome not captured by the characterization into zero, positive,
and negative games: the first player to move wins. An example of such a game
is {1 | 0}; this fails to be a surreal number because 1 ≥ 0. By the claim above,
{1 | 0} ‖ 0. Indeed, {1 | 0} ‖ x for all surreal numbers x, 0 ≤ x ≤ 1. In contrast,
x < {1 | 0} for all x < 0 and {1 | 0} < x for all 1 < x. In general it holds that a
game is fuzzy with some surreal numbers in an interval [−n, n] but comparable
with all surreals outside that interval.

For brevity we omit many other useful notions in combinatorial game theory,
such as additional definitions of summation, super-infinitesimal games ∗ and ↑,
mass, temperature, thermographs, the simplest form of a game, remoteness, and
suspense; see [3,8].

2.2 Sprague-Grundy Theory

A celebrated result in combinatorial game theory is the characterization of im-
partial two-player perfect-information games, discovered independently in the
1930’s by Sprague [39] and Grundy [25]. Recall that a game is impartial if it
does not distinguish between the players Left and Right. The Sprague-Grundy
theory [39,25,8,3] states that every finite impartial game is equivalent to an in-
stance of the game of Nim, characterized by a single natural number n. This
theory has since been generalized to all impartial games by generalizing Nim to
all ordinals n; see [8,38].

Nim [5] is a game played with several heaps, each with a certain number of
tokens. A Nim game with a single heap of size n is denoted by ∗n and is called a
nimber. During each move a player can pick any pile and reduce it to any smaller
nonnegative integer size. The game ends when all piles have size 0. Thus, a single
pile ∗n can be reduced to any of the smaller piles ∗0, ∗1, . . . , ∗(n− 1). Multiple
piles in a game of Nim are independent, and hence any game of Nim is a sum of
single-pile games ∗n for various values of n. In fact, a game of Nim with k piles
of sizes n1, n2, . . . , nk is equivalent to a one-pile Nim game ∗n, where n is the
binary XOR of n1, n2, . . . , nk. As a consequence, Nim can be played optimally
in polynomial time (polynomial in the encoding size of the pile sizes).

Even more surprising is that every impartial two-player perfect-information
game has the same value as a single-pile Nim game, ∗n for some n. The number n
is called variously the G-value, Grundy-value, or Sprague-Grundy function of
the game. It is easy to define: suppose that game x has k options y1, . . . , yk for
the first move (independent of which player goes first). By induction, we can
compute y1 = ∗n1, . . . , yk = ∗nk. The theorem is that x equals ∗n where n
is the smallest natural number not in the set {n1, . . . , nk}. This number n is
called the minimum excluded value or mex of the set. This description has also
assumed that the game is finite, but this is easy to generalize [8,38].

The Sprague-Grundy function can increase by at most 1 at each level of the
game tree, and hence the resulting nimber is linear in the maximum number
of moves that can be made in the game; the encoding size of the nimber is
only logarithmic in this count. Unfortunately, computing the Sprague-Grundy
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function for a general game by the obvious method uses time linear in the number
of possible states, which can be exponential in the nimber itself.

Nonetheless, the Sprague-Grundy theory is extremely helpful for analyzing
impartial two-player games, and for many games there is an efficient algorithm to
determine the nimber. Examples include Nim itself, Kayles, and various general-
izations [27]; and Cutcake and Maundy Cake [3, pp. 26–29]. In all of these exam-
ples, the Sprague-Grundy function has a succinct characterization (if somewhat
difficult to prove); it can also be easily computed using dynamic programming.

2.3 Strategy Stealing

Another useful technique in combinatorial game theory for proving that a par-
ticular player must win is strategy stealing. The basic idea is to assume that
one player has a winning strategy, and prove that in fact the other player has
a winning strategy based on that strategy. This contradiction proves that the
second player must in fact have a winning strategy. An example of such an argu-
ment is given in Section 3.1. Unfortunately, such a proof by contradiction gives
no indication of what the winning strategy actually is, only that it exists. In
many situations, such as the one in Section 3.1, the winner is known but no
polynomial-time winning strategy is known.

2.4 Puzzles

There is little theory for analyzing combinatorial puzzles (one-player games)
along the lines of two-player theory summarized in this section. We present one
such viewpoint here. In most puzzles, solutions subdivide into a sequence of
moves. Thus, a puzzle can be viewed a tree, similar to a two-player game except
that edges are not distinguished between Left and Right. The goal is to reach
a position from which there are no valid moves (normal play). Loopy puzzles
are common; to be more explicit, repeated subtrees can be converted into self-
references to form a directed graph.

A consequence of the above view is that a puzzle is basically an impartial two-
player game except that we are not interested in the outcome from two players
alternating in moves. Rather, questions of interest in the context of puzzles are
(a) whether a given puzzle is solvable, and (b) finding the solution with the fewest
moves. An important open direction of research is to develop a general theory
for resolving such questions, similar to the two-player theory. For example, using
the analogy between impartial two-player games described above, the notion of
sums of puzzles makes sense, although it is not clear that it plays a similarly key
role as with games.

3 Algorithms for Two-Player Games

Many nonloopy two-player games are PSPACE-complete. This is fairly natu-
ral because games are closely related to boolean expressions with alternating
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quantifiers (for which deciding satisfiability is PSPACE-complete): there exists
a move for Left such that, for all moves for Right, there exists another move for
Left, etc. A PSPACE-completeness result has two consequences. First, being in
PSPACE means that the game can be played optimally, and typically all posi-
tions can be enumerated, using possibly exponential time but only polynomial
space. Thus such games lend themselves to a somewhat reasonable exhaustive
search for small enough sizes. Second, the games cannot be solved in polynomial
time unless P = PSPACE, which is even “less likely” than P equaling NP.

On the other hand, loopy two-players games are often EXPTIME-complete.
Such a result is one of the few types of true lower bounds in complexity theory,
implying that all algorithms require exponential time in the worst case.

In this section we briefly survey some of these complexity results and related
positive results, ordered roughly chronologically by the first result on a particular
game. See also [18] for a related survey. Because of space constraints we omit
discussion of games on graphs, as well as the board games Gobang, Shogi, and
Othello. For details on these and other games, please refer to the full version of
this paper [12].

3.1 Hex

Fig. 1. A 5 × 5 Hex
board

Hex [3, pp. 679–680] is a game designed by Piet Hein and
played on a diamond-shaped hexagonal board; see Fig. 1.
Players take turns filling in empty hexagons with their
color. The goal of a player is to connect the opposite sides
of their color with hexagons of their color. (In the figure,
one player is solid and the other player is dotted.) A game
of Hex can never tie, because if all hexagons are colored
arbitrarily, there is precisely one connecting path of an
appropriate color between opposite sides of the board.

Nash [3, p. 680] proved that the first player to move can win by using a
strategy stealing argument (see Section 2.3). In contrast, Reisch [35] proved that
determining the outcome of a general position in Hex is PSPACE-complete.

3.2 Checkers (Draughts)

Fig. 2. A nat-
ural starting
configuration for
10×10 Checkers,
from [22]

The standard 8 × 8 game of Checkers (Draughts), like many
classic games, is finite and hence can be played optimally in
constant time (in theory). The complexity of playing in a
general n× n board from a natural starting position, such as
the one in Fig. 2, is open. However, deciding the outcome of an
arbitrary configuration is PSPACE-hard [22]. If a polynomial
bound is placed on the number of moves that are allowed in
between jumps (which is a reasonable generalization of the
drawing rule in standard Checkers [22]), then the problem is
in PSPACE and hence is PSPACE-complete. Without such a
restriction, however, Checkers is EXPTIME-complete [37].
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On the other hand, certain simple questions about Checkers can be answered
in polynomial time [22,13]. Can one player remove all the other player’s pieces in
one move (by several jumps)? Can one player king a piece in one move? Because
of the notion of parity on n × n boards, these questions reduce to checking
the existence of an Eulerian path or general path, respectively, in a particular
directed graph; see [22,13]. However, for boards defined by general graphs, at
least the first question becomes NP-complete [22].

3.3 Go

Fig. 3. A simple ko

Presented at the same conference as the Checkers re-
sult in the previous section (FOCS’78), Lichtenstein
and Sipser [32] proved that the classic oriental game
of Go is also PSPACE-hard for an arbitrary configu-
ration on an n×n board. This proof does not involve
any situations called ko’s, where a rule must be in-
voked to avoid infinite play. In contrast, Robson [36]
proved that Go is EXPTIME-complete when ko’s are
involved, and indeed used judiciously. The type of ko used in this reduction is
shown in Fig. 3. When one of the players makes a move shown in the figure, the
ko rule prevents (in particular) the other move shown in the figure to be made
immediately afterwards.

Recently, Wolfe [41] has shown that even Go endgames are PSPACE-hard.
More precisely, a Go endgame is when the game has reduced to a sum of Go
subgames, each equal to a polynomial-size game tree. This proof is based on
several connections between Go and combinatorial game theory detailed in a
book by Berlekamp and Wolfe [2].

3.4 Chess

Fraenkel and Lichtenstein [23] proved that a generalization of the classic game
Chess to n× n boards is EXPTIME-complete. Specifically, their generalization
has a unique king of each color, and for each color the numbers of pawns, bish-
ops, rooks, and queens increase as some fractional power of n. (Knights are not
needed.) The initial configuration is unspecified; what is EXPTIME-hard is to
determine the winner (who can checkmate) from an arbitrary specified configu-
ration.

3.5 Hackenbush

Hackenbush is one of the standard examples of a combinatorial game in Winning
Ways ; see e.g. [3, pp. 4–9]. A position is given by a graph with each edge colored
either red (Left), blue (Right), or green (neutral), and with certain vertices
marked as rooted. Players take turns removing an edge of an appropriate color
(either neutral or their own color), which also causes all edges not connected
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to a rooted vertex to be removed. The winner is determined by normal play.
Chapter 7 of Winning Ways [3, pp. 183–220] proves that determining the value
of a red-blue Hackenbush position is NP-hard.

3.6 Domineering (Crosscram)

Domineering or crosscram [3, pp. 117–124] is a partizan game involving place-
ment of horizontal and vertical dominoes in a grid; a typical starting position
is an m× n rectangle. Left can play only vertical dominoes and Right can play
only horizontal dominoes, and dominoes must remain disjoint. The winner is
determined by normal play.

The complexity of Domineering, computing either the outcome or the value
of a position, remains open. Lachmann, Moore, and Rapaport [31] have shown
that the winner and a winning strategy can be computed in polynomial time
for m ∈ {1, 2, 3, 4, 5, 7, 9, 11} and all n. These algorithms do not compute the
value of the game, nor the optimal strategy, only a winning strategy. We omit
discussion of the related game Cram [3, pp. 468–472].

3.7 Dots-and-Boxes and Strings-and-Coins

Fig. 4.
A Dots-
and-Boxes
endgame

Dots-and-Boxes [1], [3, pp. 507–550] is a well-known children’s
game in which players take turns drawing horizontal and vertical
edges connecting pairs of dots in an m× n subset of the lattice.
Whenever a player makes a move that encloses a unit square
with drawn edges, the player is awarded a point and must then
draw another edge in the same move. The winner is the player
with the most points when the entire grid has been drawn. See
Fig. 4 for an example of a position.

A generalization arising from the dual of Dots-and-Boxes is
Strings-and-Coins. This game involves a sort of graph whose ver-
tices are coins and whose edges are strings. The coins may be
tied to each other and to the “ground” by strings; the latter connection can
be modeled as a loop in the graph. Players alternate cutting strings (remov-
ing edges), and if a coin is thereby freed, that player collects the coin and cuts
another string in the same move. The player to collect the most coins wins.

Winning Ways [3, pp. 543–544] describes a proof that Strings-and-Coins
endgames are NP-hard. Eppstein [18] observes that this reduction should also
apply to endgame instances of Dots-and-Boxes.

3.8 Amazons

Amazons is a game invented by Walter Zamkauskas in 1988, containing elements
of Chess and Go. Gameplay takes place on a 10×10 board with four amazons of
each color arranged as in Fig. 5 (left). In each turn, Left [Right] moves a black
[white] amazon to any unoccupied square accessible by a Chess queen’s move,
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and fires an arrow to any unoccupied square reachable by a Chess queen’s move
from the amazon’s new position. The arrow (drawn as a circle) now occupies its
square; amazons and shots can no longer pass over or land on this square. The
winner is determined by normal play.

Fig. 5. The initial position in
Amazons (left) and black trap-
ping a white amazon (right)

Gameplay in Amazons typically split into
a sum of simpler games because arrows par-
tition the board into multiple components.
In particular, the endgame begins when each
component of the game contains amazons of
only a single color. Then the goal of each
player is simply to maximize the number of
moves in each component. Buro [7] proved
that maximizing the number of moves in a
single component is NP-complete (for n× n
boards). In a general endgame, deciding the
outcome may not be in NP because it is diffi-
cult to prove that the opponent has no better
strategy. However, Buro [7] proved that this
problem is NP-equivalent [24], i.e., the problem can be solved by a polynomial
number of calls to an algorithm for any NP-complete problem, and vice versa.

It remains open whether deciding the outcome of a general Amazons position
is PSPACE-hard. The problem is in PSPACE because the number of moves in
a game is at most the number of squares in the board.

3.9 Phutball

Fig. 6. A single move in Phutball consisting of four jumps

Conway’s game of
Philosopher’s Foot-
ball or Phutball [3,
pp. 688–691] in-
volves white and
black stones on a
rectangular grid such
as a Go board. Initially, the unique black stone (the ball) is placed in the middle
of the board, and there are no white stones. Players take turns either placing
a white stone in any unoccupied position, or moving the ball by a sequence of
jumps over consecutive sequences of white stones each arranged horizontally,
vertically, or diagonally. See Fig. 6. A jump causes immediate removal of the
white stones jumped over, so those stones cannot be used for a future jump in
the same move. Left and Right have opposite sides of the grid marked as their
goal lines. Left’s goal is to end a move with the ball on or beyond Right’s goal
line, and symmetrically for Right.

Phutball is inherently loopy and it is not clear that either player has a winning
strategy: the game may always be drawn out indefinitely. One counterintuitive
aspect of the game is that white stones placed by one player may be “corrupted”
for better use by the other player. Recently, however, Demaine, Demaine, and
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Eppstein [13] found an aspect of Phutball that could be analyzed. Specifically,
they proved that determining whether the current player can win in a single move
(“mate in 1” in Chess) is NP-complete. This result leaves open the complexity
of determining the outcome of a given game position.

4 Algorithms for Puzzles

Many puzzles (one-player games) have short solutions and are NP-complete.
However, several puzzles based on motion-planning problems are harder, al-
though often being in a bounded region, only PSPACE-complete. However, when
generalized to the entire plane and unboundedly many pieces, puzzles often be-
come undecidable.

This section briefly surveys some of these results, following the structure of
the previous section. Again, because of space constraints, we omit discussion
of several puzzles: Instant Insanity, Cryptarithms, Peg Solitaire, and Shanghai.
For details on these and other puzzles, please refer to the full version of this
paper [12].

4.1 Sliding Blocks

The Fifteen Puzzle [3, p. 756] is a classic puzzle consisting of 15 numbered square
blocks in a 4× 4 grid; one square in the grid is a hole which permits blocks to
slide. The goal is to order the blocks as increasing in English reading order.
See [29] for the history of this puzzle.

A natural generalization of the Fifteen Puzzle is the n2−1 puzzle on an n×n
grid. It is easy to determine whether a configuration of the n2−1 puzzle can reach
another: the two permutations of the block numbers (in reading order) simply
need to match in parity, that is, whether the number of inversions (out-of-order
pairs) is even or odd. However, to find a solution using the fewest slides is NP-
complete [34]. It is also NP-hard to approximate within an additive constant,
but there is a polynomial-time constant-factor approximation [34].

A harder sliding-block puzzle is Rush Hour, distributed by Binary Arts, Inc.
Several 1 × 2, 1 × 3, 2 × 1, and 3 × 1 rectangles are arranged in an m × n
grid. Horizontally oriented blocks can slide left and right, and vertically oriented
blocks can slide up and down, provided the blocks remain disjoint. The goal is
to remove a particular block from the puzzle via an opening in the bounding
rectangle. Recently, Flake and Baum [20] proved that this formulation of Rush
Hour is PSPACE-complete.

A classic reference on a wide class of sliding-block puzzles is by Hordern [29].
One general form of these puzzles is that rectangular blocks are placed in a rect-
angular box, and each block can be moved horizontally and vertically, provided
the blocks remain disjoint. The goal is to re-arrange one configuration into an-
other. To my knowledge, the complexity of deciding whether such puzzles are
solvable remains open. A simple observation is that, as with Rush Hour, they
are all in PSPACE.
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4.2 Minesweeper

Minesweeper is a well-known imperfect-information computer puzzle popularized
by its inclusion in Microsoft Windows. Gameplay takes place on an n×n board,
and the player does not know which squares contain mines. A move consists
of uncovering a square; if that square contains a mine, the player loses, and
otherwise the player is revealed the number of mines in the 8 adjacent squares.
The player also knows the total number of mines.

There are several problems of interest in Minesweeper. For example, given a
configuration of partially uncovered squares (each marked with the number of
adjacent mines), is there a position that can be safely uncovered? More generally,
what is the probability that a given square contains a mine, assuming a uniform
distribution of remaining mines? A different generalization of the first question
is whether a given configuration is consistent, i.e., can be realized by a collection
of mines. A consistency checker would allow testing whether a square can be
guaranteed to be free of mines, thus answering the first question. A final problem
is to decide whether a given configuration has a unique realization.

Kaye [30] proved that testing consistency is NP-complete. This result leaves
open the complexity of the other questions mentioned above.

4.3 Pushing Blocks

Similar in spirit to the sliding-block puzzles in Section 4.1 are pushing-block
puzzles. In sliding-block puzzles, an exterior agent can move arbitrary blocks
around, whereas pushing-block puzzles embed a robot that can only move adja-
cent blocks but can also move itself within unoccupied space. The study of this
type of puzzle was initiated by Wilfong [40], who proved that deciding whether
the robot can reach a desired target is NP-hard when the robot can push and
pull L-shaped blocks.

Since Wilfong’s work, research has concentrated on the simpler model in
which the robot can only push blocks and the blocks are unit squares. Types of
puzzles are further distinguished by how many blocks can be pushed at once,
whether blocks can additionally be defined to be unpushable or fixed (tied to
the board), how far blocks move when pushed, and the goal (usually for the
robot to reach a particular location). Dhagat and O’Rourke [17] initiated the
exploration of square-block puzzles by proving that Push-*, in which arbitrarily
many blocks can be pushed at once, is NP-hard with fixed blocks. Bremner,
O’Rourke, and Shermer [6] strengthened this result to PSPACE-completeness.
Recently, Hoffmann [28] proved that Push-* is NP-hard even without fixed
blocks, but it remains open whether it is in NP or PSPACE-complete.

Several other results allow only a single block to be pushed at once. In this
context, fixed blocks are less crucial because a 2× 2 cluster of blocks can never
be disturbed. A well-known computer puzzle in this context is Sokoban, where
the goal is to place each block onto any one of the designated target squares.
This puzzle was proved PSPACE-complete by Culberson [10]. A simpler puzzle,
called Push-1, arises when the goal is simply for the robot to reach a particular



Algorithmic Combinatorial Game Theory 29

position. Demaine, Demaine, and O’Rourke [14] have proved that this puzzle is
NP-hard, but it remains open whether it is in NP or PSPACE-complete.

A variation on the Push series of puzzles, called PushPush, is when a block
always slides as far as possible when pushed. The NP-hardness of these ver-
sions follow from [14,28]. Another variation, called Push-X, disallows the robot
from revisiting a square (the robot’s path cannot cross). This direction was sug-
gested in [14] because it immediately places the puzzles in NP. Recently, Demaine
and Hoffmann [16] proved that Push-1X and PushPush-1X are NP-complete.
Hoffmann’s reduction for Push-* also establishes NP-completeness of Push-*X
without fixed blocks.

4.4 Clickomania (Same Game)

Fig. 7. The falling rules for removing a
group in Clickomania. Can you remove all
remaining blocks?

Clickomania or Same Game [4] is a
computer puzzle consisting of a rect-
angular grid of square blocks each
colored one of k colors. Horizontally
and vertically adjacent blocks of the
same color are considered part of the
same group. A move selects a group
containing at least two blocks and removes those blocks, followed by two “falling”
rules; see Fig. 7 (top). First, any blocks remaining above created holes fall down
in each column. Second, any empty columns are removed by sliding the succeed-
ing columns left.

The main goal in Clickomania is to remove all the blocks. Biedl et al. [4]
proved that deciding whether this is possible is NP-complete. This complexity
result holds even for puzzles with two columns and five colors, and for puzzles
with five columns and three colors. On the other hand, for puzzles with one
column (or, equivalently, one row) and arbitrarily many colors, they show that
the maximum number of blocks can be removed in polynomial time. In partic-
ular, the puzzles whose blocks can all be removed are given by the context-free
grammar S → Λ |SS | cSc | cScSc where c ranges over all colors.

Various cases of Clickomania remain open, for example, puzzles with two
colors, and puzzles with O(1) rows. Richard Nowakowski suggested a two-player
version of Clickomania, described in [4], in which players take turns removing
groups and normal play determines the winner; the complexity of this game
remains open.

4.5 Moving Coins

Several coin-sliding and coin-moving puzzles fall into the following general frame-
work: re-arrange one configuration of unit disks in the plane into another config-
uration by a sequence of moves, each repositioning a coin in an empty position
that touches at least two other coins. Examples of such puzzles are shown in
Fig. 8. This framework can be further generalized to nongeometric puzzles in-
volving movement of tokens on graphs with adjacency restrictions.
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(a) Turn
the pyramid
upside-down
in three moves.

(b) Re-arrange the
pyramid into a line
in seven moves

(c) Flip the diagonal
in 18 moves.

(d) Invert the V in 24
moves.

Fig. 8. Coin-moving puzzles in which each move
places a coin adjacent to two other coins; in the
bottom two puzzles, the coins must also remain on
the square lattice. The top two puzzles are clas-
sic, whereas the bottom two puzzles were designed
in [15]

Coin-moving puzzles
are analyzed by Demaine,
Demaine, and Verrill [15].
In particular, they study
puzzles as in Fig. 8 in
which the coins’ centers
remain on either the trian-
gular lattice or the square
lattice. Surprisingly, their
results for deciding solv-
ability of puzzles are pos-
itive.

For the triangular
lattice, nearly all puzzles
are solvable, and there
is a polynomial-time
algorithm characterizing
them. For the square
lattice, there are more
stringent constraints. For
example, the bounding
box cannot increase by
moves; more generally,
the set of positions reach-
able by moves given an
infinite supply of extra coins (the span) cannot increase. Demaine, Demaine,
and Verrill show that, subject to this constraint, there is a polynomial-time
algorithm to solve all puzzles with at least two extra coins past what is required
to achieve the span. (In particular, all such puzzles are solvable.)

5 Cellular Automata and Life

Conway’s Game of Life is a zero-player cellular automaton played on the square
tiling of the plane. Initially, certain cells (squares) are marked alive or dead. Each
move globally evolves the cells: a live cell remains alive if it between 2 and 3 of
its 8 neighbors were alive, and a dead cell becomes alive if it had precisely 3 live
neighbors. Chapter 25 of Winning Ways [3, pp. 817–850] proves that no algo-
rithm can decide whether an initial configuration of Life will ever completely die
out. In particular, the same question about Life restricted within a polynomi-
ally bounded region is PSPACE-complete. Several other cellular automata, with
different survival and birth rules, have been studied; see e.g. [42].

6 Open Problems

Many open problems remain in combinatorial game theory. Guy [26] has com-
piled a list of such problems (some of which have since been solved). An example
of a difficult unsolved problem is Conway’s angel-devil game [9].
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Many open problems also remain on the algorithmic side, and have been
mentioned throughout this paper. Examples of games and puzzles whose com-
plexities remain completely open, to my knowledge, are Toads and Frogs [19], [3,
pp. 14–15], Domineering (Section 3.6), and rectangular sliding-block puzzles
(Section 4.1). For many other games and puzzles, such as Dots and Boxes (Sec-
tion 3.7) and pushing-block puzzles (Section 4.3), some hardness results are
known, but the exact complexity remains unresolved. More generally, an inter-
esting direction for future research is to build a more comprehensive theory for
analyzing combinatorial puzzles.
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35. S. Reisch. Hex ist PSPACE-vollständig. Acta Inform., 15:167–191, 1981. 23
36. J. M. Robson. The complexity of Go. In Proceedings of the IFIP 9th World

Computer Congress on Information Processing, pp. 413–417, 1983. 24
37. J. M. Robson. N by N Checkers is EXPTIME complete. SIAM J. Comput.,

13(2):252–267, May 1984. 23
38. C. A. B. Smith. Graphs and composite games. J. Combin. Theory, 1:51–81, 1966.

21
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Some Recent Results on Data Mining and Search

Amos Fiat

Department of Computer Science, Tel Aviv University

Abstract. In this talk we review and survey some recent work and
work in progress on data mining and web search. We discuss Latent
Semantic Analysis and give conditions under which it is robust. We also
consider the problem of collaborative filtering and show how spectral
techniques can give a rigorous and robust justification for doing so. We
consider the problems of web search and show how both Google and
Klienberg’s algorithm are robust under a model of web generation, and
how this model can be reasonably extended. We then give an algorithm
that provably gives the correct result in this extended model. The results
surveyed are joint work with Azar, Karlin, McSherry and Saia [2], and
Achlioptas, Karlin and McSherry [1].

1 A General Data Mining Model and Applications

We begin by presenting a general model that we believe captures many of the
essential features of important data mining tasks. We then present a set of con-
ditions under which data mining problems in this framework can be solved using
spectral techniques, and use these results to theoretically justify the prior em-
pirical success of these techniques for tasks such as object classification and web
site ranking. We also use our theoretical framework as a foundation for devel-
oping new algorithms for collaborative filtering. Our data mining models allow
both erroneous and missing data, and show how and when spectral techniques
can overcome both.

i,j M

Generative
Data Model

mij

Error
Process

mij + zij

Z P

Probabilistic
Omission

mij + zij

?
with prob. 1-pij

with prob. pij

A*

Fig. 1. The data generation model

The data mining model we introduce assumes that the data of interest can
be represented as an object/attribute matrix. The model is depicted in Figure 1
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which shows how three fundamental phenomena combine to govern the process
by which a data set is created:

1. A probabilistic model of data M :We assume that there exists an under-
lying set of probability distributions that govern each object’s attribute val-
ues (in the degenerate case, these values could be deterministically chosen).
These probability distributions are captured by the probabilistic modelM in
the figure, where the random variable describing the ith attribute of the j-th
object is denoted Mi,j . The actual value of this attribute is then obtained
by sampling from the distribution Mi,j ; we denote the resulting value mij .
We assume that the Mij ’s are independent.

2. An error process Z: We assume that the data is noisy and error-ridden.
The error process Z describes the manner by which the error is generated. We
assume that the data value mij is corrupted by the addition of the error zij .

3. An omission process P : Some of the data may not be available to the data
miner. In our model, we assume that there is a probability distribution P
governing the process by which data is omitted or made available. In partic-
ular, the value mij + zij is available to the data miner with probability pij ,
and is omitted from the data set (which we represent by the presence of a
“?”) with probability 1−pij . We denote by A∗ the resulting data set (which
is then input to the data mining algorithm).

The goal of the data mining algorithm: given A∗ as input (and no knowl-
edge of M , P or Z), obtain meaningful information about M . In particular,
we are interested in obtaining information about the matrix E(M), whose (i, j)
entry is the expectation of the random variable Mij .
Clearly, without any assumptions aboutM , Z and P , it is hopeless to achieve

the data mining goal just laid out. We present a general set of conditions under
which it is possible to efficiently retrieve meaningful information about E(M).
In essence, our results show that if the underlying data model is sufficiently
“structured”, then the randomness of a probabilistic process, the addition of
error and the fact that a significant fraction of the data may be missing will
not prevent the data miner from recovering meaningful information about the
“true” data.
More formally, we prove the following general theorem:

Theorem 1. Suppose that the availability matrix P is known to the data mining
algorithm, and its entries are bounded away from 0. In addition, suppose that
E(M) is a rank k matrix, and the 2-norm of the error matrix Z is o(σk), where
σk is the k-th singular value of E(M). Then there is a polynomial time algorithm,
that takes as input only P and A∗, that is guaranteed to reconstruct 1− o(1) of
the entries of E(M) to within an additive o(1) error.

Many of the data mining problems can be expressed as special cases of the
above theorem. We can model Latent Semantic Analysis, (LSA) pioneered by
Deerwester et al. [4], via this model. We can also extend the work of Papadim-
itriou, Raghavan, Tamaki and Vempala [7] on latent semantic indexing to deal
with arbitrary matrices rather than perturbed block matrices.
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A fundamental problem in data mining, usually referred to as collaborative
filtering (or recommendation systems) is to use partial information that has been
collected about a group of users to make recommendations to individual users. To
our knowledge, there has been very little prior theoretical work on collaborative
filtering algorithms other than the work of Kumar, Raghavan, Rajagopalan and
Tomkins who took an important first step of defining an analytic framework for
evaluating collaborative filtering [5].
We model the collaborative filtering problem within the framework of our

general data mining model as follows: We assume that the utility of product j
for individual i is given by a random variable Mij and which data is missing is
determined by a probabilistic omission process P .
Kleinberg’s seminal work on web hubs and authorities has had a true impact

on the real world [6].
It is an immediate consequence of our results that Kleinberg’s definition of

importance is robust in the sense that the important sites will remain important
(almost) irrespective of the actual random choices made when the “real world”
is constructed.

2 Web Search

We present a generative model for web search which captures in a unified man-
ner three critical components of the problem: how the link structure of the web
is generated, how the content of a web document is generated, and how a hu-
man searcher generates a query. The key to this unification lies in capturing the
correlations between each of these components in terms of proximity in latent
semantic space. Given such a combined model, the correct answer to a search
query is well defined, and thus it becomes possible to evaluate web search al-
gorithms rigorously. We present a new web search algorithm, based on spectral
techniques, and prove that it is guaranteed to produce an approximately correct
answer in our model. The algorithm assumes no knowledge of the model, and is
well-defined regardless of the accuracy of the model.
We like to think of the task at hand for web search as being the following:

1. Take the human generated query and determine the topic to which the query
refers. There is an infinite set of topics on which humans may generate
queries.

2. Synthesize a perfect hub for this topic. The perfect hub is an imaginary
page, no page remotely resembling this imaginary hub need exist. On this
imaginary hub the authorities on the topic of the query will be listed in order
of decreasing authoritativeness.

We present a new algorithm that is a multi-dimensional generalization of
both Kleinberg’s algorithm and of Google [3], which provably gives the correct
result in the model.
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Abstract. This paper surveys recent results related to the concept of
hypertree decomposition and the associated notion of hypertree width.
A hypertree decomposition of a hypergraph (similar to a tree decomposi-
tion of a graph) is a suitable clustering of its hyperedges yielding a tree or
a forest. Important NP hard problems become tractable if restricted to
instances whose associated hypergraphs are of bounded hypertree width.
We also review a number of complexity results on problems whose struc-
ture is described by acyclic or nearly acyclic hypergraphs.

1 Introduction

One way of coping with an NP hard problem is to identify significantly large
classes of instances that are both recognizable and solvable in polynomial time.
Such instances are often defined via some structural property of a graph G(I)
that is associated in a canonical way with the instance I. For example, many
problems that are NP complete in general become tractable for instances I whose
associated graph has bounded treewidth (cf. Sect. 4). Treewidth is a measure of
the degree of cyclicity of a graph. Note that instances of bounded treewidth are
also easy to recognize given that deciding whether the treewidth of a graph is
at most k is decidable in linear time for each constant k.

The structure of a large number of problems is, however, more faithfully de-
scribed by a hypergraph than by a graph. Again, several NP complete problems
become tractable if restricted to instances with acyclic hypergraphs. In order to
obtain larger tractable instance-classes of hypergraph-based problems, we thus
investigated measures of hypergraph cyclicity that play a similar role for hyper-
graphs as the concept of treewidth does for graphs. In particular, an appropriate
notion of hypergraph width (and an associated method of hypergraph decompo-
sition) should fulfil both of the following conditions:

1. Relevant hypergraph-based problems should be solvable in polynomial time
for instances of bounded width.
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2. For each constant k, one should be able to check in polynomial time whether
a hypergraph is of width k, and, in the positive case, it should be possible
to produce an associated decomposition of width k of the given hypergraph.

Existing measures for hypergraph cyclicity we were aware of do either not
fulfil one of these two conditions (e.g. recognizing hypergraphs of bounded query
width is NP complete, cf. Section 4.3), or are not general enough (such meth-
ods are mentioned in Section 10). In particular, various notions of hypergraph
width can be obtained by first transforming a hypergraph into a graph (there
are several ways of doing so, see Section 4.2) and then considering the treewidth
of that graph. However, it is not hard to see that such measures of cyclicity are
not very significant due to a loss of structural information caused by the trans-
formation of the hypergraph to a graph (cf. Sect. 4.2). In summary, it appeared
that a satisfactory way of determining the degree of cyclicity of a hypergraph
was missing, on the basis of which large tractable instances of relevant NP-hard
problems could be defined.

Consequently, after a careful analysis of the shortcomings of various hyper-
graph decomposition methods, we introduced the new method of hypertree de-
composition and the associated notion of hypertree width. To our best knowledge,
the method of hypertree decomposition is currently the most general known hy-
pergraph decomposing method leading to large tractable classes of important
problems such as constraint satisfaction problems or conjunctive queries. The
notion of hypertree decomposition and the associated notion of hypertree width
are the main topics of the present survey paper. However, we will also report
on a number of other closely related issues, such as the precise (parallel) com-
plexity of acyclic database queries, and the notion of query decomposition. Our
results surveyed here are mainly from the following sources, where formal proofs,
details, and a number of further results can be found:

– Reference [17], where the precise complexity of acyclic Boolean conjunctive
queries (ABCQs) is determined, and where highly parallel database algo-
rithms for solving such queries are presented. (In the present paper, we will
not discuss parallel database algorithms and refer the interested reader to [17]
and [22]).

– Reference [19], where we first study query width, a measure for the amount
of cyclicity of a query introduced by Chekuri and Rajamaran [6], and where
we define and study the new (more general) concept of hypertree width.

– Reference [21], where we establish criteria for comparing different CSP de-
composition methods and where we compare various methods including the
method of hypertree decomposition. The comparison criteria and the results
of the comparison are reported in Section 10 of the present paper.

– Reference [24], where hypertree width is compared to Courcelle’s notion of
clique width [7,8].

– Reference [23], where we give a game theoretic and a logical characterization
of hypertree width. These results are reported in Sections 8 and 9 of the
present paper, respectively.
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This paper is organized as follows. In Section 2 we define a number of im-
portant hypergraph-based problems. In Section 3 we discuss the complexity of
acyclic instances of these problems. In Section 4, discuss graph treewidth and a
generalization termed query width. In Section 5 we define the concepts of hyper-
tree decomposition and hypertree width. In Section 6, we show how hypergraphs
of bounded hypertree width can be recognized in polynomial time. In Section 7,
we show how CSPs can be solved in polynomial time for instances of bounded
hypertree-width. In Section 8, we describe the Robber and Marshals game which
characterizes hypergraphs of bounded hypertree width. In Section 9, we briefly
describe our logical characterization of queries of bounded hypertree-width. In
Section 10, we give a brief account on how the notion of hypertree decomposition
compares to other related notions. Finally, in Section 11, we state some relevant
open problems.

2 Hypergraph-Based Problems

A relational vocabulary (short: vocabulary) consists of a finite nonempty set of
relation symbols P,Q,R . . ., with associated arities. A finite relational structure
(short: finite structure) C over a vocabulary τ consists of a finite universe UC
and for each k-ary relation symbol R in τ a relation RC ⊆ Uk

C . For a tuple
(c1, . . . , ck) ∈ RC we often write RC(c1, . . . , ck). We denote the vocabulary of a
structure C by vo(C).

Let A and B be two finite structures such that vo(A) ⊆ vo(B). Then a
mapping h : A −→ B is a homomorphism from A to B if for each relation
symbol R ∈ vo(A) it holds that whenever (c1, . . . , ck) ∈ RA for some ele-
ments c1, . . . , ck ∈ UA, then it also holds that (h(c1), . . . , h(ck)) ∈ RB. The
following is a fundamental computational problem in Algebra:

Definition 1 (The Homomorphism Problem HOM). Given two finite
structures A and B, decide whether there exists a homomorphism from A to B.
We denote such an instance of HOM by HOM(A,B)

It is well-known (cf. [12]) that HOM is an NP-complete problem. For ex-
ample, checking whether a graph (V,E) is three colorable amounts to solve the
HOM(A,B) problem for structures A and B over a vocabulary with a unique
binary relation symbol R, where RA = E and RB = {(red , blue), (blue, red),
(red , green), (green, red), (blue, green), (green, blue)}.

In [12,30] it was observed that HOM is equivalent to (and actually, in essence,
the same as) the important constraint satisfaction problem (CSP) of Artificial
Intelligence [9], which, in turn, is equivalent to the database problem BCQ of
evaluating Boolean conjunctive queries:

Definition 2 (The Constraint Satisfaction Problem CSP.). Given a fi-
nite set Var of variables, a finite domain U of values, a set of constraints
C = {C1, C2, . . . , Cq}, where each constraint Ci is a pair (Si, ri), and where Si is
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a list of variables of length mi, called the constraint scope, and ri is an mi-ary re-
lation over U , called a constraint relation, decide whether there is a substitution
ϑ : Var −→ U , such that, for each 1 ≤ i ≤ q, Siϑ ∈ ri.
Definition 3 (The Boolean Conjunctive Query Problem BCQ.). A re-
lational database is formalized as a finite relational structure D. A Boolean
conjunctive query (BCQ) on D is a sentence of first-order logic of the form:
∃X1, . . . , Xr R1(t11, t12 . . . , t1α(1)) ∧ . . . ∧ Rk(tk1 , tk2 . . . , tkα(k)), where, for 1 ≤
i ≤ k, Ri is a relation symbol from vo(D) of associated arity α(i), and for
1 ≤ i ≤ k and 1 ≤ j ≤ α(i), each tij is a term, i.e., either a variable from
the list X1, . . . , Xr, or a constant element from UD. The decision problem BCQ
is the problem of deciding for a pair 〈D,Q〉, where D is a database and Q is
a Boolean conjunctive query, whether Q evaluates to true over D, denoted by
D |= Q.

Given that all variables occuring in a BCQ are existentialy quantified, we
usually omit the quantifier prefix and write a BCQ as a conjunction of query
atoms. For example, let emp denote a relation containing (employee#,project#)
pairs, and let rel be a relation containing a pair (n1, n2) if n1 and n2 are numbers
of distinct employees who are relatives, then the BCQ emp(X,Z) ∧ emp(Y, Z) ∧
rel(X,Y ) expresses that there are two employees who are relatives and work on
the same project.

Note that by simple logspace operations (selections and projections on the
corresponding relations) one can always eliminate constants occurring in BCQ
atoms. We thus assume w.l.o.g. that query atoms contain only variables as ar-
guments. By this assumption, CSP and BCQ are exactly the same problem,
where each constraint scope corresponds to a query atom, each constraint rela-
tion corresponds to a database relation, and vice-versa. Now each CSP (or BCQ)
instance I can in turn be identified with HOM(A,B), where A is the structure
whose universe UA consists of the set V ar of all variables of I and whose relations
contain constraint scopes (or query atoms) as tuples, and where B is the struc-
ture whose universe UB is the finite domain U of I and whose relations are just
the constraint relations (or the database relations). In this sense, we can speak
about instances CSP(A,B) and BCQ(A,B), where A is a structure representing
the constraint scopes or the query, and B denotes the set of constraint relations,
or the database, respectively. On the other hand, each instance I = HOM(A,B)
of HOM can be identified in the obvious way with a CSP instance (or a BCQ
instance) by interpreting the elements of UA as variables and those of UB as
domain elements of the constraint (or database) relations.

Thus all three problems HOM, CSP, and BCQ are the same and are NP-
complete (for BCQ this was first shown in [5]). Therefore, it is important to
find large classes of instances that can be evaluated in polynomial time. Such
classes can be defined by imposing structural restrictions on the problem in-
stances. In particular, for HOM(A,B), CSP(A,B), or, equivalently, BCQ(A,B),
one could impose restrictions on the structure A, or on the structure B, or on
both (cf. [35,33,30]). In this paper we are interested in restrictions on the struc-
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ture A. In database terms, we can recast this by saying that we are interested in
the structure of the query, rather than on the properties of the database content.

IfA denotes a set of structures, then HOM(A), CSP(A), and BCQ(A) denote
the restrictions of HOM, CSP, and BCQ to instances HOM(A,B), CSP(A,B),
and BCQ(A,B) respectively, where A ∈ A.

Each finite structure C over universe UC defines a hypergraphH(C) = (V,H)
as follows: The set V of vertices V of H(C) coincides with UC ; the set of hy-
peredges H of H(C) consists of all sets {c1, . . . , ck} such that there exists a
relation R in voc(C) and (c1, . . . , ck) ∈ RC .

To each problem instance I = HOM(A,B) or I = CSP(A,B), or I =
BCQ(A,B), we define the associated hypergraph HI by HI = H(A). In particu-
lar, this means, that for an instance I of CSP, HI denotes the hypergraph whose
vertices are the variables of I and whose hyperedges are all sets {X1, . . . , Xk}
such that there exists a constraint scope S = (X1, . . . , Xk) belonging to I.
For an instance I = (D,Q) of BCQ, HI denotes the hypergraph whose vertices
are all the variables occurring in Q and whose hyperedges are the sets var(α) of
variables occuring in α, for each query atom α.

Example 4. Figure 1(a) shows HI1 for an instance I1 of BCQ having query Q1 :
a(S,X, T,R) ∧ b(S, Y, U, P ) ∧ f(R,P, V ) ∧ g(X,Y ) ∧ c(T, U, Z) ∧ d(W,X,Z) ∧
e(Y, Z)

It is furthermore easy to see that HOM, BCQ, and CSP are all equivalent (via
logspace transformations) to the following fundamental problems in database
theory and artificial intelligence [17]: The Query Output Tuple Problem: Given a
conjunctive query Q, a database db, and a tuple t, determine whether t belongs
to the answerQ(db) of Q over db. The Conjunctive Query Containment: Decide
whether a conjunctive queryQ1 is contained in a conjunctive queryQ2. QueryQ1

is contained in queryQ2 if, for each database instance db, the answerQ1(db) is a
subset of Q2(db). The Clause Subsumption Problem: Check whether a (general)
clause C subsumes a clause D, i.e., whether there exists a substitution ϑ such
that Cϑ ⊆ D. A (general) clause is a disjunction of (positive or negative) literals,
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Fig. 1. (a) Hypergraph HI1 ; (b) a width 2 hypertree decomposition of HI1 ; and
(c) the primal graph of HI1
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possibly containing function symbols. Note that subsumption is an extremely
important technique used in clause-based theorem proving [1].

Just for the sake of presentation, we will focus in the rest of this paper on
the constraint statisfaction problem (CSP).

While, as we will see, many interesting structural properties of a CSP instance
I = CSP(A,B) can be identified by looking at the associated hypergraph HI =
H(A), which in AI is called the constraint hypergraph, some structural properties
of I may be also detected using its primal graph, i.e., the primal graph of the
hypergraph associated to A, which coincides with the Gaifman graph of A [15].
Let HI = (V,H) be the constraint hypergraph of a CSP instance I. The primal
graph of I is a graphG = (V,E), having the same set of variables (vertices) asHI

and an edge connecting any pair of variables X,Y ∈ V such that {X,Y } ⊆ h for
some h ∈ H . Note that, if the vocabulary of A contains only binary predicates,
then all constraints of I are binary and its associated hypergraph is identical to
its primal graph. The primal graph of the hypergraph of query Q1 (and of the
equivalent CSP instance) is depicted in Fig. 1(c).

Since in this paper we always deal with hypergraphs corresponding to CSP
or BCQ instances, the vertices of any hypergraph H = (V,H) can be viewed
as the variables of some constraint satisfaction problem or of some conjunctive
query. Thus, we will often use the term variable as a synonym for vertex, when
referring to elements of V . For the hypergraphH = (V,H), var (H) and edges(H)
denote the sets V andH , respectively. When illustrating a decomposition, we will
usually represent hyperedges of the hypergraph HI of a BCQ or CSP instance I
by their corresponding query atoms or constraint scopes.

3 Acyclic Instances

The most basic and most fundamental structural property considered in the
context of CSPs and conjunctive queries is acyclicity. It was recognized in AI
and database theory that acyclic CSPs or conjunctive queries are polynomially
solvable. A CSP instance I is acyclic if its associated hypergraph HI is acyclic.

A hypergraph H is acyclic if and only if its primal graph G is chordal (i.e.,
any cycle of length greater than 3 has a chord) and the set of its maximal cliques
coincide with edges(H) [2].

A join tree JT (H) for a hypergraph H is a tree whose nodes are the edges of
H such that whenever the same vertex X ∈ V occurs in two edges A1 and A2

of H, then A1 and A2 are connected in JT (H), and X occurs in each node on
the unique path linking A1 and A2 in JT (H). In other words, the set of nodes
in which X occurs induces a (connected) subtree of JT (H). We will refer to this
condition as the Connectedness Condition of join trees.

Acyclic hypergraphs can be characterized in terms of join trees: A hypergraph
H is acyclic iff it has a join tree [3,2,32].

Note that acyclicity as defined here is the usual concept of acyclicity in the
context of database theory and AI. It is referred to as α-acyclicity in [11]. This
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is the least restrictive concept of hypergraph acyclicity among all those defined
in the literature.

Acyclic CSPs and conjunctive queries have highly desirable computational
properties:

1. Acyclic instances can be efficiently solved. Yannakakis provided a (sequen-
tial) polynomial time algorithm solving BCQ on acyclic queries1 [41].

2. Acyclicity is efficiently recognizable, and a join tree of an acyclic hypergraph
is efficiently computable. A linear-time algorithm for computing a join tree
is shown in [37]; an LSL method has been provided in [17] (LSL denotes
logspace relativized by an oracle in symmetric logspace; this class could also
be termed “functional SL”).

3. The result of a (non-Boolean) acyclic conjunctive query Q can be computed
in time polynomial in the combined size of the input instance and of the
output relation [41].

4. Arc-consistency for acyclic CSP instances can be enforced in polynomial
time [9,10].

Intuitively, the efficient behavior of acyclic instances is due to the fact that
they can be evaluated by processing any of their join trees bottom-up by perform-
ing upward semijoins, thus keeping small the size of the intermediate relations
(which could become exponential if regular join were performed).

We have recently determined the precise computational complexity of BCQ,
and hence of HOM, CSP, and all their equivalent problems. It turned out all
these problems are highly parallelizable on acyclic structures, as they are com-
plete for the low complexity class LOGCFL [17]. This is the class of all deci-
sion problems that are logspace-reducible to a context-free language. Note that
NL ⊆ LOGCFL ⊆ AC1 ⊆ NC2 ⊆ P where NL denotes nondeterministic logspace
and AC1 and NC2 are logspace-uniform classes based on the corresponding types
of Boolean circuits (for precise definitions of all these complexity classes, cf. [29]).
Let AH be the set of all finite acyclic relational structures.

Theorem 5 ([17]). CSP(AH) is LOGCFL-complete.
Moreover, the functional version of these problems belongs to the functional
version of LOGCFL, i.e., a solution for a CSP instance can be computed in
LLOGCFL, i.e., functional logspace with an oracle in LOGCFL. Efficient parallel
algorithms – even for non-Boolean queries – have been proposed in [22]. They run
on parallel database machines that exploit the inter-operation parallelism [40],
i.e., machines that execute different relational operations in parallel.

The important speed-up obtainable on acyclic instances stimulated several
research efforts towards the identification of wider classes of queries and con-
straints having the same desirable properties as acyclic CQs and CSPs.
1 Note that, since both the database db and the query Q are part of an input-instance
of BCQ, what we are considering is the combined complexity of the query [38].
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4 Treewidth, Query Width, and Hypertree Width

4.1 Tree Decompositions and Treewidth of Graphs

The treewidth of a graph is a well-known measure of its tree-likeness introduced
by Robertson and Seymour in their work on graph minors [34]. This notion plays
a central role in algorithmic graph theory as well as in many subdisciplines of
Computer Science.

Definition 6. A tree decomposition of a graph G = (V,E) is a pair 〈T, χ〉,
where T = (N,F ) is a tree, and χ is a labeling function associating to each
vertex p ∈ N a set of vertices χ(p) ⊆ V , such that the following conditions are
satisfied: (1) for each vertex b of G, there exists p ∈ N such that b ∈ χ(p); (2)
for each edge {b, d} ∈ E, there exists p ∈ N such that {b, d} ⊆ χ(p); (3) for
each vertex b of G, the set {p ∈ N | b ∈ χ(p)} induces a (connected) subtree
of T .

The width of the tree decomposition 〈T, χ〉 is maxp∈N |χ(p)−1|. The treewidth
of G is the minimum width over all its tree decompositions. The treewidth of a
CSP instance is the treewidth of its associated primal graph.

The notion of treewidth is a generalization of graph acyclicity. In particular,
a graph is acyclic if and only if its treewidth is one [34].

Checking whether a graph has treewidth at most k for a fixed constant k,
and in the positive case computing a k-width tree decomposition, is feasible in
linear time [4]. Moreover, this task is also parallelizable. Indeed, Wanke [39] has
shown that, for a fixed constant k, checking whether a graph has treewidth k is
in LOGCFL. By proving some general complexity-theoretic results and by using
Wanke’s result, the following was shown in [18]:

Theorem 7 ( [18]). For each constant k, there exists an LLOGCFL trans-
ducer Tk that behaves as follows on input G. If G is a graph of treewidth ≤ k,
then Tk outputs a tree decomposition of width ≤ k of G. Otherwise, Tk halts with
empty output.

Thus, a tree decomposition of width at most k can be also computed in (the
functional version of) LOGCFL, and thus by logspace uniform AC2 and NC2

circuits.
An important feature of treewidth is that many NP-complete problems are

decidable in polynomial-time on structures having bounded treewidth, i.e., hav-
ing treewidth at most k for some fixed constant k > 0. In particular, Courcelle
proved that every property expressible in monadic second order logic is decidable
in linear time over bounded treewidth graphs [7].

4.2 Treewidth of Hypergraphs

As mentioned in the previous section, many NP-complete problems become
tractable on bounded treewidth graphs. In order to exploit this nice feature
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for CSP, BCQ, and their equivalent problems, many researchers in the AI and
the database communities considered the primal graph (of the hypergraph) as-
sociated to the relational structure. Let TW[k] be the set of all finite relational
structures whose associated primal graph has treewidth at most k. It has been
shown that CSP(TW[k]) is solvable in polynomial time [14] and has the same
properties of CSP(AH), including its precise computational complexity.
Theorem 8 ([17]). CSP(TW[k]) is LOGCFL-complete.

Note that considering the primal graph associated to a hypergraph is not
the one possible choice. Given a CSP instance I, the dual graph [9,10,32] of the
hypergraph HI is a graph Gd

I = (V,E) defined as follows: the set of vertices V
coincides with the set of (hyper)edges of HI , and the set E contains an edge
{h, h′} for each pair of vertices h, h′ ∈ V such that h ∩ h′ �= ∅. That is, there is
an edge between any pair of vertices corresponding to hyperedges of HI sharing
some variable.

The dual graph often looks very intricate even for simple CSPs. For in-
stance, in general, acyclic CSPs do not have acyclic dual graphs. However, it
is well known that the dual graph Gd

I can be suitably simplified in order to
obtain a “better” graph G′ which can still be used to solve the given CSP in-
stance I. In particular, if I is an acyclic CSP, Gd

I can be reduced to an acyclic
graph that represents a join tree of HI . In this case, the reduction is feasible
in polynomial (actually, linear) time. (See, e.g., [32].) However, in general, it
is not known whether there exists an efficient algorithm for obtaining the best
simplified graph G′ with respect to the treewidth notion, i.e., the simplification
of Gd

I having the smallest treewidth over all its possible simplifications (see [30]
for a formal statement of this open problem and [21] for a comparison of this
notion with some hypergraph-based notions).

Another possibility is considering the so called incidence graph [6]. Given
a CSP instance I, the incidence graph Gi

I(HI) = (V ′, E) associated to the
hypergraph HI = (V,H) has a vertex for each variable and for each hyperedge
of HI . There is an edge {x, h} ∈ E between a variable x ∈ V and and hyperedge
h ∈ H whenever x occurs in h.

The class of all CSP instances whose dual graphs (resp. incidence graphs)
have bounded treewidth are solvable in polynomial time and, actually, they are
LOGCFL-complete. However, note that none of these classes of CSP instances
generalize the class CSP(AH). Indeed, there are families of acyclic hypergraphs
whose associated primal graphs, dual graphs (without considering simplifica-
tion), and incidence graphs have unbounded treewidth.

Note that by results of [25] bounded treewidth is most likely the best and
most general structural restriction for obtaining tractable CSP and BCQ in-
stances, when the structure of a CSP or BCQ is described via a graph (e.g.
the primal graph), rather than by a hypergraph. Further interesting material on
BCQ and treewidth can be found in [13].
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4.3 Query Decompositions and Query Width

A more general notion that generalizes hypergraph acyclicity is query width [6].
The notion of bounded query-width is based on the concept of query decomposi-
tion [6]. We next adapt this notion to the more general setting of hypergraphs,
while it was originally defined in terms of queries. Roughly, a query decomposi-
tion of a hypergraph H consists of a tree each vertex of which is labelled by a
set of hyperedges and/or variables. Each variable and hyperedge induces a con-
nected subtree (connectedness condition). Each hyperedge occurs in at least one
label. The width of a query decomposition is the maximum of the cardinalities
of its vertices. The query-width qw(H) of H is the minimum width over all its
query decompositions.

Example 9. Consider the CSP instance I2 having the following constraint scopes:

a(S,X,X ′, C, F ), b(S, Y, Y ′, C′, F ′), c(C,C′, Z), d(X,Z), e(Y, Z),
f(F, F ′, Z ′), g(X ′, Z ′), h(Y ′, Z ′), j(J,X, Y,X ′, Y ′)

The query-width of HI2 is 3. Figure 2 shows a query decomposition of HI2 of
width 3. W.l.o.g. we represent hyperedges by the corresponding constraint scopes
or query atoms in such decompositions.

a(S,X,X’,C,F),   b(S,Y,Y’,C’,F’)

a(S,X,X’,C,F),   b(S,Y,Y’,C’,F’),   f(F,F’,Z’)j(J,X,Y,X’,Y’),   c(C,C’,Z)

g(X’,Z’) h(Y’,Z’)e(Y,Z)d(X,Z)

Fig. 2. A 3-width query decomposition of HI2

Each hypergraph whose primal graph has treewidth at most k has query
width at most k, too. The converse does not hold, in general. Moerover, this
notion is a true generalization of the basic concept of acyclicity: A hypergraph
is acyclic iff it has query width 1.

Let k be a fixed constant. Chekuri and Rajaraman [6] proved that, given a
BCQ instance I and a query decomposition of HI having width at most k, I is
solvable in polynomial time. In [17] it was shown that this problem is LOGCFL-
complete (and thus highly parallelizable).
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However, when the notion of query-width was defined and studied in [6],
no polynomial algorithm for checking whether a hypergraph has query-width
at most k was known, and Chekuri and Rajaraman [6] stated this as an open
problem. This problem is solved in [19], where it is shown that is unlikely to find
an efficient algorithm for recognizing instances of bounded query-width.

Theorem 10 ([19]). Determining whether the query-width of a hypergraph is
at most 4 is NP-complete.

Fortunately, it turned out that the high complexity of determining bounded
query-width is not, as one would usually expect, the price for the generality of
the concept. Rather, it is due to some peculiarity in its definition. In the next
section, we present a new notion that does not suffer from such problems. Indeed,
this notion generalizes query width (and hence acyclicity) and is tractable.

5 Hypertree Decompositions and Hypertree Width

A new class of tractable CSP instances, which generalizes the class CSP(AH) of
CSP instances having an acyclic hypergraph, has recently been identified [19].
This is the class of CSPs whose hypergraph has a bounded-width hypertree
decomposition [19].

A hypertree for a hypergraph H is a triple 〈T, χ, λ〉, where T = (N,E) is a
rooted tree, and χ and λ are labeling functions which associate to each vertex
p ∈ N two sets χ(p) ⊆ var(H) and λ(p) ⊆ edges(H). If T ′ = (N ′, E′) is a
subtree of T , we define χ(T ′) =

⋃
v∈N ′ χ(v). We denote the set of vertices N

of T by vertices(T ), and the root of T by root(T ). Moreover, for any p ∈ N , Tp
denotes the subtree of T rooted at p.

Definition 11. A hypertree decomposition of a hypergraph H is a hypertree
HD = 〈T, χ, λ〉 for H which satisfies all the following conditions:

1. for each edge h ∈ edges(H), there exists p ∈ vertices(T ) such that var(h) ⊆
χ(p) (we say that p covers h);

2. for each variable Y ∈ var(H), the set {p ∈ vertices(T ) | Y ∈ χ(p)} induces
a (connected) subtree of T ;

3. for each p ∈ vertices(T ), χ(p) ⊆ var(λ(p));
4. for each p ∈ vertices(T ), var(λ(p)) ∩ χ(Tp) ⊆ χ(p).

Note that the inclusion in Condition 4 is actually an equality, because Con-
dition 3 implies the reverse inclusion.

An edge h ∈ edges(H) is strongly covered inHD if there exists p ∈ vertices(T )
such that var(h) ⊆ χ(p) and h ∈ λ(p). We then say that p strongly covers h.

A hypertree decomposition HD of hypergraphH is a complete decomposition
of H if every edge of H is strongly covered in HD.

The width of a hypertree decomposition 〈T, χ, λ〉 is maxp∈vertices(T )|λ(p)|.
The hypertree width hw(H) of H is the minimum width over all its hypertree de-
compositions. A c-width hypertree decomposition of H is optimal if c = hw(H).
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The acyclic hypergraphs are precisely those hypergraphs having hypertree
width one. Indeed, any join tree of an acyclic hypergraphH trivially corresponds
to a hypertree decomposition of H of width one. Furthermore, if a hypergraph
H′ has a hypertree decomposition of width one, then, from this decomposition,
we can easily compute a join tree of H′, which is therefore acyclic [19].

It is worthwhile noting that from any hypertree decomposition HD of H, we
can easily compute a complete hypertree decomposition of H having the same
width in O(‖H‖ · ‖HD‖) time.

Intuitively, if H is a cyclic hypergraph, the χ labeling selects the set of vari-
ables to be fixed in order to split the cycles and achieve acyclicity; λ(p) “covers”
the variables of χ(p) by a set of edges.

a(S,X,X′, C, F ), b(S,Y, Y ′, C′, F ′)

j(J,X, Y,X′, Y ′)

e(Y, Z)

j( , X, Y, , ), c(C,C′, Z) j( , , , X′, Y ′), f(F, F ′, Z′)

d(X,Z) g(X′, Z′) h(Y ′, Z′)

Fig. 3. A Hypertree decomposition of H2

Example 12. Figure 3 shows an hypertree decomposition HD2 of the cyclic hy-
pergraph H2 associated to the CSP instance in Example 9. Each node p in the
tree is labeled by a set of hyperedges representing λ(p); χ(p) is the set of all
variables, distinct from ‘ ’, appearing in these hyperedges. Thus, the anonymous
variable ‘ ’ replaces the variables in var(λ(p)) − χ(p).

Using this graphical representation, we can easily observe an important fea-
ture of hypertree decompositions. Once an hyperedge has been covered by some
vertex of the decomposition tree, any subset of its variables can be used freely
in order to decompose the remaining cycles in the hypergraph. For instance,
the variables in the hyperedge corresponding to constraint j in H2 are jointly
included only in the root of the decomposition. If we were forced to take all
the variables in every vertex where j occurs, it would not be possible to find a
decomposition of width 2. Indeed, in this case, any choice of two hyperedges per
vertex yields a hypertree which violates the connectedness condition for variables
(i.e., Condition 2 of Definition 11).
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Figure 1(b) shows a complete hypertree decomposition of width 2 of the
hypergraph HI1 in part (a) of the figure. Note that this decomposition also
happens to be a query decomposition of width 2.

Let k be a fixed positive integer. We say that a CSP instance I has k-bounded
hypertree width if hw(HI) ≤ k, where HI is the hypergraph associated to I.

6 Computing Hypertree Decompositions

Let H be a hypergraph, and let V ⊆ var(H) be a set of variables and X,Y ∈
var(H). Then X is [V ]-adjacent to Y if there exists an edge h ∈ edges(H) such
that {X,Y } ⊆ h−V . A [V ]-path π fromX to Y is a sequenceX = X0, . . . , X! = Y
of variables such that Xi is [V ]-adjacent to Xi+1, for each i ∈ [0...8-1]. A set
W ⊆ var(H) of variables is [V ]-connected if, for all X,Y ∈ W , there is a
[V ]-path from X to Y . A [V ]-component is a maximal [V ]-connected non-empty
set of variables W ⊆ var(H) − V . For any [V ]-component C, let edges(C) =
{h ∈ edges(H) | h ∩ C �= ∅}.

Let HD = 〈T, χ, λ〉 be a hypertree for H. For any vertex v of T , we
will often use v as a synonym of χ(v). In particular, [v]-component denotes
[χ(v)]-component; the term [v]-path is a synonym of [χ(v)]-path; and so on. We
introduce a normal form for hypertree decompositions.

ALTERNATING ALGORITHM k-decomp
Input: A non-empty Hypergraph H.
Result: “Accept”, if H has k-bounded hypertree-width; “Reject”, otherwise.

Procedure k-decomposable(CR : SetOfVariables, R: SetOfHyperedges)
begin
1) Guess a set S ⊆ edges(H) of k elements at most;
2) Check that all the following conditions hold:

2.a) ∀P ∈ edges(CR), (var(P ) ∩ var(R)) ⊆ var(S) and
2.b) var(S) ∩ CR �= ∅

3) If the check above fails Then Halt and Reject; Else
Let C := {C ⊆ var(H) | C is a [var(S)]-component and C ⊆ CR};

4) If, for each C ∈ C, k-decomposable(C, S)
Then Accept
Else Reject

end;

begin(* MAIN *)
Accept if k-decomposable(var(H), ∅)

end.

Fig. 4. A non-deterministic algorithm deciding k-bounded hypertree-width
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Definition 13 ([19]). A hypertree decomposition HD = 〈T, χ, λ〉 of a hyper-
graph H is in normal form (NF) if, for each vertex r ∈ vertices(T ), and for each
child s of r, all the following conditions hold:
1. there is (exactly) one [r]-component Cr such that χ(Ts) = Cr∪(χ(s)∩χ(r));
2. χ(s) ∩ Cr �= ∅, where Cr is the [r]-component satisfying Condition 1;
3. var(λ(s)) ∩ χ(r) ⊆ χ(s).

Intuitively, each subtree rooted at a child node s of some node r of a normal
form decomposition tree serves to decompose precisely one [r]-component.

Theorem 14 ([19]). For each k-width hypertree decomposition of a hypergraph
H there exists a k-width hypertree decomposition of H in normal form.

This normal form theorem immediately entails that, for each optimal hy-
pertree decomposition of a hypergraph H, there exists an optimal hypertree
decomposition of H in normal form.

Importantly, NF hypertree decompositions can be efficiently computed. Fig-
ure 4 shows the algorithm k-decomp, deciding whether a given hypergraphH has
a k-bounded hypertree-width decomposition. k-decomp can be implemented
on a logspace ATM having polynomially bounded tree-size, and therefore entails
LOGCFL membership of deciding k-bounded hypertree-width.

Theorem 15 ([19]). Deciding whether a hypergraph H has k-bounded
hypertree-width is in LOGCFL.

From an accepting computation of the algorithm of Figure 4 we can efficiently
extract a NF hypertree decomposition. Since an accepting computation tree of a
bounded-treesize logspace ATM can be computed in (the functional version of)
LOGCFL [18], we obtain the following.

Theorem 16 ([19]). Computing a k-bounded hypertree decomposition (if any)
of a hypergraph H is in LLOGCFL, i.e., in functional LOGCFL.

As for sequential algorithms, a polynomial time algorithm opt-k-decomp
which, for a fixed k, decides whether a hypergraph has k-bounded hypertree
width and, in this case, computes an optimal hypertree decomposition in normal
form is described in [20]. As for many other decomposition methods, the running
time of this algorithm to find the hypergraph decomposition is exponential in
the parameter k. More precisely, opt-k-decomp runs in O(m2kv2) time, wherem
and v are the number of edges and the number of vertices of H, respectively.

7 Solving CSP Instances of Bounded Hypertree Width

Figure 5 outlines an efficient method to solve CSP instances of bounded Hy-
pertree Width. The key point is that any CSP instance I having k-bounded
hypertree width can be efficiently transformed into an equivalent acyclic CSP
instance (Step 4.), which is then evaluated by the well-known techniques defined
for acyclic CSPs (see Section 3). Let HW[k] be the set of all finite relational
structures whose associated hypergraph has hypertree width at most k.
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ALGORITHM
Input: A k-bounded hypertree width CSP instance I .
Result: A solution to I , if I is satisfiable; “No”, otherwise.

begin
1) Build the hypergraph HI of I .
2) Compute a k-width hypertree decomposition HD of HI in normal form.
3) Compute from HD a complete hypertree decomposition HD′ = (T, χ, λ) of HI .
4) Compute from HD′ and I an acyclic instance I∗ equivalent to I .
5) Evaluate I∗ employing any efficient technique for solving acyclic CSPs.
6) If I∗ is satisfiable, then return a solution to I∗;

Else Return “No”
end.

Fig. 5. An algorithm solving CSP instances of k-bounded hypertree-width

Theorem 17 ([21]). Given a CSP instance I ∈ CSP(HW[k]) and a k-width
hypertree decomposition of HI in normal form, I is solvable in O(‖I‖k+1 log ‖I‖)
time.

We have also determined the precise computational complexity of solving
CSP instances having bounded hypertree-width.

Theorem 18 ([19]). CSP(HW[k]) is LOGCFL-complete.

8 Game Theoretic Characterization of Hypertree Width

In [36], graphs G of treewidth k are characterized by the so called Robber-and-
Cops game where k+1 cops have a winning strategy for capturing a robber on G.
Cops can control vertices of a graph and can jump at each move to arbitrary
vertices. The robber can move (at infinite speed) along paths of G but cannot go
over vertices controlled by a cop. It is, moreover, shown that a winning strategy
for the cops exists, iff the cops can capture the robber in a monotonic way,
i.e., never returning to a vertex that a cop has previously vacated, which implies
that the moving area of the robber is monotonically shrinking. For more detailed
descriptions of the game, see [36] or [23].

In order to provide a similarily natural characterization for hypertree-width,
we defined in [23] a new game, the Robber and Marshals game (R&Ms game).
A marshal is more powerful than a cop. While a cop can control a single vertex
(=variable) only, a marshal controls an entire hyperedge. In the R&Ms game, the
robber moves on vertices just as in the robber and cops game, but now marshals
instead of cops are chasing her. During a move of the marshals from the set of
hyperedges E to to the set of hyperedges E′, the robber cannot pass through the
vertices in B = (∪E)∩ (∪E′), where, for a set of hyperedges F , ∪F denotes the
union of all hyperedges in F . Intuitively, the vertices in B are those not released
by the marshals during the move. As in the monotonic robber and cops game,
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it is required that the marshals capture the robber by monotonically shrinking
the moving space of the robber. The game is won by the marshals if they corner
the robber somewhere in the hypergraph.

Example 19. Let us play the robber-and-marshals game on the hypergraph HI1

of query Q1 of Example 4 (see Fig 1). We can easily recognize that two marshals
can always capture the robber and win the game by using the following strategy:
Independently of the initial position of the robber, the two marshals initially
move on edges {a,b}, and thus control the vertices (=variables) T, X, S, R, P ,
Y, U , as shown in Figure 6.A. After this move of marshals, the robber may be
in V , in Z or in W . If the robber is on V , then the marshals move on edge f ,
and capture the robber, as shown in Figure 6.B (note that the robber cannot
escape from V during this move, as both P and R – the only possible ways to
leave V – are kept under the marshals’ control during the move). Otherwise, if
the robber is on W or on Z, then the marshals move on {g, c} (see Figure 6.C).
Since they keep the control of X, Y, T, and U during the move, then the robber
can escape only to vertex W . Therefore, a further move on edge d allows the
marshals to eventually capture the robber, as shown in Figure 6.D.
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Fig. 6. (A) The first move of the marshals playing the game on HI1 ; (B) move
of the marshals if the robber stands on V (capture position); (C) move of the
marshals if the robber stands onW or on Z; (D) the marshals capture the robber
in W

In [23] we prove that there is a one-to-one correspondence between winning
strategies for k marshals and hypertree decompositions of width at most k in a
certain normal form.

Theorem 20 ([23]). A hypergraph H has k-bounded hypertree width if and
only k marshals have a winning strategy for the R&Ms game played on H.

9 Logical Characterization of Hypertree Width

Denote by L the fragment of first-order logic (FO) whose connectives are re-
stricted to existential quantification and conjunction (i.e., ¬, ∨, and ∀ are dis-
allowed). Kolaitis and Vardi [30] proved that the class of all queries having
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treewidth < k coincides in expressive power with the k-variable fragment Lk of
L, i.e., the class of all L formulas that use k variables only. Se also [13].

In [23], we characterize HW[k] in terms of a guarded logic. We show that
HW[k] = GFk(L), where GFk(L) denotes the k-guarded fragment of L. The
1-guarded fragment coincides with the classical notion of guardedness, where
existentially quantified subformulas ϕ of a formula are always conjoined with a
guard, i.e., an atom containing all free variables of ϕ. In the k-guarded fragment,
up to k atoms may jointly act as a guard (for precise definitions, see [23]). For
the particular case k = 1, this gives us a new characterization of the acyclic
queries stating that the acyclic queries are precisely those expressible in the
guarded fragment of L. In order to prove these results, we played the robber and
marshals game on the appropriate query hypergraphs.

10 Comparison of Hypertree Width with Other Methods

We report about results comparing the Hypertree decomposition method with
other methods for solving efficiently CSPs and conjunctive queries, which are
based only on the structure of the hypergraph associated with the problem (we
consider tractability due to restricted structure, as discussed in Section 2). We
call these methods decomposition methods (DM), because each one provides a
decomposition which transforms any hypergraph to an acyclic hypergraph. For
each decomposition method D, this transformation depends on a parameter
called D-width. Let k be a fixed constant. The tractability class C(D, k) is the
(possibly infinite) set of hypergraphs having D-width ≤ k. D ensures that ev-
ery CQ or CSP instance whose associated hypergraph belongs to this class is
polynomial-time solvable.

The main decomposition methods considered in database theory and in ar-
tificial intelligence are: Treewidth [34] (see also [30,17]), Cycle Cutset [9], Tree
Clustering [10], Induced Width (w∗) cf. [9], Hinge Decomposition [27,26], Hinge
Decomposition + Tree Clustering [26], Cycle Hypercutset [21], Hypertree Decom-
position. All methods are briefly explained in [21]. Here, we do not consider
the notion of query width, because deciding whether a hypergraph has bounded
query width is NP-complete. However, recall that this notion is generalized by
hypertree width, in that whenever a hypergraph has query width at most k, it
has hypertree width at most k, too. The converse does not hold, in general [19].
For comparing decomposition methods we introduce the relations �, ✄, and ≺≺
defined as follows:

D1 � D2, in words, D2 generalizes D1, if ∃δ ≥ 0 such that, ∀k > 0,
C(D1, k) ⊆ C(D2, k + δ). Thus D1 � D2 if every class of CSP instances which
is tractable according to D1 is also tractable according to D2.

D1 ✄D2 (D1 beats D2) if there exists an integer k such that ∀m C(D1, k) �⊆
C(D2,m). To prove that D1✄D2, it is sufficient to exhibit a class of hypergraphs
contained in some C(D1, k) but in no C(D2, j) for j ≥ 0. Intuitively, D1 ✄ D2

means that at least on some class of CSP instances, D1 outperforms D2.
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D1 ≺≺ D2 if D1 � D2 and D2 ✄ D1. In this case we say that D2 strongly
generalizes D1.

Mathematically,� is a preorder, i.e., it is reflexive, transitive but not antisym-
metric. We say thatD1 is �-equivalent toD2, denotedD1 ≡ D2, if bothD1 � D2

and D2 � D1 hold.
The decomposition methods D1 and D2 are strongly incomparable if

both D1 ✄ D2 and D2 ✄ D1. Note that if D1 and D2 are strongly incompa-
rable, then they are also incomparable w.r.t. the relations � and ≺≺.

Figure 7 shows a representation of the hierarchy of DMs determined by the
≺≺ relation. Each element of the hierarchy represents a DM, apart ¿from that
containing the three �-equivalent methods Tree Clustering, Treewidth, and w∗.

Theorem 21 ([21]). For each pair D1 and D2 of decompositions methods rep-
resented in Figure 7, the following holds. There is a directed path from D1 to D2

iff D1 ≺≺ D2, i.e., iff D2 strongly generalizes D1. Moreover, D1 and D2 are
not linked by any directed path iff they are strongly incomparable. Hence, Fig. 7
completely describes the relationships among the different methods.

w∗ ≡ treewidth

Tree Clustering ≡

Tree Clustering
+

Hinge Decomposition

Hinge Decomposition

Biconnected Components

Cycle Hypercutset

Hypertree Decomposition

Cycle Cutset

Fig. 7. Constraint tractability hierarchy

Recently, a comparison between hypertree width and Courcelle’s concept of
clique-width [7,8] was made [24]. Given that clique-width is defined for graphs,
it had to be suitably adapted to hypergraphs. Defining the clique-width of a
hypergraph H as the cliquewidth of its primal graph makes no sense in the con-
text of CSP-tractability, because then CSPs of bounded clique-width would be
intractable. Therefore, in [24], the clique-width H is defined as the clique-width
of its incidence graph Gi

I(H). With this definition it could be shown in [24] that
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(a) CSP’s whose hypergraphs have bounded clique-width are tractable, and (b)
bounded hypertree width strongly generalizes bounded clique-width.

11 Open Problems

Several questions are left for future research. In particular, it would be inter-
esting to know whether the method of hypertree decompositions can be further
generalized. For instance, let us define the concept of generalized hypertree de-
composition by just dropping condition 4 from the definition of hypertree de-
composition (Def. 11). Correspondingly, we can introduce the concept of gen-
eralized hypertree width ghw(H) of a hypergraph H. We know that all classes
of Boolean queries having bounded ghw can be answered in polynomial time.
But we currently do not know whether these classes of queries are polynomially
recognizable. This recognition problem is related to the mysterious hypergraph
sandwich problem [31], which has remained unsolved for a long time. If the latter
is polynomially solvable, then also queries of bounded ghw are polynomially rec-
ognizable. Another question concerns the time complexity of recognizing queries
of bounded hypertree width. Is this problem fixed-parameter tractable such as
the recognition of graphs of bounded treewidth?
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Abstract. We study the expressive power non-size increasing recursive
definitions over lists. This notion of computation is such that the size of
all intermediate results will automatically be bounded by the size of the
input so that the interpretation in a finite model is sound with respect to
the standard semantics. Many well-known algorithms with this property
such as the usual sorting algorithms are definable in the system in the
natural way. The main result is that a characteristic function is definable
if and only if it is computable in time O(2p(n)) for some polynomial p.
The method used to establish the lower bound on the expressive power
also shows that the complexity becomes polynomial time if we allow
primitive recursion only. This settles an open question posed in [1,6].
The key tool for establishing upper bounds on the complexity of deriv-
able functions is an interpretation in a finite relational model whose
correctness with respect to the standard interpretation is shown using a
semantic technique.

Keywords: computational complexity, higher-order functions, finite model, se-
mantics
AMS Classification: 03D15, 03C13, 68Q15, 68Q55

The present document contains an introduction to and a summary of the re-
sults presented in the author’s invited talk at MFCS’01. A full version of the
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which funded a research stay at that place during which the bulk of the research
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Consider the following recursive definition of a function on lists:

twice(nil) = nil
twice(cons(x, l)) = cons(tt, cons(tt, twice(l))) (1)

Here nil denotes the empty list, cons(x, l) denotes the list with first element x
and remaining elements l. tt, ff are the members of a type T of truth values.
We have that twice(l) is a list of length 2 · |l| where |l| is the length of l. Now
consider

exp(nil) = cons(tt, nil)
exp(cons(x, l)) = twice(exp(l)) (2)

J. Sgall, A. Pultr, and P. Kolman (Eds.): MFCS 2001, LNCS 2136, pp. 58–61, 2001.
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We have |exp(l)| = 2|l| and further iteration leads to elementary growth rates.
This shows that innocuous looking recursive definitions can lead to enor-

mous growth. In order to prevent this from happening it has been suggested
in [?,10] to rule out definitions like (2) above, where a recursively defined func-
tion, here twice, is applied to the result of a recursive call. Indeed, it has been
shown that such discipline restricts the definable functions to the polynomial-
time computable ones and moreover every polynomial-time computable function
admits a definition in this style.

Many naturally occurring algorithms, however, do not fit this scheme. Con-
sider, for instance, the definition of insertion sort:

insert(x, nil) = cons(x, nil)
insert(x, cons(y, l)) = if x ≤ y then cons(x, cons(y, l)) else cons(y, insert(x, l))
sort(nil) = nil
sort(cons(x, l)) = insert(x, sort(l))

(3)
Here just as in (2) above we apply a recursively defined function (insert) to
the result of a recursive call (sort), yet no exponential growth arises.

It has been argued in [3] and [6] that the culprit is definition (1) because
it defines a function that increases the size of its argument and that non size-
increasing functions can be arbitrarily iterated without leading to exponential
growth.

In [3] a number of partly semantic criteria were offered which allow one to
recognise when a function definition is non size-increasing. In [6] we have given
syntactic criteria based on linearity (bound variables are used at most once) and
a so-called resource type ✸ which counts constructor symbols such as “cons” on
the left hand side of an equation.

This means that cons becomes a ternary function taking one argument of
type ✸, one argument of some type A (the head) and a third argument of type
L(A), the tail. There being no closed terms of type ✸ the only way to apply cons
is within a recursive definition; for instance, we can write

append(nil, l2) = l2
append(cons(d, a, l1), l2) = cons(d, a, append(l1, l2)

(4)

Alternatively, we may write

append(l1, l2) = match l with nil⇒l2 | cons(d, a, l′1)⇒cons(d, append(l1, l2) (5)

We notice that the following attempted definition of twice is illegal as it violates
linearity (the bound variable d is used twice):

twice(nil) = nil
twice(cons(d, x, l)) = cons(d, tt, cons(d, tt, twice(l))) (6)

The definition of insert, on the other hand, is in harmony with linearity pro-
vided that insert gets an extra argument of type ✸ and, moreover, we assume
that the inequality test returns its arguments for subsequent use.
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The main result of [6] and [1] was that all functions thus definable by struc-
tural recursion are polynomial-time computable even when higher-order func-
tions are allowed. In [7] it has been shown that general-recursive first-order
definitions admit a translation into a fragment of the programming language
C without dynamic memory allocation (“malloc”) which on the one hand al-
lows one to automatically construct imperative implementations of algorithms
on lists which do not require extra space or garbage collection. More precisely,
this translation maps the resource type ✸ to the C-type void * of pointers. The
cons function is translated into the C-function which extends a list by a given
value using a provided piece of memory. It is proved that the pointers arising
as denotation of terms of type ✸ always point to free memory space which can
thus be safely overwritten.

This translation also demonstrates that all definable functions are com-
putable on a Turing machine with linearly bounded work tape and an unbounded
stack (to accommodate general recursion) which by a result of Cook1 [4] equals
the complexity class DTIME(2O(n)). It was also shown in [7] that any such func-
tion admits a representation.

In the presence of higher-order functions the translation into C breaks down
as C does not have higher-order functions. Of course, higher-order functions can
be simulated as closures, but this then requires arbitrary amounts of space as
closures can grow proportionally to the runtime. In a system based on structural
recursion such as [6] this is not a problem as the runtime is polynomially bounded
there. The hitherto open question of complexity of general recursion with higher-
order functions is settled in this work [8] and shown to require a polynomial
amount of space only in spite of the unbounded runtime.

We thus demonstrate that a function is representable with general recur-
sion and higher-order functions iff it is computable in polynomial space and an
unbounded stack or equivalently (by Cook’s result) in time O(2p(n)) for some
polynomial p. The lower bound of this result also demonstrates that indeed all
characteristic functions of problems in P are definable in the structural recursive
system. This settles a question left open in [1,6].

In view of the results presented in the talk (see also [8]), these systems of
non size-increasing computation thus provide a very natural connection between
complexity theory and functional programming. There is also a connection to
finite model theory in that programs admit a sound interpretation in a finite
model. This improves upon earlier combinations of finite model theory with
functional programming [5] where interpretation in a finite model was achieved
in a brute-force way by changing the meaning of constructor symbols, e.g. suc-
cessor of the largest number N was defined to be N itself. In those systems it
is the responsibility of the programmer to account for the possibility of cut-off
when reasoning about the correctness of programs. In the systems studied here
linearity and the presence of the resource types automatically ensure that cutoff

1 This result asserts that if L(n) > log(n) then DTIME(2O(L(n))) equals the class of
functions computable by a Turing machine with an L(n)-bounded R/W-tape and
an unbounded stack.
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never takes place. Formally, it is shown that the standard semantics in an infinite
model agrees with the interpretation in a certain finite model for all well-formed
programs.

Another piece of related work is Jones’ [9] where the expressive power of
cons-free higher-order programs is studied. It is shown there that first-order
cons-free programs define polynomial time , whereas second-order programs de-
fine EXPTIME. This shows that the presence of “cons”, tamed by linearity and
the resource type changes the complexity-theoretic strength. While loc. cit. also
involves Cook’s abovementioned result (indeed, this result was brought to the
author’s attention by Neil Jones) the other parts of the proof are quite differ-
ent.
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Abstract. We discuss some of the recent progress in quantum algorith-
mics. We review most of the primary techniques used in proving upper
and lower bounds and illustrate how to apply the techniques to a vari-
ety of problems, including the threshold function, parity, searching and
sorting. We also give a set of open questions and possible future research
directions. Our aim is to give a basic overview and we include suggestions
to further reading.

1 Introduction

The most famous quantum algorithms are Shor’s [38] algorithms for integer
factorization and computing discrete logarithms and Grover’s [28] algorithm for
searching an un-ordered set of elements. In this paper, we discuss and survey
many of the quantum algorithms found since the discoveries of Shor and Grover.

The algorithms of Shor and Grover, as well as most other existing quantum
algorithms, can be naturally expressed in the so-called black box model. In this
model, we are given some function f as input. The function f is given as a
black box so that the only knowledge we can gain about f is in asking for its
value on points of its domain. We may think of f as an oracle which, when asked
some question x, replies by f(x). Our measure of complexity is the number of
evaluations of f required to solve the problem of interest.

On a quantum computer, the only two types of operations allowed are unitary
operators and measurements. We may without loss of generality assume that all
measurements are performed at the end of the computation, and thus any quan-
tum algorithm can be modeled as a sequence of unitary operators followed by a
single measurement. Consequently, we need to model our queries to function f
so that they are unitary. Let f : X → Z be any function with Z = {0, 1}m for
some integer m. Define the unitary operator Of by

|x〉|z〉|w〉 �−→ |x〉|z ⊕ f(x)〉|w〉 (1)

for all x ∈ X , z ∈ Z and w ∈ Z, where z ⊕ f(x) denotes the binary exclusive-or
of bit-strings z and f(x). Applying the operator Of twice is equivalent to ap-
plying the identity operator and thus Of is unitary (and reversible) as required.
� Supported in part by Canada’s NSERC and the Pacific Institute for the Mathema-
tical Sciences.

J. Sgall, A. Pultr, and P. Kolman (Eds.): MFCS 2001, LNCS 2136, pp. 62–74, 2001.
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It changes the content of the second register (|z〉) conditioned on the value of
the first register (|x〉). The purpose of the third register (|w〉) is simply to allow
for extra work-space. We often refer to Of as the black box or as the oracle. On a
quantum computer, we are given access to operator Of and our objective is to
use the fewest possible applications of Of to solve the problem at hand. This
model of computation is often refered to as the quantum black box model, and
sometimes also to as quantum decision trees [16].

A quantum algorithm Q that uses T applications of Of (i.e., uses T queries)
is a unitary operator of the form [16,4,31]

Q =
(
UOf

)T
U (2)

for some unitary operator U. We always apply algorithm Q on the initial state |0〉.
The superposition obtained by applying Q on |0〉 is Q|0〉, which is (UOf )TU|0〉.
The operators are applied right to left: first apply U, and then iterate UOf a
total number of T times. After applying Q on |0〉, we always measure the final
state in the computational basis. The outcome of the measurement are classical
bits, and the rightmost bit(s) of those is the output of the algorithm.

Prior to the discoveries of Shor and Grover, notable quantum algorithms were
found by Deutsch [20], Deutsch and Jozsa [21], Bernstein and Vazirani [6] and
Simon [39]. Deutsch [20] considered the problem that we are given a function
f : {0, 1} → {0, 1} as a black box Of , and we want to determine whether
f(0) = f(1) or f(0) 
= f(1). Deutsch gave a zero-error quantum algorithm that
uses only 1 application of Of and outputs the correct answer with probability 1

2 ,
and the answer “inconclusive” with complementary probability 1

2 .
The algorithm of Deutsch [20] is generalized and improved by Deutsch and

Jozsa [21], Cleve, Ekert, Macchiavello and Mosca [18], Tapp [40] and others.
Deutsch’s algorithm, as well as the early algorithms by Bernstein and Vazirani [6]
and Simon [39], are discussed in many introductions to quantum computing,
including the excellent papers by Berthiaume [7], Cleve [17] and Reiffel and
Polak [37]. For a thorough introduction to quantum computing, see the recent
book by Nielsen and Chuang [34].

The two most widely used tools for constructing quantum algorithms are
Fourier transforms and amplitude amplification. Fourier transforms is an intrin-
sic ingredient in the algorithms of Bernstein and Vazirani [6], Simon [39] and
Shor [38]. See for instance Ivanyos, Magniez and Santha [32] and the references
therein for applications of Fourier transforms in quantum algorithms. Amplitude
amplification was introduced by Brassard and Høyer [9] as a generalization of the
underlying subroutine used in Grover’s algorithm [28]. We discuss this technique
further in Sect. 3 as most of the newer quantum algorithms utilize amplitude
amplification.

In the rest of this paper, we review some of the main techniques used in
proving upper and lower bounds on quantum algorithms. For the purpose of
illustrating the techniques, we also discuss nine concrete problems, each of them
hopefully being considered fundamental. Section 2 contains an overview of the
nine problems, including the best known upper and lower bounds. We discuss
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techniques for proving upper bounds in Sect. 3, and lower bounds in Sect. 4.
We conclude in Sect. 5 by mentioning some open questions and possible future
research directions.

2 Overview of Problems

Below, we give a list of nine problems that have been considered in the quantum
black box model. The problems fall in 3 groups. The first group consists of
decision problems with solutions depending only on |f−1(1)|, the number of
elements being mapped to 1. Let [N ] = {0, 1, . . . , N − 1}. We say a problem P

is symmetric if P(f) = P(f ◦ π) for all inputs f : [N ]→ Z and all permutations
π : [N ]→ [N ]. All problems in the first group are symmetric. Generally speaking,
the quantum complexities of symmetric problems are much more well-understood
than those of non-symmetric problems. In the second group, we have put the
fundamental computational tasks of searching and sorting, and finally, in the
third group, some decision problems related to sorting. Table 1 gives the best
known lower and upper bounds for each of these nine problems.

Or Given Boolean function f : [N ]→ {0, 1}, is |f−1(1)| > 0?
ThresholdS Given Boolean function f : [N ]→ {0, 1}, is |f−1(1)| ≥ S?
Majority Given Boolean function f : [N ]→ {0, 1}, is |f−1(1)| > N/2?
Parity Given Boolean function f : [N ]→ {0, 1}, is |f−1(1)| odd?
Ordered searching Given monotone Boolean function f : [N ] → {0, 1}

and promised that f(N − 1) = 1, output the smallest index x ∈ [N ] so that
f(x) = 1.

Sorting Given function f : [N ]→ Z, output a permutation π : [N ]→ [N ] so
that f ◦ π is monotone.

Collision Given function f : [N ] → Z and promised that f is either 1-to-1
or 2-to-1, decide which is the case.

Element Distinctness Given a function f : [N ]→ Z, do there exist distinct
elements x, y ∈ [N ] so that f(x) = f(y)?

Claw (monotone case) Given two monotone functions f, g : [N ] → Z, does
there exist (x, y) ∈ [N ]2 so that f(x) = g(y)?

3 The Quantum Algorithms

For the five problems Or, ThresholdS , Collision, Element Distinctness

andClaw, the quantum complexities listed in Table 1 are asymptotically smaller
than the corresponding randomized decision tree complexities. In each case, the
speed-up is at most quadratic and is achieved by applying amplitude amplifica-
tion and estimation. Many newer quantum algorithms rely on these two tech-
niques, and we therefore now give a brief description of them and sketch how
to apply them to each of these five problems. For more details on amplitude
amplification and estimation, see Brassard, Høyer, Mosca and Tapp [10].
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Table 1. The best known lower and upper bounds in the quantum black box
model for each of the nine problems defined in Sect. 2. These are the asymptotic
bounds for two-sided bounded-error quantum algorithms, with the exception of
the bounds for Ordered Searching which are for exact quantum algorithms.
The two rightmost columns contain references to the proofs of each non-trivial
lower and upper bound, respectively. We assume the input to each of the four last
problems are given as comparison matrices. For the threshold problem, S+ =
S+1 and S− = S−1. We use log� to denote the log-star function defined below,
and c is some (small) constant

Problem Lower Upper References

Or

√
N

√
N [5] [8,28]

ThresholdS

p
S+(N − S−)

p
S+(N − S−) [4] [4]

Majority N N [4]

Parity N N [23,4]

Ordered Searching 0.220 log2(N) 0.526 log2(N) [31] [25]

Sorting N log(N) N log(N) [31]

Collision N1/3 log(N) [11]

Elem. Distinctness

√
N log(N) N3/4 log(N) [31] [14]

Claw (monotone case)
√

N
√

Nclog�(N) [14]

Consider we want to solve some problem using some quantum algorithm A.
The algorithm A starts on the initial state |0〉 and produces some final su-
perposition |Ψ〉 = ∑

i∈Z
αi|i〉. We assume A is a quantum algorithm that uses

no measurement during the computation. This assumption is mostly technical
and can be safely ignored for the purposes of this paper, so we do not elabo-
rate any further on this. What is crucial, is that we from the output of algo-
rithm A somehow can deduce if we have solved the problem or not. We formalize
this by assuming that we, in addition to A, are given some Boolean function
χ : Z → {0, 1}. We say algorithm A succeeds if a measurement of |Ψ〉 yields an
integer i so that χ(i) = 1. Let a denote the success probability of A, that is, let
a =

∣∣∑
i∈χ−1(1) αi|i〉

∣∣2 =
∑

i∈χ−1(1) |αi|2.
There are (at least) two types of questions one may consider concerning

algorithm A with respect to function χ. Firstly, we may consider the problem of
finding an integer i so that χ(i) = 1, i.e., finding a solution i, and secondly, we
may ask for the value of a, i.e., what is the success probability of A? These two
questions concern searching and estimation, respectively.
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Amplitude amplification [10] is a technique that allows fast searching on a
quantum computer. On a classical computer, the standard technique to boosting
the probability of success is by repetition. By running algorithmA a total number
of j times, the probability of success increases to roughly ja (assuming ja� 1).
Intuitively, we can think of this strategy as each additional run of algorithm A
boosting the probability of success by an additive amount of roughly a. To find
an integer i with χ(i) = 1, we require an expected number of Θ( 1

a ) repeti-
tions. A quantum analogue of boosting the probability of success is to boost
the amplitude of being in a certain subspace of the Hilbert space. Amplitude
amplification is such a technique. It allows us to boost the probability of success
to roughly j2a using only j applications of algorithm A and function χ, which
implies that we can find an integer i with χ(i) = 1 applying A and χ an expected
number of only O( 1√

a
) times.

Theorem 1 (Amplitude amplification) [10]. Let A be any quantum algo-
rithm that uses no measurements, and let χ : Z → {0, 1} be any Boolean func-
tion. Let A|0〉 = ∑i∈Z

αi|i〉 be the superposition obtained by running A on the
initial state |0〉. Let a = |∑i∈χ−1(1) αi|i〉|2 denote the probability that a measure-
ment of the final state A|0〉 yields an integer i so that χ(i) = 1. Provided a > 0
we can find an integer i with χ(i) = 1 using an expected number of only O( 1√

a
)

applications of A, the inverse A−1 and function χ.

This theorem is a generalization of Grover’s result [28] that a database can be
searched for a unique element in O(

√
N) queries. The quantum algorithm [8] for

Or can be phrased in these terms: Let A be any quantum algorithm that maps
the initial state |0〉 to an equally weighted superposition of all possible inputs
to function f , A|0〉 = 1√

N

∑N−1
i=0 |i〉. If we measure state A|0〉, our probability

of seeing an integer i so that f(i) = 1 is exactly a = |f−1(1)|/N , since every i is
equally likely to be measured. Let χ = f . Thus using an expected number of only
O( 1√

a
) = O(

√
N/|f−1(1)|) applications of function f we can find an integer i

so that f(i) = 1, provided there is such an i. This implies that there is a one-
sided error quantum algorithm for Or that, using only O(

√
N) applications of f ,

outputs “no” with certainty if |f−1(1)| = 0, and “yes” with probability at least 2
3

if |f−1(1)| > 0.
The quantum algorithm [11] forCollision also uses amplitude amplification.

First, pick any subset B of [N ] of cardinality N1/3 and sort B with respect to
its f -values using O(N1/3 log(N)) comparisons of the form “Is f(i) < f(j)?”.
Once B is sorted, check that no two consecutive elements in the sorted list
map to the same value under f , using an additional N1/3 − 1 comparisons. If a
collision is found, output “2-to-1” and stop. Otherwise, proceed as follows. Define
χ : [N ]→ {0, 1} by χ(i) = 1 if and only if i 
∈ B and f(i) = f(j) for some j ∈ B.
A single evaluation of χ can be implemented using only O(log(N)) comparisons
of f -values since B is sorted. If function f is 2-to-1 then |χ−1(1)| = N1/3, and
if f is 1-to-1 then |χ−1(1)| = 0. As in the case of Or, there thus is a one-
sided error quantum subroutine A that, using only O(

√
N/N1/3) applications
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of χ, outputs “no” with certainty if |χ−1(1)| = 0, and “yes” with probability at
least 2

3 if |χ−1(1)| = N1/3. If subroutine A outputs “yes”, then output “2-to-1”
and stop, otherwise output “1-to-1” and stop. The total number of comparisons
of f -values is O(N1/3 log(N)) +

(
N1/3 − 1

)
+O(

√
N/N1/3 × log(N)), which is

O(N1/3 log(N)) as specified in Table 1.
The quantum algorithm [14] for Element Distinctness is similar to the

algorithm for Collision, except that we now require two nested applications of
amplitude amplification. Interestingly, the algorithm for Element Distinct-

ness uses only O(N3/4 log(N)) comparisons, which is not only sublinear in N ,
but also much less than the number of comparisons required to sort on a quan-
tum computer. The algorithm [14] for Claw uses O(

√
Nclog

�(N)) comparisons
for some (small) constant c with O(log∗(N)) nested applications of amplitude
amplification. The log-star function log�() is defined as the minimum number
of iterated applications of the logarithm function necessary to obtain a num-
ber less than or equal to 1: log�(M) = min{s ≥ 0 | log(s)(M) ≤ 1}, where
log(s) = log ◦ log(s−1) denotes the sth iterated application of log, and log(0) is
the identity function.

Amplitude estimation [10] is a technique for estimating the success prob-
ability a of a quantum algorithm A. This technique is used in the quantum
algorithm [4] for ThresholdS . On a classical computer, the standard technique
to estimating the probability of success is, again, by repetition: If algorithm A
succeeds in j out of k independent runs, we may output ã = j/k as an approxi-
mation to a. A quantum analogue of estimating the probability of success is to
estimate the amount of amplitude of being in a certain subspace of the Hilbert
space. The following theorem provides a method for doing this.

Theorem 2 (Amplitude estimation) [10]. Let the setup be as in Theorem 1.
There exists a quantum algorithm that given A, function χ and an integer M > 0,
outputs ã (0 ≤ ã ≤ 1) such that

|ã− a| ≤ 2π

√
a(1− a)
M

+
π2

M2

with probability at least 8
π2 . The algorithm uses O(M) applications of A, the

inverse A−1 and function χ.

A straight-forward classical algorithm for ThresholdS is as follows. Let
A denote the algorithm that outputs a random element x ∈ [N ], taken uni-
formly. The probability that A succeeds in outputting an x so that f(x) = 1 is
exactly a = |f−1(1)|/N . Apply A a total number of k times, and let j de-
note the number of times A succeeds. If � jk + 1

2� ≥ S, then output “yes”,
otherwise output “no”. A simple quantum version of this algorithm is as fol-
lows. First, we find an estimate ã of a by applying the above theorem with
M = 100

√
S+(N − S−), where S+ = S + 1 and S− = S − 1. Our estimate ã

satisfies that |ã−a| ≤ 2π
√
a(1− a)/M + π2

M2 with probability at least 8
π2 , which

implies that if |f−1(1)| ≥ S then �ãN + 1
2� ≥ S with probability at least 8

π2 ,
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and if |f−1(1)| ≤ S − 1 then �ãN + 1
2� ≤ S − 1 with probability at least 8

π2 .
Thus, if �ãN + 1

2� ≥ S then output “yes”, otherwise output “no”. The number
of evaluations of f used by this algorithm is O(M), which is O(

√
S+(N − S−))

as specified in Table 1.

3.1 Other Quantum Algorithms

The quantum complexities of the four symmetric decision problems in the first
group in Table 1 are all tight, up to constant factors. The quantum complexities
of symmetric decision problems are reasonably well-understood, especially since
the seminal work of Beals, Buhrman, Cleve, Mosca and de Wolf [4]. We also
have a fair understanding of the quantum complexities of some symmetric non-
decision problems that are related to statistics. Four examples of such problems
are:

Counting Given Boolean function f : [N ]→ {0, 1}, compute |f−1(1)|.
Minimum Given f : [N ]→ Z, find x ∈ [N ] so that f(x) is minimum.
Mean Given f : [N ]→ Z, compute 1

N

∑
x∈[N ] f(x).

Median Given function f : [N ]→ Z, find x ∈ [N ] so that f(x) has rank �N/2�
in f([N ]).

All of these problems have efficient quantum algorithms: Counting can be
solved via amplitude estimation [10], Minimum by repeated applications of am-
plitude amplifications [22], and Mean and Median by using both amplitude
amplification and estimation [33,27,30].

Often, amplitude amplification and estimation are used in conjunction with
techniques from “classical” computing: Novak [35] considers the quantum com-
plexities of integration, Hayes, Kutin and van Melkebeek [29] Majority (see
also Alonso, Reingold and Schott [1]), and Ramesh and Vinay [36] string match-
ing.

As mentioned in the introduction, Fourier transforms are also widely used in
quantum algorithms, the most famous examples being in Shor’s algorithms [38]
for factoring and finding discrete logarithms. We refer to [32] and the references
therein for many more examples. The quantum algorithm for ordered searching
by Farhi, Goldstone, Gutmann and Sipser [25] is one of the few remarkable exam-
ples of quantum algorithms based on principles seemingly different from those
found in amplitude amplification and Fourier transforms. A generic bounded-
error quantum algorithm for solving any problem using at most N/2 +

√
N

applications of f is given by van Dam in [19].

4 The Lower Bounds

Much work has been done on proving lower bounds for the quantum black box
model. If trying to categorizing the many approaches, we may consider there
being two main methods, the first being by inner products, the second by degrees
of polynomials. Very roughly speaking, so far the simplest and tightest lower
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bounds are proven by the former method for bounded-error quantum algorithms,
and by the latter for exact and small-error quantum algorithms.

The primary idea of the latter method is that to any problem P, we can
associate a polynomial and the degree of that polynomial yields a lower bound
on the number of queries required by any quantum algorithm solving P. The
method is introduced by Beals, Buhrman, Cleve, Mosca and de Wolf in [4], and
also implicitly used by Fortnow and Rogers in [26]. A beautiful survey of this
and related methods for deterministic and randomized decision trees is given by
Buhrman and de Wolf in [16]. See also Buhrman, Cleve, de Wolf and Zalka [13] for
bounds on the quantum complexity as a function of the required error probability
via degrees of polynomials.

The first general method for proving lower bounds for quantum computing
was introduced by Bennett, Bernstein, Brassard and Vazirani in their influential
paper [5]. Their technique is nicely described in Vazirani’s exposition [41], where
it is refered to as a “hybrid argument”. Recently, Ambainis [3] introduced a very
powerful lower bound technique based on entanglement considerations, which
he refers to as “quantum arguments”. The techniques in [5] and [3] share many
properties, and we may view both as being based on inner product arguments.
In the rest of this section, we discuss general properties of lower bound techniques
based on inner products.

Suppose we are given one out of two possible states. That is, suppose we are
given state |ψ〉 and promised that either |ψ〉 = |ψ0〉 or |ψ〉 = |ψ1〉. We want to
find out which is the case. We assume |ψ0〉 and |ψ1〉 are known states. Then we
may ask, what is the best measurement we can perform on |ψ〉 in attempting
correctly guessing whether |ψ〉 = |ψ0〉 or |ψ〉 = |ψ1〉. The answer can be expressed
in terms of the inner product 〈ψ0|ψ1〉.
Lemma 1. Suppose we are given some state |ψ〉 and promised that either |ψ〉 =
|ψ0〉 or |ψ〉 = |ψ1〉 for some known states |ψ0〉 and |ψ1〉. Then, for all 0 ≤ ε ≤ 1

2 ,
the following two statements are equivalent.

1. There exists some measurement we can perform on |ψ〉 that produces one bit b
of outcome so that if |ψ〉 = |ψ0〉 then b = 0 with probability at least 1 − ε,
and if |ψ〉 = |ψ1〉 then b = 1 with probability at least 1− ε.

2. |〈ψ0|ψ1〉| ≤ 2
√
ε(1− ε).

Two states can be distinguished with certainty if and only if their inner product
is zero, and they can be distinguished with high probability if and only if their
inner product has small absolute value.

With this, we now give the basic idea in the former lower bound method.
Our presentation follows that of Høyer, Neerbek and Shi [31]. Consider some
decision problem P. Suppose Q = (UO)TU is some quantum algorithm that
solves P with error probability at most ε using T queries to the oracle. Let
ε′ = 2

√
ε(1− ε). Let R0 ⊆ {f : [N ] → Z | P(f) = 0} be any non-empty subset

of the possible input functions on which the correct answer to problem P is 0.
Similarly, let R1 ⊆ {g : [N ] → Z | P(g) = 1} be any non-empty subset of the
1-inputs.
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Initially, the state of the computer is |0〉. After j iterations, the state is
|Ψ jf 〉 = (UOf )jU|0〉 if we are given oracle f , and it is |Ψ jg 〉 = (UOg)jU|0〉 if we
are given oracle g. Suppose that f ∈ R0 and g ∈ R1. Then we must have that
|〈ΨTf |ΨTg 〉| ≤ ε′ since the presumed algorithm outputs 0 with high probability
on every input f in R0, and it outputs 1 with high probability on every input g
in R1. We thus also have that |∑f∈R0

∑
g∈R1

〈ΨTf |ΨTg 〉| ≤ ε′|R0||R1|.
For each j ∈ {0, 1, . . . , T}, let

Wj =
∑

f∈R0

∑

g∈R1

〈Ψ jf |Ψ jg 〉 (3)

denote the sum of the inner products after j iterations. We may think ofWj is the
total “weight” after j iterations. Initially, the total weightW0 = |R0||R1| is large,
and after T iterations, the absolute value of the total weight |WT | ≤ ε′|R0||R1|
is small. The quantity |Wj −Wj+1| is a measure of the “progress” achieved by
the jth query.

Theorem 3 ([3]). If ∆ is an upper bound on |Wj −Wj+1| for all 0 ≤ j < T ,
then the algorithm requires at least (1 − ε′)W0

∆ queries in computing problem P

with error probability at most ε.

Proof. The initial weight isW0, and by the above discussion, |WT | ≤ ε′W0 where
ε′ = 2

√
ε(1− ε). Write W0 −WT =

∑T−1
j=0 (Wj −Wj+1) as a telescoping sum.

Then |W0 −WT | ≤
∑T−1

j=0 |Wj −Wj+1| ≤ T∆, and the theorem follows. ��
By Theorem 3, we may prove a lower bound on the quantum complexity of

some problem P by proving an upper bound on maxj |Wj −Wj+1| that holds
for any quantum algorithm for P.

Each of the lower bounds for the five problems Or, ThresholdS , Majo-

rity, Parity and Claw listed in Table 1 can be proven using this inner product
method. For instance, for Or, let R0 = {f : [N ] → {0, 1} | |f−1(1)| = 0} be
the singleton set consisting only of the function identical 0, and let R1 = {f :
[N ] → {0, 1} | |f−1(1)| = 1} consists of the N functions mapping a unique
element to 1. Then W0 = |R0||R1| = N . Using these sets, we can show [3,31]
that |Wj − Wj+1| ≤ 2

√
N for all 0 ≤ j < N , and thus we require at least

(1−ε′) N
2
√
N
∈ Ω(√N) queries to the oracle to solve Or with error probability ε.

The lower bounds for the three problems Ordered Searching, Sorting

and Element Distinctness listed in Table 1 can be proven using a general-
ization proposed in [31]. Re-define the weightWj to be a (possibly non-uniform)
weighted sum of the inner products,

Wj =
∑

f∈R0

∑

g∈R1

ω(f, g)〈Ψ jf |Ψ jg 〉. (4)

where ω(f, g) ≥ 0 for all oracles f ∈ R0 and g ∈ R1. Allowing non-uniform
weights yields lower bounds that are a logarithmic factor better than the corre-
sponding almost-trivial lower bounds [31].
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4.1 Other Lower Bounds

Many more good lower bounds on the quantum black box complexities besides
the ones we have mentioned so far are known. These include the following. Nayak
and Wu [33] prove optimal lower bounds for Mean and Median by the polyno-
mial method. Buhrman and de Wolf [15] give the first non-trivial lower bound
for Ordered Searching by a reduction from Parity. Farhi, Goldstone, Gut-
mann, and Sipser [23] improve this to log2(N)/2 log2 log2(N), and Ambainis [2]
shows the first Ω(log(N)) lower bound. Buhrman, Cleve and Wigderson [12]
prove several lower bounds on quantum black box computing derived from their
seminal work on quantum communication complexity. Zalka [42] shows that
Grover’s original algorithm for finding a unique marked element in a database
is optimal also when considering constant factors and low order terms.

5 Conclusion and Open Problems

In this paper, we have tried to present some of main ideas used in quantum
algorithmics. The reader interested in studying quantum computing further may
benefit from reading some of the many excellent introductions and reviews. Good
starting points include [7,16,17,18,34,37,41], all of which can be found at the
authors’ home pages or on the so-called e-print archive (to which we have given
a pointer after the references).

A primary unsolved question in quantum algorithmics is the quantum com-
plexity of Collision. How many queries are necessary and sufficient for distin-
guishing a 1-to-1 function from a 2-to-1 function? Basically all we know, is that
it is easy to distinguish the set of 1-to-1 functions from certain highly struc-
tured subclasses of the 2-to-1 functions [39,9]. Can this result be extended to for
instance subclasses based somehow on pseudo-random number generators?

We also find it interesting to compare the quantum black box model with
other models. Let P be any of the nine problems listed in Table 1, and let T b

e the quantum complexity of any known quantum algorithm for P. Then the
randomized decision tree complexity for P is known to be in O(T 2). We are thus
naturally lead to ask for what problems the randomized decision tree complexity
is always at most quadratic in the quantum complexity? A related question is
to consider time-space tradeoffs—see the conclusions in [14,31].

A challenging and interesting quest is finding new quantum algorithms. Many
existing quantum algorithms seem to benefit from symmetries, periodicities, re-
peated patterns, etc. in the problems under consideration. Maybe other problems
that also contain such properties can be solved efficiently on a quantum com-
puter? Does the lack of such properties rule out efficient quantum algorithms?
Are there new problems not known to be NP-complete that can be solved in
polynomial time on a quantum computer?
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Abstract. Decomposition theorems are useful tools for bounding the
convergence rates of Markov chains. The theorems relate the mixing
rate of a Markov chain to smaller, derivative Markov chains, defined by
a partition of the state space, and can be useful when standard, direct
methods fail. Not only does this simplify the chain being analyzed, but
it allows a hybrid approach whereby different techniques for bounding
convergence rates can be used on different pieces. We demonstrate this
approach by giving bounds on the mixing time of a chain on circuits of
length 2n in ZZd.

1 Introduction

Suppose that you want to sample from a large set of combinatorial objects. A
popular method for doing this is to define a Markov chain whose state space Ω
consists of the elements of the set, and use it to perform a random walk. We first
define a graph H connecting pairs of states that are close under some metric.
This underlying graph on the state space representing allowable transitions is
known as the Markov kernel.
To define the transition probabilities of the Markov chain, we need to consider

the desired stationary distribution π on Ω. A method known as the Metropolis
algorithm assigns probabilities to the edges of H so that the resulting Markov
chain will converge to this distribution. In particular, if∆ is the maximum degree
of any vertex in H , and (x, y) is any edge,

P (x, y) =
1
2∆
min

(
1,
π(y)
π(x)

)
.

We then assign self loops all remaining probability at each vertex, so P (x, x) ≥
1/2 for all x ∈ Ω. If H is connected, π will be the unique stationary distribution
of this Markov chain. We can see this by verifying that detailed balance is satsified
on every edge (x, y), i.e., π(x)P (x, y) = π(y)P (y, x).
As a result, if we start at any vertex in Ω and perform a random walk

according to the transition probabilities defined by P , and we walk long enough,
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we will converge to the desired distribution. For this to be useful, we need that
we are converging rapidly to π, so that after a small, polynomial number of steps,
our samples will be chosen from a distribution which is provably arbitrarily close
to stationarity. A Markov chain with this property is rapidly mixing.
Consider, for example, the set of independent sets I of some graph G. Taking

the Hamming metric, we can define H by connecting any two independent sets
that differ by the addition or deletion of a single vertex. A popular stationary
distribution is the Gibbs distribution which assigns weight π(I) = γ|I|/Zγ to I,
where γ > 0 is an input parameter of the system, |I| is the size of the independent
set I, and Zγ =

∑
J∈I γ

|J| is the normalizing constant known as the partition
function. In the Metropolis chain, we have P (I, I ′) = 1

2n min(1, γ) if I
′ is formed

by adding a vertex to I, and P (I, I ′) = 1
2n min(1, γ

−1) if I ′ is formed by deleting
a vertex from I.
Recently there has been great progress in the design and analysis of Markov

chains which are provably efficient. One of the most popular proof techniques
is coupling. Informally, coupling says that if two copies of the Markov chain
can be simultaneously simulated so that they end up in the same state very
quickly, regardless of the starting states, then the chain is rapidly mixing. In
many instances this is not hard to establish, which gives a very easy proof of
fast convergence.
Despite the appeal of these simple coupling arguments, a major drawback

is that many Markov chains which appear to be rapidly mixing do not seem to
admit coupling proofs. In fact, the complexity of typical Markov chains often
makes it difficult to use any of the standard techniques, which include bounding
the conductance, the log Sobolev constant or the spectral gap, all closely related
to the mixing rate.
The decomposition method offers a way to systematically simplify the Mar-

kov chain by breaking it into more manageable pieces. The idea is that it should
be easier to apply some of these techniques to the simplified Markov chains and
then infer a bound on the original Markov chain. In this survey we will con-
centrate on the state decomposition theorem which utilizes some partition of the
state space. It says that if the Markov chain is rapidly mixing when restricted
to each piece of the partition, and if there is sufficient flow between the pieces
(defined by a “projection” of the chain), then the original Markov chain must
be rapidly mixing as well. The allows us to take a top-down approach to mixing
rate analysis, whereby we need only consider the mixing rate of the restrictions
and the projection. In many cases it is easier to define good couplings on these
simpler Markov chains, or to use one of the other known methods of analysis. We
note, however, that using indirect methods such as the decomposition or com-
parison (defined later) invariably adds orders of magnitude the bounds on the
running time of the algorithm. Hence it is wise to use these methods judiciously
unless the goal is simply to establish a polynomial bound on the mixing rate.
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2 Mixing Machinery

In what follows, we assume that M is an ergodic (i.e. irreducible and aperi-
odic), reversible Markov chain with finite state space Ω, transition probability
matrix P , and stationary distribution π.
The time a Markov chain takes to converge to its stationary distribution, i.e.,

the mixing time of the chain, is measured in terms of the distance between the
distribution at time t and the stationary distribution. Letting P t(x, y) denote
the t-step probability of going from x to y, the total variation distance at time t
is

‖P t, π‖tv = max
x∈Ω
1
2

∑

y∈Ω
|P t(x, y)− π(y)|.

For ε > 0, the mixing time τ(ε) is

τ(ε) = min{t : ‖P t′ , π‖tv ≤ ε, ∀t′ ≥ t}.

We say a Markov chain is rapidly mixing if the mixing time is bounded above
by a polynomial in n and log 1

ε , where n is the size of each configuration in the
state space.
It is well known that the mixing rate is related to the spectral gap of the

transition matrix. For the transition matrix P , we let Gap(P ) = λ0−|λ1| denote
its spectral gap, where λ0, λ1, . . . , λ|Ω|−1 are the eigenvalues of P and 1 = λ0 >
|λ1| ≥ |λi| for all i ≥ 2. The following result the spectral gap and mixing times
of a chain (see, e.g., [18]).

Theorem 1. Let π∗ = minx∈Ω π(x). For all ε > 0 we have

(a) τ(ε) ≤ 1
Gap(P ) log(

1
π∗ε
)

(b) τ(ε) ≥ |λ1|
2Gap(P ) log(

1
2ε ).

Hence, if 1/Gap(P ) is bounded above by a polynomial, we are guaranteed
fast (polynomial time) convergence. For most of what follows we will rely on the
spectral gap bound on mixing. Theorem 1 is useful for deriving a bound on the
spectral gap from a coupling proof, which provides bounds on the mixing rate.
We now review of some of the main techniques used to bound the mixing

rate of a chain, including the decomposition theorem.

2.1 Path Coupling

One of the most popular methods for bounding mixing times has been the cou-
pling method. A coupling is a Markov chain on Ω×Ω with the following proper-
ties. Instead of updating the pair of configurations independently, the coupling
updates them so that i) the two processes will tend to coalesce, or “move to-
gether” under some measure of distance, yet ii) each process, viewed in isolation,
is performing transitions exactly according to the original Markov chain. A valid
coupling ensures that once the pair of configurations coalesce, they agree from
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that time forward. The mixing time can be bounded by the expected time for
configurations to coalesce under any valid coupling.
The method of path coupling simplifies our goal by letting us bound the

mixing rate of a Markov chain by considering only a small subset of Ω×Ω [3, 6].
Theorem 2. (Dyer and Greenhill [6]) Let Φ be an integer valued metric
defined on Ω ×Ω which takes values in {0, . . . , B}. Let U be a subset of Ω ×Ω
such that for all (x, y) ∈ Ω×Ω there exists a path x = z0, z1, . . . , zr = y between x
and y such that (zi, zi+1) ∈ U for 0 ≤ i < r and

r−1∑

i=0

Φ(zi, zi+1) = Φ(x, y).

Define a coupling (x, y)→ (x′, y′) of the Markov chainM on all pairs (x, y) ∈ U .
Suppose that there exists α < 1 such that E[Φ(x′, y′)] ≤ αΦ(x, y) for all (xt, yt) ∈
U , Then the mixing time of M satisfies

τ(ε) ≤ log(Bε
−1)

1− α .

Useful bounds can also be derived in the case that α = 1 in the theorem (see
[6]).

2.2 The Disjoint Decomposition Method

Madras and Randall [12] introduced two decomposition theorems which relate
the mixing rate of a Markov chain to the mixing rates of related Markov chains.
The state decomposition theorem allows the state space to be decomposed into
overlapping subsets; the mixing rate of the original chain can be bounded by
the mixing rates of the restricted Markov chains, which are forced to stay within
the pieces, and the ergodic flow between these sets. The density decomposition
theorem is of a similar flavor, but relates a Markov chain to a family of other
Markov chains with the same Markov kernel, where the transition probabilities
of the original chain can be described as a weighted average of the transition
probabilities of the chains in the family.
We will concentrate on the state decomposition theorem, and will present

a newer version of the theorem due to Martin and Randall [15] which allows
the decomposition of the state to be a partition, rather than requiring that the
pieces overlap.
Suppose that the state space is partitioned intom disjoint pieces Ω1, . . . , Ωm.

For each i=1, . . . ,m, define Pi=P{Ωi} as the restriction of P to Ωi which rejects
moves that leave Ωi. In particular, the restriction to Ωi is a Markov chain,Mi,
where the transition matrix Pi is defined as follows: If x �= y and x, y ∈ Ωi
then Pi(x, y) = P (x, y); if x ∈ Ωi then Pi(x, x) = 1 −

∑
y∈Ωi,y �=x Pi(x, y). Let

πi be the normalized restriction of π to Ωi, i.e., πi(A) =
π(A∩Ωi)
π(Ωi)

. Notice that
if Ωi is connected then πi is the stationary distribution of Pi.
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Next, define P to be the following aggregated transition matrix on the state
space [m]:

P (i, j) =
1

π(Ωi)

∑

x∈Ωi,
y∈Ωj

π(x)P (x, y).

Theorem 3. (Martin and Randall [15]) Let Pi and P be as above. Then the
spectral gaps satisfy

Gap(P ) ≥ 1
2
Gap(P ) min

i∈[m]
Gap(Pi).

A useful corollary allows us to replace P in the theorem with the Metropolis
chain defined on the same Markov kernel, provided some simple conditions are
satisfied. Since the transitions of the Metropolis chain are fully defined by the
stationary distribution π, this is often easier to analyze than the true projection.
Define PM on the set [m], with Metropolis transitions PM (i, j)=min{1, π(Ωj)

π(Ωi)
}.

Let ∂i(Ωj) = {y ∈ Ωj : ∃ x ∈ Ωi with P (x, y) > 0}.
Corollary 4. [15] With PM as above, suppose there exists β > 0 and γ > 0
such that

(a) P (x, y) ≥ β whenever P (x, y) > 0;
(b) π(∂i(Ωj)) ≥ γπ(Ωj) whenever P (i, j) > 0.

Then
Gap(P ) ≥ 1

2
βγ Gap(PM ) min

i=1,...,m
Gap(Pi).

2.3 The Comparison Method

When applying the decomposition theorem, we reduce the analysis of a Markov
chain to bounding the convergence times of smaller related chains. In many cases
it will be much simpler to analyze variants of these auxiliary Markov chains in-
stead of the true restrictions and projections. The comparison method tells us
ways in which we can slightly modify one of these Markov chains without qual-
itatively changing the mixing time. For instance, it allows us to add additional
transition edges or to amplify some of the transition probabilities, which can be
useful tricks for simplifying the analysis of a chain.
Let P̃ and P be two reversible Markov chains on the same state space Ω

with the same stationary distribution π. The comparison method allows us to
relate the mixing times of these two chains (see [4] and [17]). In what follows,
suppose that Gap(P̃ ), the spectral gap of P̃ , is known (or suitably bounded) and
we desire a bound on Gap(P ), the spectral gap of P , which is unknown.
Following [4], we let E(P ) = {(x, y) : P (x, y) > 0} and E(P̃ ) = {(x, y) :

P̃ (x, y) > 0} denote the sets of edges of the two chains, viewed as directed
graphs. For each (x, y) ∈ E(P̃ ), define a path γxy using a sequence of states
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x = x0, x1, . . . , xk = y with (xi, xi+1) ∈ E(P ), and let |γxy| denote the length of
the path. Let Γ (z, w) = {(x, y) ∈ E(P̃ ) : (z, w) ∈ γxy} be the set of paths that
use the transition (z, w) of P . Finally, define

A = max
(z,w)∈E(P )





1

π(z)P (z, w)

∑

Γ (z,w)

|γxy|π(x)P̃ (x, y)



 .

Theorem 5. (Diaconis and Saloff-Coste [4]) With the above notation, the
spectral gaps satisfy Gap(P ) ≥ 1

AGap(P̃ )

It is worthwhile to note that there are several other comparison theorems
which turn out to be useful, especially when applying decomposition techniques.
The following lemma helps us reason about a Markov chain by slightly modi-
fying the transition probabilities (see, e.g., [10]). We use this trick in our main
application, sampling circuits.

Lemma 6. Suppose P and P ′ are Markov chains on the same state space, each
reversible with respect to the distribution π. Suppose there are constants c1 and c2
such that c1P (x, y) ≤ P ′(x, y) ≤ c2P (x, y) for all x �= y. Then c1Gap(P ) ≤
Gap(P ′)≤c2Gap(P ).

3 Sampling Circuits in the Cartesian Lattice

A circuit in ZZd is a walk along lattice edges which starts and ends at the origin.
Our goal is to sample from C, the set of circuits of length 2n. It is useful to
represent each walk as a string of 2n letters using {a1, ..., ad} and their inverses
{a−1

1 , ..., a
−1
d }, where ai represents a positive step in the ith direction, and a−1

i

represents a negative step. Since these are closed circuits, the number of times ai
appears must equal the number of times a−1

i appears, for all i. We will show how
to uniformly sample from the set of all circuits of length 2n using an efficient
Markov chain. The primary tool will be finding an appropriate decomposition
of the state space. We outline the proof here and refer the reader to [16] for
complete details.
Using a similar strategy, Martin and Randall showed how to use a Marko

chain to sample circuits in regular d-ary trees, i.e., paths of length 2n which trace
edges of the tree starting and ending at the origin [15]. This problem generalizes
to sampling Dyke paths according to a distribution which favors walks that hit
the x-axis a large number of times, known in the statistical physics community as
“adsorbing staircase walks.” Here too the decomposition method was the basis of
the analysis. We note that there are other simple algorithms for sampling circuits
on trees which do not require Markov chains. In contrast, to our knowledge, the
Markov chain based algorithm discussed in this paper is the first efficient method
for sampling circuits on ZZd.
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3.1 The Markov Chain on Circuits

The Markov chain on C is based on two types of moves: transpositions of neigh-
boring letters in the word (which keep the numbers of each letter fixed) and
rotations, which replace an adjacent (ai, a−1

i ) with (aj , a
−1
j ), for some pair of

letters ai and aj .
We now define the transition probabilities P ofM, where we say x ∈u X to

mean that we choose x from set X uniformly. Starting at σ, do the following.
With probability 1/2, pick i ∈u [n− 1] and transpose σi and σi+1. With proba-
bility 1/2, pick i ∈u [n−1] and k ∈u [d] and if σi and σi+1 are inverses (where σi
is a step in the positive direction), then replace them with (ak, a−1

k ). Otherwise
keep σ unchanged.
The chain is aperiodic, ergodic and reversible, and the transitions are sym-

metric, so the stationary distribution of this Markov chain is the uniform distri-
bution on C.

3.2 Bounding the Mixing Rate of the Circuits Markov Chain

We bound the mixing rate of M by appealing to the decomposition theorem.
Let σ ∈ C and let xi equal the number of occurrences of ai, and hence a−1

i in σ,
for all i. Define the trace Tr(σ) to be the vector X = (x1, ..., xd). This defines a
partition of the state space into

C = ∪ CX ,
where the union is over all partitions of n into d pieces and CX is the set of
words σ ∈ C such that Tr(σ) = X = (x1, ..., xd). The cardinality of the set CX
is
(

2n
x1,x1,...,xd,xd

)
, the number of distinct words (or permutations) of length 2n

using the letters with these prescribed multiplicities. The number of sets in the
partition of the state space is exactly the number of partitions of n into d pieces,
D =

(
n+d−1
d−1

)
.

Each restricted Markov chain consists of all the words which have a fixed
trace. Hence, transitions in the restricted chains consist of only transpositions,
as rotations would change the trace. The projection P consists of a simplex
containing D vertices, each representing a distinct partition of 2n. Letting

Φ(X,Y ) =
1
2
||X − Y ||1 ,

two points X and Y are connected by an edge of P iff Φ(X,Y ) = 1, where
|| · ||1 denotes the /1 metric. In the following we make no attempt to optimize the
running time, and instead simply provide polynomial bounds on the convergence
rates.

• Step 1 – The restricted Markov chains: Consider any of the restricted
chains PX on the set of configurations with trace X . We need to show that this
simpler chain, connecting pairs of words differing by a transposition of adjacent
letters, converges quickly for any fixed trace.
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We can analyze the transposition moves on this set by mapping CX to the
set of linear extensions of a particular partial order. Consider the alphabet
∪i{{ai,1, ..., ai,xi} ∪ {Ai,1, ..., Ai,xi}}, and the partial order defined by the re-
lations ai,1 ≺ ai,2 ≺ ... ≺ ai,xi and Ai,1 ≺ Ai,2 ≺ ... ≺ Ai,xi , for all i. It is
straightforward to see that there is a bijection between the set of circuits in
CX and the set of linear extensions to this partial order (mapping a−1 to A).
Furthermore, this bijection preserves transpositions. We appeal to the following
theorem due to Bubley and Dyer [3]:

Theorem 7. The transposition Markov chain on the set of linear extensions to
a partial order on n elements has mixing time O(n4(log2 n+ log ε−1)).

Referring to theorem 1, we can derive the following bound.

Corollary 8. The Markov chain PX has spectral gap Gap(PX) ≥ 1/(cn4 log2 n)
for some constant c.

• Step 2 – The projection of the Markov chain: The states Ω of the pro-
jection consist of partitions of n into d pieces, so |Ω| = D. The stationary prob-
ability of X = (x1, ..., xd) is π(X) =

(
2n

x1,x1,...,xd,xd

)
, the number of words with

these multiplicities.

The Markov kernel is defined by connecting two partitions X and Y if the
distance Φ(X,Y ) = (||x−y||1)/2 = 1. Before applying corollary 4 we first need to
bound the mixing rate of the Markov chain defined by Metropolis probabilities.
In particular, if X = (x1, ..., xd) and Y = (x1, ..., xi + 1, ..., xj − 1, ..., xd), then

PM (X,Y ) =
1
2n2
·min

(
1,
π(Y )
π(X)

)

=
1
2n2
·min

(
1,

x2
j

(xi + 1)2

)
.

We analyze this Metropolis chain indirectly by first considering a variant
P ′
M which admits a simpler path coupling proof. Using the same Markov kernel,
define the transitions

P ′
M (X,Y ) =

1
2n2(xi + 1)2

.

In particular, the xi in the denominator is the value which would be increased
by the rotation. Notice that detailed balance is satisfied:

π(X)
π(Y )

=
(xi + 1)2

x2
j

=
P ′
M (Y,X)
P ′
M (X,Y )

.

This guarantees that P ′
M has the same stationary distribution as PM , namely π.

The mixing rate of this chain can be bounded directly using path coupling.
Let U ⊆ Ω × Ω be pairs of states X and Y such that Φ(X,Y ) = 1. We couple
by choosing the same pair of indices i and j, and the same bit b ∈ {−1, 1} to
update each of X and Y , where the probability for accepting each of these moves
is dictated by the transitions of P ′

M .
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Lemma 9. For any pair (Xt, Yt) ∈ U , the expected change in distance after one
step of the coupled chain is E[Φ(Xt+1, Yt+1)] ≤ (1− 1

n6 )Φ(Xt, Yt).

Proof. If (Xt, Yt) ∈ U , then there exist coordinates k and k′ such that yk = xk+1
and yk′ = xk′ − 1. Without loss of generality, assume that k = 1 and k′ = 2. We
need to determine the expected change in distance after one step of the coupled
chain. Suppose that in this move we try to add 1 to xi and yi and subtract 1
from xj and yj . We consider three cases.

Case 1: If |{i, j} ∩ {1, 2}| = 0, then both processes accept the move with the
same probability and Φ(Xt+1, Yt+1) = 1.

Case 2: If |{i, j} ∩ {1, 2}| = 1, then we shall see that the expected change is
also zero. Assume without loss of generality that i = 1 and j = 3, and first
consider the case b = 1. Then we move from X to X ′ = (x1+1, x2, x3−1, ..., xd)
with probability 1

2n2(x1+1)2 and from Y to Y
′ = (x1 + 2, x2 − 1, x3 − 1, ..., xd)

with probability 1
2n2(x1+2)2 . Since P

′
M (X,X

′) > P ′
M (Y, Y

′), with probability
P ′
M (Y, Y

′) we update both X and Y ; with probability P ′
M (X,X

′) − P ′
M (Y, Y

′)
we update just X ; and with all remaining probability we update neither. In the
first case we end up with X ′ and Y ′, in the second we end up with X ′ and Y
and in the final case we stay at X and Y . All of these pairs are unit distance
apart, so the expected change in distance is zero. If b = −1, then P ′

M (X,X
′) =

P ′
M (Y, Y

′) = 1
2n2(x3+1)2 and again the coupling keeps the configurations unit

distance apart.

Case 3: If |{i, j} ∩ {1, 2}| = 2, then we shall see that the expected change is
at most zero. Assume without loss of generality that i = 1, j = 2 and b = 1.
The probability of moving from X to X ′′ = (x1 + 1, x2 − 1, ..., xd) = Y is
P ′
M (X,X

′′) = 1
2n2(x1+1)2 . The probability of moving from Y to Y

′′ = (x1+2, x2−
2, ..., xd) is P ′

M (Y, Y
′′) = 1

2n2(x1+2)2 . So with probability P
′
M (Y, Y

′′) we update
both configurations, keeping them unit distance apart, and with probability
P ′
M (X,X

′′) − P ′
M (Y, Y

′′) ≥ 1
2n6 we update just X , decreasing the distance to

zero. When b = −1 the symmetric argument shows that we again have a small
chance of decreasing the distance.

Summing over all of these possibilities yields the lemma. ��
The path coupling theorem implies that the mixing time is bounded by τ(ε) ≤

O(n6 logn). Furthermore, we get the following bound on the spectral gap.

Theorem 10. The Markov chain P ′
M on Ω has spectral gap Gap(P ′

M ) ≥ c′/
(n6 logn) for some constant c′.

This bounds the spectral gap of the modified Metropolis chain P ′
M , but we

can readily compare the spectral gaps of P ′
M and PM using lemma 6. Since all

the transitions of PM are at least as large as those of P ′
M , we find

Corollary 11. The Markov chain PM on Ω has spectral gap Gap(PM ) ≥ c′/
(n6 logn).
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• Step 3 – Putting the pieces together: These bounds on the spectral gaps
of the restrictions Pi and the Metropolis projection P ′

M enable us to apply the
decomposition theorem to derive a bound on the spectral gap of P , the original
chain.

Theorem 12. The Markov chain P is rapidly mixing on C and the spectral gap
satisfies Gap(P ) ≥ c′′/(n12d log3 n), for some constant c′′.

Proof. To apply corollary 4, we need to bound the parameters β and γ. We find
that β ≥ 1

4nd , the minimum probability of a transition. To bound γ we need to
determine what fraction of the words in CX are neighbors of a word in CY if
Φ(X,Y ) = 1 (since π is uniform within each of these sets). If X = (x1, ..., xd)
and Y = (x1, ..., xi + 1, ..., xj − 1, ..., xn), this fraction is exactly the likelihood
that a word in CX has an ai followed by an a−1

i , and this is easily determined
to be at least 1/n.
Combining β ≥ 1

4nd , γ ≥ 1
n with our bounds from lemmas 8 and 11, corol-

lary 4 gives the claimed lower bound on the spectral gap. ��

4 Other Applications of Decomposition

The key step to applying the decomposition theorem is finding an appropriate
partition of the state space. In most examples a natural choice seems to be to
cluster configurations of equal probability together so that the distribution for
each of the restricted chains is uniform, or so that the restrictions share some
essential feature which will make it easy to bound the mixing rate.
In the example of section 3, the state space is divided into subsets, each

representing a partition of n into d parts. It followed that the vertices of the
projection formed a d-dimensional simplex, where the Markov kernel was formed
by connecting vertices which are neighbors in the simplex. We briefly outline
two other recent applications of the decomposition theorem where we get other
natural graphs for the projection. In the first case graph defining the Markov
kernel of the projection is one-dimensional and in the second it is a hypercube.

4.1 Independent Sets

Our first example is sampling independent sets of a graph according to the Gibbs
measure. Recall that π(I) = γ|I|/Zγ , where γ > 0 is an input parameter and Zγ
normalizes the distribution. There has been much activity in studying how to
sample independent sets for various values of γ using a simple, natural Markov
chain based on inserting, deleting or exchanging vertices at each step. Works of
Luby and Vigoda [9] and Dyer and Greenhill [5] imply that this chain is rapidly
mixing if γ ≤ 2/(∆− 2), where ∆ is the maximum number of neighbors of any
vertex in G. It was shown by Borgs et al. [1] that this chain is slowly mixing on
some graphs for γ sufficiently large.
Alternatively, Madras and Randall [12] showed that this algorithm is fast

for every value of γ, provided we restrict the state space to independent sets of
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size at most n∗ = �|V |/2(∆ + 1)�. This relies heavily on earlier work of Dyer
and Greenhill [6] showing that a Markov chain defined by exchanges is rapidly
mixing on the set of independent sets of fixed size k, whenever k ≤ n∗. The
decomposition here is quite natural: We partition I, the set of independent sets
of G, into pieces Ik according to their size. The restrictions arising from this
partition permit exchanges, but disallow insertions or deletions, as they exit the
state space of the restricted Markov chain. These are now exactly the Markov
chains proven to be rapidly mixing by Dyer and Greenhill (but with slightly
greater self-loop probabilities) and hence can also be seen to be rapidly mixing.
Consequently, we need only bound the mixing rate of the projection.
Here the projection is a one-dimensional graph on {0, ..., n∗}. Further cal-

culation determines that the stationary distribution π(k) of the projection is
unimodal in k, implying that the projection is also rapidly mixing. We refer the
reader to [12] for details.

4.2 The Swapping Algorithm

To further demonstrate the versatility and potential of the decomposition
method, we review an application of a very different flavor. In recent work,
Madras and Zheng [13] show that the swapping algorithm is rapidly mixing for
the mean field Ising model (i.e., the Ising model on the complete graph), as well
as for a simpler toy model.
Given a graph G = (V,E), the ferromagnetic Ising model consists of a

graph G whose vertices represent particles and whose edges represent inter-
actions between particles. A spin configuration is an assignment of spins, either
+ or −, to each of the vertices, where adjacent vertices prefer to have the same
spin. Let Jx,y > 0 be the interaction energy between vertices x and y, where
(x, y) ∈ E. Let σ ∈ Ω = {+,−}|V | be any assignment of {+,−} to each of the
vertices. The Hamiltonian of σ is

H(σ) =
∑

(x,y)∈E
Jx,y1σx �=σy ,

where 1A is the indicator function which is 1 when the event A is true and 0
otherwise. The probability that the Ising spin state is σ is given by the Gibbs
distribution:

π(σ) =
e−βH(σ)

Z(G)
,

where β is inverse temperature and

Z(G) =
∑

σ

e−βH(σ).

It is well known that at sufficiently low temperatures the distribution is
bimodal (as a function the number of vertices assigned +), and any local dy-
namics will be slowly mixing. The simplest local dynamics, Glauber dynamics, is
the Markov chain defined by choosing a vertex at random and flipping the spin
at that vertex with the appropriate Metropolis probability.
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Simulated tempering, which varies the temperature during the runtime of an
algorithm, appears to be a useful way to circumvent this difficulty [8, 14]. The
chain moves between m close temperatures that interpolate between the temper-
ature of interest and very high temperature, where the local dynamics converges
rapidly. The swapping algorithm is a variant of tempering, introduced by Geyer
[7], where the state space is Ωm and each configuration S = (σ1, ..., σm) ∈ Ωm

consists of one sample at each temperature. The stationary distribution dis-
tribution is π(S) = Πm

i=1πi(σi), where πi is the distribution at temperature i.
The transitions of the swapping algorithm consist of two types of moves: with
probability 1/2 choose i ∈ [m] and perform a local update of σi (using Glauber
dynamics at this fixed temperature); with probability 1/2 choose i ∈ [m−1] and
move from S = (σ1, ..., σm) to S′ = (σ1, ..., σi+1, σi, ..., σm), i.e., swap configura-
tions i and i+ 1, with the appropriate Metropolis probability.
The idea behind the swapping algorithm, and other versions of tempering, is

that, in the long run, the trajectory of each Ising configuration will spend equal
time at each temperature, potentially greatly speeding up mixing. Experimen-
tally, this appears to overcome obstacles to sampling at low temperatures.
Madras and Zheng show that the swapping algorithm is rapidly mixing on

the mean-field Ising model at all temperatures. Let Ω+ ⊂ Ω be the set of
configurations that are predominantly +, and similarly Ω−. Define the trace of
a configuration S to be Tr(S) = (v1, ..., vm) ∈ {+,−}m where vi = + if σi ∈ Ω+

and vi = − if σi ∈ Ω−. The analysis of the swapping chain uses decomposition
by partitioning the state space according to the trace.
The projection for this decomposition is the m-dimensional hypercube where

each vertex represents a distinct trace. The stationary distribution is uniform on
the hypercube because, at each temperature, the likelihood of being in Ω+ and
Ω− are equal due to symmetry. Relying on the comparison method, it suffices
to analyze the following simplification of the projection: Starting at any vertex
V = (v1, ..., vm) in the hypercube, pick i ∈u [m]. If i = 1, then with probability
1/2 flip the first bit; if i > 1, then with probability 1/2 transpose the vi−1

and vi; and with all remaining probability do nothing. This chain is easily seen
to be rapidly mixing on the hypercube and can be used to infer a bound on the
spectral gap of the projection chain.
To analyze the restrictions, Madras and Zheng first prove that the simple,

single flip dynamics on Ω+ is rapidly mixing at any temperature; this result
is analytical, relying on the fact that the underlying graph is complete for the
mean-field model. Using simple facts about Markov chains on product spaces, it
can be shown that the each of the restricted chains must also be rapidly mixing
(even without including any swap moves). Once again decomposition completes
the proof of rapid mixing, and we can conclude that the swapping algorithm is
efficient on the complete graph.
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Abstract. Recently, several algorithms for the NP-complete problem k-
SAT have been proposed and rigorously analyzed. These algorithms are
based on the heuristic principle of local search. Their deterministic and
their probabilistic versions and variations, have been shown to achieve
the best complexity bounds that are known for k-SAT (or the special
case 3-SAT). We review these algorithms, their underlying principles
and their analyses.

1 Introduction

Consider Boolean formulas in conjunctive normal form (CNF), i.e. formulas,
which are conjunctions (and’s) of disjunction (or’s) of variables or negated vari-
ables. A variable or negated variable is called a literal. We assume here that
the variables are x1, x2, . . . , xn, and the complexity of all algorithms is mea-
sured as a function of n. A formula in CNF is in k-CNF if all clauses (dis-
junction of literals) contain at most k literals. It is well known that k-SAT is
NP-complete provided k ≥ 3. Here k-SAT is the problem of determining whether
a formula in k-CNF is satisfiable. A formula is satisfiable if there is an assignment
a : {x1, x2, . . . , xn} → {0, 1} which assigns to each variable a Boolean value such
that the entire formula evaluates to true.

Since k-SAT is NP-complete there is a considerable interest in algorithms that
run faster than the naive algorithm which just tests all 2n potential assignments
and which therefore takes worst-case time 2n (up to some polynomial factor).
Especially the case of 3-SAT is interesting since k-SAT becomes NP-complete,
starting with k = 3. A milestone paper in this respect is [10]. For every k an
algorithm for k-SAT, based on clever backtracking, is presented. In the case of
3-SAT a worst-case upper bound of 1.619n is shown in [10]. In the general k-SAT
case, the complexity is (ak)n where ak is the solution to the following equation
(ak)k−1 = (ak)k−2 + . . . + (ak)1 + 1. The method has been improved in [9] to
1.505n. Starting with the paper [12] probabilistic algorithm came into the scene,
where an upper bound of 1.58n is shown in the case of 3-SAT, and which was
later improved in [13] to 1.36n.

Another probabilistic algorithm, based on local search, was shown to achieve
(4/3)n0(1.3333...)n in the case of 3-SAT [15]. This algorithm and its variations
are the theme of this article.

J. Sgall, A. Pultr, and P. Kolman (Eds.): MFCS 2001, LNCS 2136, pp. 87–95, 2001.
c© Springer-Verlag Berlin Heidelberg 2001
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The notion “local search” refers to algorithms which wander through the
search space {0, 1}n of all assignments, at each step altering the actual assign-
ment to some neighbor assignment. Neighborhood is defined in terms of having
Hamming-distance = 1. The Hamming-distance between two assignments is the
number of bits where the assignments differ.

2 A Local Search Procedure for k-SAT

Suppose, input formula F in k-CNF is given. Let F contain n vari-
ables x1, . . . , xn. An assignment to these variables can be considered as a 0-
1-string of length n.

Consider the following recursive procedure local-search.

procedure local-search( a : assignment; m : integer ) : boolean;
{Returns true iff there is a satisfying assignment for formula F
within Hamming-distance ≤ m from assignment a.}
begin
if F (a) = 1 then return true;
if m = 0 then return false;
{Let C = {l1, l2, . . . , lk} be some clause in F with C(a) = 0,
i.e. all k literals li of C are set to 0 under a}
for i := 1 to k do if local-search(a|li, m− 1) then return true;
return false;
end local-search

Here a|li denotes the assignment a′ obtained from a by flipping the value of
literal li, i.e. changing the value of li from 0 to 1. If li is the (negated or non-
negated) variable xj , this means that the j-th bit in a is changed from 1 to 0
(or from 0 to 1, respectively). The Hamming distance between a and this new
assignment a′ is 1.

The correctness of the procedure local-search follows from the following ob-
servation. If there is a satisfying assignment a∗ of formula F , and the Hamming
distance between a∗ and the actual assignment a in the procedure evocation is d,
then for at least one of the assignments a|li, i = 1, . . . , k, used in the recursive
procedure calls, the Hamming distance to a∗ is d−1. At least one of the recursive
calls of local-search will therefore return the correct result.

It was suggested to modify the algorithm so that it “freezes” the assignment
of a variable once it was flipped. This prevents that a variable value is flipped
back in a deeper recursive procedure call. This modification is also correct, but
will not be considered here. Another heuristic is to choose among the clauses C
with C(a) = 0 a shortest one.

An evocation of procedure local-search(a,m), if m > 0 and F (a) = 0, causes
up to k evocations of local-search(. . . ,m − 1). That is, the recursion tree in-
duced by local-search(a,m) has km many leaves. Hence, the complexity of local-
search(a,m) is within a polynomial factor of km.
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Now, here is a simple deterministic algorithm for 3-SAT. We perform two
calls of the procedure local-search, one for local-search(0n, n/2) and one for
local-search(1n, n/2). It is clear that the entire search space {0, 1}n is covered
by these two calls since every assignment is within Hamming distance of n/2
from either 0n or 1n. The complexity of this deterministic 3-SAT algorithm is
within a polynomial factor of 3n/2 ≈ 1.732n, a bound which comes close to the
Monien-Speckenmeyer bound [10] but is obtained in a much simpler way.

Notice that it is not a good idea to generalize this to k-SAT with k ≥ 4, since
in this case kn/2 ≥ 2n.

3 Random Initial Assignments

A better idea (introduced in [14]) is to use independent random initial assign-
ments a1, a2, . . . , at ∈ {0, 1}n, and at the same time use a Hamming radius βn,
smaller than n/2, so that this new (probabilistic) algorithm for k-SAT looks like
this:

for t times do
begin
Choose an assignment a ∈ {0, 1}n, uniformly at random;
if local-search(a, βn) then accept
end;

reject

The question is how to choose t und β optimally so that the error probability
becomes negligible, as well as the overall complexity is minimized. It is clear
that the overall (worst-case) complexity is t · kβn where t could be a function
depending on n.

Regarding the error probability, a single evocation of local-search(a, βn) with
randomly chosen a ∈ {0, 1}n finds a satisfying assignment a∗ (if it exists) with
probability ∑βn

i=0

(
n
i

)

2n

Since t random assignments are chosen independently, the (error) probability of
missing the satisfying assignment a∗ in each evocation of local-search(a, βn) is

(
1−

∑βn
i=0

(
n
i

)

2n
)t
≤ e−t·

∑
βn

i=0 (
n
i)/2n

To bring this error probability below some negligible value, like e−20, it suffices
to choose

t = 20 · 2n
/ βn∑

i=0

(
n

i

)

Using Stirling’s approximation n! � (n/e)n
√
2πn, it can be seen that, for fixed

β, the expression
∑βn
i=0

(
n
i

)
behaves asymptotically, up to a polynomial factor,
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like [(1/β)β(1/(1 − β))1−β ]n (see [2]). Therefore, it suffices, up to a polynomial
factor, to choose t as [

2 · ββ · (1− β)1−β
]n

The overall complexity of this probabilistic k-SAT algorithm is therefore within
a polynomial factor of [

2 · ββ · (1− β)1−β · kβ
]n

By calculating the derivative of the expression in brackets and setting it to
zero, it can be seen that the expression in brackets is minimized by the choice
β = 1/(k + 1). Inserting β = 1/(k + 1) in the expression gives the complexity
bound of [2k/(k + 1)]n. In the case of 3-SAT this is 1.5n.

Actually, by analyzing the possible structure of 3 successive recursion levels
of local-search by a careful case analysis, one can see that not all 27 possi-
ble recursive calls (after 3 levels of local-search) can occur. Therefore, in the
case of 3-SAT, the complexity bound can be further reduced, namely to 1.481n

(see [4,5]). (Actually, this is not just a closer analysis but also a modification of
the algorithm since the clauses C in the procedure local-search need to be chosen
carefully.) This bound also applies in the derandomized version of the algorithm
as discussed in the next section.

4 Derandomization Using Covering Codes

The above example {0n, 1n} of two especially chosen initial assignments (to-
gether with an appropriate Hamming distance, which is n/2 in this case) is
nothing else than a special covering code (see [3]). Instead of choosing the initial
assignments at random as in the previous section, we are now looking for a sys-
tematic, deterministic way of selecting {a1, a2, . . . , at} such that, together with
an Hamming distance βn, as small as possible, we get

{0, 1}n =
t⋃

i=1

Hβn(ai)

Here Hm(a) = {b ∈ {0, 1}n | the Hamming distance between a and b is at most
m }. With such a code, the algorithm of the last section becomes deterministic
since we can cycle through all code words (i.e. initial assignments) systematically
in a deterministic manner.

In terms of coding theory, we are looking for codes with small covering radius
(βn) and a small number of code words (t) such that the enumeration of all code
words is possible within time polynomial in the number of code words. In the
ideal case of a perfect code, the relation between β and t reaches the Hamming
bound, i.e. the number of code words t satisfies

t = 2n
/ βn∑

i=0

(
n

i

)
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which is, up to a polynomial factor, [2 · ββ · (1 − β)1−β ]n. Actually, as seen in
the last section, the Hamming bound is reached by a set of random code words,
up to a polynomial factor, and up to a very small error probability.

In [4,5] two approaches are suggested to build up a good covering code. The
first approach achieves “almost perfect” codes and needs only polynomial space.
The second approach achieves perfect codes (up to some polynomial factor), but
needs exponential space.
Approach 1: Suppose β is fixed beforehand. Using a probabilistic analysis like in
the last section, it can be proved that for every ε > 0 there is a code length nε
such that a random code {a1, a2, . . . , atε} with this code length will satisfy
{0, 1}nε =

⋃tε
i=1Hβnε(ai) with high probability, provided that the number of

code words tε satisfies tε = [2 · ββ · (1 − β)1−β ](1+ε)nε . Now given the actual
number of variables n, we assume that n is a multiple of nε, i.e. n = qε · nε.
Then we can design a covering code of code length n as follows: each code
word consists of qε blocks of length nε and each block cycles through all the
code words {a1, a2, . . . , atε} independently. That is, this code has (tε)n/nε , i.e.
[2 · ββ · (1− β)1−β ](1+ε)n many code words. For every choice of ε the small code
of length nε can be “hard-wired” in the respective k-SAT algorithm (which is
deterministic, although the existence of those constant-size codes is shown by
a probabilistic argument), and which has complexity [2k/(k − 1)](1+ε)n. Notice
that the space complexity is polynomial.
Approach 2: Fix the constant c = 6 and construct a covering code of length
n/c in a greedy manner: enumerate all strings of length n/c and always choose
among the remaining strings such a string as next code word which covers the
most strings not yet covered. The time required by this greedy algorithm is 22n/c.
Also, exponential space is needed. The number of code words is within a poly-
nomial factor of the Hamming bound (cf. [7]). Then, similar to Approach 1,
concatenate c codewords to obtain one code word of length n. Finally, a determin-
istic k-SAT algorithm is obtained with worst-case time complexity (2k/(k+1))n

and exponential space complexity.

5 Probabilistic Local Search

Now we turn back to a probabilistic procedure (based on [15]). First, we go
back to the approach of choosing the initial assignment at random. Second, the
deterministic search done by procedure local-search will be substituted by some
random searching. Each time a clause C has been selected which is false under
the actual assignment a, one of the literals in this clause is selected uniformly at
random und its value under the assignment a is flipped. The resulting algorithm
looks as follows.
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for t times do
begin
Choose an assignment a ∈ {0, 1}n, uniformly at random;
for u times do
begin
if F (a) = 1 then accept;
{Let C = {l1, l2, . . . , lk} be some clause in F with C(a) = 0,
i.e. all k literals li of C are set to 0 under a}
Choose one of the k literals li at random;
Flip the value of li in assignment a;
end;

end;
reject

The algorithm is similar to the one in [11], but there it is only applied to 2-SAT.
We have to determine optimal values for t and u (depending on n and k).
This algorithm can be analyzed using Markov chains. Suppose F is satisfiable.

Fix some satisfying assignment a∗. Under assignment a∗, in each clause C of F ,
at least one literal becomes true. We fix in each clause exactly one such literal,
and call it the good literal of the respective clause.

After guessing the random initial assignment a, we have some Ham-
ming distance to the fixed assignment a∗. Clearly, this Hamming dis-
tance is a random variable being symmetrically binomially distributed, i.e.
Pr( Hamming distance = j) = 2−n

(
n
j

)
. In each step of the inner for-times-loop

the probability of guessing the good literal in clause C is exactly 1/k. With
probability 1−1/k we choose a “bad” literal (even if it also makes C true). That
is, we perform a random walk on an imaginary Markov chain. We move one step
closer to our goal (state zero) if we choose the good literal (with probability 1/k)
and otherwise (with probability 1−1/k) we increase the distance to state zero by
one. Notice that the state number is an upper bound to the Hamming distance
between the actual assignment a and the fixed satisfying assignment a∗.

For this (infinite) Markov chain it is known by standard results (see [6,16]),
assuming k ≥ 3:

– Pr(absorbing state 0 is reached |process started in state j ) = (1/(k − 1))j

– E(number of steps until state 0 is reached | process started in state j and the
absorbing state 0 is reached)= jk/(k − 2)

The following facts take the initial probability
(
n
j

)
2−n for state j into account.

– Pr(the absorbing state 0 is reached)=
∑n
j=0

(
n
j

)
2−n(1/(k− 1))j =(k/(2(k−

1)))n

– E(number of steps until 0 is reached | the absorbing state 0 is
reached)=n/(k − 2).
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Using Markov’s inequality and calculation with conditional probabilities, we ob-
tain finally,

Pr(after at most 2n/(k − 2) steps the state 0 is reached) ≥
(1/2) · (k/(2(k − 1)))n

Like in section 3, to obtain an error probability of at most e−20, we need to
repeat the random experiment 20 ·2 · (2(k−1)/k)n times. Therefore, the optimal
choice for u is u = 2n/(k− 2) and for t is t = 40 · (2(k− 1)/k)n. Thus, the entire
probabilistic algorithm has worst-case complexity (2(k − 1)/k)n, up to some
polynomial factor. In the case of 3-SAT, the algorithm has complexity (4/3)n,
up to some polynomial factor.

6 Further Improvement by Independent Clauses

In the following, the bound (4/3)n in the case of 3-SAT is improved somewhat.
The idea (from [17]) is to substitute the “blind” random guessing of an initial
assignment a ∈ {0, 1}n by some more clever random process such that “some-
times” the Hamming distance to the fixed satisfying assignment is small (and the
subsequent random walk on the Markov chain is more likely to be successful.)

A key notion is that of independent clauses. Two clauses are independent if
they have no variable in common. The following simple algorithm computes a
maximal set C of independent clauses in a greedy manner. Let the clauses with
3 literals in the input formula F be ordered in some way: C1, C2, . . . , Cm.

C := ∅;
for i := 1 to m do
if clause Ci is independent of all clauses in C then C := C ∪ {Ci};

Notice that the obtained set C has size at most n/3. Now either |C| is “small”
(|C| ≤ αn for some constant α to be determined later), or it is “big” (i.e. |C| >
αn).
Case 1: |C| ≤ αn.
In this case we apply the following algorithm. Notice that each independent
clause C ∈ C can be satisfied by 7 assignments to the 3 occurring variables.
These assignments can be tested independently for the clauses in C. For each of
the 7|C| ≤ 7αn assignments to the variables occurring in clauses from C we do
the following. This (partial) assignment is applied to the formula. The result is
that all clauses from C are satisfied, and additionally, all remaining clauses either
have already 2 literals, or at least one literal is set under the partial assignment.
This is because C was constructed to be a maximal set of independent clauses. In
other words, the remaining formula is a 2-CNF formula. Satisfiability of 2-CNF
formulas can be tested in polynomial time [1]. Therefore, in this case, we have
a satisfiability test for the input formula F running in time at most 7αn, up to
some polynomial factor.
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Case 2: |C| > αn.
In this case we use the random walk algorithm like in the last section, but
with a modified initial distribution of the assignments. We choose the initial
assignments a at random using the following stochastic process. For each clause
C ∈ C choose the assignments for the 3 literals in C from the 8 assignments
000, 001, 010, 100, 011, 101, 110, 111 according to the following probability distri-
bution.

assignment probability
000 0
001 z
010 z
100 z

011 y
101 y
110 y

111 x

These probabilities x, y, z are then determined by analyzing the complexity of
this modified algorithm and solving a set of linear equations. The result is

x = 1/7, y = 2/21, z = 4/21.

With these values, the success probability becomes

(3/4)n−3|C| · (3/7)|C| ≥
[
(3/4)(1−3α)(3/7)α

]n

The reciprocal value gives the complexity of the algorithm (up to a polynomial
factor). The optimal value for α, used to distinguish Cases 1 and 2, can now be
determined by solving for

7α = (4/3)(1−3α)(7/3)α

yielding α ≈ 0.146652. With these parameters we obtain the total running time
1.3303n, up to some polynomial factor.

A further minor improvement is possible as follows, cf. [8]. Instead of fixing
the values for x, y, z in some way, one can run a finite set of algorithms in parallel
which all use different (x, y, z)-values. Even if we don’t know beforehand how
many and which of the literals in the clauses are satisfied under a∗, at least one of
the finitely many algorithms will obtain a somewhat better success probability
as the one calculated above. The new bound is 1.3302n. The details will be
presented in the full paper.
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17. R. Schuler, U. Schöning, O. Watanabe: An Improved Randomized Algorithm For
3-SAT. Techn. Report TR-C146, Dept. of Mathematical and Computing Sciences,
Tokyo Institute of Technology, 2001. 93



Linear Temporal Logic and Finite Semigroups

Thomas Wilke

CAU, Kiel, Germany
wilke@ti.informatik.uni-kiel.de

Abstract. This paper gives a gentle introduction to the semigroup-
theoretic approach to classifying discrete temporal properties and sur-
veys the most important results.

1 Introduction

Linear temporal logic is a widely used, rigorous formalism for specifying temporal
properties conveniently, namely by using formal counterparts of natural-language
constructs such as “always”, “eventually”, “until”, “hitherto” and so forth. De-
veloped in the 1960s as an extension of tense (modal) logic, linear temporal
logic had been primarily studied in mathematical logic and linguistics [8] before
Pnueli [12] and Kröger [9] suggested to use it for specifying temporal properties
of nonterminating computations such as the behavior of reactive systems. Since
then it has become ever more important in computer science, especially, as it
is feasible to determine whether or not a finite-state system (such as a piece
of hardware or a communication protocol) satisfies a desirable linear temporal
property.

The important feature of linear temporal logic are its temporal operators,
which allow one to express relations between the propositional variables that hold
true in various points of time. From the most general point of view, a temporal
operator is simply a first-order formula with one free first-order variable and
free unary predicate symbols [6]. As a consequence, there are infinitely many
temporal operators, but only a few of them are in wide-spread use, namely those
that are easy to phrase in natural language and, at the same time, powerful
enough to express what is necessary.

It is an intriguing question to determine how much each of the temporal op-
erators in use adds to the expressive power of linear temporal logic. Equivalently,
one can ask which temporal properties can be expressed if linear temporal logic
is restricted to only certain operators. Similarly, it is interesting to determine
what can be expressed if the nesting depth of the binary temporal operators
(which, for a human, are more difficult to parse) is restricted. More general, it is
an interesting question to characterize the various fragments of linear temporal
logic.

There are different ways of characterizing fragments of linear temporal logic.
One way is to show that the expressive power of a given fragment is the same
as the expressive power of a different logic or another formalism. Results of this
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kind include Kamp’s famous result that linear temporal logic and first-order
logic are equally expressive (in Dedekind-complete time structures) [8], that lin-
ear temporal logic restricted to unary operators is as expressive as first-order
logic with two variables [5], and that in linear temporal logic one can define
exactly the same formal languages that can be defined by star-free regular ex-
pressions [8,13,10]. From a computational point of view, it is more desirable to
have an effective characterization in the form of an algorithm that given a prop-
erty determines if it is expressible in the fragment in question and computes,
if possible, a respective formula. For example, from the same work mentioned
above [8,13,10] it follows that a regular language is expressible in linear temporal
logic if and only if its syntactic semigroup contains no subsemigroup which is a
non-trivial group. This is an effective description, for from any reasonable rep-
resentation of a regular language (finite automaton, regular expression, monadic
second-order formula) one can effectively obtain the multiplication table of its
syntactic semigroup and by an exhaustive search it is easy to check whether it
contains a non-trivial group as a subsemigroup.

The above decision procedure follows a pattern which has been used for
many effective characterizations of fragments of linear temporal logic and has
been most successful in that it has also worked for fairly complicated fragments;
the purpose of this paper is to explain this pattern, the “semigroup paradigm”.

As described above, the semigroup paradigm is very simple. If one wants
to obtain an effective characterization of a certain fragment F (where time is
modeled as an initial segment of the natural numbers) one first considers the
class L of formal (regular) languages that can be defined by a formula in the
fragment. (Since every temporal property defines a regular language, L is a
perfect description of the expressive power of F .) Next, one considers the smallest
class V of finite semigroups containing all syntactic semigroups of the languages
in L and which is closed under boolean operations, homomorphic images, and
finite direct products, the pseudovariety generated by the syntactic semigroups
of the languages in L. In most cases, V is a perfect description of L in the
sense that V contains no syntactic semigroup of a language not in L. In the last
step, one uses semigroup theory to show that V is decidable, which also implies
that expressibility in F is decidable, for passing from a linear temporal formula
to the syntactic semigroup of the language associated with it is effective. In
many instances, the most difficult part is the last step, namely to find a decision
procedure for V .— The purpose of this paper is to illustrate and explain this
approach in more detail.

In most applications, modalities are used that refer only to the present and
the future (e. g., “sometime in the future”, “until”) even though Kamp, when he
defined temporal logic, had one future and one past modality in his logic. The
restriction to future modalities is no restriction from a theoretical point of view:
by a theorem of Pnueli, Shelah, Stavi and Gabbay [7], every linear temporal
formula is equivalent to a future formula if one is only interested in defining
properties of time structures with a starting point.
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As pointed out above, Kröger and Pnueli suggested to use linear temporal
logic for specifying properties of non-terminating computations. So time should
be modeled as the natural numbers (assuming one is interested in discrete time).
In this paper, only finite prefixes of the natural numbers are considered. Most
results presented here can be extended to the natural numbers (ω-words), but
different techniques are required, which are out of the scope of this paper.

Basic notation. When ≡ is an equivalence relation over a set M and m ∈ M ,
then [m]≡ denotes the equivalence class of m. Accordingly, when M ′ ⊆M , then
M ′/≡ denotes the set of all equivalence classes of elements from M ′, that is,
M ′/≡ = {[m]≡ | m ∈M ′}.

Strings are sequences of letters over a finite alphabet. The length of a string u
is denoted |u|. The i-th letter of a string u is denoted ui, that is, u = u1 . . . u|u|.
The suffix of a string u starting at position i, the string ui . . . u|u|, is denoted
sufi(u) and, similarly, prefixes are denoted prefi(u).

As usual, A∗ and A+ denote the set of all strings over A and all non-empty
strings over A, respectively.

2 Linear Temporal Logic

In this section, the basics on linear temporal logic are recalled. For more on this,
see [4] and [6].

2.1 Syntax

A future linear temporal logic formula (LTL formula) over some finite set Σ of
propositional variables is built from the boolean constant tt and the elements of
Σ using boolean connectives and temporal operators: X (neXt), F (eventually in
the future, Finally), and U (Until), where only U is binary and the others are
unary.

2.2 Semantics

Given an LTL formula ϕ over some set Σ of propositional variables and a string
u ∈ (2Σ)+, we write u |= ϕ for the fact that u satisfies ϕ. In particular,

– u |= tt,
– u |= p if p ∈ u1,
– u |= ϕ U ψ if there exists j with 1 < j ≤ |u| such that sufj(u) |= ψ and

sufi(u) |= ϕ for all i with 1 < i < j.

The semantics of X and F is derived from this:

Xϕ = ¬tt U ϕ , Fϕ = tt U ϕ . (1)



Linear Temporal Logic and Finite Semigroups 99

With every formula ϕ over Σ, we associate a language over 2Σ :

L(ϕ) = {u ∈ (2Σ)+ | u |= ϕ} . (2)

We say L(ϕ) is defined by ϕ.
When we want to define languages over arbitrary alphabets (rather than

alphabets of the form 2Σ) we will use the following convention. We view A as a
subset of some appropriate alphabet 2Σ. More formally, for each alphabet A we
choose once and for all a setΣ of propositional variables such that 2|Σ|−1 < |A| ≤
2|Σ| and an injective mapping ι : A→ 2Σ, which we extend to a homomorphism
ι : A∗ → (2Σ)∗. For each formula ϕ ∈ LTLA (where the atomic formulas are
letters from A), we set

L(ϕ) = {u ∈ A+ | ι(u) |= ϕ′} , (3)

where ϕ′ is obtained from ϕ by replacing every occurrence of a letter a by
∧

p∈ι(a)
p ∧

∧

p/∈ι(a)
¬p . (4)

As above, L(ϕ) is the language defined by ϕ.
With every class of formulas Φ, we associate the class L(Φ) of all languages

defined by formulas in Φ. The alphabet associated with a formula and the al-
phabet a language is written over will always be implicit. When L ∈ L(Φ), we
say L is expressible in Φ.

Formulas ϕ, ψ ∈ LTLΣ are equivalent, denoted ϕ ≡ ψ, if L(ϕ) = L(ψ). (This
assumes that their alphabets are the same.)

2.3 Fragments

A fragment of LTL is determined by which temporal operators are allowed and
possible restrictions on the nesting depth on these operators. When θ1, . . . , θr
are operators, then TL[θ1, . . . , θr] is the fragment of LTL where only θ1, . . . , θr
are allowed. For instance, TL[X,F] is what Cohen, Pin, and Perrin call restricted
temporal logic.

Subscripts indicate bounds on nesting depth. For instance, in TL[Xk] only X is
allowed and the nesting depth in X is at most k. Another example is TL[X,F,Uk],
where X and F are allowed without restriction and the nesting depth in U must
not be greater than k. This is also known as the k-th level of the until hierarchy.

3 Formal Languages and Semigroups

In this section, the basics on formal languages and finite semigroups are recalled.
See also [11], and for semigroup theory see [1].
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3.1 Semigroups and Congruences

An equivalence relation≡ on A+ is called a congruence over A if uv ≡ u′v′ when-
ever u ≡ u′ and v ≡ v′. A congruence relation has finite index if it has a finite
number of equivalence classes. A congruence over some alphabet A saturates a
formal language if it is a union of congruence classes.

Given a language L ⊆ A+, its syntactic congruence, denoted ≡L, is the
equivalence relation on A+ defined by

u ≡L v iff ∀x, y ∈ A+(xuy ∈ L↔ xvy ∈ L) ,
which is, in fact, an equivalence relation. It is the coarsest congruence satu-
rating L and has a finite index if and only if L is regular. If L is regular and
(A,Q, qI , δ, F ) is the minimal DFA recognizing L, then

u ≡L v iff ∀q ∈ Q(δ+(q, u) ∈ F ↔ δ+(q, v) ∈ F ) ,
where δ+ is the extended transition function, obtained by extending δ according
to δ+(q, xa) = δ(δ+(q, x), a).

A semigroup is a set equipped with an associative product. The free semi-
group over a set A is the set A+ with concatenation as product. A homomor-
phism h : A+ → S into a semigroup induces an equivalence relation ≡h defined
by u ≡ v if h(u) = h(v). Conversely, a congruence relation ≡ over some alpha-
bet A induces a homomorphism h≡ : A+ → A+/≡ into the quotient semigroup
A+/≡ defined by h(u) = [u]≡.

A language L over A is recognized by a homomorphism h : A+ → S if L is
saturated by ≡h, that is, when L = h−1(P ) for some set P ⊆ S. It is recognized
by a semigroup S if there exists a homomorphism h : A+ → S which recognizes
it. The syntactic semigroup of a language L ⊆ A+, denoted S(L), is defined by
S(L) = A+/≡L. Clearly, L is recognized by h≡L and S(L) and L is regular iff
S(L) is finite.

3.2 Pseudovarieties of Semigroups

Often enough, interesting classes of regular languages (such as all LTL expressible
languages) are closed under boolean combinations, left and right quotients (if L
belongs to the class, then also a−1L = {u | au ∈ L} and La−1 = {u | ua ∈ L}),
and inverse homomorphic images. Such classes are called varieties of formal lan-
guages. According to Eilenberg’s theorem [3], varieties of formal languages are
in a one-to-one correspondence with pseudovarieties of finite semigroups, which
are classes of finite semigroups closed under finite direct products, homomor-
phic images and subsemigroups. More precisely, the following two mappings are
inverse to each other: (1) the mapping that associates with every variety L of
formal languages the pseudovariety of semigroups generated by the syntactic
semigroups of the languages in L, and (2) the mapping that associates with ev-
ery pseudovariety V of finite semigroups the class of formal languages recognized
by elements of V (which is a variety of formal languages).
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So studying the corresponding pseudovariety of semigroups is as good as
studying a given variety of languages. This is true even when it comes to com-
putational issues, because constructing the syntactic semigroup of a regular lan-
guage from a representation by a finite automaton or a regular expression is
effective. In particular, in order to show that membership to a given variety
of formal languages is decidable it is enough to show that membership to the
corresponding pseudovariety of semigroups is decidable. And the latter is, often
enough, (much) easier.

Decidability for pseudovarieties of semigroups has been studied for quite a
while. In certain situations, decidability is obvious, for instance, when a pseu-
dovariety is defined by a finite set of equations. But in other situations it can be
very difficult. In fact, there are quite a view pseudovarieties where decidability
is an open problem. Fortunately, showing decidability for the pseudovarieties
related to LTL is not that difficult.

We will use the following terminology when working with congruences. If the
quotient semigroup of a congruence relation ≡ over some alphabet A belongs to
a pseudovariety V , we will say that ≡ is a V -congruence.

4 Simple Fragments

We first study fragments of temporal logic which are easy to characterize, but
are non-trivial nevertheless. Here, easy means that it is almost straightforward
to come up with a finite set of equations (in fact, a single equation) for the
corresponding pseudovariety of semigroups.

4.1 Next Only

We first look at the LTL fragment where only X is allowed, that is, we study
TL[X]. Observe that although in TL[X] one cannot express complicated proper-
ties, even over a fixed alphabet there are infinitely many different properties that
can be expressed. So finding an effective characterization is not a trivial issue.

For a start, we consider TL[Xk] for increasing k. The formulas in TL[X0] are
the propositional formulas, and with such a formula we can only speak about the
first position of a string. In TL[X1] we can also speak about the second position.
We can, for instance, say that in the second position there is a certain letter
(Xa), and we can say that there is no second position (¬Xtt). In TL[X2], we can
also speak about the third position of a string . . . Algebraically, this means that
in the syntactic semigroup of a language expressible in TL[Xk] any two products
of at least k + 1 elements which agree on the first k + 1 factors are the same:

Theorem 1. Let k ≥ 0 and L ⊆ A+ a regular language. Then the following are
equivalent:

1. L is expressible in TL[Xk].
2. S(L) satisfies

s1 . . . sk+1t = s1 . . . sk+1 . (Xk)
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3. L is saturated by the congruence ≡k defined by u ≡k v if u = v or |u|, |v| ≥
k + 1 and prefk+1(u) = prefk+1(v).

Proof. That 2. and 3. are equivalent is easy to see: the quotient semigroup
A+/≡k satisfies (Xk), and if a semigroup S satisfies (Xk) and h : S → A+ is
a homomorphism, then ≡k ⊆ ≡h.

To complete the proof we show the equivalence between 1. and 3. For the
implication from 3. to 1. we only need to show that every equivalence class of
≡k is expressible in TL[Xk]. This is simple: if |u| ≤ k, then [u]≡k

, which contains
just u, is defined by u1 ∧X(u2 ∧X(u3 ∧ · · · ∧X(u|u| ∧¬Xtt))); if |u| ≥ k+1, then
[u]≡k

is defined by u1 ∧ X(u2 ∧ X(u3 ∧ · · · ∧ Xuk+1)).
The proof of the implication from 1. to 3. goes by induction on k. The base

case, k = 0, is simple: a language L ⊆ A+ is expressible in TL[X0] if L = BA∗ for
some B ⊆ A, and all these languages are saturated by ≡k. In the inductive step,
assume we are given a formula ϕ ∈ TL[Xk+1]. Then ϕ is a boolean combination
of propositional formulas and formulas of the form Xψ where ϕ ∈ TL[Xk]. So,
by induction hypothesis, L(ϕ) is a boolean combination of languages of the
form BA∗ and A[u]≡k

where B ⊆ A and u ∈ A+ is a ≡k-class. Clearly, each
language of the first type is saturated by ≡k+1. Moreover, it is easy to see
that A[u]≡k

=
⋃
a∈A[au]≡k+1 ; hence, every language of the second type is also

saturated by ≡k+1. ��
Example 2. Consider L = abA∗ where A = {a, b}. The syntactic congruence of L
has 4 classes: a, aaA∗, bA∗, abA∗. The multiplication table of S(L) is:

a b aa ab
a aa ab aa aa
b b b b b
aa aa aa aa aa
ab ab ab ab ab ,

where the elements are identified with shortest representatives of the correspond-
ing equivalence classes. Clearly, (X0) is not satisfied, because aa is different
from a. On the other hand, it is easy to see that (X1) is satisfied. So L should
be definable by a TL[X1] formula. It is simple to come up with such a formula:
a ∧ Xb. ��

Clearly, a characterization of the pseudovariety corresponding to full TL[X]
cannot be given in terms of a finite number of equations. In order to arrive at
an effective characterization nevertheless, we allow a new operation to be used
in equations—currently, in equations we only use the binary products of the
underlying semigroups.

Let S be a finite semigroup. Then, for every s ∈ S, there is a unique element
e ∈ {s, s2, s3, . . . } such that e2 = e. That is, in the subsemigroup generated
by s there is a unique idempotent element. This will be denoted by sω. Clearly,
when S and s are given, then sω can be determined easily. So if we allow (.)ω

to be used in equations for defining classes of finite semigroups—this is what we
do from now on—, then these equations can still be verified effectively.
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The key observation for finding an equation for full TL[X] is that in a finite
semigroup idempotent elements represent “long” strings. More precisely, in a
finite semigroup S every element which can be written as a product of at least
|S| elements can also be written in the form s′es′′ where e is idempotent (for
any product s1 . . . sn consider the partial products s1, s1s2, . . . and use the
pigeon-hole principle). Using this, we obtain:

Lemma 3. A finite semigroup satisfies one of the equations (Xk) if and only if
it satisfies

sωt = sω . (X)

Proof. Let S be a finite semigroup. If S satisfies (Xk), then S satisfies (X): we
have sωt = (sω)k+1t = (sω)k+1 = sω, where the middle equality is due to (Xk).

Conversely, in a semigroup S with n elements we have s1 . . . sny = s′es′′y =
s′eωs′′y = s′eω = s′eωs′′ = s1 . . . sn for appropriate elements s′, s′′ ∈ S, e
idempotent, and any choice of s1, . . . , sn ∈ S. ��
Example 4. Consider L from Example 2 again. Clearly, b, aa, and ab are the
only idempotent elements, and all of them are left zeroes. So (X) is satisfied. ��

We conclude with a summary of the results:

Theorem 5. 1. For every k, the fragment TL[Xk] is effectively characterized
by (Xk).

2. The fragment TL[X] is effectively characterized by (X).

4.2 Eventually Only

In this section, we look at a more complicated class of temporal formulas. We
want to characterize the languages that are expressible in TL[F].

With nesting depth 0 one can specify that a string starts with a certain letter.
With nesting depth 1 one can specify in addition that certain letters occur after
the first position (Fa) and others don’t (¬Fa). With nesting depth 2 one can, for
instance, specify in addition that after the first position a certain letter occurs
and after that one certain letters do not occur any more (F(a∧¬Fa1∧ . . .¬Fan))
and other related properties.

We want to phrase algebraically what all the above properties have in com-
mon. Assume we are given a set Φ of properties that can be expressed in TL[F],
say the set of all properties of nesting depth at most k. Suppose a string of the
form u and one of its suffixes, say sufi(u) satisfy exactly the same subset Φ′ of Φ.
Then it should be clear that every string “between” u and sufi(u) starting with
the same letter as u and v, that is, every sufj(u) with 1 ≤ j ≤ i and u1 = uj
(= ui) should satisfy exactly Φ′.

This can be phrased very easily in terms of a universal Horn sentence (and
in terms of an equation):
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Theorem 6. Let L ⊆ A+ be a regular language. Then the following are equiva-
lent.

1. L is expressible in TL[F].
2. S(L) satisfies

stu = u→ rtu = ru . (5)

(Observe that on the right-hand side we could also write rstu = rtu = ru.)
3. S(L) satisfies

rs(ts)ω = r(ts)ω . (6)

In the proof, we use the following equivalence relation, which parametrizes
the TL[F] expressible properties. For every k, let ≡k be the congruence with
u ≡k v if u and v satisfy the same TL[Fk] properties. This equivalence relation
is in fact a congruence relation. We will use the following inductive description
of ≡k:
Lemma 7. Let u and v be arbitrary non-empty strings over A. Then:

1. u ≡0 v iff u1 = v1.
2. u ≡k+1 v iff

(a) u1 = v1,
(b) for every i with 1 < i ≤ |u| there exists j with 1 < j ≤ |v| such that

sufi(u) ≡k sufj(v), and
(c) for every i with 1 < i ≤ |v| there exists j with 1 < j ≤ |u| such that

sufi(v) ≡k sufj(u). ��
This can be proved by a straightforward induction on k; it simply formalizes

what was informally described at the beginning of this subsection.

Proof of Theorem 6. It is easy to see that (5) and (6) are equivalent for every
finite semigroup. First, assume (5) holds. Let s and t be arbitrary semigroup
elements and m such that (ts)m = (ts)ω. Then t(st)m−1s(st)m = (ts)m, so,
using (5), rs(ts)m = r(ts)m, hence rs(ts)ω = r(ts)ω . Conversely, if stu = u,
then (st)mu = u for every m ≥ 1, in particular, (st)ωu = u, which implies
rt(st)ωu = ru. But t(st)ωu = tu anyway, so rtu = ru.

To conclude the proof we show that 1. and 2. are equivalent. The proof
that 1. implies 2. is by induction on k. It is enough to show that the quotient
semigroups A+/≡k satisfy (5). For k = 0, this is trivial. So let k > 0 and assume
stu ≡k u. Clearly, rtu and ru start with the same letter, so 2.(a) from Lemma 7.
Let ϕ ∈ TL[Fk−1]. First, suppose sufi(ru) |= ϕ for some i with 1 < i ≤ |ru|.
We distinguish two cases. If i ≤ |r|, then r′u |= ϕ for a suffix r′ of r, and the
induction hypothesis yields r′tu |= ϕ, which shows sufi(rtu) |= ϕ. If i > |r|, then
sufi−|r|(u) |= ϕ, so sufi+|t|−|r|(tu) |= ϕ, which also means sufi+|t|(rtu) |= ϕ.
So, in both cases, sufj(rtu) |= ϕ for some j with 1 < j ≤ |rtu|, that is, 2.(b)
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from Lemma 7. In the same fashion, one proves that 2.(c) holds. This shows
rtu ≡k ru.

For the implication from 2. to 1., we again use the above characterization of
≡k. Assume (5) does not hold for the syntactic semigroup of some language L.
Then there exist strings r, s, t, u such that stu ≡L u and rtu �≡L ru. As a
consequence, we have rt(st)ku �≡L r(st)ku for every k. By definition of ≡L, this
means that for every k there exist x, y ∈ A∗ such that xrt(st)kuy ∈ L and
xr(st)kuy /∈ L, or xrt(st)kuy /∈ L and xr(st)kuy ∈ L. By a simple induction,
one shows xrt(st)kuy ≡k xr(st)kuy. So no formula in TL[Fk] can define L. Since
this is true for every k, L cannot be expressed in TL[F]. ��
Example 8. Consider L = A∗aA∗b where A = {a, b, c}. The classes of ≡L
are: A∗a, A∗aA∗b, (b + c)∗b, (b + c)∗c, A∗aA∗c. And the multiplication table
of S(L) is:

a b c ab ac
a a ab ac ab ac
b a b c ab ac
c a b c ab ac
ab a ab ac ab ac
ac a ab ac ab ac .

The elements a, ab, and ac are right zeros, so it is impossible to violate (6) with
ts ∈ {a, ab, ac}. But (ts)ω /∈ {a, ab, ac} iff t, s ∈ {b, c}, and in the subsemigroup
{b, c}, b and c are right zeros. So S(L) satisfies (6). This is what we expect,
because L is defined by (a ∧ Fb) ∨ F(a ∧ Fb). ��
Example 9. Consider the language L from Example 2. The second letter of any
word in L is fixed to b. This should not be expressible in TL[F]. Our decision
procedure yields the expected result: in S(L), we have aa = aa(ba)ω �= a(ba)ω =
ab, thus (6) does not hold in S(L). ��

5 Composing Classes

Many fragments of LTL are more difficult to characterize than TL[X] and TL[F],
for instance, TL[X,F], which is known as restricted temporal logic. For fragments
like this one, a compositional approach should be taken. The key concepts are
substitution on the LTL side and semidirect products on the semigroup side.

5.1 Substitution

It is quite easy to see that every formula in TL[X,F] is equivalent to a formula
in that fragment where F does not occur in the scope of X. So X can always be
pushed inside. We describe this more formally using substitution.

A function σ : LTLΣ → LTLΓ is a substitution if σ maps each formula ϕ ∈
LTLΣ to the formula which is obtained from ϕ by replacing every occurrence of a



106 Thomas Wilke

propositional variable p ∈ Σ by σ(p). Note that a substitution is fully determined
by the values for the propositional variables.

When Ψ is a class of LTL formulas, then σ : LTLΣ → LTLΓ is a Ψ substitution
if σ(p) ∈ Ψ for every p ∈ Σ. When Φ and Ψ are classes of formulas, then
Φ ◦ Ψ is the set of all formulas σ(ϕ) where ϕ ∈ Φ is a formula over some Σ
and σ : LTLΣ → LTLΓ is a Ψ substitution for some Γ . Clearly, substitution is
associative, so it is not necessary to use parentheses.

The above remark about TL[X,F] can now be rephrased as follows. Every
formula in TL[X,F] is equivalent to a formula in TL[F] ◦ TL[X].

The most basic lemma about the semantics of LTL is the analogue of the
substitution lemma for first-order logic, which is described in what follows. Let
σ : LTLΣ → LTLΓ be a substitution. For each u ∈ (2Γ )+ of length n, let σ(u) be
the string a1 . . . an with

ai = {p ∈ Σ | sufi(u) |= σ(p)} . (7)

So the i-th letter of σ(u) encodes which formulas σ(p) hold in sufi(u) and which
don’t.

The substitution lemma now splits the problem u
?

|= σ(ϕ) into two problems:

Lemma 10 (LTL substitution lemma). Let ϕ be an LTL formula over Σ
and σ : LTLΣ → LTLΓ a substitution. Then, for every u ∈ (2Σ)+,

u |= σ(ϕ) iff σ(u) |= ϕ . (8)

��
The proof of this lemma is a simple induction.

Example 11. Let ϕ = F(a ∧ Xb) where A = {a, b}, that is, L(ϕ) = A+abA∗.
Identify A with 2Γ where Γ = {q}, in particular, assume a = {q} and b = ∅. Let
Σ = {p}. Then ϕ = σ(Fp) with σ : p �→ a ∧ Xb, more precisely, σ(p) = q ∧ X¬q.
Clearly, bbbaba |= ϕ. Using the above lemma, we can verify this as follows. First,
σ(bbbaba) = ∅∅∅{p}∅∅, and the latter satisfies Fp. ��

5.2 Semidirect Product/Substitution Principle

Suppose we are given two LTL fragments Φ and Ψ and effective characteriza-
tions in terms of finite semigroups, that is, we are given two pseudovarieties V
and W such that L(Φ) = L(V ) and L(Ψ) = L(W ). We would like to have a
characterization of Φ◦Ψ . To obtain a good picture of what this operation should
do, we reconsider the substitution lemma.

There is a straightforward way to model σ(u) in an algebraic setting. As-
sume we are given a congruence ≡ that describes somehow the semantics of
the formulas σ(p), say it saturates all the languages defined by these formulas.
Further, assume u is a non-empty string over A. Then the string σ(u) somehow
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corresponds to the string u≡ defined by u≡ = a1 . . . a|u| where ai = [sufi(x)]≡.
Note that u≡ should strictly be viewed as a string over the semigroup A+/≡.

From the above it is clear it would be desirable to have an algebraic operation
at hand which given pseudovarieties V and W yields a new pseudovariety gen-
erated by all quotients of the form A+/≡′′′ where ≡′′′ is a congruence relation
generated by an equivalence relation ≡′′ obtained as follows.

(†) For some W -congruence ≡ over A and some V -congruence ≡′ on (S+/≡)+,
the relation ≡′′ relates u and v if u≡ ≡′ v≡.

This would allow us to combine V and W in a way such that the resulting
pseudovariety corresponds to L(Φ ◦ Ψ).
Example 12. Reconsider Example 11. Let ≡ denote the syntactic congruence of
L(a ∧ Xb), which we already know from Example 2. Suppose u = aabbba and
v = bbbabab. Then u≡ = [aa][ab][b][b][b][a] and v≡ = b b b ab b ab. Let ≡′′ be the
syntactic congruence of the language S(L)[ab]S(L)∗. Then u ≡′′ v. ��

As it turns out, there is an algebraic operation on pseudovarieties that is very
close to what we need: the pseudovariety usually denoted (V ρ ∗ W ρ)ρ. Here,
(.)ρ means that the multiplication tables are tranposed, and ∗ stands for the
semidirect product of pseudovarieties (see below).

The exact description of (V ρ ∗W ρ)ρ is as follows [16]. It is the pseudovariety
generated by semigroups A+/≡′′ where ≡′′ is a congruence obtained as follows.

(‡) For some W -congruence ≡ over A and some V -congruence ≡′ over A ×
A+/≡, the relation ≡ relates u and v if
1. u ≡ v and
2. for every x ∈ A∗, ux≡ ≡′ vx≡ with wx≡ defined by wx≡ = a1 . . . a|w| where
ai = (wi, [wx]≡).

(In the above, special care has to be taken when wx is the empty string.)
Observe that (†) and (‡) deviate only little from each other, but the minor

difference in the two has some consequences, which will be explained in what
follows.

We need some more notation. We write L′(V ) for the class of all L ⊆ A+

such that L is finite union of languages of the form aL′ with a ∈ A and L′

recognized by a monoid homomorphism A+ → S1 with S ∈ V . Here, S1 is S
augmented by a neutral element if S contains no neutral element and else S.
And we write Φ ◦′ Ψ for the set of all boolean combinations of formulas from
(Φ ◦ Ψ) ∪ Ψ . With this notation, we get:

Theorem 13 (semidirect product substitution principle [17]). Let Φ and
Ψ be classes of LTL formulas and V and W be pseudovarieties of semigroups
such that L(Φ) = L(V ) and L(Ψ) = L′(W ). Then

L(Φ ◦′ Ψ) = L(V ∗ρ W ) , (9)

where W ∗ρ V = (V ρ ∗W ρ)ρ.
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One simple application is given in the following example.

Example 14. We want to derive an effective characterization of TL[X,F]. We
already know that this amounts to obtain an effective characterization of TL[F]◦
TL[X]. Clearly, TL[F]◦′TL[X] is at least as expressive as TL[F]◦TL[X] and not more
expressive than TL[X,F]. So, by the semidirect product substitution principle,
we get

L(TL[X,F]) = L(L′ ∗ρ K) , (10)

where L′ is defined by (6) and K by (X). ��
It follows from results in semigroup theory [15] that the above pseudovariety

is decidable, which means we have an effective characterization of TL[X,F].
A first effective characterization was originally obtained by Cohen, Perrin,

and Pin [2] without using the semidirect product substitution principle. They
showed

L(TL[X,F]) = L(LL) (11)

where LL is the pseudovariety of locally L-trivial semigroups defined by

rωs(rωtrωs)ω = (rωtrωs)ω , (12)

which, by Eilenberg’s theorem, is the same as L′ ∗ρ K.

5.3 Semidirect Product

For the sake of completeness, we conclude this subsection with a formal defini-
tion of the semidirect product of two semigroups. Given semigroups S and T
and a monoid homomorphism h : T 1 → End(S) from T 1 to the monoid of en-
domorphisms of S, the semidirect product of S with T (with respect to h),
denoted S ∗h T , is the set S×T with multiplication defined by (s1, t1)(s2, t2) =
(s1s2(t1h), t1t2). The interested reader may want to check how this relates with
the constructions in (†) and (‡).

Given pseudovarieties V and W of semigroups, their semidirect product is
the pseudovariety of semigroups generated by all semigroups of the form S ∗h T
where S ∈ V , T ∈ W , and h : T 1 → End(S) is a monoid homomorphism; it is
denoted by V ∗W . This product is associative whereas the semidirect product
on individual semigroups is not.

6 Conclusion

Using the semidirect product substitution principle one can easily characterize
many other fragments of LTL. For instance, one gets a parametrized version of
Theorem 6:

L(TL[Fk]) = L(Sl ∗ρ · · · ∗ρ Sl) , (13)
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where the product has k factors and Sl is the pseudovariety of semilattices
defined by

st = ts , s2 = s . (14)

The most interesting question is to classify an LTL property according to how
deeply U, the only binary operator, needs to be nested to express the property.
In other words, one is interested in an effective characterization of the classes

L(TL[X,F,U0]) ⊆ L(TL[X,F,U1]) ⊆ L(TL[X,F,U2]) ⊆ · · · , (15)

which is known as the until hierarchy of linear temporal logic. In Example 14,
we have seen how level 0 can be characterized. In [17] it is shown that

L(TL[X,F,Uk]) = L(L′ ∗ρ MD1
ρ ∗ρ · · · ∗ρ MD1

ρ ∗ρ K) (16)

with k factors MD1 where MD1 is the pseudovariety generated by the three
element monoid {1, a, b} determined by ax = a and bx = b for all x ∈ {1, a, b}.

All the above characterizations are effective, that is, the respective pseu-
dovarieties are decidable. The decidability proofs are quite involved; they rely,
for instance, on results by Straubing [15] and Steinberg [14].

We have seen that decidability of fragments of LTL can be reduced to de-
cidability of iterated semidirect products of pseudovarieties of semigroups. In
general, it is not at all clear whether products of decidable pseudovarieties are
decidable. For the products that are relevant to characterizing fragments of LTL
the known decidability criteria—deep results from semigroup theory—yield pos-
itive results. These criteria are, however, quite involved. Especially, they don’t
allow to prove reasonable upper bounds on the complexity of the decision prob-
lems.
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17. Denis Thérien and Thomas Wilke. Temporal logic and semidirect products: An
effective characterization of the until hierarchy. In Proceedings of the 37th An-
nual Symposium on Foundations of Computer Science, pages 256–263, Burlington,
Vermont, 1996. 107, 109



Refined Search Tree Technique for Dominating

Set on Planar Graphs

Jochen Alber1 �, Hongbing Fan2, Michael R. Fellows2, Henning Fernau1,
Rolf Niedermeier1, Fran Rosamond2, and Ulrike Stege2
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Abstract. We establish refined search tree techniques for the param-
eterized dominating set problem on planar graphs. We derive a fixed
parameter algorithm with running time O(8kn), where k is the size of
the dominating set and n is the number of vertices in the graph. For our
search tree, we firstly provide a set of reduction rules. Secondly, we prove
an intricate branching theorem based on the Euler formula. In addition,
we give an example graph showing that the bound of the branching the-
orem is optimal with respect to our reduction rules. Our final algorithm
is very easy (to implement); its analysis, however, is involved.

Keywords. dominating set, planar graph, fixed parameter algorithm, search tree

1 Introduction

The parameterized dominating set problem, where we are given a graph
G = (V,E), a parameter k and ask for a set of vertices of size at most k that
dominate all other vertices, is known to be W [2]-complete for general graphs [8].
The class W [2] formalizes intractability from the point of view of parameter-
ized complexity. It is well-known that the problem restricted to planar graphs is
fixed parameter tractable. An algorithm running in time O(11kn) was claimed
in [7,8]. The analysis of the algorithm, however, turned out to be flawed; hence,
this paper seems to give the first completely correct analysis of a fixed parame-
ter algorithm for dominating set on planar graphs with running time O(ckn)
for small constant c that even improves the previously claimed constant con-
siderably. We mention in passing that in companion work various approaches
that yield algorithms of running time O(c

√
kn) for planar dominating set

and related problems were considered (see [1,2,3]).1 Interestingly, very recently
� Supported by the Deutsche Forschungsgemeinschaft (DFG), research project PEAL
(Parameterized complexity and Exact ALgorithms), NI 369/1-1.
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it was shown that up to the constant c this time bound is optimal unless a very
unlikely collapse of a parameterized complexity hierarchy occurs [4,5].

Fixed parameter algorithms based on search trees. A method that has
proven to yield easy and powerful fixed parameter algorithms is that of con-
structing a bounded search tree. Suppose we are given a graph class G that is
closed under taking subgraphs and that guarantees a vertex of degree d for some
constant d.2 Such graph classes are, e.g., given by bounded degree graphs, or
by graphs of bounded genus, and, hence, in particular, by planar graphs. More
precisely, an easy computation shows that, e.g., the class G(Sg) of graphs that
are embeddable on an orientable surface Sg of genus g guarantees a vertex of
degree dg := �2(1 +

√
3g + 1)� for g > 0, and d0 := 5.

Consider the k-independent set problem on G, where, for given G =
(V,E) ∈ G, we seek for an independent set of size at least k. For a vertex u
with degree at most d and neighbors N(u) := {u1, . . . , ud}, we can choose one
vertex w ∈ N [u] := {u, u1, . . . , ud} to be in an optimal independent set and
continue the search on the graph G′ where we deleted N [w]. This observation
yields a simple O((d + 1)kn) degree-branching search tree algorithm.

In the case of k-dominating set, the situation seems more intricate. Clearly,
again, either u or one of its neighbors can be chosen to be in an optimal dom-
inating set. However, removing u from the graph leaves all its neighbors being
already dominated, but still also being suitable candidates for an optimal dom-
inating set. This consideration leads us to formulate our search tree procedure
in a more general setting, where there are two kinds of vertices in our graph.

Annotated Dominating Set

Input: A black and white graph G = (B �W,E), and a positive integer k.
Parameter: k
Question: Is there a choice of at most k vertices V ′ ⊆ V = B �W such that, for
every vertex u ∈ B, there is a vertex u′ ∈ N [u] ∩ V ′? In other words, is there a
set of k vertices (which may be either black or white) that dominates the set of
all black vertices?

In each step of the search tree, we would like to branch according to a low
degree black vertex. By our assumptions on the graph class, we can guarantee
the existence of a vertex u ∈ B �W with deg(u) ≤ d. However, as long as not
all vertices have degree bounded by d (as, e.g., the case for graphs of bounded
genus g, where only the existence of a vertex of degree at most dg is known), this
vertex need not necessarily be black. These considerations show that a direct
O((d + 1)kn) search tree algorithm for dominating set seems out of reach for
such graph classes.

Our results. In this paper, we present a fixed parameter algorithm for (anno-

tated) dominating set on planar graphs with running time O(8kn). For that
purpose, we provide a set of reduction rules and, then, use a search tree in which
we are constantly simplifying the instance according to the reduction rules (see

2 This means that, for each G = (V, E) ∈ G, there exists a u ∈ V with degG(u) ≤ d.
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Subsection 3.1). The branching in the search tree will be done with respect to
low degree vertices. The analysis of this algorithm will be carried out in a new
branching theorem (see Subsection 3.2) which is based on the Euler formula for
planar graphs. In addition, we give an example showing that the bound of the
branching theorem is optimal (see Section 3.3). Finally, it is worth noting here
that the algorithm we present is very simple and easy to implement.

Due to the lack of space, several proof details had to be omitted.

2 Preliminaries

We assume familiarity with basic notions and concepts in graph theory, see,
e.g., [6]. For a graph G = (V,E) and a vertex u ∈ V , we use N(u) and N [u],
respectively, to denote the open and closed neighborhood of u, respectively. By
degG(u) := |NG(u)|, we denote the degree of the vertex u in G. A pendant vertex
is a vertex of degree one. For V ′ ⊆ V , the induced subgraph of V ′ is denoted
by G[V ′]. In particular, we use the abbreviation G − V ′ := G[V \ V ′]. If V ′ is
a singleton, then we omit brackets and simply write G − v for a vertex v. In
addition, we write G− e or G+ e when we delete or add an edge e to G without
changing the vertex set of G.

Let G be a connected planar graph, i.e., a connected graph that admits
a crossing-free embedding in the plane. Such an embedding is called a plane
embedding. A planar graph together with a plane embedding is called a plane
graph. Note that a plane graph can be seen as a subset of the Euclidean plane R2.
The set R2 \G is open; its regions are the faces of G. Let F be the set of faces
of a plane graph. The size of a face F ∈ F is the number of vertices on the
boundary of the face. A triangular face is a face of size three. If G is a plane
graph and V ′ ⊆ V , then G[V ′] and G − V ′ can be always considered as plane
graphs with an embedding inherited by the embedding of G.

3 The Algorithm and Its Analysis

Our algorithm is based on reduction rules (see Subsection 3.1) and an improved
branching theorem (see Subsection 3.2). With respect to our set of reduction
rules, we show optimality for the branching theorem (see Subsection 3.3).

3.1 Reduction Rules

We consider the following reduction rules for simplifying the annotated pla-

nar dominating set problem. In developing the search tree, we will always
assume that we are branching from a reduced instance (thus, we are constantly
simplifying the instance according to the reduction rules).3 When a vertex u is

3 The idea of doing so-called rekernelizations (i.e., repeated application of reduction
rules) while constructing the search tree was already exhibited in [9,10] in a somewhat
different context.
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placed in the dominating set D by a reduction rule, then the target size k for D
is reduced to k − 1 and the neighbors of u are whitened.

(R1) Delete edges between white vertices.
(R2) Delete a pendant white vertex.
(R3) If there is a pendant black vertex w with neighbor u (either black or

white), then delete w, place u in the dominating set, and lower k to k − 1.
(R4) If there is a white vertex u of degree 2, with two black neighbors u1 and u2

connected by an edge {u1, u2}, then delete u.
(R5) If there is a white vertex u of degree 2, with black neighbors u1, u3, and

there is a black vertex u2 and edges {u1, u2} and {u2, u3} in G, then delete u.
(R6) If there is a white vertex u of degree 2, with black neighbors u1, u3, and

there is a white vertex u2 and edges {u1, u2} and {u2, u3} in G, then delete u.
(R7) If there is a white vertex u of degree 3, with black neighbors u1, u2, u3 for

which the edges {u1, u2} and {u2, u3} are present in G (and possibly also
{u1, u3}), then delete u.

Let us call a set of simplifying reduction rules of a certain problem sound
if, whenever (G, k) is some problem instance and instance (G′, k′) is obtained
from (G, k) by applying one of the reduction rules, then (G, k) has a solution iff
(G′, k′) has a solution. A simple case analysis shows:

Lemma 1. The reduction rules are sound. ��
Suppose that G is a reduced graph, that is, none of the above reduction rules

can be applied. By using the rules (R1), (R2), (R4) and (R7), we can show:

Lemma 2. Let G = (B�W,E) be a plane black and white graph. If G is reduced,
then the white vertices form an independent set and every triangular face of G[B]
is empty. ��

3.2 A New Branching Theorem

Theorem 3. If G = (B�W,E) is a planar black and white graph that is reduced,
then there exists a black vertex u ∈ B with degG(u) ≤ 7.

The following technical lemma, based on an “Euler argument,” will be needed.
Note that if there is any counterexample to the theorem, then there is a con-
nected counterexample.

Lemma 4. Suppose G = (B�W,E) is a connected plane black and white graph
with b black vertices, w white vertices, and e edges. Let the subgraph induced by
the black vertices be denoted H = G[B]. Let cH denote the number of components
of H and let fH denote the number of faces of H. Let

z =
(
3(b+ w) − 6

)− e (1)

measure the extent to which G fails to be a triangulation of the plane. If the
criterion

3w − 4b− z + fH − cH < 7 (2)

is satisfied, then there exists a black vertex u ∈ B with degG(u) ≤ 7.
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Proof. Let the (total) numbers of vertices, edges and faces of G be denoted v, e, f
respectively. Let ebw be the number of edges in G between black and white, and
let ebb denote the number of edges between black and black. With this notation,
we have the following relationships.

v − e+ f = 2 (Euler formula for G) (3)
v = b+ w (4)
e = ebb + ebw (5)

b− ebb + fH = 1 + cH ((extended) Euler formula for H) (6)
2v − 4− z = f (by Eq. (1), (4), and (5)) (7)

If the lemma were false, then we would have, using (5),

8b ≤ 2ebb + ebw = ebb + e. (8)

We will assume this and derive a contradiction. The following inequality holds:

3 + cH = v + b− (ebb + e) + f + fH (by (3) and (6))
≤ v + b− 8b+ f + fH (by (8))
= 3v − 7b+ fH − 4− z (by (7))
= 3w − 4b+ fH − 4− z. (by (4))

This yields a contradiction to 2. ��
Proving Theorem 3 by contradiction, it will be helpful to know that a corre-

sponding graph has to be connected and has minimum degree 3.

Lemma 5. If there is any counterexample to Theorem 3, then there is a con-
nected counterexample where degG(u) ≥ 3 for all u ∈ W .

Proof. Suppose G is a counterexample to the theorem. Then, G does not have
any white vertices of degree 1, else reduction rule (R2) can be applied. Let G′ be
obtained from G by simultaneously replacing every white vertex u of degree 2
with neighbors x and y by an edge {x, y}. The neighbors x and y of u are
necessarily black, else (R1) can be applied, and in each case the edge {x, y}
is not already present in G, else rule (R4) would apply. We argue that G′ is
reduced. If not, then the only possibility is that reduction rule (R7) applies to
some white vertex u of degree 3 in G′. If rule (R7) did not apply to u in G,
then one of the edges between the neighbors of u must have been created in our
derivation of G′ from G, i.e., one of these edges replaced a white vertex u′ of
degree 2. But this implies that reduction rule (R6) could be applied in G to u′,
contradicting that G is reduced. ��
Before giving the proof of Theorem 3, we introduce the following notation:

Notation: Let G = (B �W,E) be a plane black and white graph and let F be
the set of faces of G[B]. Then, for each F ∈ F , we let
• wF denote the number of white vertices embedded in F ,
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• zF denote the number of edges that would have to be added in order to
complete a triangulation of that part of the embedding of G contained in F ,
• tF denote the number of edges needed to triangulate F in G[B] (that is,
triangulating only between the black vertices on the boundary of F , and
noting that the boundary of F may not be connected), and
• cF denote the number of components of the boundary of F , minus 1.

Observe that the numbers zF and tF are indeed well-defined. This can be shown
by using [6, Proposition 4.2.6].

Proof (of Theorem 3). We can assume that if there is a counterexampleG then G
is connected, but the black subgraph H := G[B] might not be connected. More-
over, by Lemma 5 we may assume that degG(u) ≥ 3 for all u ∈W . If cH denotes
the number of components of H , by induction on cH , it is easy to see that
cH − 1 =

∑
F∈F cF . Also, if z is the number of edges needed to triangulate G,

we clearly get z =
∑
F∈F zF . The criterion (2) established by Lemma 4 can be

rephrased as
3
∑

F∈F
wF −

∑

F∈F
zF − 4b+ fH − cH < 7,

which is equivalent to

3
∑

F∈F
(wF + cF /3− zF /3 + 1/3) − 4b− 2cH < 6.

Now, assume that we can show the inequality

wF + cF /3− zF /3 + 1/3 ≤ αtF + β (9)

for some constants α and β and for every face F of the subgraph H . Call this
our linear bound assumption. Then, criterion (2) will hold if

3
∑

F∈F
(αtF + β)− 4b− 2cH =

(
3α
∑

F∈F
tF

)
+

(
3β
∑

F∈F
1

)
− 4b− 2cH < 6.

Noting that
∑

F∈F tF is the number of edges needed to triangulate H , we have
∑

F∈F
tF = 3b− 6− ebb.

The number of faces of H is
∑
F∈F 1 = fH = ebb − b + 1 + cH , by Euler’s

formula (7). Together, these give us the following targeted criterion:

3α(3b− 6− ebb) + 3β(ebb − b+ 1 + cH)− 4b− 2cH < 6.

Multiplying out and gathering terms, we need to establish (using the linear
bound assumption), that

b(9α− 3β − 4) + ebb(3β − 3α) + 3β(1 + cH)− 18α− 2cH < 6.
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This inequality is easily verified for α = β = 2/3.
To complete the argument, we need to establish that the linear bound as-

sumption (9) with α = β = 2/3 holds for faces of reduced graphs, i.e., that

wF + cF /3− zF/3 ≤ 2tF /3 + 1/3. (10)

But this is a consequence of the following Propositions 6 and 8. ��
Proposition 6. Let G = (B �W,E) be a reduced plane black and white graph
and let F be a face of G[B]. Then, using the notation above, we have wF + cF ≤
zF + 1.

Proof. Consider the “face-graph” GF := G[BF ∪WF ], where BF is the set of
black vertices forming the boundary of F and WF is the set of white vertices
inside F . Note that GF may consist of several “black components,” connected
among themselves through white vertices. Contracting each of these black com-
ponents into one (black) vertex, we obtain the bipartite graphG′

F . Note that both
the black and also the white vertices form independent sets in G′

F . Clearly, G
′
F

is still planar. Since G′
F is a bipartite planar graph, preserving planarity it is

easy to show that we can connect the white vertices among themselves by a tree
of wF − 1 white white edges and that we can connect the black vertices among
themselves by a tree of cF black black edges. Clearly, this implies that we can
also add at least cF + wF − 1 new edges to GF without destroying planarity.
Hence, we need at least cF +wF − 1 additional edges to triangulate the interior
of F in the graph G. ��
Property 7. If F1 and F2 are two faces of G[B] with common boundary edge e,
then tF1 + tF2 + 1 equals tF , where we now consider (G − e)[B], and F is the
face which results from merging F1 and F2 when deleting e.

Proposition 8. Suppose G = (B � W,E) is a reduced plane black and white
graph, with deg(u) ≥ 3 for all u ∈ W . Let F be a face of G[B]. Then, using the
notation above, wF ≤ tF .

Proof. Consider a reduced black and white graph G = (B�W,E) with deg(u) ≥
3 for all u ∈ W . If there is some u ∈ W with deg(u) > 4, then delete arbi-
trarily all edges incident with u but four of them. While preserving the black
induced subgraph, the resulting graph is still reduced, since no rules apply to
white degree-4-vertices. Therefore, we can assume from now on without loss of
generality that all white vertices of G have maximum degree of four.

We will now show the claim by induction on the number #w4 of white vertices
of degree four. The hardest part is the induction base, which is deferred to the
subsequent Lemma 9. Assume that the claim was shown for each graph with
#w4 ≤ " and assume now that G has "+1 white degree-4-vertices. Choose some
arbitrary u ∈ W with deg(u) = 4. Let {b1, . . . , b4} be the clockwisely ordered
neighbors of u. Due to planarity, we may assume further that {b1, b3} /∈ E
without loss of generality. Consider now G′ = (G−u)+{b1, b3}. We prove below
that G′ (or G′′ = (G− u) + {b2, b4} in one special case) is reduced. This means
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that the induction hypothesis applies to G′. Hence, wF ≤ tF for all faces in
G′[B]. Observe that G′ contains all the faces of G except from the face F of G
which contains u; F might be replaced by two faces F1 and F2 with common
boundary edge {b1, b3}. In this case, wF1 ≤ tF1 , wF2 ≤ tF2 , wF1 +wF2 +1 = wF
and, by Property 7, tF1 + tF2 + 1 = tF . Hence, wF ≤ tF by induction. In the
case where face F still exists in G′ it is trivial to see that wF ≤ tF .

To complete the proof, we argue why G′ has to be reduced. Obviously, this
is clear if ∀bi∀v ∈ N(bi) deg(v) = 4, since no reduction rules apply to degree-4-
vertices. We now discuss the case that u has degree-3-vertices as neighbors.

1. If a degree-3-vertex is neighbor of some bi, but not of bj , j �= i, then no
reduction rule is triggered when constructing G′.

2. Consider the case that a degree-3-vertex is neighbor of two bi, bj, i �= j. We
can assume that {i, j} �= {1, 3}, since otherwise {b2, b4} /∈ E and we could
consider G′′ = (G − u) + {b2, b4} instead of G′ with a argument similar
to the case {i, j} = {1, 3}. If {i, j} = {1, 3}, then G′ is clearly reduced. If
{i, j} = {1, 2} (or, more generally, |{i, j} ∩ {1, 3} = 1|), then no reduction
rules are triggered when passing from G to G′.

3. If a degree-3-vertex is neighbor of three bi, bj , bk, then a reasoning similar to
the one in the previous point applies.

This concludes the proof of the proposition. ��
The following lemma serves as the induction base in the proof of Proposi-

tion 8.

Lemma 9. Suppose G = (B �W,E) is a reduced plane black and white graph,
with deg(u) = 3 for all u ∈W . Let F be a face of G[B]. Then, using the notation
above, wF ≤ tF .

Proof. (Sketch) Let us consider a fixed planar embedding of the graph G, and
consider a face F of the black induced subgraph G[B]. Let WF ⊆W be the set
of white vertices in the interior of F , and let BF ⊆ B denote the black vertices
on the boundary of F . We want to find at least |WF | many black black edges
that can be added to G[B] inside F . For that purpose, define the set

Eposs :=
{
e = {b1, b2} | b1, b2 ∈ BF ∧ e /∈ E(G[B])}

of non-existing black black edges.
For a subset W ′ ⊆ WF we construct a bipartite graph H(W ′) := (W ′ ∪

T (W ′), E(W ′)) as follows. In H(W ′), the first bipartition set is formed by the
vertices W ′ and the second one is given by the set

T (W ′) :=
{
e = {b1, b2} ∈ Eposs | ∃u ∈ W ′ : e ⊂ NG(u)

}
.

The edges in H(W ′) are then given by

E(W ′) :=
{{u, e} | u ∈ W ′, e ∈ T (W ′), e ⊂ NG(u)

}
.
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Fig. 1. Illustration of a diamondD generated by a pair vertices {b1, b2} ∈ T (WF )

In this way, the set T (W ′) gives us vertices in H(W ′) that correspond to pairs
e = {b1, b2} of black vertices in BF between which we still can draw an edge
in G[B]. Note that the edge e can even be drawn in the interior of F , since b1
and b2 are connected by a white vertex in W ′ ⊆WF . This means that

|T (WF )| ≤ tF . (11)

Due to reduction rule (R7), for each u ∈ WF , the neighbors N(u) ⊆ BF are
connected by at most one edge in G[B]. By construction of H(WF ), we find:

degH(WF )(u) ≥ 2 ∀u ∈WF . (12)

The degree degH(WF )(e) for an element e = {b1, b2} ∈ T (WF ) tells us how many
white vertices share the pair {b1, b2} as common neighbors. We do case analysis
according to this degree.

Case 1: Suppose degH(WF )(e) ≤ 2 for all e ∈ T (WF ), then H(WF ) is a bipartite
graph, in which the first bipartition set has degree at least two (see Eq. (12))
and the second bipartition set has degree at most two. In this way, the second
set cannot be smaller, which yields

wF = |WF | ≤ |T (WF )|
(11)

≤ tF .

Case 2: There exist elements e = {b1, b2} in T (WF ) which are shared as common
neighbors by more than 2 white vertices (i.e., degH(WF )(e) = m > 2). Suppose
we have u1, . . . , um ∈WF with NG(ui) = {b1, b2, zi} (i.e., {ui, e} ∈ E(WF )). We
may assume that the vertices are ordered such that the closed region D bounded
by {b1, u1, b2, um} contains all other vertices u2, . . . , um−1 (see Figure 1).

We call D the diamond generated by {b1, b2}. Note that D consists of m− 1
regions, which we call blocks in the following; the block Di is bounded by
{b1, ui, b2, ui+1} (i = 1, . . . ,m − 1). Let Wi ⊆ WF , and Bi ⊆ BF , respectively,
denote the white and black, respectively, vertices that lie inDi. For the boundary
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vertices {b1, b2, u1, . . . , um} we use the following convention: b1, b2 are added to
all blocks, i.e., b1, b2 ∈ Bi for all i; and ui is added to the region where its third
neighbor zi lies in. A block is called empty if Bi = {b1, b2} and, hence, Wi = ∅.
Moreover, let WD :=

⋃m−1
i=1 Wi and BD :=

⋃m−1
i=1 Bi.

We only consider diamonds, where z1 and zm are not contained in D (see
Figure 1). The other cases can be treated with similar arguments.

Note that each block of a diamond D may contain further diamonds, the
blocks of which may contain further diamonds, and so on. Since no diamonds
overlap, the topological inclusion forms a natural ordering on the set of diamonds
and their blocks.

We can show the following claim by induction on the diamond structure:

Claim: For each diamond D generated by {b1, b2}, we can add tD (where tD ≥
|WD|) many black black edges to G[B] other than {b1, b2}. All of these additional
edges can be drawn inside D so that {b1, b2} still can be drawn.

Using this claim, we can finish the proof of the induction base of the propo-
sition: Consider all diamonds D1, . . . , Dr which are not contained in any fur-
ther diamond. Suppose Di has boundary {bi1, ui1, bi2, uimi

} with bi1, b
i
2 ∈ BF

and ui1, u
i
mi
∈ WF . Let

W ′
F :=WF \ (

r⋃

i=1

WDi).

According to the claim we already found
∑r

i=1 tDi many black black edges
in Eposs inside the diamonds Di. Observe that each pair ei = {bi1, bi2} is only
shared as common neighbors by at most two white vertices (namely, ui1 and u

i
mi
)

in (sic!) W ′
F . Hence, the bipartite graph H(W ′

F ) again has the property that

• degH(W ′
F )(e) ≤ 2 for all e ∈ T (W ′

F ) and still

• degH(W ′
F )(u) ≥ 2 for all u ∈ W ′

F .
4

Similar to “Case 1” this proves that—additionally—we find t′ (with t′ ≥ |W ′
F |)

many edges in Eposs. Hence,

wF = |WF | = |W ′
F |+

∣∣∣∣∣

r⋃

i=1

WDi

∣∣∣∣∣ ≤ t′ + (
r∑

i=1

tDi) ≤ tF . ��

Using Theorem 3 for the construction of a search tree as elaborated in Sec-
tion 1, we conclude:

Theorem 10. (Annotated) dominating set on planar graphs can be solved
in time O(8kn). ��
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Fig. 2. A reduced graph with all black vertices having degree 7, thus showing
the optimality of the bound derived in our branching theorem

3.3 Optimality of the Branching Theorem

We conclude this section by the observation that with respect to the set of
reduction rules introduced above the upper bound in our branching theorem is
optimal. More precisely, there exists a plane reduced black and white graph with
the property that all black vertices have degree at least 7. Such a graph is shown
in Figure 2. Moreover, this example can be generalized towards an infinite set of
plane graphs with the property that all black vertices have degree at least 7. The
given example is the smallest of all graphs in this class. It is an interesting and
challenging task to ask for further reduction rules that would yield a provably
better constant in the branching theorem. For example, one might think of the
following generalization of reduction rule (R6):

(R6’) If there are white vertices u1, u2 ∈ W with NG(u1) ⊆ NG(u2), then
delete u1.

However, the graph in Figure 2 is reduced even with respect to rule (R6’).
We leave it as an open question to come up with further reduction rules such
that the graph of Figure 2 is no longer reduced.

4 Conclusion and Open Questions

In this paper, we gave the first search tree algorithm proven to be correct for
the dominating set problem on planar graphs. It improves on the original,
4 Note that according to the claim the edges {bi

1, b
i
2} still can be used.
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flawed theorem stating an exponential term 11k, which is now lowered to 8k.
Unfortunately, the proof of correctness has become considerably more involved
and fairly technical.

Our work suggests several directions for future research:

• Can we improve the branching theorem by adding further, more involved
reduction rules?
• Finding a so-called problem kernel (see [8] for details) of polynomial size
p(k) for dominating set on planar graphs in time TK(n, k) would improve
the running time to O(8k + TK(n, k)) using the interleaving technique an-
alyzed in [10]. Currently, we even hope for a linear size problem kernel for
dominating set on planar graphs.
• Since our results for the search tree itself are based on the Euler formula, a
generalization to the class of graphs G(Sg) (allowing a crossing-free embed-
ding on an orientable surface Sg of genus g) seems likely.

Acknowledgment. We thank Klaus Reinhardt for discussions on the topic of
this work and for pointing to an error in an earlier version of the paper.
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Abstract. In this paper, we consider the help bit problem in the deci-
sion tree model proposed by Nisan, Rudich and Saks (FOCS ’94). When
computing k instances of a Boolean function f , Beigel and Hirst (STOC
’98) showed that �log2 k�+ 1 help bits are necessary to reduce the com-
plexity of f , for any function f , and exhibit the functions for which
�log2 k�+1 help bits reduce the complexity. Their functions must satisfy
the condition that their complexity is greater than or equal to k − 1. In
this paper, we show new functions satisfying the above conditions whose
complexity are only 2

√
k. We also investigate the help bit problem when

we are only allowed to use decision trees of depth 1. Moreover, we exhibit
the close relationship between the help bit problem and the complexity
for circuits with a majority gate at the top.

1 Introduction and Definitions

Pick your favorite computational model to compute Boolean function. Let f be
a Boolean function and let c be the complexity of f in the model. The help bit
problem and the cover problem, which we will mainly deal with in this paper,
are informally as follows.
Help Bit Problem Suppose you wish to compute f on two inputs x and y,
and are allowed one “help-bit”, i.e., an arbitrary function of the two inputs. Is
it possible to choose this help-bit function so that, given the help-bit, f(x) and
f(y) can each be computed with a computational complexity of less than c, and
if so, by how much? How about computing f on k inputs with l help-bits?
Cover Problem Suppose you wish to compute f on two inputs x and y giving
two pairs of answers (a1x, a

1
y) and (a2x, a

2
y) such that at least one pair (aix, a

i
y)

computes (f(x), f(y)) for i ∈ {1, 2}. Does a complexity less than c ever suffice
to compute an answer for an input? What if you wish to evaluate f on k inputs
and you are allowed to give m answer tuples, generalizing the number of inputs
and that of answer tuples?

The notion of a help bit was first introduced by Cai[Cai89] in the context
of constant depth circuits. Amir et al.[ABG00] studied general circuit models.
Nisan et al.[NRS94] and Beigel and Hirst[BH98] investigated these two problems
for the decision tree model. In this paper, with the same spirit, we consider these
problems for the decision tree model of computation. There are formal definitions
for the cover problem, following Beigel and Hirst[BH98].

J. Sgall, A. Pultr, and P. Kolman (Eds.): MFCS 2001, LNCS 2133, pp. 123–134, 2001.
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Definition 1. A decision tree over a variable set X is a triple (T, p, a) where
T is a rooted ordered binary tree, p is a mapping from the internal nodes of T
to the set X, and a is a mapping from the leaves of T to {0, 1}. For a node v of
T , the variable p(v) which is assigned to v is said to the label of v.
A decision tree T over X computes a Boolean function f as follows: If α

is any assignment in {0, 1}X , the computation of T on α is the unique path
v0, v1, . . . , vs from the root v0 of T to some leaf vs. Inductively, vi+1 for i ≥ 0 is
defined to be the α(p(vi))th child of vi. The output of the computation is given
by a(vs), which is denoted by T (α).
The depth of a decision tree T is the length of the longest path in T . DEPTH(d)

is the class of Boolean functions computable by decision trees having at most
depth d.

Definition 2. A decision forest over a variable set X is an ordered tuple of
decision trees over X. The forest F = (T1, . . . , Tk) computes the function

F (α1, . . . , αk) = (T1(α), . . . , Tk(α)).

The depth of the forest (T1, . . . , Tk) is the maximum of the depths of T1, . . . , Tk.

Definition 3. A family of decision forests over a variable set X is a set of
decision forests over X. The depth of a family of decision forests {F1, . . . , Fk}
is the maximum of the depths of F1, . . . , Fk. The size of a family of forests F is
the number of forests in F . The width of a family of forests F is the number of
trees in each forest of F . A family F of forests covers a function g if

∀α∃F ∈ F F (α) = g(α).

When F covers g, we call F a cover for g.

Definition 4. Let X be the union of mutually disjoint sets X1, . . . , Xk. For
1 ≤ j ≤ k, let fj be a function over Xj. Let

F = {(T11, . . . , T1k), . . . , (Tm1, . . . , Tmk)}
be a cover for (f1, . . . , fk). The cover F is called pure if, for any i, j, the nodes
of the tree Tij are labeled only with a variable in Xj, impure otherwise.

In this paper, we are mainly interested in covers for a tuple consisting of k
isomorphic copies of the same function over the disjoint sets of variables.

Definition 5. Let f be a Boolean function on n variables. We define

f [k](−→x1, . . . ,−→xk) = (f(−→x1), . . . , f(−→xk)).

Let PCoverd(m, k) be the class of Boolean functions f such that f [k] has a pure
cover of size m, width k and depth d. Let Coverd(m, k) be the class of Boolean
functions f such that f [k] has a cover of size m, width k and depth d.
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By the definition, PCoverd(m, k) ⊆ Coverd(m, k) for any d, m and k. One
may think that an impure family of forests cannot do better than a pure family,
i.e., PCoverd(m, k) = Coverd(m, k). However this question is open[BH98]. As
Beigel and Hirst have pointed out[BH98], we think that this is the most impor-
tant open problem concerning the cover problem in the decision tree model. The
help bit problem and the cover problem are strongly related each other because
it is known that a Boolean function f is computable with l help bits iff f has a
cover of size 2l[BH98].

A brute-force construction obviously shows that PCoverd(2k, k) contains all
the Boolean functions for every d. So it is natural to ask when a nontrivial
cover exists. More precisely, for what pair of values m and k does DEPTH(d) �

PCoverd(m, k) or DEPTH(d) � Coverd(m, k) hold? Concerning these problems,
Beigel and Hirst[BH98] proved the following strong statements.

∀d ∀k DEPTH(d) = PCoverd(k, k) = Coverd(k, k),
∀k ≥ 2 ∀d ≥ k − 1 DEPTH(d) � PCoverd(k + 1, k).

The first claim says that �log2 k
 help bits do not help to evaluate a function
on k inputs. The second claim says that the first claim is tight in the sense that
increasing the size k of a family of forests properly enlarges the set of functions
covered, provided that the complexity of the functions is greater that or equal
to k − 1. In Section 2.2 of the paper, we extend the second result to

∀k ≥ 2 ∀d ≥ 2
√
k DEPTH(d) � PCoverd(k + 1, k).

In this paper, we also consider the computational power of a family of forests
of depth 1. Let τPured (k) (respectively, τd(k)) be the minimum m such that
DEPTH(d) � PCoverd(m, k) (respectively, DEPTH(d) � Coverd(m, k)) holds.
The values of τPured (k) or τd(k) were known only for an elemental case such as
τPure1 (3) = 5[BH98]. In Section 2.1 of the paper, we determine the asymptotic
values of τPure1 (k) and of τ1(k) and the exact values of τPure1 (k) for k ≤ 6.

Finally, in Section 3, we exhibit the close relationship between the cover
problem and the complexity for circuits with a majority gate at the top.

2 Cover Problem

In this section, we discuss the computational power of a family of depth-d forests
for a relatively small d.

Before going into detail, we show an example of covers. The following example
was first suggested by Blum which appeared in [NRS94]. For more examples of
covers, see [BH98].

Example 6. The majority function on 3 variables, denoted MAJ3(x, y, z), is de-
fined as

MAJ3(x, y, z) =
{

1 if x+ y + z ≥ 2,
0 otherwise.



126 Kazuyuki Amano et al.

Let X1 = {x1, y1, z1}, X2 = {x2, y2, z2} and X = X1 ∪X2. Then the family of
forests {(x1, x2), (y1, y2), (z1, z2)} covers MAJ[2]3 . This can be easily seen because
at most one of the variables xi, yi and zi can be unequal to MAJ3(xi, yi, zi).
In what follows, when discussing pure covers we will drop the subscript that
distinguishes variables from different instances. Accordingly, we represent the
cover above as {(x, x), (y, y), (z, z)}.

2.1 Depth 1

Recall that τPured (k) (respectively, τd(k)) denotes the minimum m such that
DEPTH(d) � PCoverd(m, k) (respectively, DEPTH(d) � Coverd(m, k)) holds.
One of the most fundamental problems on covers is to determine the values of
τPured (k) and τd(k) for various values of d and k. These questions seem to be
difficult even if we restrict ourselves to d = 1. All the results concerning the
problem obtained so far are τPure1 (1) = 2, τPure1 (2) = 3 and τPure1 (3) = 5. (See
the technical report version of [BH98]). In this subsection, we determine the
asymptotic values of τPure1 (k) and τ1(k) and the exact values of τPure1 (k) for
k ≤ 6.

For a Boolean function f and for an integer d ≥ 0, the agreement probabil-
ity between f and DEPTH(d), denoted ρ(f, d), is defined to be the maximum
real number p such that there is a distribution T on DEPTH(d) that satisfies
∀αPrT∈T [f(α) = T (α)] ≥ p. Nisan et al.[NRS94] obtained the following theorem
which gives a relationship between ρ(d) and τd(k).

Theorem 7 ([NRS94]). For any d ≥ 1,
(

1
maxf∈DEPTH(d) ρ(f, d)

)k
≤ τd(k) ≤ τPured (k).

By virtue of this theorem if we can prove an upper bound on the agreement
probability then we get the corresponding lower bound on τd(k).

Theorem 8. For any f �∈ DEPTH(1), ρ(f, 1) ≤ 2/3.

Proof. Let f be a function that cannot be computed by a decision tree of depth 1.
Let n be the number of input variables of f . Since f is not constant, there are two
strings a ∈ {0, 1}i−1 and b ∈ {0, 1}n−i such that f(a0b) �= f(a1b) holds. Assume,
in contradiction, that ρ(f, 1) > 2/3 holds, i.e., there exists a distribution T on
DEPTH(1) such that, for any α ∈ {0, 1}n, PrT∈T [T (α) = f(α)] > 2/3 holds.
Without loss of generality we can assume f(a0b) = 0 and f(a1b) = 1. Then
PrT∈T [T (a0b) = 0] > 2/3 and PrT∈T [T (a1b) = 1] > 2/3 holds. It is obvious
that xi is the only tree of depth 1 such that the output of it is changed from 0
to 1 when we change the input from a0b to a1b. It is easily seen that to satisfy
the above formulae, the probability of the tree xi in T must greater than 1/3.
But since the f is not the function xi, there exists an input β on which f and
xi output different values. Hence PrT∈T [T (β) = f(β)] < 1 − 1/3 = 2/3. This
contradicts the assumption and completes the proof. ��
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Corollary 9. For any k ≥ 1, we have 1.5k ≤ τ1(k) ≤ τPure1 (k). ��

For a pure family of forests, we can obtain a slightly stronger statement.

Corollary 10. For any k ≥ 1, we have �1.5τPure1 (k − 1)� ≤ τPure1 (k). ��

For an upper bound on τ1(k), we can show the following.

Theorem 11. For sufficiently large k,

τ1(k) ≤ τPure1 (k) ≤ (1 + k)1.5k.

Proof (Sketch). First we observe that ρ(x ∨ y, 1) = 2/3 because at least 2 of
the decision trees 1, x, y are equal to x ∨ y for every assignment. Thus as in
the construction of a cover for the majority function described in Section 8.2
in [BH98], we can obtain a cover of depth 1 and size (1 + k)(1/ρ(x ∨ y, 1))k for
(x ∨ y)[k] by using Lovasz’s theorem on fractional covers[Lov75]. ��

In view of Corollary 9 and Theorem 11, it is natural to expect that there is
a constant c(d) such that limk→∞(τd(k))1/k → c(d) for d ≥ 1. We succeeded to
prove c(1) = 1.5. In the next subsection, we will prove that ρ(x1∨ x̄2x3, 2) ≥ 4/5
which implies c(2) ≤ 1.25. We conjecture that c(2) = 1.25, but the exact value
of c(d) for d ≥ 2 remain to be shown.

In the rest of this subsection, we exhibit that the lower bound stated in
Corollary 10 is optimal for k ≤ 6. (The optimum for k ≤ 3 is shown implicitly
in [BH98].) The following table gives exact values of τPure1 (k) for a small k:

k = 1 2 3 4 5 6 7 8
τPure1 (k) = 2 3 5 8 12 18 27 ∼ 31 41 ∼ 54

Theorem 12. For any k ≤ 6, τPure1 (k) = �1.5τPure1 (k − 1)�.
Proof. To prove the theorem, it is sufficient to construct pure families of depth 1
with sizes given in the above table that cover a function that cannot be computed
by any decision tree of depth 1. We choose the function x∨ y as such a function.
Figure 1 gives the pure covers for (x∨y)[k] where k = 4, 5 and 6. We found them
after a large number of trials and errors. Unfortunately, we could not generalize
our construction to generate an optimal cover for larger values of k. ��

Before closing this subsection, we give another interesting construction of a
cover for the function (x∨y)[k] which implies the upper bounds on τPure1 (7) and
τPure1 (8) in the above table.

Let T be a decision tree and S = {(T11, . . . , T1k), . . . , (Tm1, . . . , Tmk)} be a
family of forests. Let

T ◦ S = {(T, T11, . . . , T1k), . . . , (T, Tm1, . . . , Tmk)},
S|T = {(T, T12, . . . , T1k), . . . , (T, Tm2, . . . , Tmk)}.
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


( x, x, 1, 1)
( x, y, x, y)
( x, 1, 1, x)
( y, x, y, x)
( y, 1, y, 1)
( 1, 1, x, x)
( 1, y, 1, y)
( 1, x, x, 1)







( x, x, y, x, y ),
( x, x, 1, 1, x ),
( x, y, 1, y, 1 ),
( x, 1, x, x, 1 ),
( y, x, x, 1, 1 ),
( y, y, x, y, x ),
( y, 1, 1, x, x ),
( y, 1, y, 1, y ),
( 1, x, y, y, 1 ),
( 1, y, y, 1, x ),
( 1, 1, x, y, y ),
( 1, y, 1, x, y )







( x, x, x, y, x, y),
( x, x, y, 1, y, 1),
( x, y, x, x, 1, 1),
( y, x, x, 1, 1, x),
( y, x, 1, x, x, 1),
( y, y, y, x, y, x),
( 1, x, y, x, 1, y),
( 1, x, 1, y, y, x),
( 1, y, x, 1, y, y),

( x, y, 1, 1, x, x),
( x, 1, y, y, 1, x),
( x, 1, 1, x, y, y),
( y, y, 1, y, 1, y),
( y, 1, x, y, y, 1),
( y, 1, y, 1, x, y),
( 1, y, y, y, x, 1),
( 1, 1, x, x, x, x),
( 1, 1, 1, 1, 1, 1)




Fig. 1. The optimal covers for (x ∨ y)[4], (x ∨ y)[5] and (x ∨ y)[6]

We define the family of forests Sk recursively as follows.

S2
a = {(1, 1)}, S2

b = {(x, y)}, S2
c = {(y, x)},

Sk+1a = 1◦Skb , Sk+1b = x◦Ska ∪x◦Skc , Sk+1c = y◦Skc |1∪y◦Ska |y, (for k ≥ 2)

and Sk = Ska ∪ Skb ∪ Skc for k ≥ 2. It is easy to see that |Sk| = Fk+2 where Fn
is the Fibonacci number, i.e., F1 = F2 = 1 and Fn = Fn−1 + Fn−2(n ≥ 3). An
easy but tedious argument, which we omitted in this extended abstract of the
paper, can show that the families Sk cover (x ∨ y)[k] for any k ≥ 2.

2.2 Depth d

In this subsection, we extend the theorem on the computational power of a family
of decision forests of width k and size k + 1 by proving the following.

Theorem 13. ∀k∀d ≥ 2
√
k DEPTH(d) � PCoverd(k + 1, k).

The key of the proof is to find a function f such that f cannot be computed
by any decision tree of depth d and that the agreement probability between f
and DEPTH(d) is high. The agreement probability between OR of d+1 variables
and DEPTH(d) is 1−1/(d+ 1) has been shown[BH98]. Our function, which will
be defined below, has a higher agreement probability given by 1 −O(1/d2).

Definition 14. For d ≥ 0, let ALTd be the Boolean function on d+ 1 variables
defined as follows.

ALT0(x1) = x1,

ALTd(x1, x2, . . . , xd+1) =
{
x̄1 ·ALTd−1(x2, x3, . . . , xd+1), if d is odd;
x1 ∨ALTd−1(x2, x3, . . . , xd+1), if d is even.
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Fig. 2. The function ALTd(Left:d is odd, Right:d is even)

The decision trees to compute the function ALTd are shown in Figure 2.2.
Since the number of satisfying assignments to ALTd is odd and the number of
satisfying assignments to a function on d+ 1 variables that can be computed by
decision trees having depth d or less is even, the function ALTd is in DEPTH(d+
1)−DEPTH(d). For d ≥ 0, we define the set Sd of vectors with length d + 1
recursively as follows:

S0 = {0, 1},
Sd =

{
0Sd−1 ∪ 1{(00)i(11)(d−1)/2−i | i = 0, 1, . . . , (d− 1)/2}1 if d is odd;
0Sd−1 ∪ 1{(00)i(11)d/2−i | i = 0, 1, . . . , d/2} if d is even.

An easy calculation shows the following.

Fact 15. |Sd| = (d2 + 4d + 8)/4 for even d and |Sd| = (d2 + 4d + 7)/4 for odd
d. ��

Let f be a Boolean function over X and v ∈ {0, 1}X be an input to f . Let
f⊕{v} denote the function such that (f⊕{v})(v) �= f(v) and (f⊕{v})(x) = f(x)
for any x �= v. In what follows, we will prove that, for each v ∈ Sd, the function
ALTd ⊕ {v} can be computed by a decision tree of depth d.

Lemma 16. For any d and for any v ∈ Sd, there exists a decision tree of depth
d or less that computes the function ALTd ⊕ {v}.

Before proceeding to the proof of Lemma 16, we show a technical lemma that
will be used in the proof of Lemma 16.

Lemma 17. For k ≥ 0 and for α = α1α2 · · ·αk ∈ {0, 1}k, the function Fα on
2k + 1 variables is defined as follows.
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Fα(x1, . . . , x2k+1) = x1(xα1
2 ∨ xα1

3 ∨ xα2
4 ∨ xα2

5 ∨ · · · ∨ xαk

2k ∨ xαk

2k+1)
∨ x̄1x̄2(x3 ∨ x̄3x̄4x5 ∨ x̄3x̄4x̄5x̄6x7 ∨ · · · ∨ x̄3x̄4 · · · x̄2kx2k+1),

where x1 denotes x and x0 denotes x̄. In particular, Fφ(x1) is defined to be the
constant 0. If α1 ≥ α2 ≥ · · · ≥ αk holds, then there is a decision tree of depth
2k which computes Fα.

Proof. The proof proceeds by induction on k. The base, k = 0, is trivial. Assume
the induction hypothesis holds for up to k − 1.
Case 1) α1 = α2 = · · · = αk = 1. Since

Fα|x1=0 = x̄2(x3 ∨ x̄3x̄4x5 ∨ · · · ∨ x̄3x̄4 · · · x̄2kx2k+1),

and
Fα|x1=1 = x2 ∨ x3 ∨ · · · ∨ x2k+1,

the decision tree in Figure 3(a) computes Fα|x1=0 and in Figure 3(b) computes
Fα|x1=1. Thus the function Fα is computed by the decision tree in Figure 3(c).

(a) (b) (c)

Fig. 3. The construction of the decision trees for Fα.

Case 2) αk = 0. We have

Fα|x2k+1=0 = x1 ∨ x̄1x̄2(x3 ∨ x̄3x̄4x5 ∨ · · · ∨ x̄3x̄4 · · · x̄2k−2x2k−1),
Fα|x2k+1=1,x2k=0 = x1 ∨ x̄1x̄2(x3 ∨ x̄3x̄4x5 ∨ · · · ∨ x̄3x̄4 · · · x̄2k−2),
Fα|x2k+1=1,x2k=1 = x1(xα1

2 ∨ xα1
3 ∨ · · · ∨ xαk−1

2k−2 ∨ xαk−1
2k−1)

∨ x̄1x̄2(x3 ∨ x̄3x̄4x5 ∨ · · · ∨ x̄3x̄4 · · · x̄2k−2x2k−1)
= Fα1α2···αk−1(x1, x2, . . . , x2k−1).



The Computational Power of a Family of Decision Forests 131

Since Fα|x2k+1=0 depends on only 2k − 1 variables, it can be computed by a
decision tree of depth 2k − 1. Similarly, since Fα|x2k+1=1,x2k=0 depends on only
2k − 2 variables, it can be computed by a decision tree of depth 2k − 2. By
the induction hypothesis, Fα|x2k+1=1,x2k=1 can be computed by a decision tree
of depth 2k − 2. Hence we can easily construct a decision tree of depth 2k by
attaching x2k+1 to its root, which computes the function Fα. ��

Now we proceed to the proof of Lemma 16.

Proof (of Lemma 16). The proof is by induction on d. The base, d = 0 is trivial.
Assume the induction hypothesis holds for up to d− 1.
Case 1) d is even. Put d = 2k. It is sufficient to show that, for every v ∈ Sd =
0Sd−1∪1{(00)i(11)k−i | i = 0, 1, . . . , k}, we can construct a decision tree of depth
2k which computes the function ALTd ⊕ {v}. For v ∈ 0Sd−1, the induction step
follows immediately from the induction hypothesis since ALTd|x1=0 ≡ ALTd−1.
In what follows, let v = 1(00)i(11)k−i (i ∈ {0, 1, . . . , k}). Let Gv be the mask
function defined by Gv(v) = 0 and Gv(x) = 1 for any x �= v. Since ALTd outputs
1 on the input v, the function ALTd⊕{v} is equivalent to ALTd ·Gv. The function
Gv can be expressed as

Gv = x̄1 ∨ xα1
2 ∨ xα1

3 ∨ xα2
4 ∨ xα2

5 ∨ · · · ∨ xαk

2k ∨ xαk

2k+1,

where α1 = α2 = · · · = αi = 1 and αi+1 = · · · = αk = 0. A simple calculation
shows that the function ALTd · Gv is equivalent to Fα1···αk

defined in Lemma
17. Thus, the induction step follows from Lemma 17.
Case 2) d is odd. Put d = 2k + 1. We shall construct a decision tree of depth
2k+ 1 which computes ALTd ⊕ {v} for each v ∈ Sd = 0Sd−1 ∪ 1{(00)i(11)k−i1 |
i = 0, 1, . . . , k}. For v ∈ 0Sd−1, the induction step follows immediately from the
induction hypothesis since ALTd|x1=0 ≡ ALTd−1. It is easy to observe that the
negation of the function ALTd can be represented as

ALTd = x1 ∨ x̄1x̄2x3 ∨ · · · ∨ x̄1x̄2 · · · x̄d−2xd−1 ∨ x̄1x̄2 · · · x̄dx̄d+1.

This function is equal to the function ALTd+1(x1, x2, . . . , xd+1, 1). By Lemma17
and by similar arguments to the arguments in the proof of Case 1, we can
construct a decision tree of d + 1 which computes the function ALTd+1 ⊕ {v′}
where v′ = 1(00)i(11)k−i+1. Since the label of the root of the decision tree
constructed in the proof of Lemma 17 is xd+2, the right son of the root of this
tree, whose depth is d, computes the function ALTd ⊕ {v}. ��

We are now ready to prove Theorem 13.

Proof (of Theorem 13). To prove the theorem, it is sufficient to show that
ALT[k]

d (x1, x2, . . . , xd+1) is in PCoverd(k + 1, k). By Lemma 16, there are trees
T1, T2, . . . , T|Sd| that compute the function ALTd ⊕ {v} for each v ∈ Sd. Since
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d ≥ 2
√
k, (d2 + 4)/4 ≥ k+ 1 holds. By Fact 15, we have |Sd| ≥ (d2 + 4d+ 7)/4 ≥

(d2 + 4)/4 ≥ k + 1. Define the family of forests F as

F =




( T1, T1, T1, · · · , T1, ),
( T2, T2, T2, · · · , T2, ),

...
...

...
...

...
( Tk+1, Tk+1, Tk+1, · · · , Tk+1 )




It is easy to see that F covers ALT[k]
d . This is because, for each column in F , at

most one of the decision trees can be unequal to ALTd. ��

3 Relation between Cover and Circuit Complexity

In this section, we reveal that there is a close relation between the cover problem
and the complexity for circuits with a majority gate at the top. Let f be a
Boolean function whose domain is D and C be any class of Boolean functions
over the same domain. The correlation between f and C, denoted γ(f, C), is
defined as

γ(f, C) ≡ min
D

max
h∈C

Pr
α∈D

[f(α) = h(α)],

where D denotes a distribution on D. The correlation between f and C is closely
related to the complexity of f for circuits whose top is a majority gate.

Theorem 18 ([Fre95,GHR92]). Let f be a Boolean function over {0, 1}n and
C be a set of functions over the same domain. If k > (2n ln 2)(γ(f, C) − 1/2)−2,
then f can be represented as f(x) = MAJ(h1(x), . . . , hk(x)) for some hi ∈ C.
If f can be represented as f(x) = MAJ(h1(x), . . . , hk(x)) with hi ∈ C then
(γ(f, C) − 1/2) ≥ 1/k. ��

The proofs of many of our theorems in the last section rely on the analysis
of the agreement probability between a target function and a class of decision
trees. Now we generalize the definition of the agreement probability to cover
other complexity classes. For a Boolean function f and a complexity class C, the
agreement probability between f and C, denoted ρ(f, C), is defined as

ρ(f, C) ≡ max
T

min
α∈D

Pr
h∈T

[f(α) = h(α)],

where T denotes a distribution on C. Below we show that the correlation and
the agreement probability are identical for any function and any computational
class by employing the minimax theorem.

Theorem 19. For any Boolean function f and any complexity class C, ρ(f, C) =
γ(f, C).
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Proof. We have

ρ(f, C) = max
T

min
D

Pr
h∈T ,α∈D

[f(α) = h(α)]

= min
D

max
T

Pr
h∈T ,α∈D

[f(α) = h(α)] = γ(f, C)

The first and the third equalities follow from a simple calculation and the second
equality follows from the minimax theorem for mixed strategies for two person
matrix games. ��

By using Theorems 18 and 19, we can prove the following theorem. This says
that if k independent copies of a function f on n variables can be computed by
decision forests of depth d using k− 1 help bits, i.e., if we can save one help bit,
then f can be represented as the majority of O(nk2) functions in DEPTH(d)
and an approximate converse to this also holds.

Theorem 20. Let f be a function on n variables. (i) If f ∈ Coverd(2k/2, k) then
f can be expressed as MAJ(h1, . . . , h20nk2) for some hi ∈ DEPTH(d). (ii) If f �∈
PCoverd(2k/2, k) then f cannot be expressed as MAJ(h1, . . . , h2k/(ln(4nk ln 2))) for
any hi ∈ DEPTH(d).

Proof (Sketch). Let f be a function on n variables. Put ρ(f, d) = 1/2 + 1/z.
(i) Suppose that f ∈ Coverd(2k/2, k). We have k ≥ ((z + 2) ln 2)/2 since if not,
then 1/ρ(f, d)k > 2k/2 which implies f �∈ Coverd(2k/2, k) by Lemma 4.1 in
[NRS94]. Thus z ≤ 2k ln 2 − 2. The statement (i) in the theorem immediately
follows from Theorems 18 and 19. (ii) Suppose that f �∈ PCover(2k/2). We have
k ≤ (z+2)(ln(4nk ln 2))/2 since if not, then nk ln 2/ρ(f, d)k < 2k/2 which implies
f ∈ PCoverd(2k/2, k) by Lemma 4.1 in [NRS94]. Thus z ≥ 2k/(ln(4nk ln 2)). By
Theorems 18 and 19, we can easily obtain the statement (ii) in the theorem. ��

Finally, we remark that the above theorem can be applied to other compu-
tational models. For example, we may obtain a good lower bound for threshold
circuits of depth 3 by investigating covers consisting of threshold circuits of depth
2 instead of decision trees.
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Abstract. One of the properties of Kondacs-Watrous model of quan-
tum finite automata (QFA) is that the probability of the correct answer
for a QFA cannot be amplified arbitrarily. In this paper, we determine
the maximum probabilities achieved by QFAs for several languages. In
particular, we show that any language that is not recognized by an RFA
(reversible finite automaton) can be recognized by a QFA with probabil-
ity at most 0.7726....

1 Introduction

A quantum finite automaton (QFA) is a model for a quantum computer with a fi-
nite memory.The strength of QFAs is shown by the fact that quantum automata
can be exponentially more space efficient than deterministic or probabilistic au-
tomata [AF 98].

At least 4 different models of QFAs have been introduced. These models
differ in the measurements allowed during the computation. If there is no mea-
surements, the evolution of a quantum system is unitary and this means that no
information can be erased. This does not affect unrestricted quantum compu-
tation (quantum Turing machines or quantum circuits). However, this severely
restricts the power of quantum computations with limited space (like QFAs or
space-bounded quantum Turing machines [W 98]).

The most restricted model of QFAs is the “measure-once” model of Crutch-
field and Moore [CM 97]. In this model, all transitions of a QFA must be unitary,
except for one measurement at the end that is needed to read the result of the
computation. The classical counterpart of “measure-once” QFAs are permuta-
tion automata in which each transition permutes the states of the automaton. It
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turns out that the languages recognized by “measure-once” QFAs are the same
as the languages recognized by permutation automata [CM 97,BP 99].

The most general model is QFAs with mixed states [AW 01,C 01,P 99]1. This
model allows arbitrary measurements and it can recognize any regular language.

An intermediate model of QFAs is the “measure-many” model introduced by
Kondacs and Watrous [KW 97]2. This model allows intermediate measurements
during the computation but these measurements have to be of a restricted type.
(More specifically, they can have 3 outcomes: “accept”, “reject”, “don’t halt”
and if one gets “accept” or “reject”, the computation ends and this is the result
of computation.) The study of this (or other intermediate) models shows to what
degree QFAs need measurements to be able to recognize certain languages.

The class of languages recognizable by “measure-many” QFAs has been stud-
ied in [KW 97,BP 99,AKV 01]. There are several necessary and sufficient con-
ditions but no complete characterization. Surprisingly, the class of languages
recognized by QFAs3 depends on the probability with which the QFA is re-
quired to output the correct answer. This was first discovered by Ambainis and
Freivalds [AF 98] who proved that:

– Any language recognizable by a QFA with a probability 7/9 + ε, ε > 0 is
recognizable by a reversible finite automaton (RFA)4.

– The language a∗b∗ can be recognized with probability 0.6822.. but cannot
be recognized by an RFA.

Thus, the class of languages recognizable with probability 0.6822... is not the
same as the class of languages recognizable with probability 7/9 + ε.

In almost any other computational model, the accepting probability can
be increased by repeating the computation in parallel and, usually, this prop-
erty is considered completely obvious. The above results by Ambainis and
Freivalds [AF 98] showed that this is not the case for QFAs. This is caused by the
fact that the Kondacs-Watrous model of QFAs combines a reversible (unitary
transformation) component with a non-reversible component (measurements).

In this paper, we develop a method for determining the maximum probability
with which a QFA can recognize a given language. Our method is based on the
quantum counterpart of classification of states of a Markov chain into ergodic
and transient states [KS 76]. We use this classification of states to transform
the problem of determining the maximum accepting probability of a QFA into
a quadratic optimization problem. Then, we solve this problem (analytically in
simpler cases, by computer in more difficult cases).
1 Ciamarra[C 01] calls this model “fully quantum finite automata” and Paschen[P 99]

calls it “quantum automata with ancilla qubits”.
2 An another model was introduced by Nayak[N 99]. The power of Nayak’s model is

between “measure-many” QFAs and unrestricted QFAs with mixed states.
3 For the rest of this paper, we will refer to “measure-many” QFAs as simply QFAs

because this is the only model considered in this paper.
4 Here, “reversible FA” means the corresponding classical model in which the states of

the automaton are classical but the automaton can stop the computation similarly
to the “accept/reject/don’t halt” measurement of a QFA.
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Compared to previous work, our new method has two advantages. First, it
gives a systematic way of calculating the maximum accepting probabilities. Sec-
ond, solving the optimization problems usually gives the maximum probability
exactly. Most of previous work [AF 98,ABFK 99] used approaches depending on
the language and required two different methods: one for bounding the proba-
bility from below, another for bounding it from above. Often, using two different
approaches gave an upper and a lower bound with a gap between them (like
0.6822... vs. 7/9 + ε mentioned above). With the new approach, we are able to
close those gaps.

We use our method to calculate the maximum accepting probabilities for a
variety of languages (and classes of languages).

First, we construct a quadratic optimization problem for the maximum ac-
cepting probability by a QFA of a language that is not recognizable by an RFA.
Solving the problem gives the probability (52+ 4

√
7)/81 = 0.7726.... This prob-

ability can be achieved for the language a+ in the two-letter alphabet {a, b} but
no language that is no recognizable by a RFA can be recognized with a higher
probability. This improves the 7/9 + ε result of [AF 98].

This result can be phrased in a more general way. Namely, we can find the
property of a language which makes it impossible to recognize the language by an
RFA. This property can be nicely stated in the form of the minimal deterministic
automaton containing a fragment of a certain form.

We call such a fragment a “non-reversible construction”. It turns out that
there are many different “non-reversible constructions” and they have different
influence on the accepting probability. The one contained in the a+ language
makes the language not recognizable by an RFA but the language is still rec-
ognizable by a QFA with probability 0.7726.... In contrast, some constructions
analyzed in [BP 99,AKV 01] make the language not recognizable with probabil-
ity 1/2 + ε for any ε > 0.

In the rest of this paper, we look at different “non-reversible constructions”
and their effects on the accepting probabilities of QFAs. We consider three con-
structions: “two cycles in a row”, “k cycles in parallel” and a variant of the a+

construction. The best probabilities with which one can recognize languages con-
taining these constructions are 0.6894..., k/(2k − 1) and 0.7324..., respectively.

The solution of the optimization problem for “two cycles in a row” gives
a new QFA for the language a∗b∗ that recognizes it with probability 0.6894...,
improving the result of [AF 98]. Again, using the solution of the optimization
problem gives a better QFA that was previously missed because of disregarding
some parameters.

2 Preliminaries

2.1 Quantum Automata

We define the Kondacs-Watrous (“measure-many”) model of QFAs [KW 97].
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Definition 1. A QFA is a tuple M = (Q;Σ;V ; q0;Qacc;Qrej) where Q is a
finite set of states, Σ is an input alphabet, V is a transition function (explained
below), q0 ∈Q is a starting state, and Qacc ⊆ Q and Qrej ⊆ Q are sets of
accepting and rejecting states (Qacc ∩ Qrej = ∅). The states in Qacc and Qrej,
are called halting states and the states in Qnon = Q− (Qacc ∪Qrej) are called
non halting states.

States of M . The state of M can be any superposition of states in Q (i.
e., any linear combination of them with complex coefficients). We use |q〉 to
denote the superposition consisting of state q only. l2(Q) denotes the linear
space consisting of all superpositions, with l2-distance on this linear space.

Endmarkers. Let κ and $ be symbols that do not belong to Σ. We use κ
and $ as the left and the right endmarker, respectively. We call Γ = Σ ∪ {κ; $}
the working alphabet of M .

Transition function. The transition function V is a mapping from Γ×l2(Q)
to l2(Q) such that, for every a∈Γ , the function Va : l2(Q) → l2(Q) defined
by Va(x) = V (a, x) is a unitary transformation (a linear transformation on l2(Q)
that preserves l2 norm).

Computation. The computation of a QFA starts in the superposition |q0〉.
Then transformations corresponding to the left endmarker κ, the letters of the
input word x and the right endmarker $ are applied. The transformation corre-
sponding to a∈Γ consists of two steps.
1. First, Va is applied. The new superposition ψ′ is Va(ψ) where ψ is the

superposition before this step.
2. Then, ψ′ is observed with respect to Eacc, Erej , Enon where Eacc=span{|q〉 :

q∈Qacc}, Erej = span{|q〉 : q∈Qrej}, Enon = span{|q〉 : q∈Qnon}. It means that
if the system’s state before the measurement was

ψ′ =
∑

qi∈Qacc

αi |qi〉+
∑

qj∈Qrej

βj |qj〉+
∑

qk∈Qnon

γk |qk〉

then the measurement accepts ψ′ with probability pa = Σα2
i , rejects with prob-

ability pr = Σβ2
j and continues the computation (applies transformations corre-

sponding to next letters) with probability pc = Σγ2
k with the system having the

(normalized) state ψ
‖ψ‖ where ψ = Σγk |qk〉.

We regard these two transformations as reading a letter a.
Notation. We use V ′

a to denote the transformation consisting of Va fol-
lowed by projection to Enon. This is the transformation mapping ψ to the
non-halting part of Va(ψ). We use V ′

w to denote the product of transforma-
tions V ′

w = V ′
an

V ′
an−1

. . . V ′
a2
V ′
a1
, where ai is the i-th letter of the word w.

Recognition of languages. We will say that an automaton recognizes a
language L with probability p (p > 1

2 ) if it accepts any word x∈L with probability
≥ p and rejects any word x/∈L with probability ≥ p.
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2.2 Useful Lemmas

For classical Markov chains, one can classify the states of a Markov chain into
ergodic sets and transient sets [KS 76]. If the Markov chain is in an ergodic set,
it never leaves it. If it is in a transient set, it leaves it with probability 1− ε for
an arbitrary ε > 0 after sufficiently many steps.

A quantum counterpart of a Markov chain is a quantum system to which
we repeatedly apply a transformation that depends on the current state of the
system but does not depend on previous states. In particular, it can be a QFA
that repeatedly reads the same word x. Then, the state after reading x k + 1
times depends on the state after reading x k times but not on any of the states
before that. The next lemma gives the classification of states for such QFAs.

Lemma 2. [AF 98] Let x ∈ Σ+. There are subspaces E1, E2 such that Enon =
E1 ⊕ E2 and

(i) If ψ ∈ E1, then V ′
x(ψ) ∈ E1 and ‖V ′

x(ψ)‖ = ‖ψ‖,
(ii) If ψ ∈ E2, then ‖V ′

xk(ψ)‖ → 0 when k →∞.

Instead of ergodic and transient sets, we have subspaces E1 and E2. The
subspace E1 is a counterpart of an ergodic set: if the quantum process defined
by repeated reading of x is in a state ψ ∈ E1, it stays in E1. E2 is a counterpart
of a transient set: if the state is ψ ∈ E2, E2 is left (for an accepting or rejecting
state) with probability arbitrarily close to 1 after sufficiently many x’s.

In some of proofs that were omitted due to space constraints, we also use
a generalization of Lemma 2 to the case of two (or more) words x and y. This
generalization was published in [AKV 01].

3 QFAs vs. RFAs

Ambainis and Freivalds[AF 98] characterized the languages recognized by RFAs
as follows.

Theorem 3. [AF 98] Let L be a language and M be its minimal automaton. L
is recognizable by a RFA if and only if there is no q1, q2, x such that

1. q1 �= q2,
2. If M starts in the state q1 and reads x, it passes to q2,
3. If M starts in the state q2 and reads x, it passes to q2, and
4. q2 is neither ”all-accepting” state, nor ”all-rejecting” state,

An RFA is a special case of a QFA that outputs the correct answer with
probability 1. Thus, any language that does not contain the construction of
Theorem 3 can be recognized by a QFA that always outputs the correct answer.
Ambainis and Freivalds [AF 98] also showed the reverse of this: any language L
with the minimal automaton containing the construction of Theorem 3 cannot
be recognized by a QFA with probability 7/9 + ε.

We consider the question: what is the maximum probability of correct answer
than can be achieved by a QFA for a language that cannot be recognized by an
RFA? The answer is:
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x
xq q1 2

Fig. 1. “The forbidden construction” of Theorem 3

Theorem 4. Let L be a language and M be its minimal automaton.

1. If M contains the construction of Theorem 3, L cannot be recognized by a
1-way QFA with probability more than p = (52 + 4

√
7)/81 = 0.7726....

2. There is a language L with the minimal automaton M containing the con-
struction of Theorem 3 that can be recognized by a QFA with probability
p = (52 + 4

√
7)/81 = 0.7726....

Proof sketch. We consider the following optimization problem.
Optimization problem 1. Find the maximum p such that there is a fi-

nite dimensional vector space Eopt, subspaces Ea, Er such that Ea ⊥ Er, vec-
tors v1, v2 such that v1 ⊥ v2 and ‖v1 + v2‖ = 1 and probabilities p1, p2 such
that p1 + p2 = ‖v2‖2 and
1. ‖Pa(v1 + v2)‖2 ≥ p,
2. ‖Pr(v1)‖2 + p2 ≥ p,
3. p2 ≤ 1− p.

We sketch the relation between a QFA recognizing L and this optimization
problem. Let Q be a QFA recognizing L. Let pmin be the minimum probability
of the correct answer for Q, over all words. We use Q to construct an instance
of the optimization problem above with p ≥ pmin.

Namely, we look at Q reading an infinite (or very long finite) sequence of
letters x. By Lemma 2, we can decompose the starting state ψ into 2 parts
ψ1 ∈ E1 and ψ2 ∈ E2. Define v1 = ψ1 and v2 = ψ2. Let p1 and p2 be the
probabilities of getting into an accepting (for p1) or rejecting (for p2) state while
reading an infinite sequence of x’s.

Since q1 and q2 are different states of the minimal automaton M , there is
a word y that is accepted in one of them but not in the other. Without loss
of generality, we assume that y is accepted if M is started in q1 but not if M
is started in q2. Also, since q2 is not an “all-accepting” state, there must be a
word z that is rejected if M is started in the state q2.

We choose Ea and Er so that the square of the projection Pa (Pr) of a
vector v on Ea (Er) is equal to the accepting (rejecting) probability of Q if we
run Q on the starting state v and input y and the right endmarker $.

Finally, we set p equal to the inf of the set consisting of the probabilities of
correct answer of Q on the words y and xiy, xiz for all i ∈ ZZ.

Then, the first requirement of the optimization problem, ‖Pa(v1 + v2)‖2 ≥ p
is true because the word y must be accepted and the accepting probability for
it is exactly the square of the projection of the starting state (v1 + v2) to Pa.
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The second requirement follows from running Q on a word xiy for some
large i. If we pick an appropriately selected large i, then reading xi has the
following effect:

1. v1 gets mapped to a state that is at most ε-away (in l2 norm) from v1,
2. v2 gets mapped to an accepting/rejecting state and most ε fraction of it stays
on the non-halting states.

Together, these two requirements mean that the state of Q after reading xi is at
most 2ε-away from v1. Also, the probabilities of Q accepting and rejecting while
reading xi differ from p1 and p2 by at most ε.

Since reading y in q2 leads to a rejection, xiy must be rejected. The probabil-
ity of rejection by Q consists of two parts: the probability of rejection during xi

and the probability of rejection during y. The first part differs from p1 by at
most ε, the second part differs from ‖Pr(v1)‖2 by at most 4ε (because the state
of Q when starting to read y differs from v1 by at most 2ε and, by a lemma
in [BV 97], if the starting states are close, accepting probabilities are close as
well). Therefore, p1 + ‖Pr(v1)‖2 is at least the accepting probability plus 5ε. By
appropriately choosing i, we can make this true for any ε > 0.

The third requirement is true by considering xiz. This word must be ac-
cepted with probability p. Therefore, for any i, Q can only reject during xi with
probability 1− p and p2 ≤ 1− p.

This shows that no QFA can achieve a probability of correct answer more
than the solution of optimization problem 1. In the appendix, we show how to
solve this optimization problem. The answer is p = (52 + 4

√
7)/81 = 0.7726....

This proves the first part of the theorem.
The second part is proven by taking the solution of optimization problem 1

and using it to construct a QFA for the language a+ in a two-letter alphabet
{a, b}. ��

4 Non-reversible Constructions

We now look at fragments of the minimal automaton that imply that the lan-
guage cannot be recognized with probability more than p, for some p. We call
such fragments “non-reversible constructions”. The simplest such construction
is the one of Theorem 3. In this section, we present 3 other “non-reversible con-
structions” that imply that a language can be recognized with probability at
most 0.7324..., 0.6894... and k/(2k− 1). This shows that different constructions
are “non-reversible” to different extent.

4.1 “Two Cycles in a Row”

The first construction comes from the language a∗b∗ considered in Ambainis
and Freivalds[AF 98]. This language was the first example of a language that
can be recognized by a QFA with some probability (0.6822...) but not with
another (7/9 + ε). We find the “non-reversible” construction for this language
and construct the QFA with the best possible accepting probability.
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Theorem 5. Let L be a language and M its minimal automaton.

1. If M contains states q1, q2 and q3 such that, for some words x and y,
(a) if M reads x in the state q1, it passes to q1,
(b) if M reads y in the state q1, it passes to q2,
(c) if M reads y in the state q2, it passes to q2,
(d) if M reads x in the state q2, it passes to q3,
(e) if M reads x in the state q3, it passes to q3
then L cannot be recognized by a QFA with probability more than 0.6894....

2. The language a∗b∗ (the minimal automaton of which contains the construc-
tion above) can be recognized by a QFA with probability 0.6894....

The proof (which is omitted due to space constraints) is by a reduction to
the following optimization problem.

q
2

q
3

q
1

x x

y

y

x

Fig. 2. “The forbidden construction” of Theorem 5

Optimization problem 2. Find the maximum p such that there is a finite-
dimensional space E, subspaces Ea, Er such that E = Ea ⊕ Er, vectors v1, v2

and v3 and probabilities pa1 , pr1 , pa2 , pr2 such that

1. ‖v1 + v2 + v3‖ = 1,
2. v1 ⊥ v2,
3. v1 + v2 + v3 ⊥ v2,
4. v1 + v2 ⊥ v3.
5. ‖v3‖2 = pa1 + pr1 ;
6. ‖v2‖2 = pa2 + pr2 ;
7. ‖Pa(v1 + v2 + v3)‖2 ≥ p;
8. ‖Pa(v1 + v2)‖2 + pa1 ≥ p;
9. ‖Pa(v1)‖2 + pa1 + pa2 ≤ 1− p.

4.2 k Cycles in Parallel

Theorem 6. Let k ≥ 2.
1. Let L be a language. If there are words x1, x2, . . . , xk such that its minimal

automaton M contains states q0, q1, . . . , qk satisfying:
(a) if M starts in the state q0 and reads xi, it passes to qi,
(b) if M starts in the state qi(i ≥ 1) and reads xj, it passes to qi,
Then L cannot be recognized by a QFA with probability greater than k

2k−1 .
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Fig. 3. “The forbidden construction” of Theorem 6

2. There is a language such that its minimal deterministic automaton contains
this construction and the language can be recognized by a QFA with proba-
bility k

2k−1 .

For k = 2, a related construction was considered in [AKV 01]. There is a
subtle difference between the two. The “non-reversible construction” in [AKV 01]
requires the sets of words accepted from q2 and q3 to be incomparable. This extra
requirement makes it much harder: no QFA can recognize a language with the
“non-reversible construction” of [AKV 01] even with the probability 1/2 + ε.

A similar effect is true for the constructions in Figures 1 and 4. The con-
struction in Figure 4 is the same as the construction in Figure 1 with an extra
requirement that the sets of the words accepted from q1 and q2 are incompara-
ble. Again, the construction with this extra requirement is harder: we get the
probability 0.7324... instead of 0.7726....

4.3 0.7324... Construction

Theorem 7. Let L be a language.

1. If there are words x, z1, z2 such that its minimal automaton M contains
states q1 and q2 satisfying:
(a) if M starts in the state q1 and reads x, it passes to q2,
(b) if M starts in the state q2 and reads x, it passes to q2,
(c) if M starts in the state q1 and reads z1, it passes to an accepting state,
(d) if M starts in the state q1 and reads z2, it passes to a rejecting state,
(e) if M starts in the state q2 and reads z1, it passes to a rejecting state,
(f) if M starts in the state q2 and reads z2, it passes to an accepting state.
Then L cannot be recognized by a QFA with probability greater than 1

2 +
3
√

15
50 = 0.7324....

2. There is a language L with the minimum automaton containing this con-
struction that can be recognized with probability 1

2 +
3
√

15
50 = 0.7324....
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The proof (omitted) is similar to Theorem 4. It uses
Optimization problem 3. Find the maximum p such that there is a fi-

nite dimensional vector space Eopt, subspaces Ea, Er and vectors v1, v2 such
that v1 ⊥ v2 and ‖v1+v2‖ = 1 and probabilities p1, p2 such that p1+p2 = ‖v2‖2
and

1. ‖Pa(v1 + v2)‖2 ≥ p,
2. ‖Pr(v1 + v2)‖2 ≥ p,
3. 1− ‖Pa(v1)‖2 − p1 ≥ p,
4. 1− ‖Pr(v1)‖2 − p2 ≥ p.

acc

rej

rej

acc
z

z

1

2

z

zz

1

2

x
xq1

q
2

Fig. 4. “The forbidden construction” of Theorem 7
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KR 00. Arnolds Ķikusts, Zigmārs Rasščevskis. On the accepting probabilities of
1-way quantum finite automata. Proceedings of the workshop on Quantum
Computing and Learning, 2000, p. 72–79.

KS 76. J. Kemeny, J. Snell. Finite Markov Chains. Springer-Verlag, 1976. 136,
139
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Appendix: Solving the Optimization Problem 1

The key idea is to show that it is enough to consider 2-dimensional instances of
the problem.

Since v1 ⊥ v2, the vectors v1, v2, v1 + v2 form a right-angled triangle. This
means that ‖v1‖ = cosβ‖v1 + v2‖ = cosβ, ‖v2‖ = sinβ‖v1 + v2‖ = sinβ where
β is the angle between v1 and v1+ v2. Let w1 and w2 be the normalized versions
of v1 and v2: w1 = v1

‖v1‖ , w2 = v2
‖v2‖ . Then, v1 = cosβw1 and v2 = sinβw2.

Consider the two-dimensional subspace spanned by Pa(w1) and Pr(w1). Since
the accepting and the rejecting subspaces Ea and Er are orthogonal, Pa(w1)
and Pr(w1) are orthogonal. Therefore, the vectors wa = Pa(w1) and wr = Pr(w1)
form an orthonormal basis. We write the vectors w1, v1 and v1+v2 in this basis.
The vector w1 is (cosα, sinα) where α is the angle between w1 and wa. The
vector v1 = cosβw1 is equal to (cos β cosα, cosβ sinα).

Next, we look at the vector v1+ v2. We fix α, β and v1 and try to find the v2

which maximizes p for the fixed α, β and v1. The only place where v2 appears in
the optimization problem 1 is ‖Pa(v1 + v2)‖2 on the left hand side of constraint
1. Therefore, we should find v2 that maximizes ‖Pa(v1 + v2)‖2. We have two
cases:

1. α ≥ β.
The angle between v1 + v2 and wr is at most π

2 − α+ β (because the angle
between v1 and wr is π

2 − α and the angle between v1 + v2 and v1 is β).
Therefore, the projection of v1 + v2 to wr is at least cos(π2 − α + β) =
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sin(α− β). Since wr is a part of the rejecting subspace Er, this means that
‖Pr(v1 + v2)‖ ≥ sin(α− β). Since ‖Pa(v1 + v2)‖2 + ‖Pr(v1 + v2)‖2 = 1, this
also means that

‖Pa(v1 + v2)‖2 ≤ 1− sin2(α − β) = cos2(α − β).

The maximum ‖Pa(v1+v2)‖ = cos2(α−β) can be achieved if we put v1+v2

in the plane spanned by wa and wr: v1 + v2 = (cos(α− β), sin(α− β)).
Next, we can rewrite constraint 3 of the optimization problem as 1−p2 ≥ p.
Then, constraints 1-3 together mean that

p = min(‖Pa(v1 + v2)‖2, ‖Pr(v1)‖2 + p2, 1− p2). (1)

To solve the optimization problem, we have to maximize (1) subject to the
conditions of the problem. From the expressions for v1 and v1+ v2 above, it
follows that (1) is equal to

p = min(cos2(α− β), sin2 α cos2 β + p2, 1− p2) (2)

First, we maximize min(sin2 α cos2 β+p2, 1−p2). The first term is increasing
in p2, the second is decreasing. Therefore, the maximum is achieved when
both become equal which happens when p2 = 1−sin2 α cos2 β

2 . Then, both
sin2 α cos2 β + p2 and 1− p2 are 1+sin2 α cos2 β

2 . Now, we have to maximize

p = min
(
cos2(α − β),

1 + sin2 α cos2 β
2

)
. (3)

We first fix α − β and try to optimize the second term. Since sinα cosβ =
sin(α+β)+sin(α−β)

2 (a standard trigonometric identity), it is maximized when
α+ β = π

2 and sin(α+ β) = 1. Then, β = π
2 − α and (3) becomes

p = min
(
sin2 2α,

1 + sin4 α

2

)
. (4)

The first term is increasing in α, the second is decreasing. Therefore, the
maximum is achieved when

sin2 2α =
1 + sin4 α

2
. (5)

The left hand side of (5) is equal to 4 sin2 α cos2 α = 4 sin2 α(1 − sin2 α).
Therefore, if we denote sin2 α by y, (5) becomes a quadratic equation in y:

4y(1− y) =
1 + y2

2
.

Solving this equation gives y = 4+
√

7
9 and 4y(1− y) = 52+4

√
7

81 = 0.7726....
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2. α < β.
We consider min(‖Pr(v1)‖2 + p2, 1 − p2) = min(sin2 α cos2 β + p2, 1 − p2).
Since the minimum of two quantities is at most their average, this is at most

1 + sin2 α cos2 β
2

. (6)

Since α < β, we have sinα < sinβ and (6) is at most 1+sin2 β cos2 β
2 . This

is maximized by sin2 β = 1/2. Then, we get 1+1/4
2 = 5

8 which is less than
p = 0.7726... which we got in the first case.
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Abstract. We show that the known bounded-depth proofs of the Weak
Pigeonhole Principle PHP2n

n in size nO(log(n)) are not optimal in terms
of size. More precisely, we give a size-depth trade-off upper bound: there

are proofs of size nO(d(log(n))2/d) and depth O(d). This solves an open
problem of Maciel, Pitassi and Woods (2000). Our technique requires
formalizing the ideas underlying Nepomnjaščij’s Theorem which might
be of independent interest. Moreover, our result implies a proof of the
unboundedness of primes in I∆0 with a provably weaker ‘large number
assumption’ than previously needed.

Keywords. Proof Complexity, Weak Pigeonhole Principle, Bounded Arithmetic.

1 Introduction

The Pigeonhole Principle PHPn+1
n is a fundamental statement about cardinal-

ities of finite sets. It says that {0, . . . , n} cannot be mapped injectively into
{0, . . . , n − 1}. The Pigeonhole Principle is at the heart of many mathemati-
cal arguments, although implicitely quite often. As a matter of fact, it implies
the Induction Principle, and so its apparent self-evidence makes it even more
interesting.

The general form of the Pigeonhole Principle PHPmn states that if m > n,
then {0, . . . ,m−1} cannot be mapped injectively into {0, . . . , n−1}. When m is
substantially larger than n, saym = 2n, the principle is called the Weak Pigeon-
hole Principle. Still, it is quite often the case that this weaker form is enough to
carry over many arguments, notably in finite combinatorics and number theory.

The complexity of proving a propositional encoding of the Pigeonhole Princi-
ple has been investigated in depth since the problem was proposed by Cook and
Reckhow in connection with the NP ?= coNP question [5]. Haken proved that
PHPn+1

n requires exponential-size proofs in Resolution [10]. On the other hand,
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Buss proved that PHPn+1
n has polynomial-size proofs in Frege systems [3]. Ajtai

proved a superpolynomial lower bound for bounded-depth Frege systems [1], and
that was improved to an exponential lower bound by Pitassi, Beame and Impagli-
azzo [19], and Kraj́ıcek, Pudlák and Woods [13] independently. For the Weak
Pigeonhole Principle PHP2n

n , the situation is quite different. While it is known
that PHP2n

n requires exponential-size proofs in Resolution [4], Paris, Wilkie
and Woods [18,12] proved that it has quasipolynomial-size (nO(log(n))) proofs
in bounded-depth Frege systems. More recently, Maciel, Pitassi and Woods [15]
gave a new quasipolynomial-size proof of optimal depth. Both papers left open,
however, whether depth could be traded for size; that is, whether allowing more
depth in the proof would allow us reduce the size below nlog(n). We note that
such a trade-off is known for the even weaker Pigeonhole Principle PHPn

2

n [18].
The proofs of Paris, Wilkie and Woods [18] and Maciel, Pitassi and

Woods [15] consist in reducing PHP2n
n to PHPn

2

n . In both cases, they build an
injective map from {0, . . . , n2 − 1} to {0, . . . , n− 1} by repeatedly composing a
suposedly injective map from {0, . . . , 2n− 1} to {0, . . . , n− 1}. The difference in
their proofs is, essentially, in the proof of PHPn

2

n . Our new contribution is show-
ing that the repeated composition technique can be made more efficient in terms
of size. That is, we reduce PHP2n

n to PHPn
2

n in size no(log(n)) (notice the small
oh). The price we need to pay for that is an increase in depth. More precisely,
we show that PHP2n

n reduces to PHPn
2

n in size nO(d(log(n))2/d) and depth d. This
gives us the desired size-depth trade-off upper bound for PHP2n

n since PHPn
2

n is
provable in size nO(log(2)(n)) and depth O(1) [18,12].

The most interesting particular case of our size-depth trade-off is when d =
O(1) since it proves that the previously known upper bound in bounded-depth
Frege is not optimal. Indeed, nO(d(log(n))2/d) grows slower than nc log(n) for any
constants d > 2 and c > 0. Thus, any lower bound proof will have to focus
on a bound weaker than nlog(n)ε

for any ε > 0. We believe this is valuable
information. The other interesting particular case is when d = O(log log(n)). In
that case we obtain a proof of size nO(log log(n)) and depth O(log log(n)). The
bound nO(log log(n)) is new in the context of PHP2n

n .
The method that we use to reduce the size of the composition technique

is inspired from the theory of automata. We observe that checking whether b
is the image of a under repeated composition of a function f is a reachability
problem in a graph. Therefore, one can use (an analogue of) Savitch’s Theorem
to efficiently solve the reachability problem. We are more ambitious and we use
ideas from an old theorem of Nepomnjaščij that achieves a size-depth trade-off
for the same problem [17]. We formalize the ideas in Nepomnjaščij’s Theorem
into a theorem of Bounded Arithmetic with an automatic translation into propo-
sitional Gentzen Calculus. This formalization may be of independent interest.
We note that Nepomnjaščij’s Theorem has received a renewed deal of attention
recently in the context of time-space trade-off lower bounds for the satisfiability
problem [6,14,7].
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The new bounds on the Weak Pigeonhole Principle that we obtain have some
consequences for Feasible Number Theory whose aim is to develop as much num-
ber theory as possible without exponentiation. The main open problem of the
field is whether the bounded arithmetic theory I∆0 can prove that there are un-
boundedly many primes [18,16,2]. Of course, Euclides’ proof cannot be carried
over in I∆0 since exponentially large numbers are required in the proof. In a
major breakthrough, Woods [21] showed that exponentiation can be replaced by
a combinatorial argument using the Pigeonhole Principle PHPn+1

n , and Paris,
Wilkie and Woods [18] realized that the Weak Pigeonhole Principle PHP2n

n was
enough for that proof. As a corollary to their results, they show that I∆0 aug-
mented with the statement that xlog(x) exists proves that (∃y)(y > x∧prime(y)).
Our results improve this to show that, for every standard natural number k, the
theory I∆0 augmented with the statement that xlog(x)1/k

exists proves that
(∃y)(y > x ∧ prime(y)). Therefore, the large number assumption “xlog(x) ex-
ists” is not optimal. Indeed, for k > 1, one can build a model of I∆0 with a
non-standard element a such that alog(a)1/k

exists in the model but alog(a) does
not.

2 The Proof of the WPHP in Propositional Logic

The propositional form of the Weak Pigeonhole Principle PHPmn that we use is
formalized by the following sequent:

m∧

i=1

n∨

j=1

pi,j �
n∨

k=1

m∨

i,j=1
i�=j

pi,k ∧ pj,k.

We will work with the propositional fragment of the sequent calculus LK. We
refer the reader to any standard textbook for a definition [20,12].

Our goal is to prove a size-depth trade-off upper bound for proofs of PHP2n
n .

As mentioned in the introduction, our technique consists in reducing PHP2n
n

to PHPn
2

n . The difference with previous reductions is that our composition of
mappings is done efficiently mimicking the proofs of Savitch’s and Nepomnjaščij’s
Theorems in Complexity Theory. To complete the proof, we will use the fact
that PHPn

2

n has LK proofs of size nO(log(d)(n)) and depth O(d), where log(d)(n)
is the d-wise composition of log with itself [18,12].

For the sake of clarity of exposition, it is more convenient to prove the fol-
lowing extreme case of the trade-off first.

Theorem 1. PHP2n
n has LK proofs of size nO(log log(n)) and depth 3 log log(n).

Proof : Let d = log log(n). For every α ∈ {0, 1}≤d, we define numbers Lα and Rα
inductively as follows: Let Lλ = log(n), Rλ = 0, and Lα0 = Lα, Rα1 = Rα,
Lα1 = Rα0 = 1

2 (Lα + Rα). Now we define sets Aα, Bα and Cα as follows: Let
Aα = {0, . . . , 2Lαn−1}, Bα = {0, . . . , 2Rαn−1} and Cα = {0, . . . , 2 1

2 (Lα+Rα)n−
1}. Observe that Aλ = {0, . . . , n2 − 1} and Bλ = {0, . . . , n− 1}.
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For α ∈ {0, 1}d, x ∈ Aα, y ∈ Bα, let Rαxy be defined as follows: If �x/2n	 
=
�y/n	, define Rαxy = 0; otherwise, define Rαxy = Px′y′ where x′ = x mod 2n and
y′ = y mod n. For α ∈ {0, 1}<d, x ∈ Aα, y ∈ Bα, define Rαxy =

∨
z∈Cα

Rα0
xzR

α1
zy .

It is easy to see that the size of Rαxy is bounded by n2(d−|α|) and the depth is
bounded by 2(d − |α|). In particular, Rλxy has size bounded by n2 log log(n) and
depth bounded by 2 log log(n).

We want to prove the following sequents
∧

α∈{0,1}k

∧

x

∨

y

Rαxy →
∨

α∈{0,1}k

∨

y

∨

x1 	=x2

Rαx1yR
α
x2y (1)

in size bounded by nck and depth bounded by 3k, where c is a sufficiently large
constant independent of n (c = 20 should work). When k = d = log log(n), it is
easy to see that sequent (1) is equivalent to PHP2n

n after contraction of repeated
formulas, and the theorem will follow. We fix a sufficiently large n, and proceed
by induction on k.

Observe that the base case k = 0 is precisely the sequent PHPn
2

n (Rλ). Since
the sequent PHPn

2

n has LK proofs of size nO(log(3)(n)) and constant depth, it
follows that PHPn

2

n (Rλ) has LK-proofs of size bounded by nc log log(n) and depth
bounded by 3 log log(n). Here is where we need n to be sufficiently large.

Suppose next that we have proved sequent (1) for a k > 0 in size nck and
depth 3k. We prove it for k + 1. We first prove the following sequents for every
α ∈ {0, 1}k and w:

∧

x

∨

y

Rα0
xy ∧

∧

x

∨

y

Rα1
xy →

∨

y

Rαwy. (2)

Recall that Rαwy stands for
∨
z R

α0
wzR

α1
zy . Start with the sequents Rα0

wz → Rα0
wz and∧

x

∨
y R

α1
xy →

∨
y R

α1
zy , and apply right ∧ introduction to obtain

Rα0
wz,
∧

x

∨

y

Rα1
xy → Rα0

wz ∧
∨

y

Rα1
zy . (3)

By distributivity we easily get

Rα0
wz,
∧

x

∨

y

Rα1
xy →

∨

y

Rα0
wzR

α1
zy . (4)

By left ∨-introduction, left weakening, left ∧-introduction, right ∨-introduction
and commutativity of ∨, in this order, we get the desired sequent (2).

Next we prove the following sequents for every α ∈ {0, 1}k, w1 
= w2 and y:

Rαw1yR
α
w2y →

∨

z

∨

x1 	=x2

Rα0
x1zR

α0
x2z ∨

∨

z

∨

x1 	=x2

Rα1
x1zR

α1
x2z. (5)

Recall that Rαwiy stands for
∨
z R

α0
wizR

α1
zy . Using distributivity, derive the sequent

Rαw1yR
α
w2y →

∨

z1,z2

Rα0
w1z1R

α1
z1yR

α0
w2z2R

α1
z2y. (6)
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For z1 = z2, derive the sequent Rα0
w1z1R

α1
z1yR

α0
w2z2R

α1
z2y → Rα0

w1z1R
α0
w2z2 . For z1 
= z2,

derive the sequent Rα0
w1z1R

α1
z1yR

α0
w2z2R

α1
z2y → Rα1

z1yR
α1
z2y. Left ∨-introduction and

right ∨-introduction gives the sequent
∨

z1,z2

Rα0
w1z1R

α1
z1yR

α0
w2z2R

α1
z2y →

∨

z1=z2

Rα0
w1z1R

α0
w2z2 ∨

∨

z1 	=z2
Rα1
z1yR

α1
z2y. (7)

A cut with sequent (6), right weakening, right ∨-introduction and commutativity
of ∨, in this order, give the desired sequent (5).

Now combine all sequents (2) by right ∧-introduction, left ∧-introduction
and commutativity of ∧, in this order, to obtain

∧

α∈{0,1}k+1

∧

x

∨

y

Rαxy →
∧

α∈{0,1}k

∧

x

∨

y

Rαxy. (8)

Similarly, combine all sequents (5) by left ∨-introduction, right ∨-introduction
and commutativity of ∨, in this order, to obtain

∨

α∈{0,1}k

∨

y

∨

x1 	=x2

Rαx1yR
α
x2y →

∨

α∈{0,1}k+1

∨

y

∨

w1 	=w2

Rαw1yR
α
w2y. (9)

Finally, two cuts using sequents (1), (8) and (9) give the desired result for k+1.
If c is sufficiently large, it is easy to check that the size of this proof is bounded
by nc(k+1) and its depth is bounded by 3(k + 1). This completes the induction
step. ��

An analogous argument mimicking the proof of Nepomnjaščij’s Theorem,
instead of Savitch’s Theorem as above, would give a general size-depth trade-off
upper bound. Since the notation in the proof would get fairly tedious, we prefer
to state it without proof and get it as a corollary to Theorem 6 below (see the
end of Section 4).

Theorem 2. PHP2n
n has LK proofs of size nO(d(log(n))2/d) and depth d.

3 Formalization of Nepomnjaščij’s Theorem

Let us briefly recall the proof of a general form of Nepomnjaščij’s Theorem. This
will be of help later.

Theorem 3. (General Form of Nepomnjaščij’s Theorem) Let K = K(n), T =
T (n) and S = S(n) be time-constructible functions such that K(n) ≥ 2. For
every non-deterministic Turing machine running in simultaneous time T and
space S, there exists an equivalent alternating Turing machine running in time
O(SK log(T )/ log(K)) and 2 log(T )/ log(K) alternations.

Proof : Let M be a non-deterministic Turing machine running in simultaneous
time T and space S. The idea is to divide the reachability problem between
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configurations of M into many equivalent subproblems of smaller size. Hence,
configuration CK is reachable from configuration C0 in N steps if and only if
there exist K − 1 intermediate configurations C1, . . . , CK−1 such that for every
i ∈ {0, . . . ,K−1}, configuration Ci+1 is reachable from configuration Ci in N/K
steps. An alternating Turing machine can existentially quantify those interme-
diate configurations, and universally branch to check that every two consecutive
configurations are reachable from each other in the appropriate number of steps.
Applying this recursively yields an alternating machine that checks whether an
accepting configuration is reachable from the initial configuration of M .

The details of the calculations follow. Since M runs in space S, each configu-
ration can be coded by a binary word of length O(S). The outermost reachability
problem has length T since M runs in time T . The second level of reachabil-
ity subproblems have length T/K. In general, the subproblems at level i have
length T/Ki. After log(T )/ log(K) levels, we reached a trivial reachability sub-
problem. Therefore, the whole computation of the simulating machine takes time
O(SK log(T )/ log(K)) and 2 log(T )/ log(K) alternations. ��

Our next goal is to formalize the ideas of Theorem 3 into a theorem of the
bounded arithmetic theory I∆0 . We will use the beautiful arithmetization in
I∆0 of Chapter V, Section 3, in the book of Hájek and Pudlák [9]. In summary,
the arithmetization allows us to manipulate sequences provably in I∆0. Thus,
there are formulas Seq(s) meaning that s is the code of a sequence, (s)i = x
meaning that the i-th element of the sequence s is x, and s $ t = p meaning
that sequence p is the result of appending sequence t to the end of sequence s.
The coding is so that if s = (x), the sequence with x as its only element, then
I∆0 proves s ≤ 9·x2. Morevoer, I∆0 proves that for every sequence s, the bound
s $ (x) ≤ 9 · x2 · s holds (see Lemma 3.7 in page 297 of [9]). It follows that
I∆0 proves that if lr exists below n and s is a sequence of length r all of whose
elements are smaller than l, then s ≤ 9r · l2r (by ∆0-induction on r). Therefore,
the coding is fairly close to its information theoretic bound. Of course, I∆0 can
prove several other obvious facts about Seq(s), (s)i and s $ t (see [9] for details).

Let θ(x, y) be a ∆0-formula in a language L extending the usual language of
arithmetic {+,×,≤}. Obviously, θ(x, y) defines a binary relation on any model
for the language L that may be interpreted as an infinite directed graph. We
define∆0-formulasΘi(x, y), with certain parameters, meaning that y is reachable
from x under certain conditions that depend on the parameters. More precisely,
let Θ0(x, y, t, r, l, n) = θ(x, y) (note that the parameters t, r and l are not used
for the moment). Inductively, we define Θk+1(x, y, t, r, l, n) as follows:

(∃z ≤ n)(Seq(z) ∧ (z)0 = x ∧ (z)r = y ∧ (∀i < r + 1)((z)i ≤ l) ∧
∧(∀i < r)(∃c, c′ ≤ z)((z)i = c ∧ (z)i+1 = c′ ∧Θk(c, c′, t, t, l, n))).

Informally, the formula Θk(x, y, t, t, l, n) says that y is reachable from x in tk

steps according to the directed graph defined by θ(x, y) as long as each number
in the path is bounded by l. The following theorem states this in the form of
recursive equations:
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Theorem 4. Let M |= I∆0(L), and let x, y, t, r, l, n ∈ M be such that x, y ≤ l,
lt exists in M , r < t, and 9t+1 · l2(t+1) ≤ n. Then,

(i) Θk+1(x, y, t, 0, l, n)↔ x = y,
(ii) Θk+1(x, y, t, r + 1, l, n)↔ (∃c ≤ l)(Θk(x, c, t, t, l, n) ∧Θk+1(c, y, t, r, l, n))

hold in M .

Proof : (i) Assume Θk+1(x, y, t, 0, l, n) holds. Then, for some z ≤ n, we have
(z)0 = x and (z)0 = y. Hence, x = y. Conversely, if x = y, then z = (x) ≤
9 ·x2 ≤ 9 · l2 ≤ n is a witness for the existential quantifier in Θk+1(x, y, t, 0, l, n).
(ii) Assume Θk+1(x, y, t, r + 1, l, n) holds. Let z ≤ n be the witness for its ex-
istential quantifier. Let c = (z)1 and note that (z)0 = x. Obviously, c ≤ l and
Θk(x, c, t, t, l, n) holds. Now let z′ be the sequence that results from z when
(z)0 is dropped (definable in I∆0). It is easily seen that z′ ≤ z ≤ n, and
Θk+1(c, y, t, r, l, n) holds with z′ witnessing its existential quantifier. Conversely,
if Θk(x, c, t, t, l, n) and Θk+1(c, y, t, r, l, n) hold, let z′ ≤ n be a witness for the
existential quantifier in the latter. We can assume that z′ codes a sequence of
r + 1 numbers bounded by l each; if not, just trim z′ to the first r + 1 numbers
(definable in I∆0) and the result is still a witness of the existential quantifier.
Moreover, z′ ≤ 9r+1 · l2(r+1). Since x ≤ l and r < t, the sequence (x) $ z′ is
coded by some z ≤ 9r+2 · l2(r+2) ≤ n. such a z is a witness for the existential
quantifier in Θk+1(x, y, t, r + 1, l, n) and we are done. ��

The reader will notice that the recursive equations in Theorem 4 correspond
to the inductive definition of the transitive closure of the graph defined by Θk.
The innermost level of stratification, namely k = 0, is the inductive definition
of the transitive closure of the graph defined by θ. It is in this sense that we
interpret Theorem 4 as a formalization of Nepomnjaščij’s Theorem.

4 The Proof of the WPHP in Bounded Arithmetic

The graph of the exponentiation function x = yz is definable by a ∆0-formula
on the natural numbers. Moreover, Pudlák gave a definition with the basic
properties being provable in I∆0. Similarly, one can define y = �log(x)�, and
y = �log(k)(x)� in I∆0. We make the convention that when expressions such as
log(a) or (log(a))ε do not come up integer numbers, the nearest larger integer is
assumed unless specified otherwise. Thus, (log(a))ε really stands for �log(a)ε�.

We let L be the usual language of arithmetic {+,×,≤} extended by a unary
function symbol α. We denote I∆0(L) (see the previous section) by I∆0(α). The
Weak Pigeonhole Principle PHPmn is formalized by the following statement:

(∀x < m)(α(x) < n))→ (∃x, y < m)(x 
= y ∧ α(x) = α(y)).

We will abbreviate this statement by ¬α : m 1−1−→ n. We will make use of the
following result:
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Theorem 5. [18] For every K > 0,

I∆0(α) � (∃y)(y = xlog(K)(x))→ ¬α : x2 1−1−→ x.

Here, log(0)(x) = x and log(k+1)(x) = log(log(k)(x)).

Next, we formalize the reduction of PHP2n
n to PHPn

2

n using the result of
Section 3.

Theorem 6. For every K > 0,

I∆0(α) � (∃y)(y = x(log(x))1/K

)→ ¬α : 2x 1−1−→ x.
Proof : Let ε = 1/K. Let M = (M,F ) be a model of I∆0(α), let a ∈M be such
that a(log(a))

ε

exists in M , and assume for contradiction that F : 2a 1−1−→ a. Let
T = (log(a))ε, L = a2, and N = 9T+1 · L2(T+1). Observe that N exists in M
since a(log(a))ε

exists, and M is closed under multiplication. Define θ(x, y) as
follows (see the text that follows the formula for the intuition):

(∃r < 2a)(∃r′ < a)(∃q, q′ < a)(x = 2aq + r ∧ y = aq′ + r′ ∧ α(r) = r′ ∧ q = q′).
Note that this ∆0-formula could be informally abbreviated by

y mod a = α(x mod 2a) ∧ �y/a	 = �x/2a	
when x, y ∈ {0, . . . , a2 − 1}.

Lemma 7. θ(x, y)M : 2i+1a
1−1−→ 2ia for every i < log(a).

Proof : Given u ∈ 2i+1a, let v = �u/2a	 · a+ α(u mod 2a). It is not hard to see
that v ∈ 2ia and θ(u, v) holds. Moreover, if w ∈ 2ia is such that θ(u,w) holds,
then �v/a	 = �u/2a	 = �w/a	 and v mod a = α(u mod 2a) = w mod a. Hence,
v = w. This shows that θ(x, y)M is the graph of a function from 2i+1a to 2ia.

We show next that the function is one-to-one. Let u, v ∈ 2i+1a and w ∈
2ia be such that θ(u,w) and θ(v, w). Then, �u/2a	 = �v/2a	 = �w/a	 and
F (u mod 2a) = F (v mod 2a) = w mod a. Since F is one-to-one, it must be
then that u mod 2a = v mod 2a. Hence, u = 2a · �u/2a	 + (u mod 2a) =
2a · �v/2a	+ (v mod 2a) = v. ��

Lemma 8. ΘK(x, y, T, T, L,N)M : a2 1−1−→ a.
Proof : We prove that for every k ≤ K, the formula Θk(x, y, T, T, L,N) defines a
one-to-one mapping Θk : 2(i+1)Tk

a→ 2iT
k

a for every i < log(a)/T k. The lemma
will be proved since TK = ((log(a))1/K)K = log(a) (in fact, TK ≥ log(a) by
our convention on rounding). The proof is by induction on k (this induction is
outside M).

Lemma 7 takes care of the base case k = 0. We turn to the inductive case
0 < k ≤ K. Fix i < log(a)/T k. We prove that for every r ≤ T , the formula
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Θk(x, y, T, r, L,N) defines a one-to-one mapping Θrk : 2(iT+r)Tk−1
a → 2iT

k

a.
That is, we prove that for every r ≤ T , x < 2(iT+r)Tk−1

a and y < 2iT
k

a,

Θk(x, z, T, r, L,N) ∧Θk(y, z, T, r, L,N)→ x = y

holds in M. We use the schema of ∆0-induction on r in the ∆0-formula above.
The base case r = 0 is immediate since Θk(x, y, T, 0, L,N) defines the identity by
Theorem 4. Suppose that 0 < r ≤ T , and that Θk(x, y, T, r − 1, L,N) defines a
one-to-one mapping Θr−1

k : 2(iT+r−1)Tk−1
a→ 2iT

k

a. Since Θk−1(x, y, T, T, L,N)
defines a one-to-one mapping Θk−1 : 2(iT+r)Tk−1

a → 2(iT+r−1)Tk−1
a by induc-

tion hypothesis on k, and since Θk(x, y, T, r, L,N) defines the composition of
Θk−1 and Θr−1

k by Theorem 4 (observe that x, y ≤ L, r − 1 < T and 9T+1 ·
L2(T+1) ≤ N), it follows that Θk(x, y, T, r, L,N) defines a one-to-one mapping
Θrk : 2

(iT+r)Tk−1
a→ 2iT

k

a as required. ��
Since ΘK is a ∆0(α) formula, we have that (M,ΘK(x, y, T, T, L,N)M) |=

I∆0(α). Moreover, alog
(2)(a) < a(log(a))ε

exists in M . It follows from Theorem 5
that ΘK(x, y, T, T, L,N)M is not a one-to-one mapping from a2 → a; a contra-
diction to Lemma 8. ��

It is well-known that proofs in I∆0(α) translate into bounded-depth LK
proofs of polynomial-size. When statements of the form “f(x) exists” are re-
quired as in Theorem 4, the translations come up of size f(n)O(1) (see [12], for
example). This gives us Theorem 2 as a corollary.

5 Infinitude of Primes

The existence of infinitely many primes is not guaranteed in weak fragments of
arithmetic. For example, it is known that Iopen, Peano Arithmetic with induc-
tion restricted to open formulas, has models with a largest prime [16]. It is an
open problem whether I∆0 proves the infinitude of primes. It is known, however,
that I∆0 augmented with the axiom (∀x)(∃y)(y = xlog(x)) proves it. In addition,
a single application of this axiom suffices. More precisely,1

Theorem 9. [18] I∆0 � (∃y)(y = xlog(x))→ (∃y)(y > x ∧ prime(y)).

The aim of this section is to show that a weaker axiom suffices, and so the
existence of xlog(x) is not the optimal large number assumption. Namely,

Theorem 10. I∆0 � (∃y)(y = x(log(x))1/K

)→ (∃y)(y > x∧ prime(y)) for every
K > 0. Moreover, there exists a model M |= I∆0 with a non-standard element
a ∈M such that a(log(a))1/K

exists in M but alog(a) does not.
1 This notion of limited use of an axiom also appears in Chapter V, Section 5, Sub-
section (g) of [9].
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Proof : For the second part, let M be a non-standard model of true arithmetic,
and let a ∈ M be its non-standard element. Obviously, a(log(a))

1/K

exists in M
since the function is total in true arithmetic. Let N = {n ∈ M : (∃i ∈ ω)(M |=
n < ai(log(a))1/K

)}. It is not hard to see that N is a cut of M that is closed
under addition and multiplication. It follows that N |= I∆0 (see Lemma 5.1.3
in page 64 of [12]). Finally, a(log(a))

1/K

still exists in N by absoluteness of the
∆0-formula expressing the graph of exponentiation. However, alog(a) does not
exist in N because alog(a) > ai(log(a))1/K

in M for every standard i ∈ ω.
For the first part, suppose that a(log(a))1/K

exists in M |= I∆0. Our goal is
to show that no ∆0-definable function F : M → M maps 9a log(a) injectively
into 8a log(a). The result would follow from Theorem 11 of [18] since then a
prime exists in M between a and a11. Let b = a2 and observe that b(log(b))

1/K

=
a2

1+1/K(log(a))1/K

exists in M since it is closed under multiplication. By Theo-
rem 6, no ∆0-definable function maps 2b injectively into b. It follows that no ∆0-
definable functions maps 9

8 b injectively into b; otherwise we could compose that
function with itself a constant number of times to maps 2b injectively into b. We
conclude that no ∆0-definable function maps 9a log(a) injectively into 8a log(a);
otherwise, we could juxtapose that function with itself to obtain a ∆0-definable
function mapping 9

8b injectively into b (break b and 9
8b into a/8 log(a) blocks of

size 8a log(a) and 9a log(a) respectively). ��
We note that I∆0 proves (∀x)(∃y)(y = xlog(x)ε

) → (∀x)(∃y)(y = xlog(x)).
However, the second part of Theorem 10 implies that I∆0 does not prove
(∃y)(y = xlog(x)ε

)→ (∃y)(y = xlog(x)).

6 Discussion and Open Problems

Another major open problem in Feasible Number Theory is whether Fermat’s
Little Theorem is provable in I∆0. Berarducci and Intrigila [2] point out that one
important difficulty is that the modular exponentiation relation xy ≡ z (mod n)
is not known to be ∆0-definable. The situation has changed, however. Very
recently, Hesse [11] proved that the modular exponentiation relation on numbers
of O(log(n)) bits is first-order definable. A well-known translational argument
shows then that xy ≡ z (mod n) is ∆0-definable. The proof of this result,
however, seems to rely on Fermat’s Little Theorem, and therefore it is not clear
whether the basic properties of modular exponentiation are provable in I∆0.

Open Problem 1 Find a ∆0 definition of the modular exponentiation relation
whose basic properties are provable in I∆0; namely, xyxz ≡ xy+z (mod n) and
(xy)z ≡ xyz (mod n).

We believe that a positive solution to this open problem would help devel-
opping the number theory of I∆0 in the same way that the ∆0-definition of the
(non-modular) exponentiation relation helped developping the metamathematics
of I∆0 [8,9].
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Abstract. Informally, a sequential dynamical system (SDS) consists of
an undirected graph where each node v is associated with a state sv and
a transition function fv. Given the state value sv and those of the neigh-
bors of v, the function fv computes the next value of sv. The node tran-
sition functions are evaluated according to a specified total order. Such a
computing device is a mathematical abstraction of a simulation system.
We address the complexity of some state reachability problems for SDSs.
Our main result is a dichotomy between classes of SDSs for which the
state reachability problems are computationally intractable and those for
which the problems are efficiently solvable. These results also allow us to
obtain stronger lower bounds on the complexity of reachability problems
for cellular automata and communicating state machines.

1 Introduction and Motivation

We study the computational complexity of some state reachability problems as-
sociated with a new class of finite discrete dynamical systems, called Sequential
Dynamical Systems (SDSs), proposed in [BR99,BMR99]. Informally, an SDS
consists of an undirected graph where each node v is associated with a state sv
and a transition function fv. Given the state value sv and those of the neigh-
bors of v, the function fv computes the next value of sv. The node transition
functions are evaluated according to a specified total order. A formal definition
of an SDS is given in Section 2.
SDSs are closely related to classical Cellular Automata (CA), a widely studied

class of finite discrete dynamical systems used to model problems in physics and
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complex systems. Computability aspects of dynamical systems in general and
cellular automata in particular have been widely studied in the literature (see
for example, [Wo86,Gu89]). Dynamical systems are closely related to networks
of communicating automata, transition systems and sequential digital circuits
(see for example, [Ra92,AKY99,RH93,Hu73]).
In this paper, we will restrict ourselves to Simple-SDSs, that is, SDSs with

the following additional restrictions: (i) the state of each node is Boolean and (ii)
each local transition function is Boolean and symmetric. Our hardness results
hold even for such simple-SDSs and thus imply analogous hardness results for
more general models.
We study the computational complexity of determining some properties of

SDSs. The properties studied include classical questions such as reachability
(“Does a given SDS starting from configuration C ever reach configuration C′?”)
and fixed points (“Does a given SDS have a configuration C such that once C
is reached, the SDS stays in C forever?”) that are commonly studied by the dy-
namical systems community. Specifically, we investigate whether such properties
can be determined efficiently using computational resources that are polynomial
in the size of the SDS representation.
The original motivation to develop a mathematical and computational theory

of SDSs was to provide a formal basis for the design and analysis of large-scale
computer simulations. Because of the widespread use of computer simulations,
it is difficult to give a formal definition of a computer simulation that is appli-
cable to all the various settings where it is used. An important characteristic
of any computer simulation is the generation of global dynamics by iterated
composition of local mappings. Thus, we view simulations as comprised of the
following: (i) a collection of entities with state values and local rules for state
transitions, (ii) an interaction graph capturing the local dependency of an entity
on its neighboring entities and (iii) an update sequence or schedule such that
the causality in the system is represented by the composition of local mappings.
References [BWO95,BB+99] show how simulations of large-scale transportation
systems and biological systems can be modeled using appropriate SDSs.
Following [BPT91], we say that a system is predictable if basic properties

such as reachability and fixed point existence can be determined in time that is
polynomial in the size of the system specification. Our PSPACE-completeness
results for predicting the behavior of “very simple” systems essentially imply
that the systems are not easily predictable; in fact, our results imply that no
prediction method is likely to be more efficient than running the simulation
itself. The results here can also be used to show that even simple SDSs are
“universal” in that any reasonable model of simulation can be “efficiently locally
simulated” by appropriate SDSs that can be constructed in polynomial time.
The models investigated include cellular automata, communicating finite state
machines, multi-variate difference equations, etc.
We undertake the computational study of SDSs in an attempt to increase our

understanding of SDSs in particular and the complex behavior of dynamical sys-
tems in general. SDSs are discrete finite analogs of classical dynamical systems,
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and we aim to obtain a better understanding of “finite discrete computational
analogs of chaos”. As pointed out in [BPT91,Mo90,Mo91], computational in-
tractability or unpredictability is the closest form of chaotic behavior that such
systems can exhibit. Extending the work of [BPT91], we prove a dichotomy re-
sult between classes of SDSs whose global behavior is easy to predict and others
for which the global behavior is hard to predict. In [Wo86], Wolfram posed the
following three general questions in the chapter entitled “Twenty Problems in
the Theory of Cellular Automata”: (i) Problem 16: How common are computa-
tional universality and undecidability in CA? (ii) Problem 18: How common is
computational irreducibility in CA? (iii) Problem 19: How common are compu-
tationally intractable problems about CA? The results obtained here and in the
companion papers [BH+01a,BH+01b,BH+01c] for SDSs (and for CA as direct
corollaries) show that the answer to all of the above questions is “quite com-
mon”. In other words, it is quite common for synchronous as well as sequential
dynamical systems to exhibit intractability. In fact, our results show that such
intractability is exhibited by extremely simple SDSs and CA.

2 Definitions and Problem Formulation

2.1 Formal Definition of an SDS

As stated earlier, we will restrict our selves to Simple-SDSs. (Unless otherwise
stated, we use “SDS” to mean a simple SDS.) Our definition closely follows the
original definition of SDS in [BMR99].
A Simple Sequential Dynamical System (SDS) S is a triple (G,F , π),

whose components are as follows:

1. G(V,E) is an undirected graph without multi-edges or self loops. G is re-
ferred to as the underlying graph of S. We use n to denote |V | and m to
denote |E|. The nodes of G are numbered using the integers 1, 2, . . ., n.

2. Each node has one bit of memory, called its state. The state of node i,
denoted by si, takes on a value from F2= {0, 1}. We use δi to denote the
degree of node i. Further, we denote by N(i) the neighbors of node i in G,
plus node i itself. Each node i is associated with a symmetric Boolean func-
tion fi : F

δi+1
2 → F2, (1 ≤ i ≤ n). We refer to fi as a local transition

function. The inputs to fi are the state of i and the states of the neighbors
of i. By “symmetric” we mean that the function value does not depend on the
order in which the input bits are specified; that is, the function value depends
only on how many of its inputs are 1. We use F to denote {f1, f2, . . . , fn}.

3. Finally, π is a permutation of {1, 2, . . . , n} specifying the order in which nodes
update their states using their local transition functions. Alternatively, π can
be envisioned as a total order on the set of nodes.

Computationally, the transition of an SDS from one configuration to another
involves the following steps:
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for i = 1 to n do
(i) Node π(i) evaluates fπ(i). (This computation uses the current values of the

state of π(i) and those of the neighbors of π(i).)
(ii) Node π(i) sets its state sπ(i) to the Boolean value computed in Step (i).

end-for

Stated another way, the nodes are processed in the sequential order specified
by permutation π. The “processing” associated with a node consists of computing
the value of the node’s Boolean function and changing its state to the computed
value.
A configuration of an SDS is a bit vector (b1, b2, . . . , bn), where bi is the

state value of node vi. A configuration C of an SDS S = (G,F , π) can also be
thought of as a function C : V → F2. The function computed by SDS S, denoted
by FS , specifies for each configuration C, the next configuration C′ reached byS after carrying out the update of node states in the order given by π. Thus,
FS : Fn2 → Fn2 is a global function on the set of configurations. The function FS
can therefore be considered as defining the dynamic behavior of SDS S. We also
say that SDS S moves from a configuration C at time t to a configuration FS (C)
at time (t + 1). The initial configuration (i.e., the configuration at time t = 0)
of an SDS S is denoted by I. Given an SDS S with initial configuration I, the
configuration of S after t time steps is denoted by ξ(S, t). We define ξ(S, 0) = I.
For a configuration C, we use C(W ) to denote the states of the nodes in W ⊆ V
and C(v) to denote the state of a particular node v ∈ V .
A fixed point of an SDS S is a configuration C such that FS (C) = C. An

SDS S is said to cycle through a sequence of configurations 〈C1, C2, . . . , Cr〉 if
FS (C1) = C2, FS (C2) = C3, . . ., FS (Cr−1) = Cr and FS (Cr) = C1. A fixed
point is a cycle involving only one configuration. Any cycle involving two or
more configurations is called a limit cycle. The phase space PS of an SDS S
is a directed graph with one node for each configuration of S. For any pair of
configurations C and C′, there is a directed edge from the node representing C
to that representing C′ if FS (C) = C′.

2.2 Problems Considered

Given an SDS S, let |S| denote the size of the representation of S. In general, this
includes the number of nodes, edges and the description of the local transition
functions. We assume that evaluating any local transition function given values
for its inputs can be done in polynomial time.
The main problems studied in this paper deal with the analysis of a given

SDS, that is, determining whether a given SDS has a certain property. These
problems are formulated below.
Given an SDS S, two configurations I, B, and a positive integer t, the t-

Reachability problem is to determine whether S starting in configuration I
can reach configuration B in t or fewer time steps. If t is specified in unary, it
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is easy to solve this problem in polynomial time since we can execute the SDS
for t steps and check whether configuration B is reached at some step. So, we
assume that t is specified in binary.
Given an SDS S and two configurations I, B, the Reachability problem is

to determine whether S starting in configuration I ever reaches the configuration
B. (Note that, for an SDS with n nodes, when t ≥ 2n, t-Reachability is
equivalent to Reachability.) Given an SDS S and a configuration I, the Fixed

Point Reachability problem is to determine whether S starting in state I
reaches a fixed point.

2.3 Extensions of the Basic SDS Model

As defined, the state of each node of an SDS stores a Boolean value and the local
transition functions are symmetric Boolean functions. When we allow the state
of each node to assume values from a domain D of a fixed size and allow the local
transition functions to have D as their range, we obtain a Finite Range SDS
(FR-SDS). If the states may store unbounded values and the local transition
functions may also produce unbounded values, we obtain a Generalized SDS
(Gen-SDS).
Another useful variant is a Synchronous Dynamical System (SyDS), an

SDS without the node permutation. In a SyDS, during each time step, all the
nodes synchronously compute and update their state values. Thus, SyDSs are
similar to classical CA with the difference that the connectivity between cells is
specified by an arbitrary graph.
The notion of symmetry can be suitably extended to functions with non-

Boolean domains as well. In defining the above models, we did not attempt to
relax the symmetry property of local transition functions. Dynamical systems in
which the local transition functions are not necessarily symmetric are considered
in the companion papers [BH+01a,BH+01b,BH+01c].

3 Summary and Significance of Results

In this paper, we characterize the computational complexity of determining sev-
eral phase space properties for SDSs and CA. The results obtained are the first
such results for SDSs and directly imply corresponding lower bounds on the com-
plexity of similar problems for various classes of CA and communicating finite
state machines.
Our main result is a dichotomy between easy and hard to predict classes of

SDSs. Specifically, we show that t-Reachability, Reachability and Fixed

Point Reachability problems for FR-SDSs are PSPACE-complete. More-
over, these results hold even if the local transition functions are identical and
the underlying graph is a simple path. We further extend these results to show
that the above three problems remain PSPACE-complete for SDSs, even when
the underlying graph is simultaneously k-regular for some fixed k, bandwidth
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bounded (and hence pathwidth and treewidth bounded) and the local transition
functions are symmetric.
In contrast to the above intractability results, we show that these problems

are efficiently solvable for SDSs in which each local transition function is symmet-
ric and monotone. Specifically, we prove that when each local transition function
is a k-simple-threshold function1 for some k ≥ 0, these problems can be solved
in polynomial time.
As a part of our methodology, we also obtain a number of “simulation”

results that show how to simulate one type of SDS (or CA) by another typ-
ically more restricted type of SDS (or CA). These simulation results may be
of independent interest. For instance, we show (i) how a given FR-SyDS with
local transition functions that are not necessarily symmetric can be efficiently
simulated by a SyDS, and (ii) how a SyDS can be simulated by an SDS.
The results presented here extend a number of earlier results on the com-

plexity of problems for CA and also have other applications. We briefly discuss
these extensions and their significance below.
Reference [RH93] shows the EXPSPACE-hardness of local State Reach-

ability problems for hierarchically-specified linearly inter-connected copies of
a single finite automaton. The constructions presented here imply that var-
ious local State Reachability problems are also EXPSPACE-hard, for
hierarchically-specified and bandwidth-bounded networks of simple SDSs. Us-
ing ideas from [SH+96], this last result implies that determining any simulation
equivalence relation or pre-order in the Linear-time/Branching-time hierarchies
of [vG90,vG93] is EXPSPACE-hard for such hierarchically-specified networks
of simple SDSs.
Our reductions are carried out starting from the acceptance problem for

deterministic linear space bounded automata (LBAs) and are extremely efficient
in terms of time and space requirements. Specifically, these reductions require
O(n) space and O(n log n) time. Thus these results imply tight lower bounds on
the deterministic time and space required to solve these problems.
The results in [Su95,Su90] prove the PSPACE-completeness of Reachabil-

ity and Fixed Point Reachability problems for CA. These papers do not
address the effect of restricting the class of local transition functions or restrict-
ing the structure of the underlying graph on the complexity of these problems.
Our results extend these hardness results to much simpler instances and also
provide the first step in proving results that delineate polynomial time solvable
and computationally intractable instances.
The results presented here can be contrasted with the work of Buss, Pa-

padimitriou and Tsitsiklis [BPT91] on the complexity of t-Reachability prob-
lem for coupled automata. Their identity-independence assumption is similar to
our symmetric function assumption, except that they consider first order formu-
las. In contrast to the polynomial time solvability of the reachability problem for
1 The k-simple-threshold function has the value 1 iff at least k of its inputs are 1. Con-
ventional definition of threshold functions associates a weight with each input [Ko70].
We use the simplified form where all inputs have the same weight.
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globally controlled systems of independent automata [BPT91], our results show
that a small amount of local interaction suffices to make the reachability problem
computationally intractable. Our reduction leads to an interaction graph that is
of constant degree, bandwidth bounded and regular.
Other than [BPT91], papers that are most relevant to our work are the fol-

lowing. References [BMR99,BMR00,MR99,Re00,Re00a,LP00] investigate math-
ematical properties of sequential dynamical systems. Sutner [Su89,Su90,Su95]
and Green [Gr87] characterize the complexity of reachability and predecessor
existence problems for finite CA. Moore [Mo90,Mo91] makes an important con-
nection between unpredictability of dynamical systems and undecidability of
some of their properties. The models considered here are also related to discrete
Hopfield networks [FO00,GFP85,BG88].
Alur et al (see for example [AKY99]) consider the complexity of several

problems for hierarchically specified communicating finite state machines. SDSs
can be viewed as very simple kinds of concurrent state machines. Moreover, the
hardness proof obtained here can be extended to obtain EXPSPACE-hardness,
when we have exponentially many simple automata (vertices in our case) joined
to form a bandwidth bounded graph. This result significantly extends a number
of known results in the literature concerning concurrent finite state machines
by showing that the hardness results hold even for simple classes of individual
machines.
Quadratic dynamical systems are a variant of discrete dynamical systems

that aim at modeling genetic algorithms. In [ARV94] it is shown that simulating
quadratic dynamical systems is PSPACE-hard; specifically, it is shown that
the t-reachability problem for such systems is PSPACE-complete even when t
is specified in unary.

4 Complexity of Reachability Problems

4.1 Road Map for the Reductions

In this section we prove our main hardness theorem concerning the t-
Reachability, Reachability and Fixed point reachability problems for
SDSs.

Theorem 1. (Main hardness theorem) The t-Reachability, Reacha-

bility and Fixed point reachability problems for SDSs with symmetric
Boolean functions are PSPACE-hard, even when (i) each node is of constant
degree and the graph is regular (i.e. all nodes have the same degree), (ii) the
pathwidth and hence the treewidth of the graph is bounded by a constant, and
(iii) all the nodes have exactly the same symmetric Boolean function associated
with them.

Overall proof idea: The proof of the above theorem is obtained through a series
of local replacement type reductions (steps). The reductions involve building
general gadgets that may be of independent interest.
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Step 1: First, by a direct reduction from the acceptance problem for a Lin-

ear Bounded Automaton (LBA) we can show that the t-Reachability,
Reachability and Fixed point reachability problems for FR-SyDS (fi-
nite CA) and FR-SDS are PSPACE-hard even under the following restrictions
applied simultaneously. (i) The graph G is a line (which has pathwidth and
treewidth of 1). (ii) The number of distinct local transition functions is at most
three. (iii) The domain of each function is a small constant, depending only on
the size of the LBA encoding. This result is stated as Theorem 2 below; the
proof is omitted.

Theorem 2. (Step 1:) The t-Reachability, Reachability and Fixed

point reachability problems for FR-SyDS (Cellular Automata) and FR-SDS
are PSPACE-hard, even when restricted to instances such that: (i) The graph G
is a line graph (and thus has pathwidth and treewidth of 1), and (ii) The number
of distinct local transition functions is at most three, and (iii) The size of the
domain of each function is a small constant.

Step 2: Next, we show how to transform these problems for FR-SyDS into
the corresponding problems for SyDS in which the maximum node degree is
bounded. See Section 4.2.
Step 3: Next, we show how a SyDS can be simulated by an SDS where the
maximum node degree is bounded. (The underlying graph of the SDS may not
be regular and the local transition functions may not be identical.)
Step 4: Finally, we show how to transform the SDS obtained in Step 3 into
another SDS whose underlying graph is regular and whose node functions are
all identical (same function and same degree).
For reasons of space, we omit the constructions alluded to in Steps 3 and 4.

4.2 SyDS with Symmetric Boolean Functions: Step 2

Definition 3. Given k ≥ 1, a distance-k coloring of a graph G(V,E) is an
assignment of colors h : V → {0, 1, 2, . . . , |V |−1} to the nodes of G such that for
all u, v ∈ V for which the distance between u and v is at most k, h(u) �= h(v).

Proposition 4. A graph G(V,E) with maximum degree ∆ can be distance-2
colored using at most ∆2 + 1 colors, and such a coloring can be obtained in
polynomial time. Thus, for a graph whose node degrees are bounded by a constant,
and, in particular, for regular graphs of constant degree, the number of colors used
for distance-2 coloring is a constant.

Theorem 5. For a given µ and ∆, consider the class of FR-SyDSs where the
size of the state domain of each node is at most µ and the degree of each node is
at most ∆. There is a polynomial time reduction from a FR-SyDS S = (G,F)
in this class and configurations I and B for S to a usual (having symmetric
Boolean functions) SyDS S1 = (G1,F1) and configurations I1 and B1 for S1

such that
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1. S starting in configuration I reaches B iff S1 starting in configuration I1
reaches B1. Moreover, for each t, S reaches B in t steps iff S1 reaches B1

in t steps.
2. S starting in configuration I reaches a fixed point iff S1 starting in I1 reaches

a fixed point.

Proof sketch: Given S, the reduction first constructs a distance-2 coloring h
of G, using at most ∆2 + 1 colors, where the colors are consecutive integers,
beginning with zero. The fact that h is a distance-2 coloring is not used in the
construction of S1 from S, but is crucial to the correctness of the reduction.
Next, given graph G(V,E) and coloring h, graph G1(V1, E1) is constructed,

as follows. For each node xk ∈ V , there are (µ− 1)µh(xk) nodes in V1. We refer
to these nodes as xkij , 1 ≤ i < µ and 1 ≤ j ≤ µh(xk). Informally, corresponding
to a node xk of S, V1 contains µ − 1 sets of nodes (which we call clumps),
each of cardinality µh(xk). For a given node xk ∈ V , clump X kj refers to the
nodes xkj,r 1 ≤ r ≤ µh(xk). Additionally, we will use X k = X k1 ∪ X k2 . . . ∪ X kµ−1

to denote the set of all nodes in V1 corresponding to xk. E1 consists of the
following two kinds of edges: For each node xk ∈ V , the nodes in X k form a
complete graph. Each edge {xk, xr} ∈ E is replaced by a complete bipartite
graph between the sets of nodes used to replace the nodes xk and xr.
Before specifying the construction of the local transition functions of S1,

we define the following mapping ψk, for each node xk ∈ V . Suppose that
node xk ∈ V has neighbors y1, . . . , yd in G. We define function ψk : N→ µd+1

(where N is the set of nonnegative integers) as follows: ψk(w) = 〈c0, c1, . . . , cd〉,
where in the base µ representation of w, c0 is the coefficient of µh(xk), and cr,
1 ≤ r ≤ d, is the coefficient of µh(yr).
The functions in the set F1 are defined as follows. We envision the state

domain of S to be the integers 0, 1, . . . , µ − 1. Consider a node xkij in X k and
a vector α of Boolean input values for fxk

ij
. Suppose that in α, exactly w of

the input parameters to fxk
ij
are equal to 1. Suppose fxk

from F is the local
transition function at node xk. Then fxk

ij
(α) = 1 iff fxk

(ψk(w)) ≥ i. In the
reduction of S to S1, function fxk

ij
is represented by specifying the subset of

counts of input parameters taking value 1 for which the output equals 1.
We now define the following mapping g from the configurations of S to the

configurations of S1, g : µV → 2V1 . Consider a configuration A of S and
node xk ∈ V . In configuration g(A) of S1, the nodes in the first A(xk) clumps
of X k have state value 1, and the nodes in the other clumps of X k have state
value 0. More precisely, for xk ∈ V , 1 ≤ i < µ, 1 ≤ j ≤ µh(xk), g(A)(xkij) =
1 iff A(xk) ≥ i.
The reduction constructs I1 as g(I), and B1 as g(B). This completes the

construction involved in the reduction. The correctness of this construction is
based on showing that the phase space of S is embedded as a subspace of the
phase space of S1, so that S1 can be used to simulate S. First, we specify which
configurations of S1 are in this subspace.
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Define a configuration A of S1 to be proper if for all k, i, j, p, q,

(A(xkij) = 1 and i ≥ p) ⇒ A(xkpq) = 1.

In other words, a configuration A of S1 is proper if the value at any node in
clump X kj equal to 1 implies that all nodes in clumps X k1 ,X k2 , . . . ,X kj are also
1. The following claim provides an important property of the mapping g.
Claim 4.1: Mapping g is a bijection between the configurations of S and the
proper configurations of S1.
For a mapping D of a set of states into Boolean values, we let |D| denote

the number of 1’s in D. We also take the notational liberty of identifying an
assignment of state values to a set of nodes with the vector of values representing
the assignment. Also, recall that N(x) denotes the neighbors of node x, plus
node x itself. For a configuration C and set of nodes W , C(W ) denotes the
restriction of C to W .
Claim 4.2: For a configuration C of S, node xk of V , and node xkij of X k,
C(N(xk)) = ψk(|g(C)(N(xkij))|).
We now state our key claim, which says that S1 properly simulates S.

Claim 4.3: For every configuration A of S, FS1
(g(A)) = g(FS (A)).

Now, the following claim completes the proof of Theorem 5. The claim can
be proven using the above claims and induction on t.
Claim 4.4: Let S and S1 be as defined above. Consider S starting in configura-
tion I and S1 starting in configuration g(I). Then (1) ∀t ≥ 0, ξ(S1, t) is proper.
(2) ∀t ≥ 0, ξ(S1, t) = g(ξ(S, t)).

5 Polynomial Time Solvable Cases

In this section we prove that t-Reachability, Reachability and Fixed

Point Reachability problems are polynomial time solvable for k-simple-
threshold-SDSs, that is, SDSs in which each local transition function is a k-
simple-threshold function for some k ≥ 1. Since each symmetric monotone func-
tion is a k-simple-threshold function for some k, these polynomial time results
provide the dichotomy between two classes of SDSs: one with symmetric lo-
cal transition functions and the other with symmetric monotone local transition
functions. Some remarks regarding the generality of these polynomial algorithms
are provided at the end of this section.

Definition 6. A k-simple-threshold-SDS is an SDS in which the local tran-
sition function at each node vi is a ki-simple-threshold function, where 1 ≤
ki ≤ min{k, δi + 1}. Here, δi is the degree of node vi.

Theorem 7. For any k-simple-threshold-SDS, 1 ≤ k ≤ n, the problems t-
Reachability, Reachability and Fixed Point Reachability can be
solved by executing at most 3m/2 steps of the given SDS, where m is the number
of edges in the underlying graph.
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Proof sketch: The proof of the theorem is based on a potential function argu-
ment. A similar approach is used in [GFP85] to establish the convergence rate
and to bound the transient length of discrete Hopfield networks with threshold
gates.
Given an SDS with underlying graph G(V,E), we assign a potential to each

node and each edge in G. For the remainder of the proof, we use kv to denote the
threshold value required for a node v to become 1. For each node v define T1(v) =
kv and T (v) = δv + 1. Recall that sv denotes the state of node v. Thus sv = 1
iff at least T1(v) of its inputs are 1; sv is 0 otherwise. Another interpretation
of T1(v) is that it is the smallest integer such that sv must be assigned 1 if T1(v)
of v’s inputs have value 1. Using this analogy, define T0(v) to be the smallest
integer such that sv must be assigned 0 if T0(v) of the inputs to v have value 0.
The following observation is an easy consequence of the definitions of kv-simple-
threshold, T0(v) and T1(v): For any node v ∈ V , T1(v)+T0(v) = T (v)+1. Define
the potential P (v) at a node v as follows:

P (v) = T1(v) if sv = 1
= T0(v) if sv = 0

The following is an easy consequence of the definitions of T0(v), T1(v) and the
fact that kv ≥ 1: For any node v ∈ V , 1 ≤ P (v) ≤ δv + 1.
Define the potential P (e) of an edge e = {u, v} as follows:

P (e) = 1 if e = {u, v} and su �= sv
= 0 otherwise.

The potential of the entire SDS is given by P (G) =
∑

v∈V P (v)+
∑

e∈E P (e). It
can be seen that the initial potential P (G) (regardless of the initial configuration)
is bounded by 3m+n. Further, for each node v ∈ V , P (v) ≥ 1; thus, the potential
of the SDS at any time is at least n.
If the system has not reached a fixed point, then at least one node v undergoes

a state change. Now, fix a global step in the dynamic evolution of the SDS and
consider a particular substep in which the state of node v changes from a to b.
This state change may modify the potential of v and the potentials of the edges
incident on v. It can be shown that each time there is a change in the state of a
node, P (G) decreases by at least 2. As argued above, the initial value of P (G)
is at most 3m + n, and the value of P (G) can never be less than n. Thus, the
total number of configuration changes is bounded by [(3m+ n)− n]/2 = 3m/2.
In other words, any k-simple-threshold-SDS reaches a fixed point after at

most 3m/2 steps. Theorem 7 follows.
The above theorem points out an interesting contrast between CA and SDSs.

It is easy to construct instances of k-simple-threshold-CA with limit cycles. In
contrast, by Theorem 7, k-simple-threshold-SDSs have fixed points but not limit
cycles.
Theorem 7 holds even when each node has a different value of the threshold k.

As observed earlier, every symmetric and monotone Boolean function is a k-
simple-threshold function for some k. Thus, Theorem 7 implies the polynomial
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time solvability of reachability problems for SDSs with symmetric monotone local
transition functions. Theorem 7 also shows that for k-simple-threshold-SDSs, the
length of any transient is at most 3m/2.
The result of Theorem 7 can also be extended to the case when the local

transition function at node vi is the zero-threshold function (i.e., a function
whose output is 1 for all inputs) or the (δi+2)-threshold function (i.e., a function
whose output is 0 for all inputs). All nodes with such local transition functions
will reach their final values during the first step of the SDS. Therefore, in this
case, the number of SDS steps needed to reach a fixed point is at most 3m/2+1.
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Abstract. The study of tensor calculus over semirings in terms of com-
plexity theory was initiated by Damm et al. in [8]. Here we first look at
tensor circuits, a natural generalization of tensor formulas; we show that
the problem of asking whether the output of such circuits is non-zero is
complete for the class NE = NTIME(2O(n)) for circuits over the boolean
semiring, ⊕E for the field F2 , and analogous results for other semirings.
Common sense restrictions such as imposing a logarithmic upper bound
on circuit depth are also discussed. Second, we analyze other natural
problems concerning tensor formulas and circuits over various semirings,
such as asking whether the output matrix is diagonal or a null matrix.

1 Introduction

In a recent paper Damm et al. [8] initiated the study of the computational com-
plexity of multi-linear algebra expressed by tensors. More precisely, they consid-
ered the computational complexity of the evaluation problem for formulas over
algebras of matrices defined over a finite, or finitely generated, semiring S, and
where the operations are matrix addition, matrix multiplication, and the tensor
product—also known as the Kronecker, or outer, or direct product. Central to
their work is the analysis of the non-zero tensor problem, denoted by 0 �= valS ,
which consists in asking whether a given formula yields a 1 × 1 matrix whose
unique entry differs from the zero of S. The complexity of this problem is in-
dicative of where tensor calculus over the specified semiring sits in the hierarchy
of complexity classes.

This is one more way of characterizing complexity classes in algebraic terms,
which comes after the problem of evaluating formulas and circuits over the
Boolean semiring [6,7,11], and the computational models of programs over
monoids [2,3], and leaf languages [5], among others. Using tensor calculus in
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Germany.
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this context is especially appealing, because of the many applications matrix al-
gebra finds in various computer science areas, such as the specification of parallel
algorithms. Also, since the design of algorithms for quantum computers makes
extensive use of unitary matrices [9], tensor formulas and circuits may become
useful tools for better understanding the power of this computational model.

In this paper we extend the research from tensor formulas to circuits. We
show that for the non-zero problem over unrestricted tensor circuits, the com-
pleteness statements transfer smoothly to the exponential time counterparts of
the complexity classes encountered in the formula case. However, to achieve this
we have to develop a more powerful proof technique which as a byproduct en-
ables us to improve some of the tensor formula completeness results, in that we
can write them using polytime many-one instead of polytime Turing reductions
(see [8]). More precisely, with notation E for the class DTIME(2O(n)), we obtain
that:

1. Evaluating a tensor circuit over the natural numbers is #E-complete under
polylin many-one reductions, i.e., reductions computable in deterministic
polytime producing linear output, and

2. problems 0 �= valB and 0 �= valF2 are resp. NE-complete and ⊕E-complete
under polylin many-one reductions.

We also discuss a number of meaningful sub-cases concerning tensor circuit depth
restrictions and consider other natural questions pertaining to tensor circuits
based on natural linear-algebraic questions. Since problems of this kind were not
addressed in [8], we also solve them for the case of tensor formulas. For instance
we investigate the problems of deciding whether a tensor circuit’s output is a
null matrix or a diagonal matrix. To this end we make heavy use of generalized
counting classes on algebraic Turing machines and operator characterizations of
complexity classes.

The paper is organized as follows. The next section introduces the definitions
and notations needed. In Section 3 we discuss the complexity of the evaluation of
tensor circuits in general. Then linear algebraic problems on tensor circuits and
formulas are studied in Section 4. Due to space constraints we have to omit most
of our proofs. Finally we summarize our results and state some open problems.

2 Definitions, Notations and Basic Techniques

We assume that the reader is familiar with the standard notation from com-
putational complexity (see, e.g., [1]), in particular with the first three items in
the inclusion chain P ⊆ NP ⊆ PSPACE ⊆ EXP ⊆ NEXP. Here, we use EXP
(NEXP, resp.) to denote DTIME(2n

O(1)
) (NTIME(2n

O(1)
), resp.), and we de-

note by E the class DTIME(2O(n)). We refer to the latter as (deterministic)
exponential time; its nondeterministic counterpart is referred to as NE. Note
that E and NE are not closed under polytime or logspace reductions due to the
possibly nonlinear output length of these reductions.



The Complexity of Tensor Circuit Evaluation 175

We also assume that the reader is familiar with counterparts to nondeter-
ministic decision classes like NP defined by “counting” or defined as function
classes. Here #P is the class of functions f defined with machines M with the
same resources as the underlying base class, such that f(x) equals the number
of accepting computations of M on x (see, e.g., [16,17]), the parity version ⊕P
is the class of sets of type { x | f(x) �= 0 (mod 2) } for some f ∈ #P, the class
MODq-P is similarly defined with respect to counting modulo q, and the class
GapP equals { f − g | f, g ∈ #P }. We also use the class C=P of sets of the
type { x | f(x) − g(x) = 0 } for some f, g ∈ #P, the class USP of sets of type
{ x | f(x) = 1 } for some f ∈ #P (see, e.g., [4]), and DP, the class of those lan-
guages which can be written as the difference of two NP languages [13]. Similarly
one defines PSPACE, E, and EXP counting classes.

A semiring is a tuple (S,+, ·) with {0, 1} ⊆ S and binary operations +, · :
S × S → S (sum and product), such that (S,+, 0) is a commutative monoid,
(S, ·, 1) is a monoid, multiplication distributes over sum, and 0 · a = a · 0 = 0 for
every a in S (see, e.g., [12]). A semiring is commutative if and only if a · b = b · a
for every a and b, it is finitely generated if there is a finite set G ⊆ S generating
all of S by summation, and is a ring if and only if (S,+, 0) is a group. The
special choice of G has no influence on the complexity of problems we study
in this paper. Throughout the paper we consider the following semirings: the
Booleans (B,∨,∧), residue class rings (Zq ,+, ·), the naturals (N,+, ·), and the
integers Z = (Z,+, ·).

Let MS denote the set of all matrices over S, and define M
k,�
S ⊆ MS to be

the set of all matrices of order k× �. For a matrix A in M
k,�
S let I(A) = [k]× [�],

where [k] denotes the set {1, 2, . . . , k}. The (i, j)th entry of A is denoted by ai,j
or (A)i,j . Addition and multiplication of matrices in MS are defined in the
usual way. Additionally we consider the tensor product ⊗ : MS ×MS → MS of
matrices, also known as Kronecker product, outer product, or direct product,
which is defined as follows: for A ∈M

k,�
S and B ∈ M

m,n
S let A⊗B ∈M

km,�n
S be

A⊗B :=



a1,1 · B . . . a1,� · B

...
. . .

...
ak,1 · B . . . ak,� ·B


 .

Hence (A⊗B)i,j = (A)q,r · (B)s,t where i = k · (q− 1) + s and j = � · (r− 1) + t.

Proposition 1. The following hold when the expressions are defined [14]:

1. (A⊗B)⊗ C = A⊗ (B ⊗ C).
2. (A+B)⊗ (C +D) = A⊗ C +A⊗D +B ⊗ C +B ⊗D.
3. (A⊗B) · (C ⊗D) = (A · C)⊗ (B ·D).
4. (A · B)⊗n = A⊗n ·B⊗n for any n ≥ 1.
5. (A+B)T = AT +BT, (A · B)T = BT ·AT, and (A⊗B)T = AT ⊗BT.

In the proofs of the two main lemmata we make use of special rotation matri-
ces, so called stride permutation matrices [15]. Formally, the mn-point stride n
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permutation Pmnn ∈ M
mn,mn
S is defined as Pmnn

(
emi ⊗ enj

)T =
(
enj ⊗ emi

)T,
where emi ∈ M

1,m
S and enj ∈ M

1,n
S are row unit vectors of appropriate length.

In other words, the matrix Pmnn permutes the elements of a vector of length mn
with stride distance n. Further we will make use of the following identities on
stride permutations, where Im is the order m identity matrix.

Proposition 2. The following hold:

1. Pmnn =
∑n
i=1 (eni )T ⊗ Im ⊗ (eni ).

2. (Pmnn )−1 =
∑n
i=1 (eni )⊗ Im ⊗ (eni )T. ��

The following notion is borrowed from [8, Definition 11]. An algebraic Turing
machine over a semiring S is a tuple M = (Q,Σ, Γ, δ, q0, B, F ), whereQ,Σ ⊆ Γ ,
Γ , q0 ∈ Q, B ∈ Γ , and F ⊆ Q are defined as for ordinary Turing machines and δ
is the transition relation taking the form δ ⊆ Q×Γ×Q×Γ×{L, S,R}×S. In this
machine, a move using the transition (p, a, q, b,m, s) ∈ δ, is assigned a weight s.
To a particular computation we associate a weight in the straightforward way,
i.e., as the product in S of the weights of its successive moves. For completeness,
we define the weight of a length-zero computation to be 1.

On input w machine M computes the value fM (w), a function fM : Σ∗ → S,
which is defined as the sum of the weights of all accepting computations from the
initial configuration on input w to an accepting configuration. A language LM =
{w ∈ Σ∗ | fM (w) �= 0 } can also be defined. The definition is adapted in a
straightforward way to define algebraic algebraic space or time bounded Turing
machines, etc. We define the generalized counting class S-#P as the set of all
functions f : Σ∗ → S such that there is a polytime algebraic Turing machine M
over S which computes f . The generalized language class S-P is the set of all
languages L ⊆ Σ∗ such that there is a polytime algebraic Turing machine M
over S for which w ∈ L if and only if fM (w) �= 0.

Let S-#C be a generalized counting class over semiring S which is closed
under the pairing operation 〈·, ·〉. Then the “polynomial” counting operator #p

defines the function class #p · S-#C as the set of all functions f for which a
polynomial p and a function fM ∈ S-#C can be found, such that

f(x) =
∑

|y|≤p(|x|)
fM (x, y),

where summation is taken in S. Based on the counting operator #p the “polyno-
mial” operators ∃p, ∀p, and Cp= define the following language classes: ∃p · S-#C
(∀p · S-#C, ∃!p · S-#C, Cp= · S-#C, resp.) is the set of all languages L for which
there are some functions f, g in #p ·S-#C such that x ∈ L if and only if f(x) �= 0,
(f(x) = 0, f(x) = 1, f(x) = g(x), resp.). Obviously, #p · S-#P = S-#P. Table 1
states without proof other significant special cases. The “exponential” operators
#e, ∃e, Ce=, and ∀e are similarly defined as their polynomial counterparts, by
replacing the polynomial p with the function 2c·|x| for some constant c.

In the remainder of this section we define tensor circuits over semirings.
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Table 1. Polytime classes defined by operators on generalized counting classes.
Here χL is the characteristic function of the languages L

Semiring S
Class B Zq N Z

S-#P {χL | L ∈ NP } { f (mod q) | f ∈ #P } #P GapP

S-P NP MODq-P NP co- C=P
∃p · S-#P

∀p · S-#P co-NP co-MODq-P co-NP C=P
∃!p · S-#P NP USP
Cp

= · S-#P co-DP C=P

Definition 3. A tensor circuit C over a semiring S is a finite directed acyclic
graph and its order is defined as follows:

1. Each node with in-degree zero is labeled with some F from Mk×�
S with entries

from S and its order is k × �. These nodes are called inputs.
2. Non-input nodes, i.e., inner nodes, have in-degree exactly two and are labeled

by matrix operations, i.e., addition, multiplication, and tensor product. Let f
be an inner node labeled by ◦, for ◦ ∈ {+, ·,⊗}, whose left child g is of order
k× � and its right child h is of order m× n. Then we simply say that f is a
◦-node, write f = (g ◦ h), and its order is defined as:
(a) k × � if node f = (g + h), k = m, and � = n,
(b) k × n if node f = (g · h) and � = m, and
(c) km× �n if node f = (g ⊗ h).

3. There is a unique node with out-degree zero, which is called output node.
The order of the circuit C is defined to be the order of the output node.

For a tensor circuit C of order k×� let I(C) = [k]× [�] be its “set of indices.”
Let TS denote the set of all tensor circuits over S, and define T

k,�
S ⊆ TS to be

the set of all tensor circuits of order k × �.
A tensor circuit C is called a tensor formula if its finite directed acyclic graph

is actually a binary tree.

In this paper we consider only finitely generated S, and we assume that en-
tries of the inputs to a tensor circuit are from G∪{0}, where G is a generating set
of S. Hence, labels of input nodes, i.e., matrices, can be string-encoded using list
notation such as “[[001][101]].” Tensor circuits can be encoded over the alphabet
Σ = {0}∪G∪{[, ], (, ), ·,+,⊗}. Strings over Σ which do not encode valid circuits
are deemed to represent the trivial tensor circuit 0 of order 1× 1.

Let C be a tensor circuit of order m×n. Its diameter is max{m,n}, its size is
the number of nodes and edges, and its depth is the maximum number of nodes
along a path connecting some input node with the output node (leaf-root path).
Besides these usual notions we introduce the tensor depth of a circuit as the
maximum number of tensor nodes found along a leaf-root path. Concerning
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tensor circuits we observe that they are much more “powerful” than tensor
formulas [8], since they allow to blow up matrix diameter at a rate which is
double-exponential. More precisely, if C is a tensor circuit of tensor depth t
which has input matrices of diameter at most p, then |C| ≤ p2t

, and there exists
a circuit which outputs a matrix of exactly this diameter.

Proposition 4. 1. Testing whether a string encodes a valid tensor circuit and
if so, computing its order, is feasible in deterministic time (n·2t(n) logn)O(1),
where t(n) denotes the tensor depth of the given tensor circuit.

2. Verifying that a given tensor circuit meets the requirements to be of
depth d(n) (and tensor depth t(n)) can be done on a deterministic Turing
machine in time O(n · log d(n)). If only tensor depth t(n) has to be checked,
the running time is O(n · log t(n)). ��
Finally the evaluation of tensor circuits is defined as follows:

Definition 5. For each semiring S and each k and each � we define valk,�S :
T
k,�
S →M

k,�
S , that is, we associate with node f of order k×� of a tensor circuit C

its k × � matrix “value,” which is defined as follows:

1. valk,�S (f) = F if f is an input node labeled with F ,
2. valk,�S (f) = valk,�S (g) + valk,�S (h) if f = (g + h),
3. valk,�S (f) = valk,mS (g) · valm,�S (h) if f = (g · h) and g is of order k ×m, and
4. valk,�S (f) = valk/m,�/nS (g)⊗ valm,nS (h) if f = (g⊗ h) and h is of order m× n.

The value valk,�S (C) of a tensor circuit C of order k× � is defined to be the value
of the unique output node. Tensor circuits of order 1× 1 are called scalar tensor
circuits, and we simply write valS for the val1,1S function.

The non-zero tensor problem is defined as follows:

Definition 6. Let S be a semiring. The non-zero tensor circuit problem over
semiring S is defined to be the set 0 �= valS of all scalar tensor circuits C for
which valS(C) �= 0.

3 Computational Complexity of the Non-zero Problem

This section contains completeness results on the computational complexity of
the tensor circuit evaluation problem over certain semirings. Our main theorem
immediately follow from the below given lemmata. For tensor circuit evaluation
we obtain the following upper bound. The proof is an adaption of the algorithm
on tensor formulas [8, Lemma 16] to the case of circuits.

Lemma 7. For any finitely generated semiring S, the evaluation problem valS
for scalar tensor circuits of depth d(n) and tensor depth t(n) belongs to the class
S-#TISP(2d(n)(n · 2t(n) logn)O(1), (n · 2t(n) logn)O(1)). ��
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The hardness reads as follows:

Lemma 8. Let M be an algebraic Turing machine over a finitely generated
semiring S running in time t(n) and space s(n), with s(n) ≥ n, and set d(n) =
max{log t(n), log s(n)} and g(n) = max{n, d(n)}. There is a (g(n))O(1) time
and O(g(n)) space output computable function f , which on input w, computes a
scalar tensor circuit f(M,w) of size O(g(n)), depth O(d(n)), and tensor depth
O(log s(n)) such that valS(f(M,w)) = fM (w).

Sketch of Proof. It is straightforward to verify that the iterated matrix multipli-
cation at the core of Warshall’s algorithm is meaningful over arbitrary semirings;
then we are justified to implicitly use this algorithm in the forthcoming reduc-
tion. Since M = (Q,Σ, Γ, δ, q1, B, F ) is fixed the following assumptions can be
imposed without loss of generality:

1. The tape alphabet is Γ = {0, 1, B}; hence input w ∈ Σ∗ is binary.
2. Machine M is single-tape and the tape is cyclic with s(n) tape cells, num-

bered 0 to s(n)− 1, so that tape-head motions are from cell i to cell (i± 1)
(mod s(n)). Note that in the case of a machine for a complexity class defined
solely in terms of a time bound, these are just enough tape cells to make
sure that the machine cannot see the difference between a cyclic tape and
one that is infinite in both directions. Moreover, all computations of M have
length exactly t(n) and accepting ones are determined solely by the state,
regardless of the tape content.

3. A single transition of M can be conceptually split in two phases: First, the
machine reads and overwrites the content of the tape cell its read-write head
points to, and changes accordingly the state of its finite control. Second, the
new state determines whether there will be a head movement, and if so, this
is implemented without changing state or tape content by taking a transition
assigned the weight 1.

Our second assumption helps us overcome the major hurdle one meets upon
building a generic proof, namely finding an efficient way of encoding the tape con-
tent and of describing the motions of the read-write head. Here, we keep the head
static and move the tape instead; using a cyclic tape enables us to encode this
as a rotation matrix, which can be constructed recursively. We thus may assume
that the set of all configurations equals Q × Γ s(n), where Γ s(n) is a shorthand
notation for the set of all strings of length exactly s(n). Let Q = {q1, . . . , qm}
and Γ = {a1, a2, a3}. Define mappings cQ : Q → M

1,m
S and cΓ : Γ → M

1,3
S

as: cQ(qi) = emi and cΓ (ai) = e3i . With a configuration C = (q, a0 . . . as(n)−1) in
Q× Γ s(n) we associate the unit vector

c(C) = cQ(q)⊗
s(n)−1⊗

i=0

cΓ (ai).

Observe, that pre-multiplying c(C)T by (Im ⊗ P 3·3s(n)−1

3s(n) ) implements a cyclic
tape shift to the left. Similarly cyclic tape shifts to the right are implemented.
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The value of the function fM on input w equals the sum of all labels of
accepting paths of length t(n) in the configuration graph GM with node set
Q×Γ s(n). We can associate a matrix AGM of order m ·3s(n)×m ·3s(n) with GM ,
such that the (i, j)th entry of At(n)

GM
equals the sum of all labels of paths of

length t(n) linking configuration Ci with Cj . Let A = (AGM )T. For an input
w = a0 . . . an, one has

fM (w) = valS
(
Vaccept ·At(n) · (Vinit)T

)
,

where Vaccept =
∑

C∈F×Γ s(n) c(C) is a row column vectors representing all
accepting configurations of M on input w, while Vinit = c(C0) and C0 =
(q1, a0 . . . an−1B

s(n)−n) is the initial configuration of M . The rest of the proof
shows how to define an appropriate tensor circuit which meets our requirements
on size, depth, and tensor depth. ��

Then we obtain the following completeness result for the evaluation and non-
zero problem on scalar tensor circuits.

Theorem 9. For any finitely generated semiring S, the problem valS is S-#E-
complete and the problem 0 �= valS is ∃e · S-#P-complete both under polylin
many-one reduction. ��

In Tables 2 and 3 we list consequences of Theorem 9 on concrete instances
of the semiring S and common sense restrictions on the parameters t(n), d(n)
and s(n). Not listed in the tables are completeness results under polylin many-
one reduction for the case of unrestricted depth and tensor depth; one then
captures the class NE and its counting counterparts instead of members of the
NEXP family.

Table 2. Complexity of the scalar tensor circuit evaluation problem valS . Com-
pleteness results are meant with respect to polytime many-one reductions

Tensor depth t(n) Semi-
Depth d(n) O(log n) unrestricted ring S

O(log n) #P N

GapP Z

O(logk n) #TISP(2O(logk n), nO(1)) #TIME(2O(logk n)) N

GapTISP(2O(logk n), nO(1)) GapTIME(2O(logk n)) Z

unrestricted #PSPACE #EXP N

GapPSPACE GapEXP Z

A closer look at Lemma 8 shows that it can be rewritten in terms of tensor
formulas instead of circuits. This enables us to significantly improve the results
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Table 3. Complexity of the non-zero tensor circuit problem 0 �=valS . Complete-
ness results are meant with respect to polytime many-one reductions

Tensor depth t(n) Semi-
Depth d(n) O(log n) unrestricted ring S

O(log n) NP B

MODq-P Zq

⊕P F2

O(logk n) NTISP(2O(logk n), nO(1)) NTIME(2O(logk n)) B

MODq-TISP(2O(logk n), nO(1)) MODq-TIME(2O(logk n)) Zq

⊕TISP(2O(logk n), nO(1)) ⊕TIME(2O(logk n)) F2

unrestricted PSPACE NEXP B

MODq-PSPACE MODq-EXP Zq

⊕PSPACE ⊕EXP F2

in [8] on the complexity of the evaluation and non-zero problem on scalar tensor
formulas by (1) extending to the case of arbitrary finitely generated semirings,
and (2) showing completeness under polytime many-one reduction.

Theorem 10. Let S denote any finitely generated semiring. For tensor formulas
the problem valS is S-#P-complete and 0 �=valS is ∃p ·S-#P-complete both under
polytime many-one reduction. ��

We observe, that in particular, the evaluation problem for tensor formulas
over the naturals is #P-complete with respect to polytime many-one reduction.
This statement is not provable with the techniques used in [8].

4 Computational Complexity of Some Related Problems

A large number of decision problems on tensor circuits can be defined, based on
natural linear-algebraic questions: Asking whether such a circuit outputs a null
matrix, or a diagonal square matrix, etc. These questions were not addressed
in [8], so that we look at them also in the case of tensor formulas. We start
with a very useful lemma, which is a generalization of a construction given in [8,
Lemma 7]. We omit the technical proof, which is based on a generic reduction
and makes extensive use of stride permutations.

Lemma 11. Let M be an algebraic polytime Turing machine with binary input
alphabet Σ = {0, 1} over a finitely generated semiring S and p(n) a polynomial
or an exponential function. There is a polylin computable function f , which on
input 1n computes a tensor circuit CM,n = f(M, 1n) of linear size and of depth
d(n) = O(log n) if p(n) is a polynomial and d(n) = O(n) if p(n) is an exponential
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function, such that for all w = a0 . . . ap(n)−1 with ai ∈ Σ and 0 ≤ i ≤ p(n)− 1,

fM (w) = valS







p(n)−1⊗

i=0

e2ai+1



 · CM,n ·



p(n)−1⊗

i=0

e2ai+1




T

 .

In other words the matrix val2
p(n),2p(n)

S (CM,n) contains the values of the func-
tion fM on all possible inputs of length p(n) on the main diagonal, and zero
elsewhere. ��

Our analysis of linear-algebraic problems as mentioned above uses two an-
cillary problems defined next. Let S be a finitely generated semiring. We define
the zero-value tensor circuit problem over S, for some s ∈ S, as the set ZEROS
of all triples (C, i, j), where C is a tensor circuit of order I(C) = k× �, integers i
and j are expressed in binary such that (i, j) ∈ [k]× [�], and (valk,�S (C))i,j = 0.
The one-value tensor circuit problem ONES over S is defined similarly with the
condition (valk,�S (C))i,j = 1. Note that for each problem we define on tensor cir-
cuits, a corresponding problem is defined by restricting the domain of the input
circuits to the set of all tensor formulas over S; these restrictions are denoted
with an initial “F-,” e.g., F-ZEROS for ZEROS , etc. For these cases we find
the following situation, which proof is a standard exercise and thus left to the
reader.

Lemma 12. Let S be a finitely generated semiring. Then (1) the tensor formula
problem F-ZEROS is ∀p·S-#P-complete and F-ONES is ∃!p·S-#P-complete both
under polytime many-one reduction and (2) the tensor circuit problem ZEROS
is ∀e ·S-#P-complete and ONES is ∃!e ·S-#P-complete both under polylin many-
one reduction. ��

Once Lemma 12 is available we apply it to a range of other problems such as,
e.g., testing whether the output of a tensor circuit is the null-matrix (NULLS),
a diagonal matrix (DIAGS), the identity matrix (IDS), an orthogonal matrix
(ORTHOS), a symmetric matrix (SYMS), and verifying whether two tensor
circuits received as input are equivalent (EQS), i.e., whether they output the
same matrix. The former two problems are classified as follows:

Theorem 13. If S is a finitely generated semiring, then (1) the tensor formula
problems F-NULLS and F-DIAGS are ∀p · (∀p · S-#P)-complete under polytime
many-one reduction and (2) the tensor circuit problems NULLS and DIAGS are
∀e · (∀p · S-#P)-complete under polylin many-one reduction.

Proof. We only write the proof for DIAGS . The reasoning for the null tensor
circuit problem is identical. First we show containment in ∀e ·(∀p · S-#P). Let C
be a tensor formula instance of DIAGS and assume that I(C) = [k]× [�]. Then
C ∈ DIAGS if and only if C is a square tensor circuit and

∀(i, j) ∈ [k]× [�] :
(
(i �= j)⇒ (C, i, j) ∈ ZEROS

)
.
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By Proposition 4, whether a tensor circuit outputs a square matrix can be
tested in deterministic exponential time. Next, since ZEROS is in ∀e · S-#P
by Lemma 12, membership in DIAGS can be checked in ∀e · (∀p · S-#P). Ob-
serve, that given (exponential-length) binary encodings for indices i and j, an
algorithm for ZEROS will have a computation time polynomial in the length of
its input, which consists in i, j, and a description of C.

For the hardness part we argue as follows. Let L be a language in ∀e ·
(∀p · S-#P). Then by definition there is a constant c and an algebraic poly-
nomial time Turing machine M over S such that

x ∈ L if and only if ∀|y| = 2c·|x| : fM (x, y) = 0.

Define C to be the tensor formula constructed according to Lemma 11 in poly-
time from M and the constant c such that C evaluates to a matrix of or-
der 22c·|x| × 22c·|x|

containing all values of fM on input 〈x, y〉 for all possible y’s
of appropriate length on the main diagonal. Then it is easily seen that x ∈ L if
and only if tensor circuit D2

1,2 ⊗C, where Dk
i,j is the order k dot matrix having

one in position (i, j) and zeros elsewhere, evaluates to the all-zero matrix or
equivalently to a diagonal matrix. This completes the construction and proves
the stated claim. ��

The proofs on the complexity of the remaining decision problems follow sim-
ilar lines. In Table 4 we summarize the complexity of these decision problems
for tensor circuits over specific semirings. There Πe

2 denotes the second level of
the weak exponential hierarchy [10,18]. Meanwhile, for the restrictions of these
problems to tensor formulas completeness results translate to the polytime coun-
terparts of the complexity classes encountered in the circuit case.

Table 4. The complexity of tensor circuit problems summarized. Completeness
results are meant with respect to polylin many-one reductions

Semiring S
Problem B Zq F2 N Z

NULLS co-NE ∀e · co-MODq-P ∀e · ⊕P co-NE C=E
DIAGS
ORTHOS Πe

2 ∀e · USP
IDS
EQS C=E
SYMS

5 Discussion

In their paper on tensor calculus Damm et al. [8] showed how the three most
important nondeterministic complexity classes NL, LOGCFL, and NP were el-
egantly captured by a single problem, evaluation of tensor formulas over the
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boolean semiring. We have shown how tensor circuits extend this nice result
to the classes PSPACE, NE, and NEXP. Since tensor formulas and circuits are
handy to give compact specifications for possibly very large matrices, we deemed
it important to look at a number of other classical problems involving matrices.
Other questions remain to be looked at including the ubiquitous one of asking
whether a system of linear equations is feasible.
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Abstract. We consider the multiplicative complexity of the inversion
and division of bivariate power series modulo the “triangular” ideal gen-
erated by all monomials of total degree n + 1. For inversion, we obtain a
lower bound of 7

8
n2 − O(n) opposed to an upper bound of 7

3
n2 + O(n).

The former bound holds for all fields with characteristic distinct from two
while the latter is valid over fields of characteristic zero that contain all
roots of unity (like e.g. C ). Regarding division, we prove a lower bound
of 5

4
n2 − O(n) and an upper bound of 3 5

6
n2 + O(n). Here, the former

bound is proven for arbitrary fields whereas the latter bound holds for
fields of characteristic zero that contain all roots of unity.
Similar results are obtained for inversion and division modulo the “rect-
angular” ideal (Xn+1, Y n+1).

1 Introduction

The question how many essential multiplications and divisions are needed to
compute the reciprocal of a power series is an intriguing and challenging problem
in algebraic complexity theory. Here, “essential” means that additions, subtrac-
tions, and scalar multiplications are free of costs. (We give a formal definition
of multiplicative complexity below.) In the literature, mainly the inversion of
univariate power series is discussed. In the present work, we investigate the
multiplicative complexity of inversion of bivariate power series. More precisely,
given a power series A =

∑∞
i=0

∑∞
j=0 ai,jX

iY j (with indeterminate coefficients)
we want to determine the number of essential operations necessary and sufficient
to compute the coefficients bi,j with i + j ≤ n of A−1 =

∑∞
i=0

∑∞
j=0 bi,jX

iY j

from the coefficients ai,j with i+ j ≤ n.
The reason why to investigate this problem is threefold: first, the problem of

computing reciprocals of bivariate power series is an algebraic modelling of the
inversion of univariate power series with arbitrary precision numbers as coeffi-
cients. The first indeterminate X refers to the original indeterminate whereas
the second indeterminate Y models the precision management. Further details
can be found in [8]. Second, the results obtained in the present work may shed a
new light on the univariate case, a major open problem in algebraic complexity
theory (see e.g. [4, Problem 2.7]). Third, our new results complement nicely the
results in [2] on the multiplication of bivariate power series.

What is known in the univariate case? Let Cn denote the number of essential
operations necessary and sufficient to compute the first n+1 coefficients ofA−1 =

J. Sgall, A. Pultr, and P. Kolman (Eds.): MFCS 2001, LNCS 2136, pp. 186–197, 2001.
c© Springer-Verlag Berlin Heidelberg 2001
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b0 + b1X + b2X2 + · · · from the first n+ 1 coefficients of the power series A =
a0+a1X+a2X2+ · · · (where we again consider a0, a1, a2, . . . as indeterminates
over some ground field k). If the characteristic of the ground field k differs from
two, then we have

n− 2 + �(n− 1)/2� ≤ Cn ≤ 3 3
4n. (1)

If the characteristic of k is two, then

n+ 1 ≤ Cn ≤ 3 1
4n. (2)

Kalorkoti [5] attributes the lower bound in (1) to Hanns-Jörg Stoß. To prove
this bound, the problem of computing the lower n− 1 coefficients of the square
of a polynomial of degree n−2 is reduced to the problem of computing b0, . . . , bn
using techniques due to Strassen [12]. (The lower bound for computing the lower
d + 1 coefficients of the square of a polynomial of degree d given in [5] can be
improved by one, d + �(d + 1)/2� is the true complexity of this problem.) The
upper bound in (1) is due to Kung [6]. Kung actually states the upper bound
4n− logn, but a more careful analysis of his algorithm by Schönhage yields the
stated upper bound, see again [5] for a discussion.

The lower bound in (2) follows from a standard linear independence argu-
ment, the upper bound is again due to Kung. The improvement compared to (1)
follows from the fact that computing the square of a polynomial is cheap over
fields of characteristic two.

Until today, the bounds in (1) and (2) have withstood any attempts of im-
provement (including those of the author, see however [3] for an improvement in
a restricted setting).

1.1 Computations, Costs and Complexity

In the present section, we briefly introduce the concept of multiplicative com-
plexity. For a detailed description, the reader is referred to [4]. We start with
giving a formal definition of computations.

Definition 1. Let x1, . . . , xm be indeterminates over a field k and f1, . . . , fn ∈
K = k(x1, . . . , xm).

1. A sequence β = (w1, . . . , w�) of rational functions w1, . . . , w� ∈ K is called
a computation over K, if for all 1 ≤ λ ≤ � there are i, j < λ such that wλ =
wi ◦ wj with ◦ ∈ {+,−, ∗, /} and wj �= 0 if ◦ = / or wλ = α · wi with α ∈ k
or wλ ∈ k ∪ {x1, . . . , xm}.

2. The sequence is called a computation for f1, . . . , fn, if in addition f1, . . . , fn ∈
{w1, . . . , w�}.
The next step is to define the costs of a computation.
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Definition 2. Let k be a field, x1, . . . , xm indeterminates over k, and β =
(w1, . . . , w�) a computation over K = k(x1, . . . , xm).

1. The costs γλ in the λth step of β are defined as

γλ =






0 if there are i, j < λ such that wλ = wi ± wj ,
or wλ = α · wi with α ∈ k,
or wλ ∈ k ∪ {x1, . . . , xm},

1 otherwise.

2. The costs Γ (β) of β are Γ (β) =
∑�

λ=1 γλ.

In the above definition, we count only those steps where the rational func-
tion wλ can solely be expressed as the product or quotient of two elements
with smaller index. Such a step is called an essential multiplication or division,
respectively. This measurement of costs is also called Ostrowski measure.

We proceed with defining the complexity of a set of rational functions.

Definition 3. Let x1, . . . , xm be indeterminates over a field k and f1, . . . , fn ∈
K = k(x1, . . . , xm). The multiplicative complexity C(f1, . . . , fn) of f1, . . . , fn is
defined by C(f1, . . . , fn) = min{Γ (β) | β is a computation for f1, . . . , fn}.

1.2 Our Results

After settling the model of computation, we are able to formulate our prob-
lem precisely: let A(X,Y ) =

∑∞
i=0

∑∞
j=0 ai,jX

iY j be a bivariate power series
with indeterminates over some ground field k as coefficients. Let B(X,Y ) =∑∞

i=0

∑∞
j=0 bi,jX

iY j be the power series defined by A · B = 1. (Note that A
is invertible, since a0,0 is an indeterminate.) The coefficients of B are rational
functions in the coefficients of A and only a0,0 occurs in the denominators of
these rational functions. If we write A = a0,0 −A1, then

B =
1
a0,0

+
1
a20,0
A1 +

1
a30,0
A2

1 + · · · . (3)

Power series are infinite objects but in our model (and in today’s com-
puters) we can only deal with a finite number of rational functions. In the
univariate case, computing modulo (Xn+1) is the canonical choice. In the bi-
variate case, however, there are more than one meaningful choice. We here
mainly consider the case of computing modulo the “triangular” ideal In :=
(Xn+1, XnY,Xn−1Y 2, . . . , Y n+1) generated by all monomials of degree n+ 1.
In this case, we only have to consider terms up to An1 /a

n+1
0,0 in (3). Another

possibility is to take the “rectangular” ideal (Xn+1, Y n+1). We will discuss this
case in Section 5 briefly.

In the above language, our problem reads as follows: find good upper and
lower bounds for C({bi,j | i + j ≤ n}). Note that the rational functions bi,j
with i + j ≤ n only depend on the ai,j with i + j ≤ n. Therefore, inverting
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power series modulo In is equivalent to computing the reciprocal of the generic
element

∑
i+j≤n ai,jX

iY j in the local k-algebra Tn := K[X,Y ]/In where K =
k(ai,j | i+ j ≤ n). For convenience, we do not always want to choose names for
the coefficients of the power series explicitly. Therefore, we assume the following
convention about the fields k and K:

The field k denotes the underlying ground field and multiplication with ele-
ments from k is for free. On the other hand, the field K is obtained by adjoining
to k the coefficients (which are indeterminates over k) of the power series we
want to manipulate.

So if for instance we speak about the multiplicative complexity of the mul-
tiplication in K[X,Y ]/In, we mean the multiplicative complexity of comput-
ing the coefficients of the product AB of two “truncated” power series A =∑

i+j≤n ai,jX
iY j and B =

∑
i+j≤n bi,jX

iY j from the coefficients of A and B.
The field K is obtained by adjoining all ai,j and bi,j with i+ j ≤ n to k. (Note
that the coefficients of AB are rational functions in the coefficients of A and B.)

Our main results concerning inversion are subsumed in the following theo-
rems:

Theorem 4. For fields k of characteristic zero that contain all roots of unity,
the multiplicative complexity of inverting in Tn is at most 7

3n
2 +O(n).

Theorem 5. The multiplicative complexity of inversion in Tn has the lower
bound 1

2n
2 + 3

2n + 1. Over fields of characteristic distinct from two this can be
improved to 7

8n
2 −O(n).

Building up on these results, we obtain the following bounds for the division
of power series:

Theorem 6. Let k be a field of characteristic zero that contains all roots of
unity. The multiplicative complexity of division in Tn is at most 3 5

6n
2 +O(n).

Theorem 7. The multiplicative complexity of division in Tn is bounded from
below by 5

4n
2 −O(n).

For the upper bound in Theorem 4, we use generalizations of the fast multipli-
cation algorithms for Tn developed in [2]. These algorithms only work over fields
of characteristic zero that contain all roots of unity. (More precisely, we only
need that the multiplicative complexity in the algebra K[X ]/(XN −1) equals N
for certain values of N . The preceding more restrictive formulation avoids some
lengthy case discussions.) Therefore, we make the following convention:

Throughout the remainder of this work, we assume that the underlying ground
field k has characteristic zero and contains all roots of unity.

So for instance, k = C would be an appropriate choice. All lower bounds
proven in this work remain valid over fields with characteristic distinct from
two, in the case of inversion, and over arbitrary fields, in the case of division. All
upper bounds concerning inversion and division can be carried over to arbitrary
fields by utilizing the more expensive evaluation–multiplication–interpolation
scheme for multiplication in Tn at the price of larger constants.
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2 Multiplying Bivariate Power Series

The inversion of power series is usually done by an iterative process. In the
nonscalar model, the costing operations in each iteration are caused by poly-
nomial multiplications of various kinds. In this section, we therefore study the
multiplication in Tn extensively.

2.1 Multiplication in K[X]/(XN − 1)

In what follows, we will reduce the multiplication in Tn to the multiplication in
the algebra UN := K[X ]/(XN−1) for some suitable N . Therefore, we first exam-
ine the problem of multiplying two univariate polynomials modulo XN − 1 and
state some well known results concerning its complexity (see also [4, Chap. 2.1]).
We again assume that the coefficients of the elements we want to multiply are
indeterminates over k and that K is obtained from k by adjoining these inde-
terminates.

Theorem 8 (see [4, Chap. 2.1]). The multiplicative complexity of the multi-
plication in UN equals N .

Theorem 9. Suppose we know M coefficients of the product AB mod XN − 1
of two polynomials A and B with indeterminate coefficients in advance. Then
the coefficients of AB mod XN − 1 can be computed with N − M essential
multiplications.

A standard linear independence argument show that the number N −M of
multiplications is also necessary.

2.2 Multiplication in Tn

Let us turn to the multiplication in Tn. Assume we are given two elements
A,B ∈ Tn. One way to multiply A and B is to evaluate both A and B at
2n2 + 3n + 1 suitably chosen points, which is free of costs, perform that many
pointwise costing multiplications, obtain the coefficients of the (untruncated)
product by interpolation, which is again free of costs, and finally throw away
all coefficients belonging to monomials of total degree greater than n. By the
Alder-Strassen theorem [1], the foregoing method is optimal (w.r.t. multiplicative
complexity) if we want to compute the product of two univariate polynomials
modulo Xn+1. But surprisingly, we can do better in the bivariate case, as is
shown in [2]. In the remainder of this section, we present useful variations on
and generalizations of this result.

The main idea of [2] is to reduce the multiplication of A and B to the multi-
plication of two elements A′ and B′ in UN for some suitable N . We encode both
factors A and B as long univariate polynomials by substituting Y �→ X2n+2, i.e.,
A′(X) = A(X,X2n+2) and B′(X) = B(X,X2n+2). This substitution groups
together the coefficients of all monomials with the same degree in Y and in-
serts some additional zero coefficients between these groups. If we now set
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N = n(2n + 2) + n + 1, we can read off the coefficients of R = AB from the
coefficients of the result R′ = A′B′ mod XN −1. Borrowing the language of [8],
we can depict this fact by a pattern

d d d d o o o o ’ d d d o o o o o ’ d d o o o o o o ’ d o o o
for the factors A′, B′

d d d d ∗ ∗ ∗ o ’ d d d ∗ ∗ ∗ o o ’ d d ∗ ∗ ∗ o o o ’ d ∗ ∗ ∗ /
o o o o ∗ ∗ ∗ o ’ o o o o ∗ ∗ o o ’ o o o o ∗

for the result R′,

here for n = 3, N = 28. Lower coefficients are standing on the left, higher ones
on the right. An entry “d” (data) marks a coefficient of the original polynomi-
als A, B, and R, respectively, an entry “o” stands for a zero coefficient, and an
“∗” indicates “garbage”, that is, a coefficient that is not needed to recover R.
The quotes separate groups of monomials with the same degree in Y . The sec-
ond line of the result is the “wraparound” produced by the −1 of XN − 1. By
inserting the right number of zeros, some of the garbage places are used twice
while the coefficients of R are preserved. Moreover, we know 1

2n(n+1) coefficient
of R′ in advance, since they are zero. Thus the upper bound of N − 1

2n(n + 1)
essential multiplications follows from Theorem 9.

Theorem 10 (see [2, Thm. 6]). The multiplicative complexity of the multi-
plication in Tn is at most 3

2n
2 + 5

2n+ 1.

A lower bound of 5
4n

2 −O(n) for the multiplicative complexity of the multi-
plication in Tn is proven in [2].

Since the coefficients ofR are a subset of the coefficients ofR′, we immediately
obtain the following more general theorem.

Theorem 11. Suppose we know M coefficients of the product AB ∈ Tn of two
polynomials A and B with indeterminate coefficients in advance. Then the coef-
ficients of AB ∈ Tn can be computed with 3

2n
2 + 5

2n+ 1−M essential multipli-
cations.

For any m ≤ n, we may view Tm as a subspace of Tn just by filling the
lacking coefficients with zeros. If say A is in Tm with m ≤ n, then one moment’s
reflection shows that we will have an additional amount of (n−m)(n+1) extra
zeros in the result. (Another solution that is more suited for algorithmic purposes
is to substitute Y �→ Xm+n+2 instead of Y �→ X2n+2.) Thus, the below theorem
follows.

Theorem 12. Let m ≤ n. Suppose we know M coefficients of the product AB ∈
Tn of A ∈ Tm and B ∈ Tn in advance. Then the coefficients of AB ∈ Tn can be
computed with 1

2n
2 +mn+ 3

2n+m+ 1−M essential multiplications.
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2.3 Squaring in Tn

The proof of the lower bound for the complexity of inversion will be reduced to
the proof of a lower bound for squaring. Therefore, we provide a lower bound
for the complexity of computing the square of an element in Tn in this section.
Because the computation of squares is interesting on its own, we also provide
upper bounds for this problem.

The straight forward method for squaring an element A ∈ Tn is of course
to use the multiplication algorithm presented in the preceding section. But we
can do better: let h = �(n− 1)/2� and write A = L+ U where L contains only
monomials of total degree less than or equal to h while U consists of all other
monomials (of total degree greater than h). We have

A2 = L2 + 2LU = L(L+ 2U) in Tn.

Now we may plug in Theorem 12. This yields the following upper bound.

Theorem 13. Suppose we know M coefficients of the square A2 ∈ Tn of some
A ∈ Tn with indeterminate coefficients in advance. Then the coefficients of A2 ∈
Tn can be computed with 1

2n
2+hn+ 3

2n+h+1−M ≤ n2+2n+1−M essential
multiplications, where h = �(n− 1)/2�.

Compared with the straight forward method, we save about 1
2n

2 essential
multiplications through the above construction.

Next we give a lower bound for the multiplicative complexity of squaring
over fields of characteristic distinct from two.

The coefficients bµ,ν of A2 are quadratic forms in the coefficients aµ,ν of A. In
this case, according to Strassen [12], the fact that the multiplicative complexity
of computing the bµ,ν from the aµ,ν is bounded from above by � is equivalent to
the existence of � products Pλ = Uλ · Vλ of linear forms Uλ and Vλ in the aµ,ν
such that

bi,j ∈ lin{P1, . . . , P�} for all i, j with i+ j ≤ n.
In other words, we may restrict ourselves to computations that contain only
normalized multiplications and no divisions.

Theorem 14. Over fields of characteristic distinct from two, computing the
square of an element from Tn requires at least n2 − 1

2h
2 + 3n− 3

2h+ 1 essential
operations, where h = �n/2�.
Proof. Consider a computation with � essential operations that computes the
coefficients bµ,ν of A2 from the indeterminate coefficients aµ,ν of A. By the
preceding considerations, we may restrict our attention to computations that
have � products of linear forms as its costing operations.

Now we exploit the so-called substitution method (see [7] or [4, Chap. 6]):
we substitute one of the coefficients, say ai,j , by a linear form in the remaining
ones in such a way that one of the products Pλ is trivialized, that is, one of
the linear forms Uλ or Vλ becomes zero after this substitution. Thereafter, we
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know that the multiplicative complexity of the original problem is at least one
plus the multiplicative complexity of the quadratic forms obtained through this
substitution. We may then repeat this process if desired. Of course, we can
only trivialize one of the products by substituting ai,j if there is a product that
actually depends on ai,j . If one of the computed quadratic forms does, this is
certainly the case.

Here, our substitution strategy looks as follows: we define an ordering on
the aµ,ν by

(µ, ν) > (µ′, ν′) :⇐⇒ µ+ ν > µ′ + ν′ or µ+ ν = µ′ + ν′ and µ > µ′

and
aµ,ν > aµ′,ν′ :⇐⇒ (µ, ν) > (µ′, ν′).

We then substitute all monomials w.r.t. that ordering starting with an,0 and
then stepping down until we reach a0,h+1. In other words, we just follow the
“diagonals” starting with the outermost and ending with the (h+ 2)th one.

To simplify the notations, we denote by (s1, t1), (s2, t2), . . . , (sr, tr) the pairs
(n, 0), (n−1, 1), . . . , (0, h+1) (ordered w.r.t. “>”). For technical reasons, we also
add an additional pair (s0, t0) with the property of being larger than all other
of the above pairs. Let b(ρ)i,j , 0 ≤ ρ ≤ r, denote the homomorphic image of bi,j
after substituting as1,t1 , . . . , asρ,tρ .

Claim 1. The polynomial b(ρ)i,j is a homogeneous polynomial of degree two in
the aµ,ν with (sρ, tρ) > (µ, ν).

Claim 2. If (sρ, tρ) > (i, j) then b(ρ)i,j = bi,j .

Claim 3. All monomials α · au,vau′,v′ of b
(ρ)
i,j fulfil (i, j) ≥ (u+ u′, v+ v′). (Here,

“≥” is the reflexive closure of “>”.)

Claim 4. If α · au,vau′,v′ is a monomial of b(ρ)i,j but not of bi,j , i.e., α · au,vau′,v′

is the result of some substitution, then even (i, j) > (u+ u′, v + v′).

Claim 5. If α · ap,qap′,q′ is a monomial of bi,j with (sr, tr) > (p, q) and (sr, tr) >
(p′, q′), then α · ap,qap′,q′ is a monomial b(ρ)i,j .

The first claim is obviously true, since we have substituted each asρ,tρ by a
linear form in the remaining aµ,ν with asρ,tρ > aµ,ν .

For the second claim, note that bi,j does not depend on aµ,ν if (µ, ν) > (i, j).
Therefore, bi,j is unaffected by the substitution of asρ,tρ if (sρ, tρ) > (i, j). Thus,
b
(ρ)
i,j = b(ρ−1)

i,j = · · · = b(0)i,j = bi,j as long as (sρ, tρ) > (i, j).
For the third, fourth and fifth claim, observe that if (p, q) > (p′, q′), then also

(p+ p′′, q + q′′) > (p′ + p′′, q′ + q′′) for all (p′′, q′′). (4)

We prove these claims by induction in ρ: each monomial α·au,vau′,v′ of b
(0)
i,j = bi,j

fulfils (u+ u′, v + v′) = (i, j), thus the induction start is clear. Assume that the
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claims hold for some ρ < r. We obtain b(ρ+1)
i,j from b(ρ)i,j by replacing asρ+1,tρ+1 by

a linear form in the remaining aµ,ν with asρ+1,tρ+1 > aµ,ν . Let α·au,vasρ+1,tρ+1 be
monomial of b(ρ)i,j . The (ρ+1)th substitution transforms this monomial into a sum
of monomials of the form α′ ·au,vaµ,ν . By (4), (u+sρ+1, v+ tρ+1) > (u+µ, v+ν)
proving the third and fourth claim. The monomials α · ap,qap′,q′ of of b(ρ)i,j with
(sr, tr) > (p, q) and (sr, tr) > (p′, q′) are not affected by the substitution, since
the new monomials α′ · au,vaµ,ν introduced by the substitution cannot cancel
α · ap,qap′,q′ , because (p+ p′, q + q′) = (i, j) > (u + µ, v + ν). Thus α · ap,qap′,q′
is also a monomial of b(ρ+1)

i,j . This proves the fifth claim.
By the second claim, each of the r substitutions can be done in such a

way that one costing product is killed, since b(ρ)sρ+1,tρ+1
= bsρ+1,tρ+1 depends

on asρ+1,tρ+1 . Altogether, this kills
1
2n

2 − 1
2h

2 + 3
2n− 3

2h products.
Since we only substitute indeterminates on the (h+2)th or higher diagonals,

each b(r)i,j still contains one of its original monomials after substituting, for in-
stance α · a�i/2�,�j/2�a�i/2	,�j/2	 with α ∈ {1, 2} by the fifth claim. By the third
claim, no other b(r)i′,j′ with (i, j) > (i′, j′) can contain this monomial. Thus, the

quadratic forms b(r)µ,ν are still linearly independent and their multiplicative com-
plexity is a least 1

2n
2 + 3

2n+ 1. This proves the theorem. ��
Over fields of characteristic two, the situation is quite different: squaring

over fields of characteristic two is cheap and we can determine the multiplicative
complexity exactly.

Let A ∈ Tn with indeterminate coefficients aµ,ν . Over fields of characteristic
two, we have

A2 =
n∑

µ=0

n∑

ν=0

∑

p+s=µ
q+t=ν

ap,qas,tX
µY ν =

�n/2	∑

µ=0

�n/2	∑

ν=0

a2µ,νX
2µY 2ν .

Thus we may compute the coefficients of A2 just by squaring the appropriate
coefficients of A. Since the nonzero coefficients of A2 are linearly independent,
this is optimal.

Theorem 15. Over fields of characteristic two, the multiplicative complexity
of squaring in Tn is 1

2h
2 + 3

2h + 1, where h = �n/2�. If we know M nonzero
coefficients in advance, then the multiplicative complexity is 1

2h
2 + 3

2h+ 1−M .

3 Inverting Bivariate Power Series

In this section, we present a second order iteration scheme (which is superior
to third order here) for the inversion of bivariate power series. To avoid lengthy
calculations, we state all following bounds as c · n2 + O(n) with an explicitly
given constant c. One should note that in each of these bounds, the constant
hidden in the O-notation is rather small. Let A be a bivariate power series with
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indeterminate coefficients. Given a positive integer n, our task is to compute a
polynomial B of total degree at most n such that

AB ≡ 1 mod In+1.

Let h = �(n− 1)/2� and suppose we have already computed a polynomial C of
total degree at most h such that

AC ≡ 1 mod Ih+1. (5)

Squaring yields
A · (−AC2 + 2C) ≡ 1 mod In+1.

Thus
B ≡ −AC2 + 2C mod In+1.

So we have to compute the coefficients of −AC2+2C (viewed as an element of
Tn). We proceed as follows: we first compute AC. By (5), we know the coefficients
of all monomials of AC with total degree h or less. Thus by Theorem 12, the
coefficients of AC can be computed with 7

8n
2 + O(n) essential multiplications.

Next, we compute C ·AC. Again by (5), we know the coefficients of all monomials
of C ·AC with total degree h or less, they are simply the coefficients of C. Thus
another 7

8n
2+O(n) essential multiplications suffice to compute the coefficients of

AC2. From this, we may obtain the coefficients of B without any further costing
operations. Let us analyze the number E(n) of essential operations performed by
this algorithm (regarded as a straight-line program after unrolling the recursive
calls): we have E(n) = E(h) + 7

4n
2 + O(n) with E(0) = 1. This yields E(n) =

7
3n

2 +O(n) and therefore proves Theorem 4.
What can we say about lower bounds for the multiplicative complexity of

inversion in Tn? A standard linear independence argument shows that the num-
ber of the computed coefficients, 1

2n
2 + 3

2n+ 1, gives a lower bound. Over fields
of characteristic two, this is the best we know. Over other fields, we can further
improve this. Let aµ,ν denote the indeterminate coefficients of the element A
we want to invert. The coefficients of the inverse are polynomials in the aµ,ν
with (µ, ν) �= (0, 0) over k(a0,0) which we take as our new ground field (i.e., a0,0
becomes a scalar). Using the technique by Strassen [12], we can transform a
computation for the coefficients of A−1 into a computation that computes only
terms of degree two and has no more essential operations than the original com-
putation. At quick look at (3) shows that this computation actually computes
k(a0,0)-multiples of the coefficients of A2

1! Now Theorem 14 implies the bound
of Theorem 5. (The missing constant term of A2

1 reduces the lower bound just
by an additive amount of O(n).)

4 Computing Quotients of Bivariate Power Series

Since A/B = A ·B−1, Theorem 10 and Theorem 4 immediately yield the upper
bound stated in Theorem 6.
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For the lower bound, we once more exploit Strassen’s technique [12]: let ai,j
and bi,j denote the coefficients of A and B, respectively. We regard our compu-
tation as a computation over the new ground field k(a0,0). Now we transform
a given computation for the coefficients of B/A into a computation that com-
putes only terms of degree two and has no more essential operations than the
original computation. Moreover, this can be done in such a way that all cost-
ing operations are products of linear forms in the coefficients of A and B. The
resulting computation now computes the coefficients of B ·A1/a

2
0,0 in Tn. Alto-

gether, we have obtained a computation that merely multiplies two elements of
Tn except for the missing constant term of A1. Now the result of [2, Thm. 3]
for the multiplication in Tn can be applied. (The missing constant term again
reduces the lower bound by an additive amount of O(n)). This completes the
proof of Theorem 7.

5 The Rectangular Case

In contrast to Tn, in the rectangular case Rn := k[X,Y ]/(Xn+1, Y n+1) a direct
application of the iteration process in Section 3 does not work very satisfac-
tory. The main reason is that only (Xn+1, Y n+1)2 = (X2n+2, Xn+1Y n+1, Y 2n+2)
holds, while we had I2n = I2n+1 before. It is more favourable to embed elements
from Rn into T2n and then use the techniques of the preceding sections. This
yields a upper bound of 9 1

3n
2 + O(n) for the inversion in Rn. But we can do

better: note that when embedding Rn into T2n it does not matter how we choose
the coefficients of the monomials with X–degree or Y –degree greater than n. So
using the substitution lemma from [9, Lemma 2], we may substitute these coef-
ficients (in the same order as proposed in Theorem 14) and we can kill n2 + n
many products yielding the upper bound 8 1

3n
2 + O(n).

Theorem 16. For fields k of characteristic zero that contain all roots of unity,
the multiplicative complexity of inverting in Rn has the upper bound 8 1

3n
2+O(n).

For a lower bound, we exploit essentially the same substitution strategy as
in the triangular case. However, we substitute the coefficients of all monomials
of total degree at least d = � 23n�. This kills (n + 1)2 − 1

2d(d + 1) many prod-
ucts. In contrast to the triangular case, we can now only conclude that at least
(n+ 1)2 − 1

2 (2n− 2d+ 2)(2n− 2d+ 3) of the coefficients of the square are still
linearly independent after substituting. This proves the following lower bound.

Theorem 17. Over fields of characteristic distinct from two, 14
9 n

2 −O(n) is a
lower bound for the multiplicative complexity of inversion in Rn.

Building up on these results, we obtain the following bounds for the division
by utilizing [2, Thms. 4 and 8].

Theorem 18. Let k be a field of characteristic zero that contains all roots of
unity. The multiplicative complexity of division in Rn is at most 11 1

3n
2 +O(n).

Theorem 19. The multiplicative complexity of division in Rn has the lower
bound 7

3n
2 −O(n).
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Abstract. Context-free processes (BPA) have been used for dataflow-
analysis in recursive procedures with applications in optimizing compil-
ers [6]. We introduce a more refined model called BPA(ZZ) that can model
not only recursive dependencies, but also the passing of integer param-
eters to subroutines. Moreover, these parameters can be tested against
conditions expressible in Presburger-arithmetic. This new and more ex-
pressive model can still be analyzed automatically. We define ZZ-input
1-CM, a new class of one-counter machines that take integer numbers as
input, to describe sets of configurations of BPA(ZZ). We show that the
Post∗ (the set of successors) of a set of BPA(ZZ)-configurations described
by a ZZ-input 1-CM can be effectively constructed. The Pre∗ (set of pre-
decessors) of a regular set can be effectively constructed as well. However,
the Pre∗ of a set described by a ZZ-input 1-CM cannot be represented by
a ZZ-input 1-CM in general and has an undecidable membership prob-
lem. Then we develop a new temporal logic based on reversal-bounded
counter machines that can be used to describe properties of BPA(ZZ) and
show that the model-checking problem is decidable.

1 Introduction

Besides their classical use in formal language theory, pushdown automata have
recently gained importance as an abstract process model for recursive proce-
dures. Algorithms for model checking pushdown automata have been presented
in [3,1,11,4]. Reachability analysis for pushdown automata is particularly use-
ful in formal verification. Polynomial algorithms for reachability analysis have
been presented in [1] and further optimized in [5]. For most purposes in for-
mal verification it is sufficient to consider BPA (‘Basic Process Algebra’; also
called context-free processes), the subclass of pushdown automata without a fi-
nite control. BPA have been used for dataflow-analysis in recursive procedures
with applications in optimizing compilers [6].

The weakness of BPA is that it is not a very expressive model for recursive
procedures. It can model recursive dependencies between procedures, but not
the passing of data between procedures or different instances of a procedure
with different parameters.

J. Sgall, A. Pultr, and P. Kolman (Eds.): MFCS 2001, LNCS 2136, pp. 198–211, 2001.
c© Springer-Verlag Berlin Heidelberg 2001
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Example 1. Consider the following abstract model of recursive procedures
P,Q,R, S and F , which take an integer number as argument: (x|y means “x
divides y”).

P (x): If x ≥ 16 Q(x): If 2|x then R(x)
If 8|x then Q(x+ 1) else S(x+ 1)
else P (x− 2)

else F (x)
If one starts by calling procedure P (with any parameter) then procedure R

will never be called, because P never calls Q with an even number as parameter.
However, a BPA model for these procedures cannot detect this.

Thus, we define a new more expressive model called BPA(ZZ) that extends
BPA with integer parameters. Procedures are now called with an integer param-
eter that can be tested, modified and passed to subroutines. We limit ourselves
to one integer parameter, because two would give the model full Turing power
and make all problems undecidable. BPA(ZZ) is a compromise between expres-
siveness and automatic analysability. On the one hand it is much more expressive
than BPA and can model more aspects of full programs. On the other hand it is
still simple enough such that most verification problems about BPA(ZZ) stay de-
cidable. For the verification of safety properties, it is particularly useful to have
a symbolic representation of sets of configurations and to be able to effectively
construct representations of the Pre∗ (the set of predecessors) and the Post∗

(the set of successors) of a given set of configurations. While finite automata
suffice for describing sets of configurations of BPA, a more expressive formalism
is needed for BPA(ZZ). We define ZZ-input 1-CM, a new class of one-counter ma-
chines that take integer numbers as input, to describe sets of configurations of
BPA(ZZ). We show that the Post∗ (the set of successors) of a set described by a
ZZ-input 1-CM can be effectively constructed. The Pre∗ (the set of predecessors)
of a regular set can be effectively constructed as well. However, the Pre∗ of a
set described by a ZZ-input 1-CM cannot be represented by a ZZ-input 1-CM in
general and has an undecidable membership problem.

We develop a new temporal logic based on reversal-bounded counter machines
that can be used to describe properties of BPA(ZZ). By combining our result on
the constructibility of the Post∗ with some results by Ibarra et al. on reversal
bounded counter machines [7,8] we show that the model-checking problem is
decidable.

2 BPA(ZZ)

We define BPA(ZZ), an extension of BPA, as an abstract model for recursive
procedures with integer parameters.

Definition 2. A n-ary Presburger predicate P (k1, . . . , kn) is an expression in
Presburger-arithmetic of type boolean (i.e., the outermost operator is a logical
operator or quantifier) that contains exactly n free variables k1, . . . , kn of type
integer.
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Definition 3. We define integer symbol sequences (ISS) to describe configura-
tions of processes. ISS are finite sequences of the form X1(k1)X2(k2) . . . Xn(kn),
where the Xi are symbols from a given finite set and the ki ∈ ZZ are integers. (The
brackets are mere ‘syntactic sugar’ and can be omitted.) Greek letters α, β, . . .
are used to denote ISS. The constant ε denotes the empty sequence.

Definition 4. Let Act = {ε, a, b, c, . . .} and Const = {ε,X, Y, Z, . . .} be disjoint
sets of actions and process constants, respectively. A BPA(ZZ) (α,∆) is given by
an initial configuration α (where α is an ISS) and a finite set ∆ of conditional
rewrite rules of the form X(k) a−→ X1(e1)X2(e2) . . . Xn(en), P (k) where

– X ∈ Const, a ∈ Act, k is a free variable of type integer.
– ∀i ∈ {1, . . . , n}. Xi ∈ Const.
– For every i ∈ {1, . . . , n} ei is an expression of one of the following two forms:
• ei = ki or ei = k + ki for some constant ki ∈ ZZ.

– P (k) is a unary Presburger predicate.

Note that n can be 0. In this case the rule has the form X(k) a−→ ε, P (k). We de-
note the finite set of constants used in ∆ by Const(∆) and the finite set of actions
used in ∆ by Act(∆). These rewrite rules induce a transition relation on ISS
by prefix-rewriting as follows: For any α we have X(q)α a−→ X1(q1)X2(q2) . . .
Xn(qn)α if there is a rewrite rule X(k) a−→ X1(e1)X2(e2) . . . Xn(en), P (k)
such that the following conditions are satisfied.

– P (q)
– If ei = ki then qi = ki.
– If ei = k + ki then qi = q + ki.

The Presburger predicates can be used to describe side conditions for the
application of rules, e.g., the rule X(k) a→ Y (k − 7)Z(k + 1), 3|k ∧ k ≥ 8 can
only be applied to ISS starting with X(q) where q is at least 8 and divisible by 3.
Furthermore, we can use Presburger predicates to express rules with constants
on the left side, e.g., the rule X(5) a→ Y (2)Z(17) can be expressed by X(k) a→
Y (2)Z(17), k = 5. In the following we sometimes use rules with constants on
the left side as a shorthand notation.

Definition 5. We say that a BPA(ZZ) is in normal form if it only contains the
following three types of rules:

X(k) a−→ X1(e1)X2(e2), P (k)

X(k) a−→ Y (e), P (k)

X(k) a−→ ε, P (k)

where e, e1, e2 are expressions and P (k) is a unary Presburger predicate as in
Def. 4.

We call the rules of the third type decreasing and the first two types nonde-
creasing.
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Remark 6. It is easy to see that general BPA(ZZ) can be simulated by BPA(ZZ)
in normal form with the introduction of some auxiliary constants. Long rules
are split into several short rules. For example the long rule X(k) a→ Y (k + 1).
Z(k − 2).W (k + 7) is replaced by X(k) a→ X ′(k).W (k + 7) and X ′(k) ε→
Y (k+1).Z(k− 2). If one is only interested in the set of reachable configurations
of the original BPA(ZZ) then one has to filter out the intermediate configura-
tions that contain auxiliary constants. It will turn out in Section 4 that this
is possible. We will show that the set of reachable configurations of a BPA(ZZ)
can be represented by a ZZ-input 1-CM (a special type of one-counter machine)
that is closed under synchronization with finite automata. Thus, to filter out the
intermediate configurations it suffices to synchronize with the finite automaton
that accepts exactly all sequences not containing auxiliary constants.

If one extends the model BPA(ZZ) by allowing two integer parameters instead
of one, it becomes Turing-powerful, because it can simulate a Minsky 2-counter
machine.

It is clear that a BPA(ZZ) can simulate a 1-counter machine. However, the
set of reachable configurations of a BPA(ZZ) cannot be described by a normal
1-counter machine.

Example 7. Consider the BPA(ZZ) with just one rule X(k) a→ X(k + 1)X(k)
and initial state X(0). The set of reachable configurations are all decreasing
sequences of the form X(n)X(n − 1)X(n − 2) . . .X(0) for any n ∈ IN. The
language consisting of these sequences cannot be accepted by a normal 1-counter
machine, no matter how the integer numbers are coded (e.g., in unary coding or
in binary as sequences of 0 and 1). The reason is that one cannot test the equality
of the counter against the input without losing the content of the counter during
the test.

The central problem in this paper is to compute a representation of the set
of reachable states of a BPA(ZZ).

Definition 8. Let ∆ be the set of rules of a BPA(ZZ) and L a language of ISS
(describing configurations of the BPA(ZZ)). By Post∗∆(L) we denote the set of
all successors (reachable configurations) of elements of L w.r.t. ∆. Post∗∆(L) =
{β | ∃α ∈ L. α →∗

∆ β}. By Pre∗∆(L) we denote the set of all predecessors of
elements of L w.r.t. ∆. Pre∗∆(L) = {α | ∃β ∈ L. α→∗

∆ β}.

3 Automata

Definition 9. An alternating pushdown automaton (APDA for short) is a triple
P = (P, Γ,∆A) where P is a finite set of control locations, Γ is a finite stack
alphabet, ∆A is a function that assigns to each element of P ×Γ a positive (i.e.
negation free) boolean formula over elements of P × Γ ∗.

An alternating 1-counter machine is a special case of an APDA, because the
counter can be simulated by the pushdown stack.
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Definition 10. A pushdown counter automaton (PCA) [7] is a pushdown au-
tomaton that is augmented with a finite number of reversal-bounded counters
(containing integers). A counter is reversal bounded iff there is a fixed constant k
s.t. in any computation the counter can change at most k times between increas-
ing and decreasing.

Now we define a new class of 1-counter machines with infinite input. These
ZZ-input 1-counter machines consider whole integer numbers as one piece of input
and can compare them to constants, or to the internal counter without changing
the counter’s value. Additionally, they have several other useful features like
Presburger-tests on the counter. ZZ-input 1-counter machines will be used in
Section 4 to represent sets of reachable configurations of BPA(ZZ).

Definition 11. A ZZ-input 1-counter machine M is described by a finite set of
states Q, an initial state q0 ∈ Q, a final state accept ∈ Q, a non-accepting state
fail ∈ Q, and a counter c that contains a (possibly negative) integer value. The
initial configuration is given by q0 and some initial counter value. The machine
reads pieces of input of the form S(i) where S is a symbol out of a given finite
set and i ∈ ZZ is an integer number. The instructions have the following form:

1. (q : c := c+ 1; goto q′)
2. (q : c := c− 1; goto q′)
3. (q : If c ≥ 0 then goto q′ else goto q′′).
4. (q : If c = 0 then goto q′ else goto q′′).
5. (q : Read input S(i). If S = X and i = K then goto q′ else goto q′′).
6. (q : Read input S(i). If S = X and i = c then goto q′ else goto q′′).
7. (q : If P (c) then goto q′ else goto q′′), where P is a unary Presburger

predicate.

where X ∈ Const is a symbol constant and K ∈ ZZ is an integer constant.
ZZ-input 1-counter machines can be nondeterministic, i.e., there can be sev-

eral instructions at the same control-state. Each transition arc to a new control-
state can be labeled with an atomic action. The language L(M) accepted by a
machine M is the set of ISS which are read by M in a run from the initial
configuration to the accepting state.

In the following we use several shorthand notations for operations which can
be encoded by the standard operations above. We use c := c + j (incrementing
the counter by a constant j), c := j (setting the counter to a given constant j)
and the operation guess(c) (setting the counter to a nondeterministically chosen
integer).

It is now easy to see that the set of reachable states of Example 7 can be
described by the following ZZ-input 1-counter machine with initial configuration
(q0, 0):

q0 : guess(c); goto q1

q1 : Read input S(i). If S = X and i = c then goto q2 else goto fail
q2 : c := c− 1; goto q1

q2 : If c = 0 then goto accept else goto fail
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While instructions of type 6 (integer input) do increase the expressive power
of 1-counter machines, this is not the case for instructions of type 7 (Presburger
tests). The following lemma shows that instructions of type 7 can be eliminated
if necessary. We use them only as a convenient shorthand notation.

Lemma 12. For every (alternating) (ZZ-input) 1-counter machine M with Pres-
burger tests (i.e., instructions of type 7), an equivalent (alternating) (ZZ-input)
1-counter machine M ′ without Presburger tests can be effectively constructed.
(Equivalent means that it accepts the same input (initial counter value), and the
same language.)
Proof. Any Presburger formula can be written in a normal form that is a boolean
combination of linear inequalities and tests of divisibility. As we consider only
Presburger formulae with one free variable, it suffices to consider tests of the
forms c ≥ k, c ≤ k and k|c for constants k ∈ ZZ. Let K be the set of constants k
used in these tests. K is finite and depends only on the Presburger predicates
used in M . Let K ′ = {k1, . . . , km} ⊆ K be the finite set of constants used
in divisibility tests. For every control-state s of M we define a set of control-
states of M ′ of the form (s, j1, . . . , jm) where ji ∈ {0, . . . , ki − 1} for every
i ∈ {1, . . . ,m}. Now M ′ simulates the computation of M in such a way that M ′

is in a state (s, j1, . . . , jm) iff M is in state s and ji = c mod ki. For example
if K ′ = {2, 5} then the step (s, n) c:=c+1−→ (s′, n + 1) of M yields e.g. the step
((s, 1, 2), n) c:=c+1−→ ((s′, 0, 3), n + 1) of M ′. The divisibility tests thus become
trivial in M ′, because this information is now encoded in the control-states
of M ′. The linear inequality tests are even easier to eliminate. For example the
test c ≥ 5 can be done by decrementing the counter by 5, testing for ≥ 0 and
re-incrementing by 5. Thus, the Presburger tests can be eliminated from M ′. ��

It is only a matter of convention if a ZZ-input 1-CM reads the input from
left to right (the normal direction) or from right to left (accepting the mirror
image as in the example above). It is often more convenient to read the input
from right to left (e.g., in Section 5), but the direction can always be reversed,
as shown by the following lemma.

Lemma 13. Let M be a ZZ-input 1-CM with initial configuration (q0, k0) (with
k0 ∈ ZZ) and final state qf that reads the input from right to left. A ZZ-input
1-CM M ′ can be constructed that reads the input from left to right and accepts
the same language as M .
Proof. (sketch) M ′ has the same control-states as M plus a new initial state q′0
and a new final state q′f . M ′ starts in configuration (q′0, 0). It guesses a value
for its counter and goes to qf . Then it does the computation of M in reverse
(reading the input from left to right) until it reaches q0. It tests if the counter
has value k0. If yes, it goes to q′f and accepts. If no, then it doesn’t accept. ��
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4 Constructing Post�

Theorem 14. Let ∆ be a set of BPA(ZZ) rules and M a ZZ-input 1-counter
machine. Then a ZZ-input 1-counter machine M ′ with L(M ′) = Post∗∆(L(M))
can be effectively constructed.

To prove this theorem we generalize the proof of a theorem in [1] which shows
that the Post∗ of a regular set of configurations of a pushdown automaton is
regular. This proof uses a saturation method, i.e. adding a finite number of
transitions and states to the automata representing configurations.

We cannot directly adapt this proof to BPA(ZZ), because process constants
in a configuration can disappear for certain values of the parameter by applying
decreasing rules. We show how to calculate a Presburger formula to characterize
these values. This allows us to eliminate decreasing rules from ∆. This means
that symbols produced by rules in some derivation can not disappear later. Then,
we can apply the saturation method.

First, we show how to characterize the set {k | X(k)→∗
∆ ε} by a Presburger

formula. We transform the set of rules∆ into an alternating one-counter machine
and show that the set of initial values of accepting computations is effectively
semilinear. This follows from a corollary of a theorem from [1] which states that
the Pre∗ of a more general model (alternating pushdown systems) is regular.

Theorem 15. [1] Given an APDA P and a regular set of configurations C,
pre∗(C) is regular and effectively constructible.

With an APDA we can easily simulate an alternating one-counter machine
with Presburger tests: First, we eliminate the Presburger tests with Lemma 12.
Then, with the stack we can easily simulate the counter. We obtain the following:

Corollary 16. Let M be an (alternating) one-counter machine with Presburger
tests. The set of initial counter values for which a computation of M is accepting
is effectively Presburger definable.

Now we can prove the following two lemmas.

Lemma 17. Let ∆ be a set of BPA(ZZ) rules and X a process constant. Then a
Presburger formula PX(k) with {k | PX(k)} = {k | X(k)→∗

∆ ε} can be effectively
constructed.

Proof. We construct an alternating one-counter machine M such that: M with
initial counter value k has an accepting computation iff X(k) →∗

∆ ε. Then, we
apply Corollary 16.

We construct M as follows: To each process constant Y of the BPA(ZZ) we
associate a state qY in M . The initial state of the counter machine is qX and it’s
final state accept. Each non-decreasing rewrite rule X(k) a−→ X1(e1)X2(e2) . . .
Xn(en), P (k) is translated into a transition of the counter machine as fol-
lows: qX goes to a conjunction of the states qX1 , . . . , qXn by testing P (k) and
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changing the counter according to e1, . . . , en. Each decreasing rule X(k) a−→
ε, P (k) is translated into a transition of the counter machine from qX to accept
by testing P (k). It is a clear, that a run of M with some initial counter value k
is accepting iff X(k) can disappear with rules of ∆. ��
Lemma 18. Let ∆ be a set of BPA(ZZ) rules and M a ZZ-input 1-counter ma-
chine representing a set of configurations. Then, we can effectively construct a
set of rules ∆′ without decreasing rules and a ZZ-input 1-counter machine M ′,
such that Post∗∆(M) = Post∗∆′(M ′).

We use this lemma to prove Theorem 14. To construct a counter machine M ′

representing Post∗∆(M), given a counter machine M and a set of BPA(ZZ) rules
∆, it suffices to consider non-decreasing rules. We explain the main idea with an
example: Suppose we have a rule of the form X(k) a−→ Y (k+3)Z(k−2), P (k)
in ∆ and the automaton M is of the following form:

guess(c) c = 0 ?Read X(i); i =c ?

Notice that the counter is not tested before the input instruction. This is not
a restriction (see full paper [2]). We add a new state qY for Y and transitions
to M and obtain:

guess(c) c = 0 ?Read X(i); i =c ?

c := c - 5; Read Z(i); i = c ?;
c := c + 2; P(c) ?

qY

Read Y(i)
i =c ?

The transition going out of qY changes the counter value in such a way that
if Y is read with parameter k then Z is read with a parameter k − 5, where −5
is the difference between −2 and 3. Then, the transition restores the counter
value to the value before application of the rule by adding 2 and tests P (c). Now
consider instead a rule X(k) a−→ X(k + 1)Z(k − 2) P ′(k) in ∆. Following the
same principle as before we add a state for X and transitions. This will create a
loop:

guess(c) c = 0 ?Read X(i); i =c ?

c := c - 3; Read Y(i); i = c ?;

c := c + 2; P’(c) ?

qX

Read X(i)
i =c ?

c := c - 3; Read Y(i); i = c ?; c := c +2; P’(c) ?
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It is clear that in this way we only add a finite number of states and transi-
tions. A lot of cases have to be considered. The details of the proof can be found
in the full paper [2].

Remark 19. While the language of reachable states of any BPA(ZZ) can be de-
scribed by a ZZ-input 1-CM, the converse is not true. Some ZZ-input 1-CMs
describe languages that cannot be generated by any BPA(ZZ). Consider the lan-
guage

{X(k)Y (j1)Y (j2) . . . Y (jn)X(k) | k ∈ IN, n ∈ IN, j1, . . . , jn ∈ IN}
It is easy to construct a ZZ-input 1-CM for this language (it just ignores the
values of the ji). However, no BPA(ZZ) generates this language, since it cannot
guess the values of the arbitrarily many ji without losing the value for k, which
it needs again at the end.

The complexity of constructing a representation of Post∗ must be at least as
high as the complexity of the reachability problem for BPA(ZZ). A special case
of the reachability problem is the problem if the empty state ε is reachable from
the initial state.
ε-Reachability for BPA(ZZ)
Instance: A BPA(ZZ) ∆ with initial state X(0).
Question: X(0)→∗ ε ?

It is clear that for BPA(ZZ) with Presburger constraints the complexity of
ε-reachability is at least as high as that of Presburger-arithmetic. (Presburger-

arithmetic is complete for the class
⋃
k>1 TA[22nk

, n] [10], and thus requires at
least doubly exponential time). Now we consider the restricted case of BPA(ZZ)
without Presburger constraints.

Theorem 20. The ε-reachability problem for BPA(ZZ) without full Presburger
constraints, but with constants on the left sides of rules, is NP-hard.
Proof. We reduce 3-SAT to ε-reachability. Let Q := Q1 ∧ . . . ∧Qj be a boolean
formula in 3-CNF with j clauses over the variables x1, . . . , xn. Let pl be the l-th
prime number. We encode an assignment of values to x1, . . . , xn in a natural
number x by Gödel coding, i.e., xi is true iff x is divisible by pi. The set of rules
∆ is defined as follows:

X(k) → X(k + 1)
X(k) → Q1(k + 1).Q2(k + 1). . . . .Qj(k + 1)
Qi(k)→ Xl(k) if xl occurs in clause Qi.
Qi(k)→ X̄l(k) if x̄l occurs in clause Qi.
Xl(k)→ Xl(k − pl)
Xl(0) → ε
X̄l(k)→ X̄l(k − pl)
X̄l(r) → ε for every r ∈ {1, . . . , pl − 1}

As the l-th prime number is O(l · log l), the size of ∆ is O(j+n2 logn). It is easy
to see that X(0)→∗ ε iff Q is satisfiable. ��
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5 The Constructibility of Pre�

In this section we show that the Pre∗ of a regular set of configurations (w.r.t.
a BPA(ZZ)) is effectively constructible. However, the Pre∗ of a set of configu-
rations described by a ZZ-input 1-CM is not constructible. It is not even rep-
resentable by a ZZ-input 1-CM in general. Regular sets are given by finite au-
tomata. We define that finite automata ignore all integer input and are only
affected by symbols. So, in the context of BPA(ZZ) we interpret the language
(ab)∗ as {a(k1)b(k′

1) . . . a(kn)b(k
′
n) | n ∈ IN0, ∀i. ki, k′

i ∈ ZZ}.
Theorem 21. Let ∆ be a BPA(ZZ) and R a finite automaton. Then a ZZ-input
1-CM M can be effectively constructed s.t. M = Pre∗∆(R).
Proof. Every element in Pre∗∆(R) can be written in the form αX(k)γ where
α →∗ ε, X(k) →∗ β and βγ ∈ R. Thus there must exist a state r in R s.t.
there is a path from the initial state r0 of R to r labeled β and a path from r
to a final state of R labeled γ. We consider all (finitely many) pairs (X, r)
where X ∈ Const(∆) and r ∈ states(R). Let Rr be the finite automaton that
is obtained from R by making r the only final state. We compute the set of
integers k for which there exists a β s.t.X(k)→∗ β and β ∈ Rr. First we compute
the ZZ-input 1-CM MX that describes Post∗(X(k)) as in Theorem 14. Then we
compute the product of MX with Rr, which is again a ZZ-input 1-CM. The set
of initial values k for which MX ×Rr is nonempty is Presburger and effectively
computable. Let PX,r be the corresponding unary Presburger predicate. Let R′

r

be the finite automaton that is obtained from R by making r the initial state.
We define MX,r to be the ZZ-input 1-CM that behaves as follows: First it accepts
X(k) iff PX,r(k) and then it behaves like R′

r. Let Mε be the ZZ-input 1-CM that
accepts all sequences α s.t. α →∗ ε. Mε is effectively constructible, since for
every symbol Y the set of k for with Y (k) →∗ ε is Presburger and effectively
constructible by Lemma 17. Then finally we get

M = Mε ·
⋃
X,r MX,r

��
Now we consider the problem of the Pre∗ of a set of configurations described

by a ZZ-input 1-CM.
Membership in Pre∗ of ZZ-input 1-CM

Instance: A BPA(ZZ) ∆, a ZZ-input 1-CM M and a state X(0)
Question: X(0) ∈ Pre∗∆(M) ?

Theorem 22. Membership in Pre∗ of ZZ-input 1-CM is undecidable.

The proof is by reduction of the halting problem for Minsky 2-counter ma-
chines. It is given in the full paper [2]. Theorem 22 does not automatically imply
that the Pre∗ of a ZZ-input 1-CM (w.r.t. ∆) cannot be represented by a ZZ-input
1-CM. It leaves the possibility that this ZZ-input 1-CM is just not effectively
constructible. (Cases like this occur, e.g., the set of reachable states of a classic
lossy counter machine is semilinear, but not effectively constructible [9].) How-
ever, the following theorem (proved in the full paper [2]) shows that the Pre∗ of
a ZZ-input 1-CM is not a ZZ-input 1-CM in general.
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Theorem 23. Let ∆ be a BPA(ZZ) and M a ZZ-input 1-CM. The set Pre∗∆(M)
cannot be represented by a ZZ-input 1-CM in general.

6 The Logic and its Applications

We define a logic called ISL (Integer Sequence Logic) that can be used to verify
properties of BPA(ZZ). It is interpreted over ISS (see Def. 3). We define a notion
of satisfaction of an ISL formula by a BPA(ZZ) and show that the verification
problem is decidable.

Let const denote the projection of ISS on sequences of constants ob-
tained by omitting the integers; formally const(X1(k1)X2(k2) . . .Xm(km)) =
X1X2 . . . Xm. Then, the logic ISL is defined as follows:

Definition 24. ISL formulae have the following syntax: F := (A1, . . . , An, P ),
where A1, . . . , An are finite automata over an alphabet of process constants,
and P is an (n − 1)-ary Presburger predicate. Formulae are interpreted over
sequences w of the form X1(k1)X2(k2) . . . Xm(km), where the satisfaction rela-
tion is defined as follows:

w |= F iff there exist words w1, . . . , wn, constants Y1, . . . , Yn−1 and inte-
gers k1, . . . , kn−1 s.t. w = w1Y1(k1)w2Y2(k2) . . . wn−1Yn−1(kn−1)wn and

– ∀i ∈ {1, . . . , n− 1}. Ai accepts const(wi)Yi.
– An accepts const(wn) and P (k1, . . . , kn−1) is true.

The set of sequences which satisfy a formula F is given by [[F ]] = {w |w |= F}.
Intuitively, ISL formulae specify regular patterns (using automata) involv-

ing a finite number of integer values which are constrained by a Presburger
formula. We use ISL formulae to specify properties on the configurations of
the systems and not on their computation sequences, the typical use of speci-
fication logics in verification. For instance, when BPA(ZZ)’s are used to model
recursive programs with an integer parameter, a natural question that can be
asked is whether some procedure X can be called with some value k satisfying
a Presburger constraint P . This can be specified by asking whether there is a
reachable configuration corresponding to the pattern Const∗X(k)Const∗, where
P (k) holds. Using ISL formulae, we can specify more complex questions such
as whether it is possible that the execution stack of the recursive program can
contain two consecutive copies of a procedure with the same calling parame-
ter. This corresponds to the pattern Const∗X(k1)(Const − {X})∗X(k2)Const∗,
where k1 = k2.

The first result we show, is that we can characterize [[F ]] by means of reversal
bounded counter automata. However, elements of [[F ]] are sequences over an
infinite alphabet, since they may contain any integer. To characterize over a
finite alphabet an element w ∈ [[F ]] we can encode the integers in w in unary:
a positive (resp. negative) integer ki is replaced by ki (resp. −ki) occurrences
of a symbol pi (resp. ni). Hence, given a set L of ISS, let L̂ denote the set of
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all sequences in L encoded in this way. We can characterize [̂[F ]] with a reversal
bounded counter automaton.

Lemma 25. We can construct a reversal bounded counter automaton M over
a finite alphabet Σ such that [̂[F ]] = L(M).

Proof. The reversal bounded counter machine M simulates sequentially the au-
tomata A1, . . . , An in order to check if the input is of the correct regular pattern.
After reading wi (Ai has to be in an accepting state), the machine reads a se-
quence of symbols pi or ni and stores their length in corresponding reversal
bounded counters. After the input has been completely read, the Presburger
formula can be tested by using a finite number of other reversal bounded coun-
ters. ��

Now, we define a notion of satisfaction between BPA(ZZ)’s and ISL formulae.

Definition 26. Let (w0, ∆) be a BPA(ZZ) with initial configuration w0 and set of
rules ∆. Let F be an ISL-formula. We define that (w0, ∆) satisfies the formula F
iff it has a reachable configuration that satisfies F . Formally

(w0, ∆) |= F ⇐⇒ ∃w ∈ Post∗∆(w0). w |= F

To prove the decidability of the verification problem (w0, ∆) |= F , for a given
BPA(ZZ) (w0, ∆) and a formula F we need the following definition and a lemma.

Definition 27. Let L be a set of ISS. Then, L|k is the set of sequences w such
that there exists a sequence w′ ∈ L with k′ ≥ k integers such that w is obtained
from w′ by removing k′ − k integers and encoding the remaining integers in
unary.

Lemma 28. Let (w0, ∆) be a BPA(ZZ) with initial configuration w0 and set of
rules ∆. Then we can construct a PCA M such that L(M) = Post∗∆(w0)|k.
Proof. First by Theorem 14 we construct a ZZ-input 1-CM M that accepts
Post∗∆(w0). We construct a PCA from M by (1) using the pushdown store to
encode the counter (2) choosing non-deterministically exactly k input values
which are compared to the counter. For these comparisons we need k additional
reversal bounded counters (to avoid losing the counter value). ��
Theorem 29. Let (w0, ∆) be a BPA(ZZ) with initial configuration w0 and set
of rules ∆ and F = (A1, . . . , An, P ) an ISL-formula. The problem (w0, ∆) |= F
is decidable.

Proof. Clearly, we have Post∗∆(w0) ∩ [[F ]] �= ∅ iff ̂Post∗∆(w0) ∩ [̂[F ]] �= ∅, which
is also equivalent to ̂Post∗∆(w0)|n−1 ∩ [̂[F ]] �= ∅ since F cannot constrain more
than n− 1 integers. Then we show that ̂Post∗∆(w0)|n−1 ∩ [̂[F ]] �= ∅ is decidable.
This follows from Lemma 28, Lemma 25, the fact that the intersection of a
CA language with a PCA language is a PCA language (Lemma 5.1 of [7]), and
Theorem 5.2 of [7] which states that the emptiness problem of PCA is decidable.

��
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Finally, we consider another interesting problem concerning the analysis of
BPA(ZZ)’s. When used to model recursive procedures, a natural question is to
know the set of all the possible values for which a given procedure can be called.
More generally, we are interested in knowing all the possible values of the vectors
(k1, . . . , kn) such that there is a reachable configuration which satisfies some
given ISL formula F = (A1, . . . , An+1, P ). We show that this set is effectively
semilinear.

Theorem 30. Let (w0, ∆) be a BPA(ZZ) with initial configuration w0 and set
of rules ∆, and let F be an ISL formula. Then, the set

{(k1, . . . , kn) ∈ ZZn| ∃w = w1Y1(k1) . . . wnYn(kn)wn+1 ∈ Post∗∆(w0). w |= F}
is effectively semilinear.

Proof. As in the proof of Theorem 29, we can construct a PCA which recognizes
the language ̂Post∗∆(w0)|n ∩ [̂[F ]]. Then, the result follows from the fact that the
Parikh image of a PCA language is semilinear (see Theorem 5.1 of [7]). ��

7 Conclusion

We have shown that BPA(ZZ) is a more expressive and more realistic model
for recursive procedures than BPA. The price for this increased expressiveness
is that a stronger automata theoretic model (ZZ-input 1-CM) is needed to de-
scribe sets of configurations, while simple finite automata suffice for BPA. As
a consequence the set of predecessors is no longer effectively constructible for
BPA(ZZ) in general. However, the set of successors is still effectively constructible
in BPA(ZZ) and thus many verification problems are decidable for BPA(ZZ), e.g.,
model checking with ISL. Thus, BPA(ZZ) can be used for verification problems
like dataflow analysis, when BPA is not expressive enough. We expect that our
results can be generalized to more expressive models (e.g., pushdown automata
with an integer parameter), but some details of the constructions will become
more complex.
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Abstract. We investigate graph–driven free parity BDDs, which strictly
generalize the two well–known models parity OBDDs and graph–driven
free BDDs.
The first main result of this paper is a polynomial time algorithm that
minimizes the number of nodes in a graph–driven free parity BDD.
The second main result is an exponential lower bound on the size of
graph–driven free parity BDD for linear code functions.

1 Introduction

Branching Programs or Binary Decision Diagrams are a well established model
for Boolean functions with applications both in complexity theory and in the
theory of data structures for hardware design and verification.

In complexity theory branching programs are a model of sequential space
bounded computations. Upper and lower bounds on the branching program size
for explicitly defined functions are upper and lower bounds on the sequential
space complexity of these functions.

Data structures for Boolean functions have to allow succinct representations
of as many Boolean functions as possible. They have to admit algorithms for the
most important operations. Among others, these are minimization, synthesis
and equivalence test (for a survey see [15]). Even if a data structure is of more
theoretical rather than of practical interest, minimization and equivalence test
are of structural significance.

A (nondeterminstic) binary decision diagram (BDD) B on the Boolean vari-
ables {x1, . . . , xn} is a directed acyclic graph with the following properties. Let
N (B) be the set of nodes of B . There are two distinct nodes s and t called the
source and the target node. The outdegree of the target and the indegree of the
source are both equal to zero. The source s is joined to each node of its succes-
sor set Succ (s) in B by an unlabeled directed edge. The nodes different from
the source and the target are called branching nodes. Each branching node u is
labeled with a Boolean variable var (u) ∈ {x1, . . . , xn}, its successor set falls into
� Supported by DFG grant Wa766/4-1
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two subsets Succ0 (u) and Succ1 (u), where, for b ∈ {0, 1}, the node u is joined to
each v ∈ Succb (u) by a directed edge labeled with b. For b ∈ {0, 1}, an element
of Succb (u) is called a b–successor of the node u. Moreover, we assume B to
be weakly connected in the following sense. For each branching node u, there is
a directed path from the source via this node to the target. The size of a BDD
B, denoted by SIZE (B), is the number of its nodes. A branching node u of a
BDD is called deterministic, if Succb (u) ≤ 1, for all b ∈ {0, 1}. The source s is
called deterministic, if #Succ (s) ≤ 1. The BDD B as a whole is defined to be
deterministic, if the source and all branching nodes are deterministic.

Let Bn denote the set of all Boolean functions of n variables. (If we wish to
indicate the set of variables on which the functions depend, we write, for example,
B(x1, . . . , xn) or B(x2, x4, x6, . . . , x2·n) instead of Bn.) We regard Bn as an F2–
algebra, where F2 is the prime field of characteristic 2. The product f∧g or fg of
two functions f, g ∈ Bn is defined by componentwise conjunction. Their sum f⊕g
corresponds to the componentwise exclusive–or. (In line with this notation, “⊕”
is also used for the symmetric difference of sets.) There are several ways to let a
BDD B on the set of Boolean variables {x1, . . . , xn} represent a Boolean function
f ∈ Bn. Throughout this paper we make use of the parity acceptance mode. For
each node u of the diagram B, we inductively define its resulting function Resu.
The resulting function of the target equals the all–one function. For a branching
node u labeled with the variable x, Resu = (x ⊕ 1) ∧⊕v∈Succ0(u)

Resv ⊕ x ∧⊕
v∈Succ1(u)

Resv. If s is the source, then Ress :=
⊕
v∈Succ(s) Resv. The function

Res(B) : Fn2 → F2 represented by the whole diagram is defined to be Ress. Let us
denote a BDD equipped with the parity acceptance mode as parity BDD. (From
now on we speak about a BDD, only if it is deterministic.)

The variants of decision diagrams tractable in the theory of data structures
of Boolean functions as well as in complexity theory restrict the number and
the kind of read accesses to the input variables. A very popular model is the
following one. A (parity) BDD is defined to be a free (parity) BDD, if each
variable is tested on each path from the source at most once.

Ordered binary decision diagrams (OBDDs), introduced by Bryant (1986),
are the state–of–the–art data structure for Boolean functions in the logical syn-
thesis process, for verification and test pattern generation, and as a part of CAD
tools. They are free BDDs with the following additional property. There is a
permutation σ, a so–called variable ordering, of the set {1, 2, . . . , n} such that if
node v labeled with xσ(j) is a successor of node u labeled with xσ(i), then i > j.
Perhaps the most important fact about OBDDs for theory is that a size–minimal
OBDD for a function f and a fixed variable ordering σ is uniquely determined.
It can be efficiently computed by Bryant’s minimization algorithm. But many
even simple functions have exponential OBDD–size (see [2], [4]). For this reason
models less restrictive than OBDDs are studied.

First we mention parity OBDDs. They are defined to be free parity BDDs
subject to variable orderings in the above sense. Introduced by Gergov and
Meinel in [7], they have been intensively studied in [14].
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Second free BDDs without any further restriction are considered as a data
structure. The problem was to find a counterpart to the variable ordering of
OBDDs. It was independently solved by Gergov and Meinel in [6], and by Sieling
and Wegener in [12]. Roughly speaking, the characteristic feature of a free BDD
in contrast to OBDDs is that we may use different variable orderings for different
inputs.

Definition 1. A graph ordering B0 on the set of Boolean variables {x1, . . . , xn}
is a deterministic free BDD which is complete in the following sense. The source
s has exactly one successor succ (s), each branching node u has exactly one 1–
successor and exactly one 0–successor, and on each path from the source to the
target there is for each variable xi exactly one node labeled with xi.

The relation between a graph ordering and a free BDD guided by it is given
in Definition 2. Informally spoken, depending on the Boolean variables tested so
far and the corresponding input bits retrieved, the graph ordering predicts the
next variable to be tested. For later use in this paper, we let not only free BDDs
but also free parity BDDs be guided in that way.

Definition 2. Let B0 be a graph ordering on {x1, . . . , xn}. A free parity BDD B
is defined to be an oracle–driven free parity BDD guided by B0 if the following
condition is satisfied. Let, for any input b ∈ {0, 1}n, π0

b be the path in B0 and
πb be an arbitrarily chosen path in B under the input b. If xi is tested before xj
when traversing πb, then this is true when traversing π0

b , too.

Note, that OBDDs and parity OBDDs can be regarded as guided by graph
orderings, the so–called line orderings.

Gergov and Meinel, and Sieling and Wegener were able to show, that oracle–
driven free BDDs efficiently support most of the OBDD–operations.

A drawback of oracle–driven free BDDs is, that they do not have ”levels”
defined by the nodes of the guiding graph ordering such as OBDDs and parity
OBDDs have. To enforce the existence of levels in the case of free BDDs, Siel-
ing and Wegener [12] introduced what they called well–structured graph–driven
FBDDs. Extending this notion in Definition 3 to the case of free parity BDDs,
we get the structure on which this paper is mainly focused.

Definition 3. An oracle–driven free parity BDD B guided by B0 is defined to
be graph–driven, if there is an additional level function level : N (B) → N (B0)
with the following properties.

– level (s) = s, level (t) = t;
– For each branching node u ∈ N (B), level (u) is a branching node of B0 that

is labeled with the same Boolean variable as u: var (u) = var (level(u)).
– For b ∈ {0, 1}n, let π0

b be the path in B0 and let πb be an arbitrarily chosen
path in B under the input b. For each node v, if v is contained in πb, then
level (v) is contained in π0

b .

Let B be a graph–driven free parity BDD guided by B0, then the set of nodes
of B is partitioned into levels as follows. For each node w of B0, we define the
level Nw of B associated with the node w to be the set {u ∈ N (B) | level (u) = w}.
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Note, that graph–driven free parity BDDs have a strictly larger descriptive
power than both oracle–driven free BDDs and parity OBDDs. This follows from
results due to Sieling. He has proved in [13], that there is an explicitely defined
function that has polynomial size parity OBDDs but exponential size free BDDs,
whereas another function has polynomial size free BDDs but exponential size
parity OBDDs.

The results of this paper can be summarized as follows. An algebraic char-
acterization (see Theorem 7) of the graph–driven free parity BDD complexity
serves as basis both for lower and for upper bounds.

Having derived a lower bound criterion (see Corollary 9), we are able to
prove exponential lower bounds on the size of graph–driven and of oracle–driven
free parity BDDs for linear code functions. This extends an analogous result for
parity OBDDs due to Jukna (see [9]).

Moreover, we establish deterministic polynomial time algorithms for solving
the minimization problem for the number of nodes (see Theorem 14), and the
equivalence test problem (see Corollary 15).

2 Algebraic Characterization and Lower Bounds

Throughout this section let us fix a graph–driven free parity BDD B on the set
of Boolean variables {x1, . . . , xn} guided by a graph ordering B0 that represents
a Boolean function f ∈ Bn.

Our first problem is to determine which nodes of B can be joined together
by a directed edge without violating Definition 3. The following lemma gives the
answer. The proof is omitted.

Lemma 4. Let u be any node of B joined to a node v by a directed edge.
If node u is a branching node and the edge is labeled with b ∈ {0, 1}, then all

paths in the graph ordering B0 from level (u)’s b–successors to the target node t
pass through node level (v).

If node u is the source of B, then all paths in the graph ordering B0 from the
source s to the target node t pass through node level (v).

Lemma 4 provides us with the opportunity to define the level tree T (B0) of a
graph ordering B0. To this end, we call a node w′′ of B0 to be an ascendant of a
branching node w′, iff any path from w′ to the target node passes through node
w′′. (Thus each node is an ascendant of itself.) The node w′′ is defined to be an
immediate ascendant of node w′, iff w′′ is distinct from w′, w′′ is an ascendant
of w′, and any ascendant of w′ distinct from w′ is ascendant of w′′, too. Obvi-
ously, for each branching node of B0 there is a uniquely determined immediate
ascendent. The set of nodes of the level tree T (B0) is N (B0) \ {s}. Node w′′ is
joined to node w′ by a directed edge, iff w′′ is the immediate ascendant of w′.
The root of T (B0) is the target node t of B0. The successor of B0’s source s is
one leaf of T (B0).
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It is the aim of this section to characterize the number of nodes of a size–
minimal graph–driven free parity BDD in terms of invariants of the level tree
T (B0) and the function f . For describing what we want, we need a little more
notation.

We define the stalk of the function f at a node w of the level tree T (B0),
denoted by Bw(f), to be the following vector space. If Sw(f) is the set of all
subfunctions f |π of f , where π is a path from the source s to the node w in B0,
then Bw(f) is spanned by the union of all sets Sw′(f), where w′ ranges over all
ascendants of w in T (B0). Note that if w′′ is an ascendant of w′, then the stalk
at w′′ is a subspace of the stalk at w′. The family {Bw(f) |w ∈ T (B0)} is called
the sheaf of the function f on the level tree T (B0).

Analogously we define the sheaf of the free parity BDD B on the level tree
T (B0). For any node w of the level tree, the stalk Bw(B) of B at the node w is
the defined to be the vector space spanned by all functions Resu, where level(u)
is an ascendant of w.

The next lemma is a direct consequence of the usual path argument.

Lemma 5. The sheaf of f is a subsheaf of the sheaf of B, i.e. Bw(f) ⊆ Bw(B),
for all nodes w of the level tree T (B0).

Lemma 6. Let w′ be any branching node of the level tree T (B0), and let w′′ be
its immediate ascendant. Then #Nw′(B) ≥ dimF2 Bw′(f) − dimF2 Bw′′(f).

Proof. By Lemma 5 we have a canonical linear mapping

φ : Bw′(f)→ Bw′(B)/Bw′′(B)
g �→ g mod Bw′′(B).

Since #Nw′(B) ≥ dimBw′(B)/Bw′′(B), it suffices to show that kerφ = Bw′′(f).
The inclusion kerφ ⊇ Bw′′(f) is an immediate consequence of Lemma 5. Let

g ∈ kerφ. Then g ∈ Bw′′(B). Consequently, g does not essentially depend on any
variable tested on any path from w′ to w′′ in B0. It follows that g ∈ Bw′′(f).

We are able to formulate and prove Theorem 7 that will prove useful both
in designing algorithms and in proving lower bounds.

Theorem 7. Let B be a size–minimal graph–driven free parity BDD on
{x1, . . . , xn} guided by B0 representing f ∈ Bn. Let w′ be any branching node of
T (B0), and let w′′ its immediate ascendant. Then

#Nw′(B) = dimF2 Bw′(f) − dimF2 Bw′′(f).

Proof. By Lemma 6, it suffices to construct a graph–driven free parity BDD B′

guided by B0 representing f such that the asserted equations hold.
First, let us turn to the set of nodes of B′. We define Ns(B′) to be the source

s of B′, Nt(B′) to be the all-one function, which plays the role of the target
node of B′, and Nw(B′) to be a set of representatives of a basis of the space
Bw(f)/Bw̃(f), where w̃ is the immediate ascendant of w.
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Second, we have to inductively create edges in such a way that B′ represents
the Boolean function f . We do that in a bottom–up manner, such that for any
node w of the graph ordering B0, and any h ∈ Nw(B′), we have Resh = h. To
this end, we fix a topological ordering of the nodes of B0 with the least node
being the target.

The claim is true for w = t. For the induction step, we assume that w �= t,
var (w) = xl, for some l, and h ∈ Nw(B′). For b ∈ {0, 1}, let wb be the b–successor
of the node w in the graph ordering B0. For b = 0, 1, we conclude by Lemma 4
h|xl=b ∈ Bwb

(f). By induction hypothesis, the functions h|xl=0 and h|xl=1 have
unique representations as sums of resulting functions of nodes defined so far. We
have to ”hardwire” these representations in the decision diagram. For b = 0, 1,
the node h is joined to any other node h′ by a directed edge labeled b if and only
if h′ occurs in the sum that represents h|xl=b.

Theorem 7 implicitely contains a lower bound technique. We see that it does
not suffice to estimate from below the sum of dimensions of the stalks at a fixed
depth level. But if we are able to detect large subspaces of these stalks that have
pairwise trivial intersections, we are done.

Taking pattern from [8], we define the following notion.

Definition 8. A function f ∈ Bn is called linearly k–mixed, for k < n, if
for all subsets V ⊂ {x1, . . . , xn} such that |V | = k and all variables xl �∈ V
the 2k assignments of constants to the variables xi ∈ V lead to a sequence of
subfunctions that is linearly independent modulo the vector space of all functions
not depending on xl.

Corollary 9 (Lower Bound Criterion). If f is linearly k–mixed, then any
graph–driven free parity BDD representing f has size bounded below by 2k.

Proof. Let B0 be any graph ordering on the set of Boolean variables {x1, . . . , xn},
let w be any branching node of B0 at depth level k+1, and letw′ be the immediate
ascendant of w in T (B0). Assume without loss of generality that the node w is
labeled with xk+1 and that the set of variables tested on any path to w equals
{x1, . . . , xk}. IfΠw is the set of all paths that lead in B0 to w, then by Theorem 7
its suffices to show that dimF2(Bw(f)/Bw′(f)) ≥ |Πw|. Indeed, for each linear
combination

∑
π∈Πw

bπf |π ∈ Bw′(f) ⊆ B(xk+2, . . . , xn) it follows that bπ = 0,
for π ∈ Πw, since f is linearly k–mixed.

We use Corollary 9 to prove exponential lower bounds on the size of graph–
driven free parity BDDs for characteristic functions of linear codes.

A linear code C is a linear subspace of Fn2 . We consider the characteristic
function fC : Fn2 → {0, 1} defined by fC(a) = 1 ⇐⇒ a ∈ C. The Hamming
distance of two code words a, b ∈ C is defined to be the number of 1’s of a⊕b. The
minimal distance of a code C is the minimal Hamming distance of two distinct
elements of C. The dual C⊥ is the set of all vectors b such that bTa = 0, for all
elements a ∈ C. (Here bTa = b1a1 ⊕ . . . ⊕ bnan is the standard inner product
with respect to F2.) A set D ⊆ Fn2 is defined to be k-universal, if for any subset
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of k indicese I ⊆ {1, . . . , n} the projection onto these coordinates restricted to
the set D gives the whole space Fk2 .

The next lemma is well–known. See [9] for a proof.

Lemma 10. If C is a code of minimal distance k + 1, then its dual C⊥ is k–
universal.

We shall prove a general lower bound on the size of graph–drive free parity
BDDs representing fC .

Theorem 11. Let C ⊆ Fn2 be a linear code of minimal distance d whose dual C⊥

has minimal distance d⊥. Then any graph–driven free parity BDD represent-
ing fC has size greater than or equal to 2min{d,d⊥}−2.

Proof. Let k = min{d, d⊥} − 2. By Corollary 9 is suffices to show that the
function fC is linearly k–mixed. Without loss of generality, we assume the set V
of Definition 8 to be {x1, . . . , xk} and the additional variable to be xk+1. Let A =
{a1, . . . a2k} be the set of all assignments of constants to the variables x1, . . . , xk.
We have to show that the sequence

fC(a1, xk+1, xk+2, . . . , xn), . . . , fC(a2k , xk+1, xk+2, . . . , xn)

is linearly independent modB(xk+2, . . . , xn).
Since the distance d⊥ of the dual code C⊥ is greater than k, by Lemma 10 C

is k–universal. Consequently, there are assignments b1, . . . , b2k to the variables
xk+1, xk+2, . . . , xn such that

fC(ai, bi) = 1, for i = 1, . . . , 2k.

Since the distance of the code C is greater than or equal to k + 2, for b̃i being
obtained from bi by skipping the assignment of variable xk+1, we have

fC(ai, b̃j) = 0, for i, j = 1, . . . , 2k;

fC(ai, bj) = 0, for i, j = 1, . . . , 2k, i �= j.

For the sake of deriving a contradiction, let as assume, that there is a
nonempty subset I ⊆ {1, . . . , 2k} such that

⊕

i∈I
fC(ai, xk+1, xk+2, . . . , xn) = g,

where the Boolean function g does not essentially depend on the variable xk+1.
Let us fix an index j ∈ I. Then g(bj) = 1, and consequently g(b̃j) = 1. The
latter equation implies, that there is an index j′ ∈ I, such that fC(aj′ , b̃j) = 1.
Contradiction.

In order to proof an explicit lower bound, recall that the r–th order binary
Reed–Muller code R(r, l) of length n = 2l is the set of graphs of all polynomials
in l variables over F2 of degree at most r. The code R(r, l) is linear and has
minimal distance 2l−r. It is known that the dual of R(r, l) is R(l − r − 1, l)
(see [10]).
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Corollary 12. Let n = 2l and r = �l/2�. Then every graph–driven free parity
BDD representing the characteristic function of R(r, l) has size bounded below
by 2Ω(

√
n).

Proof. Taking the notation of Theorem 11, we have d = 2l−r = Ω (
√
n) and d⊥ =

2r+1 = Ω (
√
n). The claim follows.

Corollary 13. Let n = 2l and r = �l/2�. Then any oracle–driven free parity
BDD guided by B0 representing the characteristic function of R(r, l) has size
bounded below by 2Ω(

√
n)/SIZE (B0).

Proof. By means of the well–known product construction from automata theory,
we can easily prove the following. Let B be an oracle–driven free parity BDD
guided by B0. Then there is an graph–driven free parity BDD guided by B0 of
size O (SIZE (B0) · SIZE (B)) that represents the same Boolean function as B.

Now the claim follows from Corollary 12.

3 Minimizing the Number of Nodes

Let us define a feasible exponent ω of matrix multiplication over a field k to be a
real number such that multiplication of two square matrices of order h may be
algorithmically achieved with O (hω) arithmetical operations. It is well–known
that matrix multiplication plays a key role in numerical linear algebra. Thus the
following problems all have “exponent” ω: matrix inversion, L-R-decomposition,
evaluation of the determinant. Up to now, the best known ω is 2.376 (see Cop-
persmith and Winograd (1990)).

It is the aim of this section to prove the following theorem.

Theorem 14. Let ω be any feasible exponent of matrix multiplication. Let B0 be
a fixed graph ordering on the set of Boolean variables {x1, . . . , xn}. Then there
is an algorithm that computes taking a graph–driven free parity BDD B guided
by B0 as input a size–minimal one representing the same Boolean function as B
in time O (SIZE (B0) · SIZE (B)ω) and space O

(
SIZE (B0) + SIZE (B)2

)
.

Proof. Let f(x1, . . . , xn) be the Boolean function represented by the input BDD
B. The algorithm that proves the theorem falls into two phases. The first phase,
which we call the linear reduction phase insures that the functions represented by
nodes of B are linearly independent. We use a bottom–up approach here, where
we refer to the direction of the graph ordering B0. The second phase, called the
semantic reduction phase, transforms the input B in a top–down manner such
that afterwards all stalks of B are subspaces of the corresponding stalks of the
function f . Having performed these two phases, the BDD B thus modified is
size–minimal by Theorem 7.

We internally represent B as two SIZE (B) × SIZE (B)–adjacency matri-
ces A(0) and A(1) over F2, where the columns of A(b) represent the b-successor
sets of B ’s branching nodes, and a column vector R over F2 of length SIZE (B)
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that represents the successor set of the source s. (These representations have to
be updated again and again.) In line with that, all auxiliary subsets of non–source
nodes are represented as F2–column vectors of length SIZE (B). For the sake of
simplifying notations, we identify the nodes of B with the functions represented,
the nodes of B0 with the levels indexed.

We describe the linear reduction phase of the algorithm. Assume that we are
about to linearly reduce the level w, where all levels that can be reached from w
in B0 by a nontrivial directed path have already been linearly reduced. (More
precisely, we are going to reduce the stalk of B at w, not only the level w.) Let x
be the Boolean variable with which w is labeled, for b ∈ {0, 1}, let wb be the b–
successor of w in B0, and let w′ be the immediate ascendant of w ∈ T (B0). In
order to perform the linear reduction, we use the following two facts.

Fact 1. By Shannon’s decomposition we have the following embedding of the
stalk of B at w.

Bw(B)→ Bw0(B)× Bw1(B)
v �→ (v|x=0, v|x=1)

Fact 2. The intersection of the stalk at w0 and the stalk at w1 equals the
stalk at w′, the immediate ascendant of w.

Let u1, . . . , uµ be the nodes that span the stalk at w′, let uµ+1, . . . , uµ+µ′ be
the nodes of level w, and let v0

1 , . . . , v
0
ν0 and v1

1 , . . . , v
1
ν1 be the nodes that span

the stalks at w1 and w1, respectively. Moreover, let 〈., .〉 denote the inner product
in both stalks Bw0(B) and Bw1(B) defined by

〈
vbi , v

b
j

〉
= δij , for i, j = 1, . . . , νb,

and b = 0, 1.
The first step is to set up the matrix M = (Mij), where i = 1, . . . , ν0 + ν1,

j = 1, . . . , µ+µ′. For i = 1, . . . , ν0, j = 1, . . . , µ+µ′, define Mij :=
〈
v0
i , uj |x=0

〉
,

and for i = 1, . . . , ν1, define Mν0+i,j :=
〈
v1
i , uj |x=1

〉
. The columns M·1, . . ., M·µ

represent the canonical basis of the stalk at w′, the columns M·µ+1, . . ., M·µ+µ′
the nodes of level w.

The second step is to find out which of the nodes of level w are superfluous. To
this end, we select columns M·µ+j, j ∈ J , such that the columns M·1, . . . ,M·µ,
M·µ+j , j ∈ J , form a basis of the space spanned by all columns of M . We then
represent the columns not selected in terms of those selected. We assume the
result of the second step to be presented as follows.

M·µ+l =
µ∑

k=1

αkM·k +
∑

j∈J
αµ+jM·µ+j, for l �∈ J ,

Uµ+l := {uj |αj = 1} , for l �∈ J .

The third step is to hardwire the results of the second step in the decision
diagram B. The problem is, to do so within the desired time bound. Having
set up the matrix Ê resulting from the SIZE (B)× SIZE (B)–identity matrix by
replacing the columns associated with uµ+l, for l �∈ J , by the columns Uµ+l, we
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execute the following three instructions.

A(b) ← Ê ·A(b), for b = 0, 1,

R← Ê ·R.

The first and the second one update the branching nodes of B, the third one the
source of B. Afterwards the nodes uµ+l, for l �∈ J , have indegree zero.

In the last step we remove all nodes no longer reachable from a source. This
can be done by a depth–first–search traversal.

Now we describe the semantic reduction phase of the algorithm. It suffices
to consider the case, that B has a nonempty level different from s and t. By
Theorem 7 the BDD B has then a uniquely determined nonempty top level wtop
characterized as follows. The level wtop is joined to any other nonempty level by
a directed path in B0. Moreover, wtop is an ascendant of the unique successor of
B0’s source.

As in the case of the linear reduction phase, we assume that we are on the
point of semantically reducing level w, where all levels that precede w in a
topological ordering of the nodes of B0 have already been reduced.

Case 1. The level w is equal to wtop. We have to transform w in such a
way that it contains afterwards a single node only. Let v1, . . ., vµ be the node
of level w. We merge these nodes in such a way together that for the resulting
node u holds: u =

⊕µ
i=1 vi. For b = 0, 1, the b–successor set of node u is computed

by executing the matrix operation V (b) ← A(b) ·M + L, where M = {v1, . . . , vµ}
and L is the set of the other nodes of of level w.

Case 2. The level w is not equal to wtop. In the first step of this case for
each node u of B and each Boolean constant b such that there is an b–edge
leading from u to a node of level w we do the following. We partition the b–
successors of u into the three sets Obu, M

b
u, and Lbu, where M b

u contains all nodes
belonging to level w, Lbu contains all nodes belonging to levels that are proper
ascendants of w, and Obu is the remaining set. (By induction hypothesis we have
already semantically reduced the levels to which the nodes of Obu belong.) Having
created a new node v(u, b) of level Na(B), we remove all b–edges from u to nodes
of M (b)

u ∪L(b)
u , and join u to v(u, b) by a directed b–edge. In order to compute the

edges outgoing from v(u, b) in such a way that v(u, b) =
⊕
v∈M(b)

u ∪L(b)
u

v holds,
we set up the matrices M and L whose columns we have just created. Then we
compute for each node v(u, b) its successor sets Succ0 (v(u, b)) and Succ1 (v(u, b))
by means of the matrix operations

V (b) ← A(b) ·M + L, for b = 0, 1.

(Because of the induction hypothesis on the sets Obu, we are sure that v(u, b) ∈
Bw(f), for all u and b under consideration.)

In the second step we remove all nodes of B that are no longer reachable from
the source.

The new nodes of level w are not necessarily linearly independent from each
other and from other nodes of the the stalk of B at w. In the last step we linearly
reduce the stalk of B at w in the same way as in the first phase.
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The runtime of the algorithm is dominated by the O (n) multiplications of
SIZE (B)× SIZE (B)–matrices. The space demand is obvious.

Let B′ and B′′ be two graph–driven free parity BDDs on {x1, . . . , xn} guided
by B0. First, using standard techniques, for example the well–known “product
construction”, and taking pattern from [12], one can easily perform the Boolean
synthesis operations in time O (SIZE (B0) · (SIZE (B′) · SIZE (B′′))ω). Second, we
have the following.

Corollary 15. It can be decided in time O (SIZE (B0)·(SIZE (B′)+SIZE (B′′))ω)
whether or not B′ and B′′ represent the same function.

4 Open Problems

Problem 1. In contrast to the deterministic case, not all free parity BDDs are
oracle–driven or even graph–driven ones.

Seperate the descriptive power of free parity BDDs from that of graph–driven
free parity BDDs.

Problem 2. In [11] exponential lower bounds for pointer functions on the
size of (⊕, k)–branching programs are proved. (A (⊕, k)–branching program is
a free parity BDD with the source being the only nondeterministic node. The
parameter k denotes the fan–out of the source.)

Prove that the linear code function of Corollary 12 cannot be represented
by an expression

⊕k
i=1 fi, where the functions fi have graph–driven free parity

BDDs (guided by distinct graph orderings) of polynomial size.
Problem 3. Bollig proved in [1] a 2Ω(n/ logn) lower bound on the size of oracle–

driven free parity BDDs guided by a tree ordering for the middle bit of the
integer multiplication. (A graph ordering B0 on {x1, . . . , xn} is defined to be
a tree ordering, if B0 becomes a tree of size nO(1) by eliminating the sink and
replacing multiedges between nodes by simple edges. By means of Bollig’s lower
bound arguments it is possible to show that graph–driven free parity BDDs are
more powerful than tree–driven ones.)

Extend Bollig’s result to graph–driven free parity BDDs.
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11. Savický, P., and Sieling, D. (2000), A hierarchy result for read–once branching
programs with restricted parity nondeterminism, in ”Proceedings, 25th Mathemat-
ical Foundations of Computer Science”, Lecture Notes in Computer Science 1893,
Springer–Verlag, pp. 650–659. 222

12. Sieling, D., and Wegener, I. (1995), Graph Driven BDD’s — a new Data
Structure for Boolean Functions, Theoretical Computer Science 141, pp. 283-310.
214, 222

13. Sieling, D. (1999b), Lower bounds for linear transformed OBDDs and FBDDs, in
”Proceedings of Conference on the Foundations of Software Technology and The-
oretical Computer Science”, Lecture Notes in Computer Science 1738, Springer–
Verlag, pp. 356-368. 215

14. Waack, St. (1997), On the descriptive and algorithmic power of parity ordered
binary decision diagrams, in ”Proceedings, 14th Symposium on Theoretical Aspects
of Computer Science”, Lecture Notes in Computer Science 1200, Springer–Verlag,
pp. 201–212. 213

15. Wegener, I. (2000), ”Branching programs and binary decision diagrams”, SIAM
Monographs on Discrete Mathematics and Applications. 212



Computable Versions of Baire’s Category

Theorem

Vasco Brattka�

Theoretische Informatik I, Informatikzentrum
FernUniversität, 58084 Hagen, Germany

vasco.brattka@fernuni-hagen.de

Abstract. We study different computable versions of Baire’s Category
Theorem in computable analysis. Similarly, as in constructive analysis,
different logical forms of this theorem lead to different computational in-
terpretations. We demonstrate that, analogously to the classical theorem,
one of the computable versions of the theorem can be used to construct
interesting counterexamples, such as a computable but nowhere differ-
entiable function.

Keywords: computable analysis, functional analysis.

1 Introduction

Baire’s Category Theorem states that a complete metric space X cannot be
decomposed into a countable union of nowhere dense closed subsets An (cf. [7]).
Classically, we can bring this statement into the following two equivalent logical
forms:

1. For all sequences (An)n∈N of closed and nowhere dense subsets An ⊆ X ,
there exists some point x ∈ X \⋃∞

n=0 An,
2. for all sequences (An)n∈N of closed subsets An ⊆ X with X =

⋃∞
n=0 An,

there exists some k ∈ N such that Ak is somewhere dense.

Both logical forms of the classical theorem have interesting applications.
While the first version is often used to ensure the existence of certain types
of counterexamples, the second version is for instance used to prove some im-
portant theorems in functional analysis, like the Open Mapping Theorem and
the Closed Graph Theorem [7]. However, from the computational point of view
the content of both logical forms of the theorem is different. This has already
been observed in constructive analysis, where a discussion of the theorem can
be found in [6].

We will study the theorem from the point of view of computable analysis,
which is the Turing machine based theory of computable real number functions,
as it has been developed by Pour-El and Richards [11], Ko [8], Weihrauch [13]
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and others. This line of research is based on classical logic and computability is
just considered as another property of classical numbers, functions and sets. In
this spirit one version of the Baire Category Theorem has already been proved
by Yasugi, Mori and Tsujii [14].

In the representation based approach to computable analysis, which has been
developed by Weihrauch and others [13] under the name “Type-2 theory of effec-
tivity”, the computational meaning of the Baire Category Theorem can be anal-
ysed very easily. Depending on how the sequence (An)n∈N is represented, i.e. how
it is “given”, we can compute an appropriate point x in case of the first version
or compute a suitable index k in case of the second version. Roughly speak-
ing, the second logical version requires stronger information on the sequence of
sets than the first version. Unfortunately, this makes the second version of the
theorem less applicable than its classical counterpart, since this strong type of
information on the sequence (An)n∈N is rarely available.

We close this introduction with a short survey on the organisation of the
paper. In the next section we briefly summarize some basic definitions from
computable analysis which will be used to formulate and prove our results. In
Section 3 we discuss the first version of the computable Baire Category Theo-
rem followed by an example of its application in Section 4, where we construct
computable but nowhere differentiable functions. Finally, in Section 5 we discuss
the second version of the theorem.

Further applications of the first version of the computable Baire Category
Theorem can be found in [3].

2 Preliminaries from Computable Analysis

In this section we briefly summarize some notions from computable analysis. For
details the interested reader is refered to [13]. The basic idea of the representation
based approach to computable analysis is to represent infinite objects like real
numbers, functions or sets, by infinite strings over some alphabet Σ (which
should at least contain the symbols 0 and 1). Thus, a representation of a set X
is a surjective mapping δ :⊆ Σω → X and in this situation we will call (X, δ) a
represented space. Here the inclusion symbol is used to indicate that the mapping
might be partial. If we have two represented spaces (X, δ) and (Y, δ′) and a
function f :⊆ X → Y , then f is called (δ, δ′)–computable, if there exits some
computable function F :⊆ Σω → Σω such that δ′F (p) = fδ(p) for all p ∈
dom(fδ). Of course, we have to define computability of sequence functions F :⊆
Σω → Σω to make this definition complete, but this can be done via Turing
machines: F is computable if there exists some Turing machine, which computes
infinitely long and transforms each sequence p, written on the input tape, into
the corresponding sequence F (p), written on the one-way output tape. Later on,
we will also need computable multi-valued operations f :⊆ X ⇒ Y , which are
defined analogously to computable functions by substituting δ′F (p) ∈ fδ(p) for
the equation above. If the represented spaces are fixed or clear from the context,
then we will simply call a function or operation f computable. A computable
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sequence is a computable function f : N → X , where we assume that N is
represented by δN(1n0ω) := n and a point x ∈ X is called computable, if there is
a constant computable function with value x.

Given two represented spaces (X, δ) and (Y, δ′), there is a canonical rep-
resentation [δ, δ′] of X × Y and a representation [δ → δ′] of certain func-
tions f : X → Y . If δ, δ′ are admissible representations of T0–spaces with
countable bases (cf. [13]), then [δ → δ′] is actually a representation of the set
C(X,Y ) of continuous functions f : X → Y . If Y = R, then we write for short
C(X) := C(X,R). The function space representation can be characterized by
the fact that it admits evaluation and type conversion. Evaluation means that
C(X,Y ) ×X → Y, (f, x) �→ f(x) is ([[δ → δ′], δ], δ′)–computable. Type conver-
sion means that for any represented space (Z, δ′′) a function f : Z → C(X,Y ) is
(δ′′, [δ → δ′])–computable, if and only if the associated function f̂ : Z ×X → Y ,
defined by f̂(z, x) := f(z)(x), is ([δ′′, δ], δ′)–computable. Moreover, the [δ → δ′]–
computable points are just the (δ, δ′)–computable functions. Given a represented
space (X, δ), we will also use the representation δN := [δN → δ] of the set of se-
quences XN. Finally, we will call a subset A ⊆ X δ–r.e., if there exists some
Turing machine that recognizes A in the following sense: whenever an input
p ∈ Σω with δ(p) ∈ A is given to the machine, the machine stops after finitely
many steps, for all other p ∈ dom(δ) it computes forever.

Many interesting representations can be derived from computable metric
spaces and we will also use them to formulate the computable versions of the
Baire Category Theorem.

Definition 1 (Computable metric space). A tuple (X, d, α) is called com-
putable metric space, if

1. d : X ×X → R is a metric on X ,
2. α : N→ X is a sequence which is dense in X ,
3. d ◦ (α× α) : N2 → R is a computable (double) sequence in R.

Here, we tacitly assume that the reader is familiar with the notion of a com-
putable sequence of reals, but we will come back to that point below. Obviously,
a computable metric space is especially separable. Given a computable metric
space (X, d, α), its Cauchy representation δX :⊆ Σω → X can be defined by

δX(01n001n101n2 ...) := lim
i→∞

α(ni)

for all ni such that d(α(ni), α(nj)) ≤ 2−i for all j > i (and undefined for all other
input sequences). In the following we tacitly assume that computable metric
spaces are represented by their Cauchy representation. If X is a computable
metric space, then it is easy to see that d : X ×X → R becomes computable.
An important computable metric space is (R, d, αQ) with the Euclidean metric
d(x, y) := |x − y| and some standard numbering of the rational numbers, as
αQ〈i, j, k〉 := (i − j)/(k + 1). Here, 〈i, j〉 := 1/2(i + j)(i + j + 1) + j denotes
Cantor pairs and this definition is extended inductively to finite tuples. For
short we will occasionally write k := αQ(k). In the following we assume that R is



Computable Versions of Baire’s Category Theorem 227

endowed with the Cauchy representation δR induced by the computable metric
space given above. This representation of R can also be defined, if (R, d, αQ)
just fulfills 1. and 2. of the definition above and this leads to a definition of
computable real number sequences without circularity.

Other important representations cannot be deduced from computable metric
spaces. Especially, we will use representations of the hyperspace of closed subsets
A(X) := {A ⊆ X : A closed} of a metric space X , which will be defined
in the following sections. For a more comprehensive discussion of hyperspace
representations, see [4]. Here, we just mention that we will denote the open
balls of (X, d) by B(x, ε) := {y ∈ X : d(x, y) < ε} for all x ∈ X , ε > 0
and correspondingly the closed balls by B(x, ε) := {y ∈ X : d(x, y) ≤ ε}.
Occasionally, we denote complements of sets A ⊆ X by Ac := X \A.

3 First Computable Baire Category Theorem

For this section let (X, d, α) be some fixed complete computable metric space,
and let A := A(X) be the set of closed subsets. We can easily define a represen-
tation δ>A of A by

δ>A(01〈n0,k0〉01〈n1,k1〉01〈n2,k2〉...) := X \
∞⋃

i=0

B(α(ni), ki).

We write A> to indicate that we use the represented space (A, δ>A). The com-
putable points A ∈ A> are the so-called co-r.e. closed subsets of X . From results
in [4] it directly follows that preimages of {0} of computable functions are com-
putable in A>. We formulate the result a bit more general.

Lemma 2. The operation C(X) → A>, f �→ f−1{0} is computable and admits
a computable right inverse.

Using this fact we can immediately conclude that the union operation is
computable on A>.

Proposition 3. The operation A>×A> → A>, (A,B) �→ A∪B is computable.

Proof. Using evaluation and type conversion w.r.t. [δX → δR], it is straight-
forward to show that C(X) × C(X) → C(X), (f, g) �→ f · g is computable, but
if f−1{0} = A and g−1{0} = B, then (f · g)−1{0} = A ∪ B. Thus the desired
result follows from the previous Lemma 2. ✷

Since computable functions have the property that they map computable
points to computable points, we can deduce that the class of co-r.e. closed sets
is closed under intersection.

Corollary 4. If A,B ⊆ X are co-r.e. closed, then A ∪B is co-r.e. closed too.

Moreover, it is obvious that we can compute complements of open balls in
the following sense.
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Proposition 5.
(
X \B(α(n), k)

)
〈n,k〉∈N

is a computable sequence in A>.

Using these both observations, we can prove the following first version of the
computable Baire Category Theorem just by transferring the classical proof.

Theorem 6 (First computable Baire Category Theorem). There exists
a computable operation ∆ :⊆ AN

> ⇒ XN with the following property: for any se-
quence (An)n∈N of closed nowhere dense subsets of X, there exists some sequence
(xn)n∈N ∈ ∆(An)n∈N and all such sequences (xn)n∈N are dense in X \⋃∞

n=0 An.

Proof. Let us fix some n = 〈n1, n2〉 ∈ N. We construct sequences (xn,k)k∈N

in X and (rn,k)k∈N in Q as follows: let x〈n1,n2〉,0 := α(n1), r〈n1,n2〉,0 := 2−n2 .
Given rn,i and xn,i we can effectively find some point xn,i+1 ∈ range(α) ⊆ X
and a rational εn,i+1 with 0 < εn,i+1 ≤ rn,i such that

B(xn,i+1, εn,i+1) ⊆ (X \Ai) ∩B(xn,i, rn,i) = (Ai ∪X \B(xn,i, rn,i))c.

One the one hand, such a point and radius have to exist sinceAi is nowhere dense
and on the other hand, we can effectively find them, given a δ>N

A –name of the
sequence (An)n∈N and using Propositions 3 and 5. Now let rn,i+1 := εn,i+1/2.
Altogether, we obtain a sequence of closed balls

B(xn,i+1, rn,i+1) ⊆ B(xn,i, rn,i) ⊆ ... ⊆ B(xn,0, rn,0)

with rn,i ≤ 2−i and thus xn := limi→∞ xn,i exists since X is complete and the
sequence (xn,i)i∈N is even rapidly converging. Finally, the sequence (xn)n∈N is
dense inX\⋃∞

n=0 An, since for any pair (n1, n2) we obtain by definition x〈n1,n2〉 ∈
B(α(n1), 2−n2). Altogether, the construction shows how a Turing machine can
transform each δ>N

A –name of a sequence (An)n∈N into a δX–name of a suitable
sequence (xn)n∈N. ✷

As a direct corollary of this uniformly computable version of the Baire Cat-
egory Theorem we can conclude the following weak version.

Corollary 7. For any computable sequence (An)n∈N of co-r.e. closed nowhere
dense subsets An ⊆ X, there exists some computable sequence (xn)n∈N which is
dense in X \⋃∞

n=0 An.

Since any computable sequence (An)n∈N of co-r.e. closed nowhere dense sub-
sets An ⊆ X is “sequentially effectively nowhere dense” in the sense of Yasugi,
Mori and Tsujii, we can conclude the previous corollary also from their effective
Baire Category Theorem [14].

It is a well-known fact that the set of computable real numbers Rc cannot
be enumerated by a computable sequence [13]. We obtain a new proof for this
fact and a generalization for computable complete metric spaces without isolated
points. First we prove the following simple proposition.

Proposition 8. The operation X → A>, x �→ {x} is computable.
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Proof. This follows directly from the fact that d : X × X → R is computable
and {x} = X \⋃{B(α(n), k) : d(α(n), x) > k and n, k ∈ N}. ✷

If X is a metric space without isolated points, then all singleton sets {x} are
nowhere dense closed subsets. This allows to combine the previous proposition
with the computable Baire Category Theorem 7.

Corollary 9. If X is a computable complete metric space without isolated points,
then for any computable sequence (yn)n∈N in X, there exists a computable se-
quence (xn)n∈N in X such that (xn)n∈N is dense in X \ {yn : n ∈ N}.

Using Theorem 6 it is straightforward to derive even a uniform version of
this theorem which states that we can effectively find a corresponding sequence
(xn)n∈N for any given sequence (yn)n∈N. Instead of formulating this uniform
version, we include the following corollary which generalizes the statement that
Rc cannot be enumerated by a computable sequence.

Corollary 10. If X is a computable complete metric space without isolated
points, then there exists no computable sequence (yn)n∈N such that {yn : n ∈ N}
is the set of computable points of X.

4 Computable but Nowhere Differentiable Functions

In this section we want to effectivize the standard example of an application
of the Baire Category Theorem. We will show that there exists a computable
but nowhere differentiable function f : [0, 1] → R. It is not to difficult to con-
struct an example of such a function directly and actually, some typical examples
of continuous nowhere differentiable functions, like van der Waerden’s function
f : [0, 1]→ R or Riemann’s function g : [0, 1]→ R (cf. [9]), defined by

f(x) :=
∞∑

n=0

〈4nx〉
4n

and g(x) :=
∞∑

n=0

sin(n2πx)
n2

,

where 〈x〉 := min{x − [x], 1 + [x] − x} denotes the distance of x to the nearest
integer, can easily be seen to be computable. The purpose of this section is rather
to demonstrate that the computable version of the Baire Category Theorem can
be applied in similar situations as the classical one.

In this section we will use the computable metric space of continuous func-
tions (C[0, 1], dC, αQ[x]), where dC denotes the supremum metric, which can be
defined by dC(f, g) := maxx∈[0,1] |f(x) − g(x)| and αQ[x] denotes some standard
numbering of the set Q[x] of rational polynomials p : [0, 1]→ R. By δC we denote
the Cauchy representation of this space and in the following we tacitly assume
that C[0, 1] is endowed with this representation. For technical simplicity we as-
sume that functions f : [0, 1] → R are actually functions f : R → R extended
constantly, i.e. f(x) = f(0) for x ≤ 0 and f(x) = f(1) for x ≥ 1. It is well-known
that a function f : [0, 1] → R is δC–computable, if it is computable considered
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as a function f : R → R and we can actually replace δC by the restriction of
[δR → δR] to C[0, 1] whenever it is helpful [13].

We will consider differentiability for functions f : [0, 1] → R only within
[0, 1]. If a function f : [0, 1] → R is differentiable at some point t ∈ [0, 1], then
the quotient | f(t+h)−f(t)

h | is bounded for all h �= 0. Thus f belongs to the set

Dn :=
{
f ∈ C[0, 1] : (∃t ∈ [0, 1])(∀h ∈ R \ {0})

∣∣∣∣
f(t+ h)− f(t)

h

∣∣∣∣ ≤ n

}

for some n ∈ N. Because of continuity of the functions f , it suffices if the universal
quantification over h ranges over some dense subset of R \ {0} such as Q + π in
order to obtain the same set Dn.

It is well-known, that all sets Dn are closed and nowhere dense [7]. Thus, by
the classical Baire Category Theorem, the set C[0, 1]\⋃∞

n=0 Dn is non-empty and
there exists some continuous but nowhere differentiable function f : [0, 1]→ R.
Our aim is to prove that (Dn)n∈N is a computable sequence of co-r.e. closed
nowhere dense subsets of C[0, 1], i.e. a computable sequence in A>(C[0, 1]). Then
we can apply the computable Baire Category Theorem 6 to ensure the existence
of a computable but nowhere differentiable function f : [0, 1]→ R.

The crucial point is to get rid of the existential quantification of t over [0, 1]
since arbitrary unions of co-r.e. closed sets need not to be (co-r.e.) closed again.
The main tool will be the following Proposition which roughly speaking states
that co-r.e. closed subsets are closed under parametrized countable and com-
putable intersection and compact computable union.

Proposition 11. Let (X, δ) be some represented space and let (Y, d, α) be some
computable metric space.

1. If the function A : X ×N→ A>(Y ) is computable, then the countable inter-

section ∩A : X → A>(Y ), x �→
∞⋂
n=0

A(x, n) is computable too.

2. If the function U : X × R→ A>(Y ) is computable, then the compact union
∪U : X → A>(Y ), x �→ ⋃

t∈[0,1]

U(x, t) is computable too.

Proof. 1. Let A : X × N → A>(Y ) be computable. If for some fixed x ∈ X we
have A(x, n) = Y \⋃∞

k=0 B(α(ink), jnk) with ink, jnk ∈ N for all n, k ∈ N, then

∞⋂

n=0

A(x, n) =
∞⋂

n=0

(
Y \

∞⋃

k=0

B(α(ink), jnk)

)
= Y \




∞⋃

〈n,k〉=0

B(α(ink), jnk)


 .

Thus, it is straightforward to show that ∩A : X → A>(Y ) is computable too.

2. Now let U : X × R→ A>(Y ) be computable. Let δ[0,1] :⊆ Σω → [0, 1] be the
signed digit representation of the unit interval, where Σ = {0, 1,−1} and δ[0,1]
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is defined in all possible cases by

δ[0,1](p) :=
∞∑

i=0

p(i)2−i.

It is known that dom(δ[0,1]) is compact and δ[0,1] is computably equivalent to
the Cauchy representation δR, restricted to [0, 1] (cf. [13]). Thus, U restricted to
X×[0, 1] is ([δ, δ[0,1]], δ>A)–computable. Then there exists some Turing machineM
which computes a function F :⊆ Σω → Σω which is a ([δ, δ[0,1]], δ>A)–realization
of U : X × R → A>(Y ). Thus, for each given input sequence 〈p, q〉 ∈ Σω with
x := δ(p) and t := δ[0,1](q) the machine M produces some output sequence
01〈nq0,kq0〉01〈nq1,kq1〉01〈nq2,kq2〉... such that

U(x, t) = Y \
∞⋃

i=0

B(α(nqi), kqi).

Since we will only consider a fixed p, we do not mention the corresponding
dependence in the indices of the values nqi, kqi. It is easy to prove that the set
W := {w ∈ Σ∗ : (∃q ∈ dom(δ[0,1])) w is a prefix of q} is recursive.

We will sketch the construction of a machine M ′ which computes the op-
eration ∪U : X → A>(Y ). On input p the machine M ′ works in parallel
phases 〈i, j, k〉 = 0, 1, 2, ... and produces an output r. In phase 〈i, j, k〉 it simu-
lates M on input 〈p, w0ω〉 for all words w ∈ Σk ∩W and exactly k steps. Let
01〈nw0,kw0〉01〈nw1,kw1〉...01〈nwlw ,kwlw 〉0 be the corresponding output of M (more
precisely: the longest prefix of the output which ends with 0). Then the ma-
chine M ′ checks whether for all w ∈ Σk ∩W there is some ιw = 0, ..., lw such
that d(α(i), α(nwιw )) + j < kwιw holds, which especially implies

B(α(i), j) ⊆
⋂

w∈Σk∩W
B(α(nwιw ), kwιw) ⊆

⋂

t∈[0,1]

Y \ U(x, t) = Y \⋃U(x).

The verification is possible since (X, d, α) is a computable metric space. As soon
as corresponding values ιw are found for all w ∈ Σk∩W , phase 〈i, j, k〉 is finished
with extending the output by 01〈i,j〉. Otherwise it might happen that the phase
never stops, but other phases may run in parallel.

We claim that this machine M ′ actually computes ∪U . On the one hand,
it is clear that B(α(i), j) ⊆ Y \ ∪U(x) whenever 01〈i,j〉 is written on the
output tape by M ′. Thus, if M ′ actually produces an infinite output r, then
we obtain immediately δ>A(r) ⊆ ∪U(δ(p)). On the other hand, let y ∈ Y \
∪U(δ(p)). Then for any q ∈ dom(δ[0,1]) the machine M produces some out-
put sequence 01〈nq0,kq0〉01〈nq1,kq1〉01〈nq2,kq2〉... and there has to be some lq such
that y ∈ B(α(nqlq ), kqlq ) and a finite number k of steps such that M produces
01〈nqlq ,kqlq 〉0 on the output tape. Since dom(δ[0,1]) is compact, there is even a
common such k for all q ∈ dom(δ[0,1]). Let w′ := w0ω for all w ∈ Σ∗. Then there
exist i, j ∈ N such that

y ∈ B(α(i), j) ⊆
⋂

w∈Σk∩W
B(α(nw′lw′ ), kw′lw′ )
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and d(α(i), α(nw′lw′ )) + j < kw′lw′ . Thus M ′ will produce 01〈i,j〉 on the output
tape in phase 〈i, j, k〉. Altogether, this proves δ>A(r) = ∪U(δ(p)) and thus the
operation ∪U : X → A>(Y ) is computable. ✷

Now using this proposition, we can directly prove the desired result.

Theorem 12. There exists a computable sequence (fn)n∈N of computable but
nowhere differentiable functions fn : [0, 1] → R such that {fn : n ∈ N} is dense
in C[0, 1].
Proof. If we can prove that (Dn)n∈N is a computable sequence of co-r.e. nowhere
dense closed sets, then Corollary 7 implies the existence of a computable sequence
of computable functions fn in C[0, 1] \ ⋃∞

n=0 Dn. Since all somewhere differen-
tiable functions are included in some Dn, it follows that all fn are nowhere
differentiable. Since it is well-known that all Dn are nowhere dense, it suffices
to prove the computability property. We recall that it suffice to consider values
h ∈ Q + π in the definition of Dn because of continuity of the functions f . We
define a function F : N× R× N× C[0, 1]→ R by

F (n, t, k, f) := max
{∣∣∣∣

f(t+ k + π)− f(t)
k + π

∣∣∣∣− n, 0
}
.

Then using the evaluation property of [δR → δR], one can prove that F is com-
putable. Using type conversion w.r.t. [δC → δR] one obtains computability of
F̂ : N × R × N → C(C[0, 1]), defined by F̂ (n, t, k)(f) := F (n, t, k, f). Using
Lemma 2 we can conclude that the mapping A : N× R× N→ A>(C[0, 1]) with
A(n, t, k) := (F̂ (n, t, k))−1{0} is computable. Thus by the previous proposition
∩A : N× R→ A>(C[0, 1]) is also computable and thus ∪ ∩A : N→ A>(C[0, 1])
too. Now we obtain

∪ ∩A(n) =
⋃

t∈[0,1]

∞⋂

k=0

{
f ∈ C[0, 1] :

∣∣∣∣
f(t+ k + π)− f(t)

k + π

∣∣∣∣ ≤ n

}
= Dn.

Thus, (Dn)n∈N is a computable sequence of co-r.e. closed subsets of C[0, 1]. ✷

5 Second Computable Baire Category Theorem

While the first version of the computable Baire Category Theorem has been
proved by a direct adaptation of the classical proof, the second version will
even be a consequence of the classical version. Whenever a classical theorem for
complete computable metric spaces X,Y has the form

(∀x)(∃y)R(x, y)

with a predicate R ⊆ X × Y which can be proven to be r.e. open, then the
theorem admits a computable multi-valued realization F : X ⇒ Y such that
R(x, y) holds for all y ∈ F (x) (cf. the Uniformization Theorem 3.2.40 in [2]).
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Actually, a computable version of the second formulation of the Baire Category
Theorem, given in the Introduction, can be derived as such a direct corollary of
the classical version.

Given a co-r.e. set A ⊆ X , the closure of its complement Ac needs not to be
co-r.e. again (cf. Proposition 5.4 in [1]). Thus, the operation A> → A>, A �→ Ac

cannot be computable (and actually it is not even continuous in the correspond-
ing way). In order to overcome this deficiency, we can simply include the infor-
mation on Ac into a representing sequence of A. This is a usual trick in topology
and computable analysis to make functions continuous or computable, respec-
tively. So, if δ is an arbitrary representation of A, then the representation δ+ of
A, defined by

δ+〈p, q〉 := A :⇐⇒ δ(p) = A and δ>A(q) = Ac,

has automatically the property that A → A, A �→ Ac becomes (δ+, δ>A)–comput-
able. Here 〈 〉 : Σω × Σω → Σω denotes some appropriate computable pairing
function [13]. We can especially apply this procedure to δ := δ>A. The corre-
sponding δ>+

A –computable sets A ⊆ X are called bi-co-r.e. closed sets. In this
case we writeA>+ to denote the represented space (A, δ>+

A ). Now we can directly
conclude that the property “somewhere dense” is r.e.

Proposition 13. The set {A ∈ A : A is somewhere dense} is r.e. in A>+.

The proof follows directly from the fact that a closed set A ⊆ X is somewhere
dense, if and only if there exist n, k ∈ N such that B(α(n), k) ⊆ A◦ = Ac

c
. We

can now directly conclude the second computable version of the Baire Category
Theorem as a consequence of the classical version (and thus especially as a
consequence of the first computable Baire Category Theorem 6).

Theorem 14 (Second computable Baire Category Theorem). There ex-
ists a computable operation Σ :⊆ AN

>+ ⇒ N with the following property: for any
sequence (An)n∈N of closed subsets of X with X =

⋃∞
n=0 An, there exists some

〈i, j, k〉 ∈ Σ(An)n∈N and for all such 〈i, j, k〉 we obtain B(α(i), j) ⊆ Ak.

Of course, if we replace A>+ by (A, δ+) with any other underlying represen-
tation δ instead of δ>A, then the theorem would also hold true. We mention that
the corresponding constructive version of the theorem (Theorem 2.5 in [6]), if
directly translated into a computable version, leads to a weaker statement than
Theorem 14: if the sequence (An)n∈N would be effectively given by the sequences
of distance functions of A and Ac, this would constitute a stronger input infor-
mation than it is the case if it is given by δ>+

A . Now we can formulate a weak
version of the second Baire Category Theorem.

Corollary 15. For any computable sequence (An)n∈N of bi-co-r.e. closed sub-
sets An ⊆ X with X =

⋃∞
j=0 A〈i,j〉 for all i ∈ N, there exists a total computable

function f : N→ N such that A〈i,f(i)〉 is somewhere dense for all i ∈ N.
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By applying some techniques from recursion theory [12,10], we can prove
that the previous theorem and its corollary do not hold true with A> instead of
A>+. For this result we use as metric space the Euclidean space X = R.

Theorem 16. There exists a computable sequence (An)n∈N of co-r.e. closed
subsets An ⊆ [0, 1] with [0, 1] =

⋃∞
j=0 A〈i,j〉 for all i ∈ N such that for every

computable f : N→ N there is some i ∈ N such that A〈i,f(i)〉 is nowhere dense.

Proof. We use some total Gödel numbering ϕ : N → P of the set of partial
recursive functions P := {f :⊆ N→ N : f computable} to define sets

A′
〈i,j〉 :=

minϕ−1
i {j}⋃

k=0

{m
2k

: m = 0, ..., 2k
}
.

For this definition we assume min ∅ =∞. Whenever i ∈ N is the index of some
total recursive function ϕi : N → N such that range(ϕi) �= N, then we obtain⋃∞
j=0 A

′
〈i,j〉 = [0, 1] and A′

〈i,j〉 is somewhere dense, if and only if j �∈ range(ϕi).
Using the smn-Theorem one can inductively prove that there is a total recursive
function r : N→ N such that ϕr〈i,j〉 is total if ϕi is and

range(ϕr〈i,〈k,〈n0,...,nk〉〉〉) = range(ϕi) ∪ {n0, ..., nk}.
Let i0 be the index of some total recursive function which enumerates some
simple set S := range(ϕi0) and define A〈i,j〉 := A′

〈r〈i0,i〉,j〉. Then (An)n∈N is a
computable sequence of co-r.e. closed subsets An ⊆ [0, 1]. Let us assume that
there exists a total recursive function f : N→ N with the property that A〈i,f(i)〉
is somewhere dense for all i ∈ N. Let j0 ∈ N \S and define a function g : N→ N

inductively by g(0) := j0 and g(n+ 1) := f(r〈i0, 〈n, 〈g(0), ...g(n)〉〉〉). Then g is
computable and range(g) is some infinite r.e. subset of the immune set N \ S.
Contradiction! ✷

The reader might notice that the constructed sequence (An)n∈N is even a
computable sequence of recursive closed sets (cf. [5,13]). Even a simpler variant
of the same idea can be used to prove that in a well-defined sense there exists no
continuous multi-valued operation Σ :⊆ AN

> ⇒ N which meets the conditions of
Theorem 14.

Unfortunately, the simplicity of the proof of the second computable Baire
Category Theorem 14 corresponds to its uselessness. The type of information
that one could hope to gain from an application of the theorem has already to be
fed in by the input information. However, Theorem 16 shows that a substantial
improvement of Theorem 14 seems to be impossible.
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Abstract. We consider words indexed by linear orderings. These extend
finite, (bi-)infinite words and words on ordinals. We introduce automata
and rational expressions for words on linear orderings. We prove that
for countable scattered linear orderings they are equivalent. This result
extends Kleene’s theorem. The proofs are effective.

1 Introduction

The theory of automata finds its origin in the paper of S. C. Kleene of 1956 where
the basic theorem, known as Kleene’s theorem, is proved for finite words [14].
Since then, automata working on infinite words, trees, traces . . . have been pro-
posed and this theory is a branch of theoretical computer science that has de-
veloped into many directions [16,20].

In this paper we focus on automata accepting objects which can be linearly
ordered. Examples are finite, infinite, bi-infinite and ordinal words, where the
associated linear ordering is a finite ordering, the ordering of the integers, the
ordering of the relative integers and the ordering of an ordinal number respec-
tively. Each such class of words has its automata and a Kleene-like theorem
exists. Büchi introduced the so-called Büchi automata to show the decidability
of the monadic second order theory of 〈N, <〉 [7]. He later extended the method
to countable ordinals thanks to appropriate automata [8]. Büchi already intro-
duced ω-rational operations in [8]. Rational operations and a Kleene’s theorem
are proposed in [9] for words indexed by an ordinal less than ωω, they are ex-
tended to any countable ordinal in [22]. The case of bi-infinite words is solved
in [15,11].

Our goal is a unified approach through the study of words indexed by any
countable linear ordering. We propose a new notion of automaton which is sim-
ple, natural and includes previous automata. We also propose rational expres-
sions and the related Kleene’s theorem. Our constructions are effective.

Words indexed by a countable linear ordering were introduced in [10]. They
are exactly the frontier of a labeled binary tree read from left to right. Some

J. Sgall, A. Pultr, and P. Kolman (Eds.): MFCS 2001, LNCS 2136, pp. 236–247, 2001.
c© Springer-Verlag Berlin Heidelberg 2001
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rational expressions are already studied in [10,13,19] with the nice property that
they are total functions. For instance, an ω-power can be concatenated with a
finite word and the resulting word can be iterated thanks to a reversed ω-power.
These operations lead to a characterization of the words which are frontier of
regular trees.

The rational operations that we propose include the usual union, concate-
nation, finite iteration and omega iteration, as well as the ordinal iteration in-
troduced in [22] for ordinal words. There are also the reverse omega iteration
and the reverse ordinal iteration to capture the left-infinite ordinal words and
the bi-infinite words. A last operation is necessary which is the iteration for all
linear orderings. This binary operation is subtle since it has to take into account
the cuts of a linear ordering as defined in [17].

Our automata work as follows. Consider the case of a finite word w of
length n. The underlying ordering is 1 < 2 < · · · < n. The n + 1 states of a
path for w are inserted between the letters of w, i.e., at the cuts of the ordering.
For a word w indexed by a linear ordering, the associated path has its states
indexed by the cuts of the ordering. The automaton has three types of transi-
tions: the usual successor transitions, left limit and right limit transitions. For
two states consecutive on the path, there must be a successor transition labeled
by the letter in between. For a state q which has no predecessor on the path,
the left limit (with respect to q) set P of states is computed and there must be
a left limit transition between P and q. Right limit transitions are used when
a state has no successor on the path. For a Muller automaton, such a left limit
set P is nothing else than the states appearing infinitely often along the path. In
our case, the path then ends with an additional left limit transition to a state q
which is final.

Recently ordinal words (called Zeno words) were considered as modeling
infinite sequences of actions which occur in a finite interval of time [12,4]. While
the intervals of time are finite, infinite sequences of actions can be concatenated.
A Kleene’s theorem already exists for classical timed automata (where infinite
sequences of actions are supposed to generate divergent sequences of times)
[2,1,5]. In [4], automata of Choueka and Wojciechowski are adapted to Zeno
words. A kind of Kleene’s theorem is proved, that is, the class of Zeno languages
is the closure under an operation called refinement of the class of languages
accepted by classical timed automata.

The paper is organized as follows. We recall the basic notions on linear order-
ings in Section 2. Words indexed by linear orderings are introduced in Section 3
and the rational expressions in Section 4. The related automata are defined
in Section 5. The main theorem is stated in Section 6. In the last section, we
mention some open problems.

2 Linear Orderings

In this section, we recall the definitions and fix the terminology [17].
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A linear ordering J is a set equipped with an ordering < which is total, that
is, for any j �= k in J , either j < k or k < j holds. The ordering of the integers, of
the relative integers and of the rational numbers are linear orderings, respectively
denoted by ω, ζ and η. We recall that an ordinal is a linear ordering which is
well-ordered, that is, any nonempty subset has a least element. Notation N
and O is used for the class of finite linear orderings and the class of countable
ordinals. In the sequel, we freely say that two orderings are equal if they are
actually isomorphic.

Let J and K be two linear orderings. We denote by −J the backwards linear
ordering obtained by reversing the ordering relation. The linear ordering J +K
is the ordering on the disjoint union J ∪K extended with j < k for any j ∈ J
and any k ∈ K. More generally, let Kj be a linear ordering for any j ∈ J . The
linear ordering

∑
j∈J Kj is the set of pairs (k, j) such that k ∈ Kj . The relation

(k1, j1) < (k2, j2) holds iff j1 < j2 or j1 = j2 and k1 < k2 in Kj1 .

Example 1. The ordering −ω + ω is equal to the ordering ζ. The ordering ζ2 is
equal to the sum

∑
j∈ζ ζ. It is made of ζ copies of the ordering ζ.

A Dedekind cut or simply a cut of a linear ordering J is a pair (K,L) of
intervals such that J is the disjoint union K ∪ L and for any k ∈ K and l ∈ L,
k < l. The set of all cuts of the ordering J is denoted by Ĵ . We also denote
by Ĵ∗ the set Ĵ \ {(∅, J), (J,∅)}. The set Ĵ can be linearly ordered as follows.
For any cuts c1 = (K1, L1) and c2 = (K2, L2), we define the relation c1 < c2
iff K1 � K2.

Example 2. Let J be the ordinal ω. The set Ĵ contains the cut ({0, . . . , n −
1}, {n, n+ 1, . . .}) for any integer n and the last cut (ω,∅). The ordering Ĵ is
thus the ordinal ω+1. The ordering Ĵ for J = η is not countable since it contains
the usual ordering on the set of real numbers.

2.1 Scattered Linear Orderings

A linear ordering J is said to be dense if for any i < k in J , there is j ∈ J such
that i < j < k. It is scattered if it contains no dense subordering. The following
characterization of countable scattered linear orderings is due to Hausdorff.

Theorem 3 (Hausdorff). A countable linear ordering J is scattered iff J be-
longs to

⋃
α∈O Vα where the classes Vα are inductively defined by

1. V0 = {0, 1};
2. Vα = {∑j∈J Kj | J ∈ N ∪ {ω,−ω, ζ} and Kj ∈

⋃
β<α Vβ}.

The set of all countable scattered linear orderings is denoted by S. The
ordering η is not scattered. The ordering ζ2 is scattered as it belongs to the
class V2. It can be proved that J is a countable scattered linear ordering iff Ĵ is
a countable scattered linear ordering.
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2.2 The Ordering J ∪ Ĵ

The orderings of J and Ĵ can be extended to an ordering on the disjoint union
J ∪ Ĵ as follows. For j ∈ J and a cut c = (K,L), define the relations j < c
and c < j by respectively j ∈ K and j ∈ L. Note that exactly one of these two
relations holds since (K,L) is a partition of J . These relations together with the
orderings of J and Ĵ endows J ∪ Ĵ with a linear ordering.

. . . . . . • • • . . . . . . •
c−j

•
j

c+j

• . . . . . . • • • . . . . . .

Fig. 1. Ordering J ∪ Ĵ for J = ζ2

Example 4. For the ordering J = ζ2, there is a cut between each consecutive
elements in each copy of ζ, but there is also a cut between consecutive copies
of ζ. There are also the first and the last cuts. The ordering J ∪ Ĵ is pictured in
Figure 1 where each element of J is represented by a bullet and each cut by a
vertical bar.

For any element j, there are two consecutive cuts c−j and c+j such that c−j <
j < c+j . They are defined as c−j = (K, {j} ∪ L) and c+j = (K ∪ {j}, L) with
K = {k | k < j} and L = {k | j < k}. We denote by J ∪ Ĵ∗ the set J ∪ Ĵ \
{(∅, J), (J,∅)}. It follows from Theorem 3 that if J is a countable scattered
ordering, then both orderings J ∪ Ĵ and J ∪ Ĵ∗ are also countable and scattered.

In the sequel, we only consider linear orderings which are countable and
scattered. This hypothesis is needed in the proof of the main result (Theorem 14).

3 Words on Linear Orderings

Let A be a finite alphabet whose elements are called letters. For a linear order-
ing J , a word of length J over A is a function from J to A which maps any
element j of J to a letter aj of A. A word (aj)j∈J on a linear ordering J can
be seen as a labeled ordering where each point of J has been decorated by a
letter. The word whose length is the empty set is called the empty word and it
is denoted by ε. The set of all words is denoted by A�.

The notion of word we have introduced generalizes the notions of word al-
ready considered in the literature. If the ordering J is finite with n elements, a
words of length J is a finite sequence a1 . . . an of letters [16]. A word of length ω
is an ω-sequence a0a1a2 . . . of letters which is usually called an ω-word or an in-
finite word [20]. A word of length ζ is a sequence . . . a−2a−1a0a1a2 . . . of letters
which is usually called a bi-infinite word. An ordinal word is a word indexed by
a countable ordinal.

Example 5. The word x = b−ωabω is the word of length J = ζ defined by xj = a
if j = 0 and by yj = b otherwise.
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Let x = (aj)j∈J and y = (bk)k∈K be two words of length J and K. The
product xy (or the concatenation) of x and y is the word z = (ci)i∈J+K of
length J + K such that ci = ai if i ∈ J and ci = bi if i ∈ K. More generally,
let J be a linear ordering and for each j ∈ J , let xj be a word of length Kj .
The product

∏
j∈J xj is the word z of length K =

∑
j∈J Kj defined as follows.

Suppose that each word xj is equal to (ak,j)k∈Kj and recall that K is the set of
all pairs (k, j) such that k ∈ Kj . The product z is then equal to (ak,j)(k,j)∈K .

Example 6. Let J be the ordering ζ and for j ∈ J define the word xj by xj = b−ω

if j is even and by xj = abω if j is odd. The product
∏
j∈J xj is the word

(b−ωabω)ζ of length ζ2.

Two words x = (aj)j∈J and y = (bk)k∈K of length J and K are isomorphic
if there is an ordering isomorphism f from J into K such that aj = bf(j) for
any j in J . This obviously defines an equivalence relation on words. In this
paper, we identify isomorphic words and a word is actually a class of isomorphic
words. It makes sense to identify isomorphic words since automata and rational
expressions that we introduce do not distinguish isomorphic words.

Note that some orderings like ζ have non trivial internal isomorphisms. For
instance, let x be the word of Example 5 and y be the word defined by yj = a if
j = 1 and by yj = b otherwise. The two words x and y are isomorphic since the
function f given by f(x) = x+ 1 is an isomorphism from ζ to ζ.

4 Rational Expressions

In this section, the rational operations used to define rational sets of words on
linear orderings are introduced. These operations include of course the usual
Kleene operations for finite words which are the union +, the concatenation ·
and the star operation ∗. They also include the omega iteration ω usually used to
construct ω-words and the ordinal iteration � introduced by Wojciechowski [22]
for ordinal words. Three new operations are also needed: the backwards omega
iteration −ω, the backwards ordinal iteration −� and a last binary operation
denoted � which is a kind of iteration for all linear orderings.

We first define the iterations in a unified framework. The general iterationXJ

with respect to a class J of linear orderings can be defined by

XJ = {
∏

j∈J
xj | J ∈ J and xj ∈ X}.

The sets X∗, Xω, X−ω, X� and X−� are then respectively equal to XJ for J
equal to the class N of all finite linear orderings, the class {ω} which only
contains the ordering ω, the class {−ω}, the class O of all countable ordinals
and the class −O = {−α | α ∈ O}.
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We now define the binary operations. Let X and Y be two sets of words. The
sets X + Y , X · Y and X � Y are defined by

X + Y = X ∪ Y and X · Y = {xy | x ∈ X and y ∈ Y },
X � Y = {

∏

j∈J∪Ĵ∗

zj | J ∈ S and zj ∈ X if j ∈ J and zj ∈ Y if j ∈ Ĵ∗}.

A word x belongs to X � Y iff there is a countable scattered linear ordering J
such that x is the product of a sequence of length J ∪ Ĵ∗ of words where each
word indexed by an element of J belongs to X and each word indexed by a cut
in Ĵ∗ belongs to Y .

An abstract rational expression is a well-formed term of the free algebra over
A ∪ {ε} with the symbols denoting the rational operations as function symbols.
Each rational expression denotes a set of words which is inductively defined by
the above definitions of the rational operations. A set of words is rational if it
can be denoted by a rational expression. We use the abbreviationXζ forX−ωXω

and X� for X � ε.
Example 7. The expressions A�, A�aA� respectively denote the set of all words
and the set of words having an occurrence of the letter a. The expression (Aω)−ω

denote the set of words which are sequences of length −ω of ω-words. A word x
belongs to the set denoted by aζ �b iff, for some linear ordering J , x is a sequence
of length J ∪ Ĵ∗ of words xj such that xj = aζ for any j ∈ J and xj = b for any
j ∈ Ĵ∗.

Example 8. The expression AA∗ denotes the set of nonempty finite words and
the expression (A�)ωA� + A�(A�)−ω denotes its complement. Indeed, a linear
ordering J �= ∅ is not finite if it has at least a cut (K,L) such that either K does
not have a greatest element or L does not have a least element. The rational
expression (A�)ω denotes the set of words whose length does not have a last
element. Therefore, the expression (A�)ωA� denotes the set whose length has a
cut (K,L) such that K does not have a greatest element. Symmetrically, the
expression A�(A�)−ω denotes the set whose length has a cut (K,L) such that L
does not have a least element.

5 Automata

In this section, automata on words on linear orderings are defined. They are a
natural generalization of Muller automata on ω-words and of automata intro-
duced by Büchi [8] on ordinal words. The latter automata are usual (Kleene)
automata with additional limit transitions of the form P → p used for limit ordi-
nals. The automata that we introduce have limit transitions of the form P → p
as well as of the form p→ P . We point out that these automata make sense for
all linear orderings.
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Definition 9. Let A be a finite alphabet. An automaton A over A is a 4-tuple
(Q,E, I, F ) where Q is a finite set of states, E ⊆ (Q× A×Q) ∪ (P(Q)×Q) ∪
(Q×P(Q)) is the set of transitions, I ⊆ Q is the set of initial states and F ⊆ Q
is the set of final states.

Since the alphabet and the set of states are finite, the set of transitions is
also finite. Transitions are either successor transitions of the form p a−→ q, or left
limit transitions of the form P → q, or right limit transitions of the form q → P ,
where P is a subset of Q.

0 1 2

b

a

b

0 → {1}
{2} → 0

Fig. 2. Automaton of example 10

Example 10. The automaton pictured in Figure 2 has 3 successor transitions
which are pictured like a labeled graph. It has also a left limit transition {2} → 0
and a right limit transition 0→ {1}. The state 0 is the only initial state and the
only final state.

In order to define the notion of path in such an automaton, the following
notion of limits is needed. We define it for an arbitrary linear ordering J but we
use it when the considered ordering is actually the ordering Ĵ of cuts of a given
ordering J . Let Q be a finite set, let J a linear ordering and let γ = (qj)j∈J be
a word over Q. Let j be a fixed element of J . The left and right limit set of γ
at j are the two subsets limj− γ and limj+ γ of Q defined as follows.

lim
j−
γ = {q ∈ Q | ∀k < j ∃i k < i < j and q = qi},

lim
j+
γ = {q ∈ Q | ∀j < k ∃i j < i < k and q = qi}.

Note that if the element j has a predecessor, the limit set limj− γ is empty. Con-
versely, if the element j is not the least element of J and if it has no predecessor,
the limit set limj− γ is nonempty since the set Q is finite. Similar results hold
for right limit sets.

We now come to the definition of a path in an automaton on linear orderings.
Let x be a word of length J . Roughly speaking, a path associated with x is a
labeling of each cut of J by a state of the automaton such that local properties
are satisfied. If two cuts are consecutive there must be a successor transition
labeled by the letter of x in between the two cuts. If a cut does not have a
predecessor or a successor, there must be a limit transition between the left or
right limit set of states and the state of the cut.
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Definition 11. Let A be an automaton and let x = (aj)j∈J be a word of
length J . A path γ labeled by x is a sequence of states γ = (qc)c∈Ĵ of length Ĵ
such that

– For any consecutive cuts c−j and c+j , qc−j
aj−→ qc+j

is a successor transition.
– For any cut c which is not the first cut and which has no predecessor,

limc− γ → qc is a left limit transition.
– For any cut c which is not the last cut and which has no successor, qc →

limc+ γ is a right limit transition.

By the previous definition, there is a transition entering the state qc for any
cut c which is not the first cut. This transition is a successor transition if the
cut c has a predecessor in Ĵ and it is a left limit transition otherwise. Similarly,
there is a transition leaving qc for any cut c which is not the last cut.

Since the ordering Ĵ has a least and a greatest element, a path always has a
first and a last state which are indexed by the first and the last cut. A path is
successful iff its first state is initial and its last state is final. A word is accepted by
the automaton iff it is the label of a successful path. A set of words is recognizable
if it is the set of words accepted by some automaton.
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2

b

2

. . .

0

Fig. 3. A path labeled by (b−ωabω)2

Example 12. Consider the automaton A of Figure 2 and let x be the word
(b−ωabω)2 of length ζ + ζ. A successful path γ labeled by x is pictured in Fig-
ure 3. This path is made of two copies of the path 01−ω2ω0. A path for the word
(b−ωabω)ζ cannot be made by ζ copies of 01−ω2ω0 because the right limit set
of the first state would be {0, 1, 2} and the automaton has no transition of the
form q → {0, 1, 2}. The automaton A thus recognizes the set (b−ωabω)∗.

The notion of path we have introduced for words on orderings coincide with
the usual notion of paths considered in the literature for finite words, ω-words
and ordinal words. Let x be a finite word a1 . . . an. The set of cuts of the finite
ordering {1, . . . , n} can be identified with {1, . . . , n+ 1}. In our setting, a path
labeled by x is then a finite sequence q1, . . . , qn+1 of states such that qj

aj−→ qj+1

is a successor transition for any j in {1, . . . , n}. This matches the usual definition
of a path in an automaton [16, p. 5].

Let x = a0a1a2 . . . be an ω-word. The set of cuts of the ordering J = ω is
the ordinal ω + 1 = {0, 1, 2, . . . , ω} (see Example 2). The pairs of consecutive
cuts are the pairs (j, j + 1) for j < ω whereas the cut c = ω has no predecessor.
In our setting, a path γ labeled by x is a sequence q0, q1, q2, . . . , qω of states
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such that qj
aj−→ qj+1 is a successor transition for any j < ω and such that

limω− γ → qω is a left limit transition. Note that limω− γ is the set of states
which occur infinitely many times in γ. This path is successful iff q0 is initial
and qω is final. Define the family T of subsets of states by

T = {P | ∃q ∈ F such that P → q ∈ E}.
The path γ is then successful iff q0 is initial and if the set limω− γ of states
belongs to the family T . This matches the definition of a successful path in a
Muller automaton [20, p. 148].

The set of cuts of an ordinal α is the ordinal α + 1. Therefore, the notion
of path we have introduced coincide for ordinal words with the notion of path
considered in [3].

0

a, b

{0} → 0

Fig. 4. Automaton of example 13

Example 13. Consider the automaton A pictured in Figure 4. This automaton
has no right limit transition. It recognizes the words whose length is an ordinal
since a linear ordering J is an ordinal iff any of its cuts (except the last one) has
a successor in Ĵ . The automaton obtained by suppressing the left limit transition
of A recognizes the set of finite words since a linear ordering J is finite iff any of
its cuts (except the first or the last one) has a successor and a predecessor in Ĵ .

6 Rational Expressions vs Automata

In this section, we state that rational expressions and automata are equivalent.
This result extends the well-known Kleene’s theorem on finite words. It has been
first extended to words of length ω by Büchi [6] and to words of ordinal length
by Wojciechowski [22]. The proof that we propose is effective.

Theorem 14. A set of words on countable scattered linear orderings is rational
iff it is recognizable.

The proof that any rational set of words is recognized by an automaton is by
induction on the rational expression denoting the set. For each rational opera-
tion, we describe a corresponding construction for the automata. The construc-
tions for the union, the concatenation and the finite iteration are very similar to
the classical ones for automata on finite words [16, p. 15].

The proof that any set of words recognized by an automaton is rational is
by induction on the number of states of the automaton. It is a generalization of
McNaughton and Yamada algorithm and it is the most difficult part.
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0 1 2

a, b

a, b

0 → {1, 2}
{1} → 2

Fig. 5. Automaton recognizing (Aω)−ω

Example 15. The automaton pictured in Figure 5 recognizes the set denoted by
the rational expression (Aω)−ω. The part of the automaton given by state 1 and
the left limit transition {1} → 2 accepts the set Aω . The successor transition
from state 2 to state 1 allows to concatenate two words of Aω. The right limit
transition 0→ {1, 2} leads to a sequence of length −ω of words of Aω .

0 1

2

b

a
0 → {2}

0 → {0, 1, 2}
{2} → 1

{0, 1, 2} → 1

Fig. 6. Automaton recognizing aζ � b

Example 16. The automaton pictured in Figure 6 recognizes the set aζ � b. The
part of the automaton given by state 2 and the two limit transitions 0→ {2} and
{2} → 1 accepts the word aζ whereas the part given by the successor transition
from state 1 to state 0 accepts the word b. Any occurrence of aζ is preceded
and followed by an occurrence of b in the automaton. More generally, thanks to
the limit transitions 0 → {0, 1, 2} and {0, 1, 2} → 1, the occurrences of aζ are
indexed by a linear ordering J , the occurrences of b are indexed by the ordering
Ĵ∗ and they are interleaved according to the ordering J ∪ Ĵ∗.

Conclusion

In this paper, we have introduced automata and rational expressions for words
on linear orderings. For words on countable and scattered linear orderings, these
two notions are equivalent. This result extends the usual Kleene’s theorem for
finite words.

We mention some open problems. A natural generalization of the result would
be to remove the restrictions on the orderings and to first consider words on
countable linear orderings and then words on all linear orderings. Automata
that we have introduced are suitable for all linear orderings. It seems however
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that new rational operations are then needed. An operation like the η-shuffle
introduced in [13] is necessary.

Automata on infinite words have been introduced by Büchi to prove the
decidability of the monadic second-order theory of the integers [6]. Since then,
automata and logics have been shown to have strong connections [20]. It is known
that the monadic second-order theory of all linear orderings is decidable [18] but
the proof is based on a model theoretic approach, called the composition method,
avoiding the use of automata. We refer to [21] for a review of the composition
method and the Shelah’s proof of Büchi’s decidability result. Therefore, the next
step is to investigate the connections between logics and the automata that we
have introduced. Such a study has to begin with the closure of the class of
recognizable sets under the boolean operations. We do not know whether this
class is closed under the complementation.
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5. P. Bouyer and A. Petit. A Kleene/Büchi-like theorem for clock languages. J. of
Automata, Languages and Combinatorics, 2001. To appear. 237
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Abstract. We study the ability of discrete dynamical systems to trans-
form/generate randomness in cellular spaces. Thus, we endow the space
of bi-infinite sequences by a metric inspired by information distance (de-
fined in the context of Kolmogorov complexity or algorithmic information
theory). We prove structural properties of this space (non-separability,
completeness, perfectness and infinite topological dimension), which turn
out to be useful to understand the transformation of information per-
formed by dynamical systems evolving on it. Finally, we focus on cellular
automata and prove a dichotomy theorem: continuous cellular automata
are either equivalent to the identity or to a constant one. This means
that they cannot produce any amount of randomness.

Keywords: Kolmogorov complexity, topology, cellular automata, discrete dy-
namical systems

1 Introduction

Cellular automata are formal models for complex systems. They were introduced
by J. von Neumann for modeling cellular growth and self-replication. Afterwards,
they have been successfully applied in a large number of scientific disciplines
ranging from mathematics to computer science, from physics to chemistry and
geology.

They are essentially a massive parallel model made of a lattice of elementary
identical finite state machines (automata), usually called cells. Cells are updated
synchronously according to a finite set of local rules that compute the new state
of the cell from the states of a finite set of neighboring cells (eventually including
the cell itself). A snapshot of the states of the cells is called a configuration. A
stack of configurations in which each one is obtained from the preceding, applying
the updating rule, is called an evolution.

The success of the model relies essentially on its simple definition coupled
with the rich variety of different evolutions. Many evolutions display a complex
or random behavior. It is a recurring question in the community to understand
if the complexity or randomness in such evolutions is an intrinsic property of
the model or if it is a side effect due to inappropriate topological context, or,
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which is worst, due to unsuitable complexity definitions. In this paper, we study
the complexity of cellular automata evolutions in the general context of discrete
dynamical systems.

Dynamical systems are mathematical representations of dynamical processes
appearing in many scientific fields. A large quantity of literature on the subject
has been published in recent years. The contribution of computer science to this
discipline is mainly devoted to the domain of validation and prediction. In this
context, a fundamental issue is to understand the “complexity” of the system.
Complexity may have different definitions according to properties investigated.
In our context, “complex” is defined via algorithmic information theory since we
are interested in the ability of systems to transform information.

The idea to use Kolmogorov complexity to study dynamical systems is not
new (see [5,7,25,10]). Consider a finite open partition of a compact spaceX (P0∪
P1 = X for simplicity) and a dynamical system f onX (i.e. a continuous function
from X to X). The orbit of a point x0 ∈ X is associated with a sequence cx0 ∈
{0, 1}N as follows: cx0(i) = α if f i(x0) ∈ Pα, where α ∈ {0, 1} and f i is the i-fold
composition of f with itself. We can define a labeling function 	:X → {0, 1}N as
	(x) = cx (see Fig. 1). It is natural to expect that the more complex the system,
the more complex the labeling.

0
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x 0 )f
2
(

x 0 )f (
7

x 0 )f (
5

x 0

x

)(
4

x 0 )f (
3

x 0 )f (
6

f

0 1

Fig. 1. An example of orbit labeling. Here 	(x0) = 00010100 . . ..

In [5], for x ∈ X , Brudno defines the complexity of the orbit Ox as follows:

K(Ox) = lim sup
n→∞

K(	(x)0:n)
n+ 1

.

where 	(x)0:n are the first n+1 bits of 	(x), and K(x) stands for the Kolmogorov
Complexity of x, which is defined section 2.
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It is well-known (see [5]) that, in a measure-theoretic sense, almost every
orbit of a homeomorphism has maximal complexity. In particular, the shift map
has maximal complexity according to this approach. This fact is surprising since
for intuition the shift map is a very “simple” cellular automaton. A rough expla-
nation is that all the complexity is contained in the initial configuration and the
shift map preserves it. We would like to conclude that the complexity observed
is not an intrinsic property of this system, but it is due to the structure of the
topological space in which the system is embedded. For this reason, we perform
a deep change of the topological space where the dynamic and the complexity of
cellular automata is studied. In this way we hope that the intrinsic complexity of
the cellular automata is not biased by the complexity of the initial configuration.
This deep change undergoes several steps. First, we define a new topology and
show that it is suitable for the study of dynamical systems on it. As a second
step, we give a natural definition of complexity. Finally, we prove that cellular
automata are not able to continuously modify this complexity.

In the case of cellular automata, two completely different approaches are
possible. One is exposed by Calude et al. in [7], the latter in this paper. Roughly
speaking both draw the same conclusions:

i) randomness is preserved by surjective CA;
ii) non-surjective CA destroy randomness;
iii) all CA preserve non-randomness (this result remains open for dimensions

greater than one in Calude et al.’s approach).

These results confirm the importance of the surjectivity for CA and give a new
perspective to previous work [20,21,19,13,11]. Note that Calude et al. approach
and ours are rather different. In particular, in [7], the third question (see above)
is open for CA in dimensions greater than 2, while our proofs can be easily
extended to higher dimensions. Moreover, their approach seems to work only
in separable spaces. Note also that many recent works on CA dynamics have
begun to study CA on unseparable topological spaces (Weyl and Besicovitch
topologies) [16,1,8,4].

The paper is structured as follows. Section 2 introduces basic notions of
algorithmic complexity and the fundamental definition of incompressible strings.
Section 3 is essentially devoted to the study of a new metric space whose distance
is based on information distances. In this section, we intend, by topological
results, to prove that this space is neither too simple (countable, separable, finite
dimensional) nor too complex (not connected, not perfect). Finally, Section 4 is
devoted to cellular automata and uses the results of Section 3 to prove our main
theorems.

Some more ambitious use of our work would be to apply it for general dy-
namical systems, or to study the relationships with classical ergodic theory.

2 Algorithmic Complexity

Measuring complexity of mathematical objects is not easy but very fruitful for
new ideas and applications.
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In this paper we are interested in the complexity of configurations i.e. bi-
infinite sequences of symbols chosen from a finite alphabet (usually {0, 1}).
In this context complexity is measured using the approach outlined by Kol-
mogorov [14] and then Chaitin [9]. A more modern presentation and a state of
art on the subject are given in [15,6].

We will note X the set of all the configurations over the alphabet {0, 1}. 0
is the configuration made only of 0s. Similarly, 1 is the configuration made only
of 1s. For any bi-infinite sequence, or any finite word u, ua is the letter of u at
position a and ua:b, a, b ∈ Z is the subword ua:b = uaua+1 . . . ub−1ub.

Given a word w of symbols from a finite alphabet S (that we call the set of
states), its complexity is the shortest program p which “computes” w. We say
that a program p “computes” a word w on input z, if ϕ(〈p, z〉) = w, where ϕ
is a fixed computable function (total or partial), and x, y �→ 〈x, y〉 is any fixed
computable bijection pairing. In other words, p is a description for w, when z is
given, according to the “description mode” ϕ (see [24]).

Definition 1. Let x, y and p be finite words over some fixed finite alphabet, and
ϕ be a computable function. The Kolmogorov complexity Kϕ of x conditional to y
w.r.t. the description mode ϕ is

Kϕ(x|y) = min{|p|, ϕ(〈y, p〉) = x},
and Kϕ(x|y) = ∞ if there is no such p. x, y �→ 〈x, y〉 is any fixed computable
bijection pairing.

The previous definition depends on the choice of the reference description
mode. The following fundamental result overcomes this inconvenience, since it
proves the existence of an “optimal” description mode.

Theorem 2 (Optimality theorem). There is a description mode ϕ0 such that
for all computable function ϕ, there is a constant c ∀x, y, Kϕ0(x|y) � Kϕ(x|y)+
c. Such a mode ϕ0 is said to be additively optimal.

Definition 3. Fix an additively optimal mode ϕ0 as reference for K. We define
conditional Kolmogorov complexity as K(x|y) = Kϕ0(x|y). The unconditional
Kolmogorov complexity K is simply K(x) = K(x|ε) where ε denotes the empty
word.

A description of a word can be interpreted as a compressed version of itself.
Thus Kolmogorov complexity and the notion of compression are deeply related.
Kolmogorov proposed to define that a word w is c-incompressible if |w| −K(w)
is less than c. Martin-Löf proved in [17] that a word is c-random if it cannot be
selected by any possible computable tests at level of precision c (see [15] page
129 for definitions).

Working with infinite sequences is more satisfactory since the constant c
disappears when taking limits. For infinite sequences, the very important Levin-
Schnorr theorem proves the equivalence between the class of Martin-Löf random
words and the class of incompressible ones. This theorem has many applications
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in combinatorial complexity, and we refer to the books [15,6] and to the review
paper [23] for further details. The results of this theory are central for several of
our proofs.

Definition 4. A configuration or a sequence x is called random if there is a
constant c such that ∀n, K(x−n:n) � 2n− c.

Definition 5. A configuration u is called weakly-incompressible if

lim sup
n→∞

K(u−n:n)
2n+ 1

= 1.

Remark 6. The set of weakly-incompressible configurations strictly contains the
set of random sequences [15] with respect to uniform Bernoulli measure µ. Thus,
µ-almost all configurations are weakly-incompressible. 
�

3 Metrics on Space of Configurations

A minimal property that a complexity distance d must satisfy is that

d (u, σ(u)) = 0 (1)

where σ is the usual shift operation on configurations. The point is that shifting
a configuration must not change its informational content.

In [3] information distances over finite words have been introduced and stud-
ied. A fundamental result of [3] is that all such distances are equal up to a
logarithmic term (which is negligible in the infinite case) or do not satisfy prop-
erty 1. As a consequence, we consider only one of those in [3]: ∀x, y ∈ X,

d(x, y) = lim sup
n→∞

K(x−n:n|y−n:n) +K(y−n:n|x−n:n)
4n+ 1

.

As defined, d is not a distance overX since there are distinct configurations x
and y with d(x, y) = 0. Define the equivalence relation .= by x .= y if and only if
d(x, y) = 0. We will work in the space Ẋ , which is the quotient X/ .=.

Remark 7. The definition of d is robust since it is independent from the addi-
tively optimal mode used to define K and of the enumeration of machines.

Topological properties of a space may deeply condition the behavior of dy-
namical systems defined on it (see [4] for some examples). For this reason we
carefully study topological properties of Ẋ.
Notation. In the sequel, the expression �x stands for 22

x

. Moreover any topolog-
ical consideration, like continuity or openness, is to be understood with respect
to the new topology.

Proposition 8. The space Ẋ is not separable i.e. there is no countable dense
set.
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Proof. Let A be a countable subset of X . We prove that there exists an infinite
sequence of points which is at non-zero distance from all points in A.

Let A = {a0, a1, . . . , an, . . .} and bn the sequences defined as follows:

∀k, n ∈ N, b2
k+1n+2k−1 = ak .

Note that the (bn)n∈N sequence contains infinitely many occurrences of each ai.
For i > 0, let αi = bi�i−1+1:�i , and let βi be a word of length �i − �i−1 such

that K(βi|αi) � �i − �i−1. Let ω be the bi-infinite sequence:

ω = . . . 000000000 0 00β1 . . . βn−1βn . . .

where the last 0 is at index 2 in ω. Thus ω�i−1+1:�i = βi.
We claim that for all k, d(ak, ω) � 1

4 . For all n ∈ N, let un = 2k+1n+2k − 1.
Since for all n ∈ N we have

ω�un−1+1:�un = βun ,

and
ak�un−1+1:�un = bun

�un−1+1:�un = αun ,

we obtain
K(ω−�un :�un |ak−�un :�un )

�

K(ω�un−1+1:�un |ak�un−1+1:�un ) + o(�un)

�

K(βun |αun) + o(�un)

�

�un − �un−1 + o(�un)

and hence

d(ak, ω) � lim sup
n→∞

K(ω−�un :�un |ak−�un :�un )
4 · �un − 1

�

lim sup
n→∞

�un − �un−1 + o(�un)
4 · �un − 1 � 1

4

�

Proposition 9. The space Ẋ is not locally compact.

Proof. Let u be a random configuration. Consider the configurations cn de-
fined as follows for any fixed k: cnki = u2n(2i+1) and 0 elsewhere. By con-
struction ∀n, d(cn, 0) � 1/k. As, for all integers p and q, the subsequences
of u, (u2p(2i+1))i∈N and (u2q(2i+1))i∈N are extracted recursively, independently,
and do not overlap, they are mutually independent since u is random. Hence
d(cp, cq) � 1/k. 
�
Proposition 10. The space Ẋ is perfect, pathwise connected and infinite di-
mensional.
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Proof. For each real α ∈ [0, 1], choose a sequence of integers (pαi )i∈N such that

lim
i→∞

pαi
�i+1 − �i

= α. Let us fix a random configuration u. Starting from u, we

progressively erase bits of u continuously, until we reach 0. We define f :R→ Ẋ
by ∀n ∈ Z, ∀�n < i � �n + pα|n|, f(α)i = ui, and 0 otherwise.

Continuity of f . Let α < β be two reals: ∃N, n > N =⇒ pαn < pβn. Since we have
less bits equal to 1 in f(α) than in f(β), and since we can compute which bits
are erased only knowing the sequence pα, we have

lim sup
n→∞

K(f(α)−n:n|f(β)−n:n)
4n+ 1

= 0 .

Let m > N be an integer and and n an integer such that �m � n < �m+1.
We know that K(f(β)−n:n|f(α)−n:n) is equal, up to a logarithmic term, to the
complexity of the bits taken from u of f(α) knowing the bits taken from u of
f(β). The bits which are in f(β)−n:n and not in f(α)−n:n and the first terms
of pβ are sufficient to compute the former from the latter. Thus the complexity
of f(β)−n:n knowing f(α)−n:n is less than the number of those bits, up to an

additive constant. This number is
m−1∑

i=0

(
pβi − pαi

)
+ max(min(pβm, n) − pαm, 0).

Therefore we have

K(f(α)−n:n|f(β)−n:n)
4n+ 1

�∑m−1
i=0 pβi − pαi +max(min(p

β
m, n)− pαm, 0) + 4log2n+ c

4n+ 1

�

2
pβm − pαm + log2�m

�m

which implies that

lim sup
n→∞

K(f(α)−n:n|f(β)−n:n)
4n+ 1

� 4(β − α).

We conclude that
d(f(β), f(α)) � 4(β − α)

and, using f , that Ẋ is pathwise connected.
Perfectness. The sequence f( 1

n ) has limit u.
Injectivity of f . For all m > N ,

K(f(β)−�m:�m |f(α)−�m:�m)

�

K(u
�m+1:�m+pβ

m
|u�m+1:�m+pα

m
)−O(log2(�

m)).
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As K(x|y) � K(x) − K(y) − O(log2(|x| + |y|)) and by incompressibility of u
K(u�m+1:�m+pα

m
) = pαn +O(log2(�m)), we get

K(f(β)−�m:�m |f(α)−�m:�m) � pβn − pαn −O(log2(�
m))

hence
d(f(α), f(β)) � β − α > 0.

Infinite dimension of Ẋ. The continuity and injectivity of f prove that Ẋ is at
least one-dimensional. Let n be positive integer. Define a function h as follows:

h :





(
Ẋ
)n
→ Ẋ

(
ci
)
1�i�n �→ f

((
ci
)
1�i�n

)

with

f
((
ci
)
1�i�n

)
= . . . c1−kc

2
−k . . . c

n
−kc

1
−k+1 . . . c

n
−k+1 . . . c

1
kc

2
k . . . c

n
k . . . .

The function h is continuous: ∀x, y ∈
(
Ẋ
)n
,

d(xi, yi) � δ =⇒ d(h(x), h(y)) � δ

since

K(h(x)−k:k|h(y)−n:nk) =
n∑

i=1

K(xi−� k
n�:� k

n�|y
i
−� k

n�:� k
n�) + nlog2

⌈
k

n

⌉
.

h is injective (similar proof as for f). Let fn be defined as follows

fn :
{

[0, 1]n −→ Ẋ(
αi
)
1�i�n �−→ h(f(α1), f(α2), . . . , f(αn)) .

Since fn is the composition of f and h, it is continuous and injective. 
�

4 Cellular Automata

A cellular automaton (CA for short) is a map f :SZ → SZ defined for any x ∈ SZ

and i ∈ N by
f(x)i = λ(xi−r . . . xi . . . xi+r)

where λ:S2r+1 → S is the local rule and r is the (neighborhood) radius. S is a
finite set, usually called the set of states of the CA. f is called the global rule of
the CA. We will note 0 one state of S. A finite configuration is a configuration
with a finite number of states which differ from 0. It can be noted 0∞w0∞,
where w is a word made of letters from S.

A CA is compatible w.r.t. .= if and only if ∀x, y ∈ SZ, x
.= y ⇒ f(x) .= f(y).

A CA is surjective if f is surjective. A CA is pre-injective if f is injective
on finite configurations. By Moore-Myhill’s theorem [20,21], a CA f such that
f(0) = 0 is surjective if and only if it is pre-injective.
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Remark 11. For any CA of global rule f , any radius r and any alphabet, it holds
that

∀x ∈ X, lim sup
n→∞

K(f(x)−n:n|x−n:n)
2n+ 1

= 0 ,

since the knowledge of the local rule and the 2r letters of x−n−r:−n−1 and
xn+1:n+r, whose complexity is bounded by a constant, is enough to compute
f(x)−n:n from x−n:n.

Furthermore, all recursive infinite sequences are in the same class as 0. 
�
Lemma 12. Surjective CA are the identity map of Ẋ.

Proof. Let f be a surjective CA.
In [18] is proved that, as f is surjective, f is balanced, that is to say that

all words of the same length k have the same number of pre-images (of length
k + 2r) by f . Since the number of words of length k is 2k, there are exactly 22r

pre-images of a given word of length k.
Consider a program p which on input 〈y, i〉 acts as follows:

– create the set P of the 22r pre-images of y;
– outputs the ith word of P , following the lexicographic order, truncated to
its |y| central letters.

when i � 22r and never halts else.
Thus, the only thing we need in order to compute x−n:n from f(x)−n:n in

the description mode p is the number i of x−n:n in the set P of the pre-images
of f(x)−n:n, which is bounded by a constant. We conclude that

∀n ∈ N, K(x−n:n|f(x)−n:n) = O(1) .

Using remark 11, we conclude that: d(x, f(x)) = 0. 
�
Since the identity map is continuous, we have the following corollary.

Corollary 13. Surjective CA are continuous.

This result can be strengthened as follows:

Proposition 14. Continuous CA are either surjective or constant. Non-conti-
nuous CA are not compatible.

Proof. Let g be the global function of a non-surjective, non-constant CA of
radius r. Let s be the state obtained applying the local rule to 02r+1. We define h,
a state-to-state function on configurations which maps 0 to s, s to 0 and all other
states onto themselves. We define f = h ◦ g. Since h is a involution, f is also
non-surjective and non-constant.

Using Moore-Myhill’s theorem, f is not injective when restricted to finite
configurations, and thus there exist two finite configurations such that

0∞w00∞ → 0∞z00∞ and 0∞w20∞ → 0∞z00∞ ,
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for suitable finite words w0, w2, z0. Moreover, since the CA is not constant,
there exists at least one finite configuration 0∞w10∞ whose image is 0∞z10∞

with z1 �= z0. Without loss of generality one can choose |w0| = |w1| = |w2| and
|z1| = |z0| = |w0| + 2r. Let x be a random sequence of 0s and 1s. Define two
configurations α and β such that

α = . . . 0rwxi0
rwxi+10

r . . .

and
β = . . . 0rw2xi0

rw2xi+10
r . . .

where r is the radius of the neighborhood. Note that α .= β. We have

f(α) = . . . zxizxi+1 . . . and f(β) = z∞0

and hence d(f(α), f(β)) > 0. Since g = h◦f , and h is a just renaming the states,
d(g(α), g(β)) > 0. Hence g is not compatible, and therefore not continuous.

Conversely, if g is constant, it is continuous, and with lemma 13, if g is
surjective, it is continuous. 
�

Proposition 14 precisely characterizes the set of continuous CA on this space.
In dimension one, the class of continuous CA is decidable since surjectivity is
decidable [2,22]. Although continuity fails for non-surjective CA the following
proposition says that a small amount of continuity still persists.

Proposition 15. For all CA f ,

i) f(0) .= 0, i.e. 0 is a fix point of f in Ẋ;
ii) 0 is an equicontinuity point of f .

Proof. i) The first part is straightforward since the image of 0 is a constant
configuration (made of only one state) and all of them are in the same class
(see Remark 11).

ii) Remark that ∀x ∈ X, ∃c ∈ N, ∀t ∈ N,

d(f t(x), f t(0)) = lim sup
n→∞

K(f t(x)−n:n|02n+1) +K(02n+1|f t(x)−n:n)
2n+ 1

�

lim sup
n→∞

K(x−n:n|02n+1) + c

2n+ 1
= d(x, 0) .


�
Often, it is not interesting to consider the behavior of the CA over the whole

set of configurations. For instance, configurations which are destroyed by the
automaton after one step (i.e. any configuration which has no pre-image through
the CA) are not relevant when studying the evolution of the CA. In this way,
the notion of limit set have been introduced.
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Definition 16 (limit set). Let f be the global rule of a CA. The limit set of
this CA is the set

Ω =
⋂

n∈N

fn(X)

where X is the set of the configurations.

The limit set is the set of all the configurations having infinitely many pre-
images through f . We note Ωn the set of all words of size n which are subwords
of a configuration of Ω.

It is a natural question to wonder whether non-surjective CA are continuous
at least on their limit sets (where they act surjectively). The following proposition
is a partial answer to this question.

Theorem 17. Let g:N → N be a computable function such that g(n) = o(n).
Let f be the global function of a CA. Let r be the radius of the CA. If the following
condition (that limits the growth of the number of pre-images) is verified

∀x ∈ X, ∀n ∈ N, log2|f−1(x−n:n) ∩Ωn+2r| � g(n) (2)

then f |Ω is equivalent to the identity map on Ω.

Proof. Using Remark 11,

lim sup
n→∞

K(f(x)−n:n|x−n:n)
n

= 0.

It remains to prove that, for all x in Ω,

lim sup
n→∞

K(x−n:n|f(x)−n:n)
n

= 0.

Consider a program p which on input 〈y, i〉 acts as follows:
– creates the set P of all the pre-images of y;
– enumerates the set of forbidden words F
– erases from P all the words containing words in F , until P contains less
than 2g(|y|) words;

– outputs the ith word of P , following the lexicographic order.

This program p is well-defined since F is recursively enumerable. Since condition
(2) holds, p always halts. Hence K(x−n−2r:n+2r|f(x−n:n)) = g(n). 
�
Theorem 18. In Ẋ the following statements hold:

i) randomness and weak-incompressibility is preserved by surjective CA;
ii) non-surjective CA destroy both randomness and weak-incompressibility;
iii) all CA preserve non weak-incompressibility.

Proof. i) Lemma 12;
ii) Non-surjective CA erase at least a finite pattern (see for example [12]). Thus a
random sequence is mapped to a non-random-one according to both definitions.
iii) Proposition 15. 
�
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4. F. Blanchard, E. Formenti, and P. Kůrka. Cellular automata in Cantor, Besicovitch
and Weyl topological spaces. Complex Systems, 11-2, 1999. 250, 252

5. A. A. Brudno. Entropy and complexity of the trajectories of a dynamical system.
Trans. Moscow Math. Soc., 2:127–151, 1983. 249, 250

6. C. Calude. Information and Randomness. Springer-Verlag, 1994. 251, 252
7. C. Calude, P. Hertling, H. Jürgensen, and K. Weihrauch. Randomness on full shift

spaces. Chaos, Solitons & Fractals, 1:1–13, 2000. 249, 250
8. G. Cattaneo, E. Formenti, G. Manzini, and L. Margara. Ergodicity and regularity

for cellular automata over Zm. Theoretical Computer Science, 233(1-2):147–164,
1999. 250

9. G. J. Chaitin. On the length of programs for computing finite binary sequences.
J. of ACM, 13:547–569, 1966. 251

10. J.-C. Dubacq, B. Durand, and E. Formenti. Kolmogorov complexity and cellular
automata classification. Theor. Comp. Sci., 259(1-2):271–285, 2001. 249

11. B. Durand. The surjectivity problem for 2D cellular automata. Journal of Com-
puter and Systems Science, 49(3):718–725, 1994. 250

12. B. Durand. Global properties of cellular automata. In E. Goles and S. Martinez,
editors, Cellular Automata and Complex Systems. Kluwer, 1998. 258

13. J. Kari. Reversibility and surjectivity problems of cellular automata. Journal of
Computer and System Sciences, 48:149–182, 1994. 250

14. A. N. Kolmogorov. Three approaches to the definition of the concept “quantity of
information”. Problems of information transmission, 1:3–11, 1965. 251
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Abstract. The k -median problem is a classical facility location problem.
We consider the k -median problem for directed trees, motivated by the
problem of locating proxies on the World Wide Web. The two main
results of the paper are an O(n log n) time algorithm for k=2 and an
O(n log2 n) time algorithm for k=3. The previously known upper bounds
for these two cases were O(n2).

1 Introduction

In the k-median problem we are given a graph G in which each node u has a non-
negative weight wu and each edge (u, v) has a non-negative length duv. Our goal
is to find a set F of k vertices that minimizes Cost(F ) =

∑
x∈G minu∈F wxdxu.

We think of the nodes of G as customers, with each customer x having a de-
mand wx for some service. F is a set of k facilities that provide this service.
It costs dxu to provide a unit of service to customer at x from a facility lo-
cated at u. We wish to place k facilities in G so that the overall service cost
is minimized. This optimal set is called the k-median of the weighted graph G.
The k-median problem is a classical facility location problem which has been
a subject of study for several decades. The general case is known to be NP-
complete (see Problem ND51 in [8]), and most of the past work focussed on
efficient heuristics (see, for example, [14]) and approximation algorithms [2,6,5].
Trees. In this paper we focus on the case of the k-median problem when G is a
tree. In 1979 Kariv and Hakimi [13] presented a dynamic programming algorithm
for this problem that runs in time O(k2n2). Hsu [12] gave an algorithm with
running time O(kn3). More recently, Tamir [18] showed that the Kariv-Hakimi
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algorithm is faster than previously thought, namely that its running time is only
O(kn2). This is the best upper bound known to this date.

Some other special cases of the problem have been considered. Hassin and
Tamir [11] gave an O(kn) time algorithm when the tree is a path. Another
O(kn)-time algorithm for this problem was later given by Auletta et al. [4]. The
case k = 2 was considered by Gavish and Sridhar [9] who presented an algorithm
with running time O(n log n). The dynamic version of the case k = 2 was studied
by Auletta et al. in [3]1.
Directed trees. We consider the k-median problem for rooted directed trees.
Let T be a directed tree with root r. If y is the father of x, denote by dxy the
length of edge (x, y). The length function extends in a natural way to any pair
x, y where y is an ancestor of x. As in the undirected case, each node x is assigned
a non-negative weight wx. Our goal is to find a set of nodes F of size k that
minimizes the quantity:

Cost(F ) =
∑

x∈T
min
u∈F+r

wxdxu.

We use the same terminology as in the undirected case, that is, the nodes in F
are called facilities, and the optimal set F is called the k-median of T . Note,
however, that in our case we actually have k + 1 facilities in the tree, since the
default “root facility” at r is fixed and not counted in F . For specific values of k
this distinction makes the undirected case quite different from the undirected
one. For example, for k = 2, in the undirected case we need to partition the tree
into two subtrees that form the domains of the two facilities. This task can be
accomplished by searching the tree for an edge that separates the tree into two
appropriately balanced subtrees [9,3]. In the directed case, however, we need to
partition T into three subtrees.

The k-median problem for directed trees was introduced by Li et al. [16] as
a mathematical model for optimizing the placement of web proxies to minimize
average latency. In [16], the authors present a O(k2n3)-time algorithm for this
problem. This was later improved to O(k2n2) by Vigneron et al. [19]. In [19]
the authors also noted that the Kariv-Hakimi algorithm can be modified to
find k-medians in directed trees in time O(k2n2). Tamir (private communication)
observed that his method from [18] can be adapted to reduce the time complexity
toO(kn2). For the line, Li et al. [15] give an algorithm with running time O(kn2).
This was just recently improved by Woeginger [20] to O(kn).
Our results. We present several algorithms for the k-median problem on di-
rected trees. We start by describing, in Section 2, the basic dynamic program-
ming algorithm, Algorithm AncDP, which is an adaptation of the Kariv-Hakimi
algorithm to directed trees (see also [19]). Then, in Section 3, we propose an al-
ternative dynamic programming algorithm, Algorithm DepthDP. For k = 2 this
algorithm can be implemented in time O(n log2 n). The problem of estimating

1 In [3], the authors also claimed a linear-time algorithm; however, their running time
analysis is flawed.
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the worst-case running time of Algorithm DepthDP reduces to an interesting
combinatorial problem of estimating the number of line segments in a certain
piece-wise linear function. We show that for k = 2 this number is O(n) and we
conjecture that it is also linear for any fixed k. This conjecture would imply that,
for each fixed k, Algorithm DepthDP has time complexity O(n2). We believe that
Algorithm DepthDP is faster than Algorithm AncDP on realistic data. Both al-
gorithms are being implemented and our experimental results will be reported
in the full version of this paper.

In Section 4 we show that with an additional requirement that the facilities
are independent (no facility is an ancestor of another) the problem can be solved
in time O(k2n).

Our main results are given in Sections 5 and 6. In Section 5 we improve the
asymptotic running time for k = 2 to O(n logn). By the result from Section 4, it
is sufficient to consider the case when one facility is an ancestor of the other. For
this case we show that the objective function satisfies the Monge property. Our
algorithm Fast2Median uses the divide-and-conquer approach. A given tree T is
split into two smaller trees, for which the solutions are computed recursively.
Yet another tree is constructed, on which we apply the SMAWK algorithm [1]
for computing maxima in Monge matrices. From the solutions for these three
instances we obtain the solution for T .

In Section 6, we deal with the case k = 3. For this case we present Al-
gorithm Fast3Median that runs in time O(n log2 n). The algorithm breaks the
problem into cases depending on various genealogical patterns among facilities,
and solves each case independently. The cases are solved by a combination of
dynamic programming and divide-and-conquer methods.

2 Ancestor-Based Dynamic Programming

Throughout the paper, we will assume that T is a binary tree with n nodes in
which each non-leaf node has two sons. Any tree can be transformed into such
a binary tree by adding a linear number of nodes with zero weight. By Tu we
denote the subtree of T rooted at u, and nu = |Tu| is the number of descendants
of u. By du = dur we denote the depth of u, and by ωu the total weight of Tu,
that is ωu =

∑
x∈Tu

wx. We often refer to ωu as the tree weight of u.
We now show an adaptation of the Kariv-Hakimi algorithm to directed trees.

Let Costjx(u) be the optimal cost of placing j facilities within Tx given that the
closest facility above x is u. Formally, define T ux to be the tree that consists
of Tx with an additional root node ru whose only son is x, and with edge (x, ru)
having length dxu. Then Costjx(u) is the minimum cost of placing j facilities
in T ux . Note that we allow u = x, in which case dxu = 0, and Costjx(x) will be
equal to the minimum cost of placing j facilities in Tx (not counting the default
facility at x).
Algorithm AncDP. We only show how to compute optimal cost. The algorithm
can be easily modified to determine the k-median. We compute all quantities
Costjx(u) bottom-up. If x is a leaf, set Cost0x(u) = wxdxu and Costjx(u) = 0 for
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j ≥ 1. Suppose that x is not a leaf and y, z are the sons of x. For each u that is
an ancestor of x and j = 0, . . . , k we then compute:

Costjx(u) = min
{

minp+q=j
{

Costpy(u) + Costqz(u)
}

+ wxdxu
Costj−1

x (x)

For j = 0, assume that Costj−1
x (x) = ∞. In the first case we have p facilities

in Ty, q facilities in Tz and no facility at x. In the second case we have one facility
at x. When we are done, return Costkr(r).
Running time. Algorithm AncDP clearly runs in time O(k2n2). As noted by
Tamir (private communication), the bound can be improved to O(kn2) using
the method from [10,18].

3 Depth-Based Dynamic Programming

In this section we give a different algorithm called DepthDP. The idea is that
instead of computing Costjx(u) for the ancestors of u, we will compute a real-
argument function Costjx(α), for an appropriate range of α, which represents the
distance dxu. For k = 2 we show an implementation of this algorithm called
DepthDP2 that runs in time O(n log2 n). Although later in Section 5 we improve
the upper bound further toO(n logn), we include DepthDP2 in the paper, since it
is considerably simpler and easier to implement. Also, the main idea of DepthDP
will play a major role in Section 6, where we improve the upper bound for k = 3
to O(n log2 n).

Let Costjx(α) be the optimal cost of placing j facilities within Tx given that
the closest facility above x is at distance α. Formally, define Tαu to be the tree
that consists of Tx and an extra root node rα whose only son is x and with
edge (x, rα) having length α. Then Costjx(α) = Costjx(rα), the minimum cost of
placing j facilities in Tαx . We allow α = 0, in which case Costjx(0) = Costjx(x).
Algorithm DepthDP. As before, we compute all functions Costjx(α) bottom-up.
If x is a leaf, set Cost0x(α) = wxα and Costjx(α) = 0 for j ≥ 1. Suppose that x is
not a leaf and y, z are the sons of x. Similarly as in Algorithm AncDP, we have

Costjx(α) = min
{

minp+q=j
{

Costpy(α+ dyx) + Costqz(α+ dzx)
}

+ wxα
Costj−1

x (0)

where Cost−1
x (0) =∞. When we are done, return Costkr (0).

Functions Costjx(α). We still need to explain how to store and maintain the
functions Costjx(α) throughout the computation. Given a set F ⊆ Tαx of size j,
denote by CostFx (α) the cost of having j facilities in F . For a fixed F , CostFx (α)
is a linear function, namely CostFx (α) = aFα + bF for some constants aF , bF .
Thus Costjx(α) is a concave, piece-wise linear-function.

The crucial questions are: (1) What is the complexity (number of segments)
of Costjx(α)? (2) How to store and update the functions Costjx(·) efficiently?
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Algorithm DepthDP2 for 2 medians. We now consider the case k = 2. For
j = 0, Cost0x(·) is a linear function and is easy to maintain. For j = 2, we only
need Cost2x = Cost2x(dx). The hardest case is j = 1. In this case, the problem
reduces to keeping track of a lower envelope of a number of line segments, which
can be done in time O(log n) per operation (details in the full paper).

Theorem 1. Algorithm DepthDP2 computes 2-medians in directed trees in time
O(n log2 n).

Minimizers. In order to estimate the running time of Algorithm DepthDP, one
needs to bound the complexity (that is, the number of segments) of functions
Costjx(·). We now consider this issue. Without loss of generality we can restrict
our attention to the case when x is the root of T and j = k. For simplicity, we
will write Cost(α) for Costkx(α).

For a set F of k vertices in T , let CostF (α) be the cost of placing k facilities
on F in Tα. We say that F is a minimizer of Cost(·) at α if F minimizes CostF (α)
among all k-element sets. Each segment of Cost(·) belongs to some line CostF (·).
Thus we are interested in the following question: How many different minimizers
we may have? Clearly, this number cannot exceed

(
n
k

)
. We conjecture that this

number is substantially smaller.

Conjecture 2. For each fixed k, the number of minimizers is O(n).

The above linearity conjecture immediately implies that, for any fixed k,
Algorithm DepthDP runs in time O(n2). For varying k, the complexity of the
algorithm depends on how fast the bound on number of maximizers grows with k.

The linearity conjecture is trivially true for k = 1. We show that it also holds
for k = 2. The proof is based on amortized analysis and will appear in the full
version of this paper.

Theorem 3. For k = 2, function Cost(·) has O(n) minimizers.

4 Independent Facilities

Suppose that instead of any set of k facilities, we wish to find a set of k inde-
pendent facilities that minimizes cost. We show that this problem can be solved
in linear time for any fixed k.
Algorithm IndDP. The algorithm works by simple bottom-up dynamic pro-
gramming. For each node x and each j we compute IndGainjx, the maximum
gain resulting from placing up to j independent facilities in Tx. If x is a leaf, set
IndGain0

x = 0 and IndGainjx = wxdx for j > 0. Suppose that x is not a leaf and
y, z are the sons of x. For other nodes:

IndGainjx = max
{

maxp+q=j
{

IndGainpy + IndGainqz
}

ωxdx

Algorithm IndDP clearly runs in time O(k2n).
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5 A Faster Algorithm for k = 2

We now improve the upper bound for k = 2 to O(n log n). We have two subcases:
the independent case, when the two facilities are independent, and the ancestral
case, when one facility is an ancestor of the other. The independent case has
been solved in Section 4.
The ancestral case. In the ancestral case, our task is to find u and v ∈ Tu
that maximize the gain resulting from placing two facilities at u, v:

Gain(u, v) = duωu + (dv − du)ωv. (1)

The algorithm for the ancestral case uses the divide-and-conquer approach.
At each step we make a recursive call to some tree S to compute an ancestral
pair u, v that maximizes (1) among all pairs in S. Let x be the root of S.
It is well-known – and easy to see – that S always has a node y such that
1
3 · |S| ≤ |Sy| ≤ 2

3 · |S|. We call this node y a centroid of S. Using y, we can
partition S into disjoint subtrees Sy and S−Sy. This gives rise to three possible
locations of the optimal pair u, v: (i) u, v ∈ Sy, (ii) u, v ∈ S − Sy, or (iii)
u ∈ path(x, y) and v ∈ Sy, where path(x, y) denotes the path from x to y in S
(See Figure 1), excluding y. Recursively, we find optimal pairs in Sy and S−Sy.

S yS - S y

x

u

v

S y

y

u

v

S y

x

y

v

u path(x,y)

Fig. 1. Three possible location of an optimal ancestral pair in a partitioned
tree S

We now show how to find an optimal pair that is split between path(x, y)
and Sy. Denote by P = path(x, y) and Q = Sy the lists of all ancestors (exclud-
ing y) and descendants of y, ordered by decreasing tree weight ω. By routine
calculations we get the following lemma.

Lemma 4. Let P = (p1, . . . , pa) be a list of nodes ordered by increasing depth
and Q = (q1, . . . , qb) a list of nodes ordered by decreasing tree weight. Then
function Gain(·, ·) has the Monge property on P ×Q, that is, for all i < j and
g < h we have

Gain(pi, qg) + Gain(pj , qh) ≥ Gain(pi, qh) + Gain(pj , qg)

Procedure AncSplitPair(P,Q). The procedure receives on input two lists of
vertices P and Q that satisfy the conditions of Lemma 4. It outputs a pair
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{u, v}, for u ∈ P and v ∈ Q, that maximizes Gain(u, v). To find u and v, we
simply apply the linear-time algorithm called SMAWK (see [1]) that computes
maxima of functions with the Monge property.
Procedure AncPair(S). The input S is a tree with root x. The procedure pro-
duces two outputs: the optimal ancestral pair from S, and the list of all nodes
of S sorted by decreasing tree weight. If S = {x}, return {x, x} and a one-element
list (x). If |S| > 1, we proceed as follows:
0. Find a centroid y of S.
1. Call AncPair(Sy) to compute the best pair {u1, v1} in Sy and the list Q1 of
the nodes in Sy sorted by decreasing tree weight.
2. Call AncPair(S − Sy) to compute the best pair {u2, v2} in S − Sy and the
list Q2 of the nodes in S − Sy sorted by decreasing tree weight.
3. Call AncSplitPair(P,Q1), where P = path(x, y), to compute the best pair
{u3, v3}, where u3 ∈ path(x, y) and v3 ∈ Sy.
4. Return the best of the three pairs {ui, vi}, i = 1, 2, 3.
5. Merge lists Q1 and Q2 and return the resulting sorted list.

Algorithm Fast2Median. Given a weighted tree T , we use Algorithm IndDP
with k = 2 to find the best independent pair. Then we use Procedure AncPair
to find the best ancestral pair. We output the better of these two.

Theorem 5. Algorithm Fast2Median computes 2-medians in directed trees in
time O(n log n).

Proof. Consider one recursive call of AncPair(S), with |S| = m and |Sy| = m′.
The running time of AncPair(S) satisfies the recurrence t(m) = t(m′) + t(m −
m′) + O(m), where m/3 ≤ m ≤ 2m/3, since computing y, merging sorted se-
quences, and the call to AncSplitPair all take time O(m). This immediately im-
plies that the running time of AncPair is t(n) = O(n logn).

6 An Algorithm for k = 3

In this section we improve the time complexity for k = 3 to O(n log2 n). We
start by describing some auxiliary procedures.
Best-descendant function. First, we solve the following task. For each u, we
want to compute v ∈ Tu that maximizes Gain(u, v) = duωu + (dv − du)ωv. We
refer to this v as the best descendant of u and denote it BestDesc(u).

We compute the function BestDesc(·) by essentially the same algorithm as the
one for solving the ancestral case of the 2-median problem, AncPair. Referring to
the description of AncPair in Section 5, the following changes need to be made.
The recursive call to AncPair(S), instead of outputting just one optimal pair,
computes BestDesc(u) for all u ∈ S. As before, it also produces a list of nodes
in S sorted according to decreasing tree weight. After the two recursive calls to Sy
and S−Sy, we call a modified version of AncSplitPair(P,Q) that, for each u ∈ P
computes an optimal v ∈ Q that maximizes Gain(u, v). This, again, is done
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using the SMAWK algorithm. For u ∈ Sx − path(x, y) this gives us the desired
values of BestDesc(u). For u ∈ path(x, y), BestDesc(u) is the better of the nodes
produced by the recursive call to AncPair(S − Sy) and by AncSplitPair(P,Q1).
The running time of this modification of AncPair is also O(n log n).
Forbidden path. We need another, rather technical procedure, similar to the
one given above for computing BestDesc(·). In this case, the input is some tree U
with root x. We are also given a node z ∈ U . The goal is to compute, for each
u ∈ path(x, z) the best descendant v of u in U−path(x, z) (the one that maximizes
Gain(u, v)). We call path(x, z) the forbidden path. We accomplish this task with
a recursive procedure PathBestDesc(U, z) based on the centroid partitions. We
find a centroid y of U and we partition U into Uy and U −Uy. We now have two
cases (see Figure 2).

y

x

z

y

z

x

s

Fig. 2. Two cases in computing descendants with a forbidden path

Suppose that y and z are independent, and denote by s their lowest common
ancestor. We first make a recursive call to PathBestDesc(U − Uy, z). This will
give us the correct descendant for each u ∈ path(x, z) − path(x, s). Then for
all u ∈ path(x, s) we compute the best descendant in Uy using the SMAWK
algorithm, and we pick the better of the two choices.

We now examine the other case, when z ∈ Uy. We first make a recursive
call to PathBestDesc(Uy, z). This will give us the correct descendant for each
u ∈ path(y, z). Next, we make a recursive call to PathBestDesc(U − Uy, y′),
where y′ is the father of y. Then, for all u ∈ path(x, y′) we compute the best
ancestor in Uy − path(y, z) using the SMAWK algorithm. (Removing path(y, z)
does not affect the algorithm, we just need to change the second input list). This
gives us up to two candidate descendants for all u ∈ path(x, y′) and we pick the
better one.

Overall, if |U | = m, the above procedure in time O(m logm) for each u ∈
path(x, z) will compute its best descendant that is not on path(x, z).
The algorithm. We consider separately four cases corresponding to different
genealogical relations between the facilities and choose the optimal solution.
These four cases are:
Independent: All three facilities are independent.
Partially independent: A pair of nodes u, v, with u being an ancestor of v, and
one node t independent of u and v.
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Ancestral: Three nodes u, v, t on a path from root to a leaf.
Partially ancestral: A node u with two independent descendants v, t.

To solve the independent case we can simply apply Algorithm IndDP from
Section 4 with k = 3. We now describe how to solve the remaining three cases.
Partially independent case. In this case, we use the function BestDesc(·).
We perform dynamic programming in a bottom-up order, similarly to the in-
dependent case from Section 4. For each node x we compute three values: an
optimal singleton in Tx, and optimal ancestral pair in Tx, and an optimal par-
tially independent triple in Tx. Suppose we are now at x. The optimal singleton
in Tx is either x, or the optimal singleton in Ty, or the optimal singleton in Tz.
The optimal ancestral pair is either {x, v}, for v =BestDesc(x), or the optimal
pair from Ty, or the optimal from Tz. The optimal partially independent triple
is obtained by combining the optimal pair from one subtree with the optimal
singleton from the other and adding up their gain values. This can be done in
two ways, and we choose the better of the two triples.
Ancestral case. The totally ancestral case is solved, in essence, by applying
the ancestral case of the 2-median algorithm twice. We first compute function
BestDesc(·). With each u and v ∈ Tu we can associate a modified gain value
Gain∗(u, v) = duωu + (dv − du)ωv + G(v), where G(v) = (dt − dv)ωt, for t =
BestDesc(v). Calculations similar to the proof of Lemma 4 show that Gain∗(u, v)
has the Monge property. The maximum of Gain∗(u, v) is equal to the maximum
gain of an ancestral triple {u, v, t}. Thus we can solve this case by running the
procedure AncPair(T ) with the modified gain function Gain∗(u, v) instead of
Gain(u, v).
Partially ancestral case. This is the most difficult case. The algorithm is again
based on divide-and-conquer using the centroid tree partition. As before, a given
tree S is partitioned into two subtrees Sy and S−Sy. There are four possibilities
for the location of the optimal partially ancestral triple, see Figure 3. The first
two cases are solved recursively. The third case is solved using the depth-based
dynamic programming approach from Section 3. The last case is hardest. In this
case u ∈ path(x, y), one of its descendants v is in S−Sy−path(x, y) and the other
descendant t is in Sy. The idea is that we can compute v and t independently of
each other. We compute t using the SMAWK algorithm. To compute v, we call
the procedure PathBestDesc(S − Sy, y) that finds the best descendant that does
not lie on path(x, y).

x

v
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u
y

u

tv

y

u

tv

y

u

v
t

Fig. 3. Four possible location of an optimal partially ancestral triple in a parti-
tioned tree S
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We now describe the whole procedure in more detail. For a tree S with root x,
let Gain1

S(α) denote the optimal gain of having one facility in S given that there
is another facility located at distance α above x. Similarly, let IndGain2

S(α)
denote the optimal gain of having two independent facilities in S given that
there is another facility located at distance α above x. (We slightly overload the
notation introduced in Section 3 to avoid clutter).
Procedure PartAncTriple(S). The input S is a tree with root x. The procedure
produces three outputs. The first output is an optimal partially ancestral triple
{u, v, t} in S (or nil if no such triple exists). The second output is the function
Gain1

S(·), and the third output is the function IndGain2
S(·). Both functions are

piece-wise linear functions, as explained in Section 3. For both functions, with
each segment, we store the node (or the pair of nodes) that corresponds to this
segment.

If |S| = {x}, return nil. If |S| > 1, we proceed as follows:

0. Find a centroid y of S. Let S′ = S − Sy.
1. Call PartAncTriple(Sy). Let {u1, v1, t1} be the optimal triple in Sy.
2. Call PartAncTriple(S′). Let {u2, v2, t2} be the optimal triple in S′.
3. We divide this step into three sub-steps. (3a) Call PathBestDesc(S′, y) to
compute, for each u ∈ path(x, y) the best descendant v of u in S′ − path(x, y).
(3b) For each u ∈ path(x, y) compute its best descendant t ∈ Sy. This again
can be done using the SMAWK algorithm. (3c) For each u ∈ path(x, y) form a
partially ancestral triple {u, v, t} by using nodes v and t from the previous two
steps. Among these triples, let {u3, v3, t3} be the triple that has the maximum
gain value.
4. For each u ∈ path(x, y) compute IndGainSy (dy − du). Let u4 be the node that
achieves this maximum, and v4, t4 the independent nodes in Sy that correspond
to the line segment that contains α = dy − du. Form a partially ancestral triple
{u4, v4, t4}.
5. Return the best of the triples {ui, vi, ti}, i = 1, 2, 3, 4.
6. Compute Gain1

S(·). To determine Gain1
S(·), we use the gain functions com-

puted by the recursive calls in Step 1 and 2. We take Gain1
S(α) to be the maxi-

mum of Gain1
Sy

(α+ dyx) and Gain1
S′(α).

7. Compute IndGain2
S(·). To determine IndGain2

S(α), we compute the maximum
of three functions that correspond to three possible locations of the independent
facilities v, t in S: v, t ∈ Sy, v, t ∈ S′, and v ∈ Sy and t ∈ S′. Thus the first
function is IndGain2

Sy
(α+ dyx), the second function is IndGain2

S′(α+ dyx), and
the third function is Gain1

Sy
(α+ dyx) + Gain1

S′(α).

Algorithm Fast3Median. Given a weighted tree T , we compute separately the
optimal triples for each of the four genealogical patterns. The independent case
was solved in Section 4. The algorithms for the other three cases were described
above.

Theorem 6. Algorithm Fast3Median computes 3-medians in directed trees in
time O(n log2 n).
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Proof. It is sufficient to estimate the running time of Procedure PartAncTriple.
Consider a recursive call to a tree S. Let m = |S| and m′ = |Sy|. The recursive
calls take time t(m′) and t(m − m′). The invocation of PathBestDesc(S′, y) in
Step 3 executes in time O(m logm). The rest of the computation in this step
requires only time O(m). Steps 4-7 take time O(m). So, overall, the running time
satisfies the recurrence: t(m) = t(m′) + t(m −m′) + O(m logm), where m/3 ≤
m ≤ 2m/3. This immediately implies that the running time of PartAncTriple is
t(n) = O(n log2 n).

7 Final Comments

We presented an O(n log n)-time algorithm for 2-medians and an O(n log2 n)-
time algorithm for 3-medians in directed trees, improving the O(n2) upper bound
for these cases. Many open problems remain.

Can the 2-median problem be solved in linear time? The answer is positive
if the tree is a path. However, for general trees, we remain skeptical. The hard
case appears to be a tree with a long path from the root r to a node y and a
“bushy” subtree Ty. If Ty is sorted by decreasing tree weight, we can apply the
SMAWK algorithm to get a solution in linear time. So the problem appears to
reduce to the question of whether sorting is necessary.

What is the complexity of the problem for general k? We conjecture that
it can be solved in time O(ckn loga n), where a is a small constant and ck is a
constant that depends only on k. An analogous question can be asked for the
undirected case. We believe that our approach from Section 6 can be used to get
an O(n log2 n)-time algorithm for this problem in case k = 3.

The linearity conjecture remains open for k ≥ 3. Getting good estimates on
the number of minimizers of the cost function would help to get better upper
bounds on the complexity of the k-median problem. The linearity conjecture is
closely related to some problems in combinatorial geometry. For example, if T is
a star, that is, a tree consisting only of a root with n− 1 sons, then the problem
is equivalent to counting the number of sets consisting of k top lines in an
arrangement of n− 1 lines, which is known to be O(kn). We suspect that nearly
linear upper bounds can be obtained using Davenport-Schinzel sequences [7,17],
but so far we were able to apply this method only for k = 2.
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Abstract. In this paper we consider the question of whether NC0 cir-
cuits can generate pseudorandom distributions. While we leave the gen-
eral question unanswered, we show
• Generators computed by NC0 circuits where each output bit de-

pends on at most 3 input bits (i.e, NC0
3 circuits) and with stretch

factor greater than 4 are not pseudorandom.
• A large class of “non-problematic” NC0 generators with superlin-

ear stretch (including all NC0
3 generators with superlinear stretch)

are broken by a statistical test based on a linear dependency test
combined with a pairwise independence test.

• There is an NC0
4 generator with a super-linear stretch that passes

the linear dependency test as well as k-wise independence tests, for
any constant k.

1 Introduction

The notion of deterministically expanding a short seed into a long string that
looks random to efficient observers, i.e., the notion of a pseudorandom generator,
has been a fundamental idea in complexity as well as cryptography. Nevertheless,
the question of whether strong pseudorandom generators actually exist is a huge
open problem, as their existence (at least with cryptographic parameters) implies
that P �= NP: One can prove that a generator G is not pseudorandom by
presenting a polynomial-time algorithm to decide range(G). Therefore if P =
NP, strong pseudorandom generators do not exist.

On the other hand, thatG has anNP-hard range does by no means guarantee
or even suggest that G is a strong generator, as there may be statistical regu-
larities in the output of the generator. For this reason, existing pseudorandom
generators are proven to be strong under stronger hardness assumptions than
P �= NP. Some of the most important research in this area was presented in a
series of papers by Blum and Micali [2], Yao [18] and Goldreich and Levin [6].
H̊astad, Impagliazzo, Levin and Luby [9,8], building on this research, finally
showed that the existence of a cryptographic one-way function is sufficient (and

� Full version at http://www.brics.dk/~maryc/publ/psu.ps. Partially supported by
the IST Programme of the EU, contract number IST-1999-14186 (ALCOM-FT).

J. Sgall, A. Pultr, and P. Kolman (Eds.): MFCS 2001, LNCS 2136, pp. 272–284, 2001.
c© Springer-Verlag Berlin Heidelberg 2001



On Pseudorandom Generators in NC0 273

trivially necessary) for the existence of a cryptographic pseudorandom genera-
tor. This general construction only depends on a generic one-way function, but
the resulting generator is quite involved and seems to need the full power of the
complexity class P.

The general construction left open the precise computational power needed
to produce pseudorandomness. Kharitonov [11] showed, under a more specific
hardness assumption, that there is a secure pseudorandom generator in NC1

for any polynomial stretch function. Impagliazzo and Naor [10] showed how to
construct secure pseudorandom generators based on the assumed intractability of
the subset sum problem. In particular, they showed how to construct a generator
with a non-trivial stretch function (expanding n bits to n + Θ(log(n)) bits) in
the complexity class AC0. This suggests that even rudimentary computational
resources are sufficient for producing pseudorandomness (it is worth noting that
Linial, Mansour and Nisan [14] proved that there are no pseudorandom function
generators in AC0 with very good security parameters).

From both a theoretical and a practical point of view it seems worth finding
out how rudimentary pseudorandom generators can be. There are different in-
terpretations of this question, depending on how we formalise “rudimentary” or
“simple”. In previous work Kharitonov et al. [12] and Yu and Yung [19] proved
strong negative results about the ability of various automata and other severely
space-restricted devices to produce pseudorandomness. In this paper, we inter-
pret “simple” in terms of circuit complexity and ask: Are there pseudorandom
generators in NC0?, that is, are there pseudorandom generators where each out-
put bit depends on only a constant number of input bits? Such generators would
be appealing in practice as they can be evaluated in constant time using only
bounded fan-in hardware. However, it seems that with such a severe constraint
on the generator, there would certainly be statistical regularities in the output,
so that we could construct a sequence of circuits to distinguish between the uni-
form distribution and output from the generator. This is a tempting conjecture,
but we have not been able to prove it without further restrictions.

Our main results are:

Theorem 11 There is no strong pseudorandom generator with a stretch factor
greater than 4 for which every output bit depends on at most 3 input bits (that
is, no NC0

3-generator).

We can actually prove a weaker version of the theorem above for a more general
class of “non-problematic” generators of which NC0

3 generators are a special
case, and we do this in Theorem 9. It is interesting to note that deciding the
range of a NC0

3 circuit is, in general,NP-hard (see Proposition 1), so we cannot
use the approach of inverting the generator’s output to prove either of these two
theorems. Instead, in Theorem 9 we show that we can break any such generator
with a statistical test consisting of a linear dependency test and a test for pairwise
independence of the output bits. On the other hand, we show

Theorem 14 There is a generator with a superlinear stretch for which every
output bit depends on at most 4 input bits (i.e., an NC0

4-generator) so that



274 Mary Cryan and Peter Bro Miltersen

that there are no linear dependencies among the output bits and so that for any
constant k and for sufficiently large input size, all bits of the output are k-wise
independent.

The question of whether there are true pseudorandom generators in NC0
4 is

still open. We have no construction that we believe is truly pseudorandom, nor
do we have a general scheme for breaking such generators. We have been able to
reduce the number of boolean functions on 4 variables that could possibly serve
as basis for such a generator to 4, up to isomorphism.

2 Definitions and Background

Definition 1. A circuit C : {0, 1}n → {0, 1}N is in NC0
c if every output bit

of C is a function of at most c input bits. The circuit C is associated with an
induced distribution on {0, 1}N , where the probability of y ∈ {0, 1}N is the
probability that C outputs y when the input to C is chosen from the uniform
distribution Un on {0, 1}n. We will be flexible about notation and use C to
denote this induced distribution as well as the circuit itself. We say a sequence
of circuits {Cn}n : {0, 1}n → {0, 1}�(n) is in NC0

c if Cn is in NC0
c for all n. The

function �(n) is known as the stretch function of the sequence and the stretch
factor is �(n)/n.

Definition 2. A function f : N→ [0, 1] is said to be negligible if for every c > 0,
there is some constant nc such that f(n) < n−c for every n ≥ nc. It is said to
be overwhelming if 1− f is negligible.

Definition 3 (from [10]). A function G : {0, 1}n → {0, 1}�(n) is a pseudoran-
dom generator if every non-uniform polynomial-time algorithm A has a negligible
probability of distinguishing between outputs of G and truly random sequences;
that is, for every algorithm A,

|Pr[A(G(x)) = 1]− Pr[A(y) = 1]| is negligible,

where x and y are chosen from Un and U�(n) respectively.

Deviating slightly from the above definition, we prove, for convenience, our non-
pseudorandomness results for sequences of NC0

c distributions by using a statis-
tical test to distinguish between several samples of the uniform distribution and
several samples of the NC0

c distributions, rather than one sample.

Definition 4. An efficient statistical test is a procedure which takes as input a
parameter N and m = m(N) samples (for some m(N) = NO(1)) y1, . . . , ym from
{0, 1}N , runs in polynomial time, and either ACCEPTs or REJECTs. Further-
more, if y1, . . . , ym are chosen from the uniform distribution UN , the probability
of acceptance is overwhelming (that is, the probability of rejection is negligible).
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Definition 5. Let A be a statistical test. An ensemble {Dn}n∈N of probability
distributions on {0, 1}�(n), � : N→ N is said to fail A if the probability that A
rejects y1, . . . , ym(�(n)) chosen independently fromDn is not negligible. Otherwise
the ensemble is said to pass A.

Although Definition 3 is the traditional definition of pseudorandomness, it is
well known that an ensemble of distributions generated by a generator fails some
(possibly non-uniform) statistical test in the sense of Definition 5 if and only if
the generator is not pseudorandom in the sense of Definition 3 (see Goldreich [5,
page 81] for details).

Some of the results in Sections 3 and 4 refer to special NC0
c circuits that we

refer to as non-problematic circuits. We need the following definition:

Definition 6. A function f : {0, 1}c → {0, 1} is affine if f(x1, . . . , xc) can be
written in the form α1x1 + . . . αcxc + αc+1 (mod 2), for αi ∈ {0, 1}. We say
that f is statistically dependent on the input variable xi if either Pr[f(x) = 1 |
xi = 1] �= 1/2 or Pr[f(x) = 1 | xi = 0] �= 1/2. An NC0

c circuit is non-problematic
if for every output gate yj = fj(xj,1, . . . , xj,c), the function fj is either an affine
function or depends statistically on one of its variables.

Before we present our results, we discuss previous negative results on genera-
tion of pseudorandomness. Lower bounds for pseudorandom function generators
were studied in [14,16,13]. The only papers we are aware of that give impossi-
bility results or lower bounds for “plain” pseudorandom generators as defined
above, are the papers by Kharitonov et al. [12] and Yu and Yung [19].

Kharitonov et al. [12] proved that no generator that is either a one-way
logspace machine or a one-way pushdown machine is a strong generator, even
when the generator is only required to extend the input by a single bit. They also
considered the question of whether sublinear-space generators exist and related
this issue to the L vs P question. It is worth noting that the proofs of non-
pseudorandomness that Kharitonov et al. obtain for one-way logspace machines
and one-way pushdown machines (and for finite reversal logspace machines)
depend on showing that the range of these generators can be recognized in
polynomial time.

Yu and Yung [19] considered bidirectional finite state automata and bidirec-
tional machines with sublogarithmic space (o(log n) space) as generators. They
proved that bidirectional finite state automata are not strong pseudorandom
generators, even when the generator only extends the input by one bit. For
these generators, they also showed that the tester for distinguishing between the
generator’s output and the uniform distribution can be assumed to lie in L2.
For bidirectional machines with o(logn)-space, they showed that any generator
in this class with superlinear stretch is not pseudorandom. All the impossibility
results of Yu and Yung are again obtained by showing that the range of the
generator can be recognized in polynomial time.

We can use a similar strategy to show that pseudorandom generators inNC0
2

do not exist: Note that for all uniform sequences {Cn}n of circuits in NC0
2,

range(Cn) is in P. This follows because the problem is a special case of 2-SAT.
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However, this is a strategy we cannot use (in general) for distributions generated
byNC0-circuits, because we now show that there are sequences {Cn}n of circuits
in NC0

3 such that deciding range(Cn) is NP-complete. The proposition below is
an improvement of a result due to Agrawal et al. [1, Proposition 1], who showed
that there is a function f in NC0

4 such that that is NP-complete to invert f . It
also improves an unpublished theorem of Valiant (Garey and Johnson [4], page
251), stating that inverting multinomials over GF (2) is NP-hard: we prove that
this is the case even for a specific sequence of multinomials.

Proposition 7. There is a uniform sequence {Cn}n∈N of NC0
3 circuits such

that range(Cn) is NP-complete. Also, every output gate in every circuit in the
sequence is a degree-2 multinomial over GF (2).

Proof. The reduction is from theNP-complete problem 3-SAT. For every n ∈ N
we construct a NC0

3 circuit to model 3-SAT problem on n variables. The circuit
has an input gate xi for 1 ≤ i ≤ n for each logical variable, and three helper
inputs hj,1, hj,2, hj,3 for every possible three-literal clause cj (there are 8

(
n
3

)
cjs).

The circuit has four output gates yj,0, yj,1, yj,2, yj,3 for every cj . LetN = 16
3 n(n−

1)(n− 2) denote the total number of output gates.
The gates are connected to form a NC0

3 circuit as follows: for every possible
clause cj , we connect hj,1, hj,2 and hj,3 (the “helper” inputs) to yj,0 as follows:

yj,0 =def (1 + hj,1 + hj,2 + hj,3) (mod 2) (1)

It is easy to check that yj,0 = 1 iff an even number (0 or 2) of the helper
inputs {hj,1, hj,2, hj,3} are switched on. Let the literals in clause cj be �j,1, �j,2
and �j,3. Each of the output gates {yj,1, yj,2, yj,3} is the disjunction of one helper
input and one of the literals in cj :

yj,i =def 1− (1 − �j,i)(1− hj,i) (mod 2) i = 1, 2, 3 (2)

Two facts:

(i) If all of the helper inputs for cj are 1 then yj,0 = 0 and yj,1yj,2yj,3 = 111
both hold.

(ii) Suppose the xi inputs are fixed but the helper inputs are not. Then we can
set values for hj,1, hj,2, hj,3 to give yj,0yj,1yj,2yj,3 = 1111 iff at least one of
the literals in cj is true under the truth assignment given by the xi input
variables.

For any instance (X,C) of 3-SAT with n = |X | variables, define a ∈ {0, 1}N
by setting aj,0aj,1aj,2aj,3 = 1111 for every cj ∈ C and aj,0aj,1aj,2aj,3 = 0111 for
every cj �∈ C. By fact (i), we can imagine that all the helper inputs for clauses
outside C are set to 1. Then by fact (ii), a ∈ range(Cn) iff there is some truth
assignment for the xi variables that satisfies some literal of every clause in C.

Note that the functions defined for the output gates (Equations 1 and 2) are
all degree 2 multinomials.
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3 Lower Bounds

In this section we prove that sequences of non-problematic NC0
c circuits with a

“large enough” (constant) stretch factor are not pseudorandom generators.
The particular statistical test that we use to detect non-pseudorandomness is

the LINPAIR test, which tests for non-trivial linear dependencies in the output
(Step (i)) and also tests that the distribution on every pair of indices is close
to uniform. We also use a generalization of the LINPAIR test called the LIN(k)
test, which instead of merely checking that the distribution on every pair of out-
puts is close to uniform, checks that the distribution on every group of k indices
is close to uniform (Step (ii)). Note that Step (i) of LIN(k) can be computed in
polynomial-time by Gaussian elimination. Also for any constant k ∈ N, Step (ii)
of LIN(k)[m,N ] is polynomial in m and N , because there are only 2k

(
N
k

)
differ-

ent Fj1,...,jk [b1, . . . , bk] values to calculate and test.
Throughout the paper we will use LINPAIR[m, N ] to denote LIN(2)[m, N ].

Algorithm 1 LIN(k)[m,N ]

input: m samples a1, . . . , am ∈ {0, 1}N . Each ai is written as ai,1 . . . ai,N .
output: ACCEPT or REJECT

(i) Check the linear system
∑
j zjai,j = zN+1(mod 2) (1 ≤ i ≤ m) for a

non-trivial solution;
If there is a non-trivial solution then REJECT;
else

(ii) For every set of k indices j1, . . . , jk (1 ≤ j1 < . . . jk ≤ N),
calculate

Fj1,...,jk [b1, . . . , bk] =def
1
m |1 ≤ i ≤ m : ai,j1 . . . ai,jk = b1 . . . bk],

for every tuple b1 . . . bk ∈ {0, 1}k;
if |Fj1,...,jk [b1, . . . , bk]− (1/2k)| > 1

N for any j1, . . . , jk and b1, . . . , bk
then
REJECT;

else
ACCEPT;

end
end

Now we show that LIN(k) is a statistical test for any k (it accepts the uniform
distribution):

Lemma 8. Let m : N → N be any function satisfying m(N) ≥ N2 log2 N .
Then if the LIN(k) algorithm is run with m samples from UN , the probability
that LIN(k) accepts is overwhelming.

Proof. First consider Step (i). First note that since we are working with binary
arithmetic modulo 2, any non-trivial solution to the linear system

∑N
j=1 zjai,j =
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zN+1(mod 2) corresponds to a non-empty subset S ⊆ {1, . . . , N} such that either
(a)

∑
j∈S ai,j = 0 holds for all 1 ≤ i ≤ m or (b)

∑
j∈S ai,j = 1 holds for all i.

For any fixed set S of indices, the probability that
∑
j∈S ai,j = 0 holds for a

single ai chosen from the uniform distribution is 1/2. The probability that (a)
holds for all 1 ≤ i ≤ m is 1/2m, and the probability that either (a) holds or
(b) holds is 1/2m−1. There are only 2N subsets of {1, . . . , N}, so we can bound
the probability of finding any non-trivial solution to

∑N
j=1 zjai,j = zN+1(mod 2)

by 2N/2m−1, which is at most 2−N when m ≥ N2 log2 N .
Next we bound the probability that Step (ii) rejects. For any k in-

dices j1, . . . , jk, and any k-tuple of bits b1, . . . bk ∈ {0, 1}k, the probability
that j1, . . . , jk reads b1 . . . bk in a sample from UN is 1/2k. By Hoeffding’s In-
equality (see McDiarmid [15, Corollaries (5.5) and (5.6)]), if we take m samples
from UN , then

Pr
[|Fj1,...,jk [b1, . . . , bk]− 1/2k| ≥ 1/N

] ≤ 2 exp[−1/3(2k/N)2m(1/2k)]
≤ 2 exp[−2k/3(logN)2]

which is at most 2N−(logN)2k−2
. There are 2kNk different tests in Step (ii), so

the probability that any one of these fails is at most 2k+1Nk−(logN)2k−2
, which

is at most N− logN/2 for large N .
So LIN(k) succeeds with probability at least 1− 2−N −N− logN/2.

Theorem 9. For any constant c ≥ 2 there is a constant d ∈ N so that the
following holds: If {Cn}n∈N is a family of non-problematic NC0

c circuits whose
stretch function satisfies �(n) ≥ dn, then {Cn}n∈N fails LINPAIR[m, �(n)] for
any function m with m(�(n)) ≥ log2 �(n). Hence {Cn}n∈N is not pseudorandom.

Proof. The constant d = (2(c−1)2c

(c−1)!)+1 is large enough for this theorem. We
will show that for all such circuits, LINPAIR[m, �(n)] fails for all m ≥ log2 �(n)
(for large enough n).

There are two cases. The circuits are non-problematic, so every output bit
of Cn is either an affine bit or is statistically dependent on one of its input
variables.

Case (i): First we prove the theorem for the case when Cn has at least n+1
affine outputs. Without loss of generality, let the affine outputs be y1, . . . , yn+1.
Since there are only n input variables, and each output yi is an affine combination
of some input variables, there is a non-trivial affine dependence among the yi’s.
That is, we can find constants α1, . . . , αn+1 ∈ {0, 1} such that not all of the
αi are 0 and such that either

∑n
i=1 αiyi = 0(mod 2) or

∑n
i=1 αiyi = 1(mod 2)

holds for all x1, . . . , xn ∈ {0, 1}. Therefore, Step (i) of the LINPAIR algorithm
will always find a non-trivial solution (regardless of the number m of samples),
and the algorithm will reject.

Case (ii): If there are less than n+1 affine output bits, then there are at least
n(d−1) output bits that are statistically dependent on at least one of their input
variables. Therefore there is at least one input bit x such that (d − 1) different
output bits are all statistically dependent on x. Assume wlog that these output
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bits are y1, . . . , yd−1. We will prove that the distribution on some pair of these
bits deviates from the uniform distribution U2, and therefore will fail Step (ii)
of LINPAIR.

We use the Erdős-Rado sunflower lemma (see Papadimitriou[17, page 345]),
which gives conditions that are sufficient to ensure that a family F of sets con-
tains a sunflower of size p, where a sunflower is a subfamily F ′ ⊂ F of size p,
where every pair of subsets in F ′ has the same intersection. The family F that
we consider contains a set Ii for every 1 ≤ i ≤ d − 1, where Ii contains all the
input variables feeding yi except x. By the sunflower lemma, our definition of d
ensures that there is a sunflower of size d′ = 22

c

+ 1 in F . That is, we have d′

special output bits y1, . . . , yd′ , such that each yi depends on the bit x, on some
additional input bits u = (u1, . . . , ur) common to y1, . . . , yd′ , and on some extra
input bits zi not shared by any two outputs in y1, . . . , yd′.

There are only 22
c

different functions on c variables, so if we take the most
common function f among the output bits y1, . . . , yd′ (with the input bits ordered
as x first, then u, then the private input bits), then we can find at least 2 output
bits with the same function. Assume these are y1 and y2. So we have

y1 = f(x, u1, . . . , ur, z1) and y2 = f(x, u1, . . . , ur, z2)

where z1 and z2 are vectors of input bits, and z1 and z2 are disjoint and of
the same length. We can now show that the distribution on (y1, y2) is not U2.
Calculating, we have

Pr[y1y2 = 11] =
1
2
(Pr[y1y2 = 11|x = 1] + Pr[y1y2 = 11|x = 0])

=
1
2
(Avgj(Pr[y1y2 = 11|xu = 1j])+Avgj(Pr[y1y2 = 11|xu = 0j]))

=
1
2
(Avgj(Pr[y1 = 1|xu = 1j]2) + Avgj(Pr[y1 = 1|xu = 0j]2))

=
1
2
(Avgj(βj)

2 +Avgj(γj)
2)

where Avgj denotes the average of its argument over all j ∈ {0, 1}r, and βj =
Pr[y1 = 1|xu = 1j] and γj = Pr[y1 = 1|xu = 0j]. We know that the output y1 is
statistically dependent on x, so we assume wlog that Pr[y1 = 1|x = 1] = 1/2+ ε,
where ε ≥ 1/2c (since y1 is a function on c inputs). Then, assuming Pr[y1 = 1] =
1/2, we have Pr[y1 = 1|x = 0] = 1/2− ε (if we have Pr[y1 = 1] �= 1/2, then we
are already finished).

For any sequence of numbers {tj}, Avgj(tj)2 ≥ (Avgjtj)2. Also, Pr[y1 =
1|x = 1] = Avgjβj and Pr[y1 = 1|x = 0] = Avgjγj . Therefore

Pr[y1y2 = 11] ≥ 12(Pr[y1 = 1|x = 1]2 + Pr[y1 = 1|x = 0]2)

=
1
2
((1/2 + ε)2 + (1/2− ε)2)

=
1
2
(1/2 + 2ε2)
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Now consider the calculation of F1,2[1, 1] in Step (ii). The expected value
of F1,2[1, 1] is at least 1/4+1/22c. Therefore, if the deviation of F1,2[1, 1] from its
expectation is bounded by 1/22c+1, we have |F1,2[1, 1]− 0.25| ≥ 1/22c+1. Using
Chernoff Bounds (see McDiarmid [15]), the probability that F1,2[1, 1] deviates
from its expectation by 1/22c+1 is at most 2 exp[−2m(�(n))/22(2c+1)]. Thus for
m(�(n)) ≥ log2 �(n) and large enough n, we have |F1,2[1, 1]− 0.25| ≥ 1/22c+1 ≥
1/�(n) with probability at least 1 − 2 exp[−2(log �(n))3/2]. Therefore for suffi-
ciently large �(n), Step (ii) fails and LINPAIR[m, �(n)] rejects with probability
at least 1− 2�(n)−2(log1/2 �(n)).

One of our referees has pointed out that the bound on d in Theorem 9
can be improved by testing the variance of sums of output variables. For any
discrete random variable X , the variance of X , denoted var(X), is defined as the
expectation of (X − E[X ])2. In case (ii) of Theorem 9, we find a set of output
variables y1, . . . , yd−1 such that each yi is statistically dependent on the same
variable x. Suppose d ≥ 22c + 1. Then var(∑d−1

i=1 zi) is at least d − 1 for some
choice of zi ∈ {yi, ȳi} : i = 1, . . . d − 1, whereas the variance is (d − 1)/4 when
the zi are independent uniform random bits (see Grimmett and Stirzaker [7]).
The following statistical test distinguishes between the NC0

c circuits of case (ii)
and the uniform distribution: for every zi1 , . . . , zid−1 where zij ∈ {yi, ȳi} and
the ij are distinct indices, calculate the average of (

∑d−1
j=1 zij − (d− 1)/2)2 over

the set of samples. If any of these estimates is greater than (d−1)/2, then reject.
The following observation can be easily verified by computer.

Observation 10 Every NC0
3 circuit is non-problematic.

By Observation 10, Theorem 9 holds for all sequences of NC0
3 circuits. By

a more careful analysis of NC0
3 circuits, we can prove a stronger result:

Theorem 11. Let {Cn}n∈N be any ensemble of NC0
3 circuits which has a

stretch function �(n) with �(n) ≥ 4n + 1. Then {Cn}n∈N fails LIN(4)[m, �(n)]
for any m satisfying m(�(n)) ≥ log2 �(n) and therefore is not pseudorandom.

4 A Generator That Passes LIN(k)

Our original goal was to prove that for all c ∈ N there exists some constant
d ∈ N such that any sequence of NC0

c circuits with stretch factor at least d is
not pseudorandom. So far we have only been able to prove this for sequences of
non-problematic circuits. For the set ofNC0

4 circuits, we can classify the number
of different problematic output gate functions in the following way:

Observation 12 Consider the set of all problematic functions f : {0, 1}4 →
{0, 1} on four variables. Define an equivalence relation on this set by saying
f ≡ g iff

f(x1, x2, x3, x4) = b5 + g(π(x1 + b1, . . . , x4 + b4))(mod 2)
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for some permutation π and some five boolean values b1, . . . , b5 ∈ {0, 1}. That is,
two functions are equivalent if one can be obtained from the other by permuting
and possibly negating input variables and possibly negating the output. Then,
there are only four problematic non-equivalent functions on 4 inputs, namely

f1(x1, . . . , x4) = x1 + x2 + x3x4 (mod 2)
f2(x1, . . . , x4) = x1 + x2x3 + x3x4 + x2x4 (mod 2)
f3(x1, . . . , x4) = x1 + x2 + x4(x2 + x3) (mod 2)
f4(x1, . . . , x4) = x1 + x2 + (x1 + x4)(x2 + x3) (mod 2)

Proof. Case analysis (by computer).

Any NC0
4 circuit with a large enough stretch factor is guaranteed to either

(a) contain enough non-problematic output gates to allow us to use Theorem 9
to prove non-pseudorandomness, or (b) contain a large number of output gates
of the form fi, for one of the f1, . . . , f4 functions. So when we consider candidates
for pseudorandom generators in NC0

4 with superlinear stretch, we only have to
consider generators using gates of the form of one of f1, f2, f3, f4.

We show that Theorem 9 cannot be extended to non-problematic functions
by exhibiting an NC0

4 generator using only output gates of the form f1 and
passing LIN(k) for all constants k. We need the following lemma (a variation of
the well-known Schwartz-Zippel lemma):

Lemma 13. For any r-variable multilinear polynomial f of degree at most 2
over GF (2) which is not a constant function, Prx[f(x) = 0] ∈ [1/4, 3/4] when x
is chosen uniformly at random from {0, 1}r.
Theorem 14. Let k : N → N be any function satisfying 2 ≤ k(n) < logn.
Then there is a generator in NC0

4 with stretch function �(n) = n1+Θ(1/k), such
that for any function m satisfying m ≥ �(n)2(log2 �(n)), the generator passes
LIN(k(n))[m, �(n)] with overwhelming probability.

Proof. In this proof we will informally use k to denote k(n) and � to denote �(n).
Our construction uses the following result from extremal graph theory (see Bol-
labás [3, page 104]): For all n there exists a graph G on n/2 nodes with � edges,
such that the girth of G (i.e., the length of the shortest cycle of G) is at least k.
We use this graph to construct a circuit, with an output gate for every edge
in G: the input bits of the generator are split into two sets, the set {z1, . . . , zn/2}
which will represent the nodes of G, and another set {x1, . . . , xn/2}. We assume
some arbitrary enumeration {(ui, vi) : i = 1, . . . , �} of the edges of the graph,
and we also choose any � different ordered pairs {(i1, i2) : i = 1, . . . , �} from
{1, . . . , n/2}2. Then, for every output bit yi, we define

yi =def xi1xi2 + zui + zvi (mod 2),

where zui and zvi are the inputs from {z1, . . . , zn/2} representing ui and vi
respectively. Note that Pr[yi = 1] = 1/2 for every i.
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We show that the generator passes the linear dependency test of LIN(k)
with high probability and also that the output bits are k-wise independent, and
therefore pass Step (ii) of LIN(k).

First consider the test for linear dependence among the outputs y1, . . . , y�
(Step (i)). By definition of the yi functions, no two yi share the same xi1xi2
term. Then for every sequence α1, . . . , α� ∈ {0, 1} containing some non-zero
term,

∑�
i=1 αiyi is not a constant function. Step (i) rejects (given m sam-

ples a1, . . . , am ∈ {0, 1}�) iff there exist α1, . . . , α� ∈ {0, 1} not all zero such
that

�∑

i=1

αiaj,i is constant for all 1 ≤ j ≤ m

For any particular sequence α1, . . . , α� ∈ {0, 1}, Lemma 13 implies that the
probability that m samples satisfy the equation above is at most 2(3/4)m. There
are 2� different α-sequences, so the total probability that Step (i) rejects is at
most 2�2(3/4)m = 2�2(3/4)�

2 log2 �(n) ≤ (3/4)�2/2, which is negligible.
For Step (ii), we show that any k outputs are mutually independent. Let k′

be the minimum k′ for which k′ output bits are mutually dependent. Assume
wlog that these output bits are y1, . . . , yk′ . Now, suppose there is some yi with
1 ≤ i ≤ k′ such that one of zui , zvi does not appear in any other output func-
tion for y1, . . . , yk′ . If this is the case, then regardless of the values along the
output gates y1 . . . yi−1yi+1 . . . yk′ , the probability that yi = 1 is always 1/2
(yi is mutually independent of all the other yi’s). Therefore the set of out-
puts y1, . . . yi−1, yi+1 . . . yk′ must be mutually dependent and we obtain a contra-
diction. Therefore if k′ is the minimum value for which k′ outputs are mutually
dependent, then for every yi, zui and zvi appear in at least one other output
from y1, . . . , yk′ . In terms of the original graph that we used to construct our
circuit, we find that in the subgraph consisting of the set of edges for y1, . . . , yk′ ,
each vertex has degree at least 2. Then this subgraph contains a cycle of length
at most k′, so k′ ≥ k, as required.

Then an argument similar to the argument for LIN(k) in Lemma 8 shows
that Step (ii) rejects with negligible probability.

5 Open Problems

The main open problem is of course whether NC0 circuits in general can be
pseudorandom generators.We believe this may turn out to be a difficult question.
Some, perhaps, easier subquestions are the following:

We have been able to show that there is no pseudorandom generator in NC0
3

that expands n bits to 4n+1 bits. It would be interesting to optimise this to show
the non-existence of generators in NC0

3 expanding n bits to n+1 bits. . Another
goal that may be within reach is to prove that NC0

4 generators with superlinear
stretch cannot be pseudorandom generators. There is no reason to believe that
the construction of Theorem 14 is unbreakable. Indeed, note that the generator
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is not specified completely as the graph and the exact enumeration of pairs is
unspecified. It is easy to give examples of specific graphs and enumerations where
the resulting generator can be easily broken by testing whether a particular
linear combination of the output bits yields an unbiased random variable. If
one believes that NC0

4 generators in general are breakable (as we tend to do),
Observation 12 suggests that a limited number of ad hoc tests may be sufficient
to deal with all cases. For instance, it is conceivable that every such generator
is broken by testing whether a particular linear combination of the output bits
yields an unbiased random variable.
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Abstract. In this paper we prove that, in the context of weak machines
over IR, there are no sparse NP-hard sets.

1 Introduction

In [2] Berman and Hartmanis conjectured that all NP-complete sets are polyno-
mially isomorphic. That is, that for all NP-complete sets A and B, there exists
a bijection ϕ : Σ∗ → Σ∗ such that x ∈ A if and only if ϕ(x) ∈ B. In addition
both ϕ and its inverse are computable in polynomial time. Here Σ denotes the
set {0, 1} and Σ∗ the set of all finite sequences of elements in Σ.

Should this conjecture be proved, we would have as a consequence that no
“small” NP-complete set exists in a precise sense of the word “small”. A set
S ⊆ Σ∗ is said to be sparse when there is a polynomial p such that for all n ∈ IN
the subset Sn of all elements in S having size n has cardinality at most p(n). If
the Berman-Hartmanis conjecture is true, then there are no sparse NP-complete
sets.

In 1982 Mahaney ([11]) proved this weaker conjecture showing that there
exist sparse NP-hard sets if and only if P = NP. After this, a whole stream of
reserach developed around the issue of reductions to “small” sets (see [1]).

In a different line of research, Blum, Shub and Smale introduced in [4] a
theory of computability and complexity over the real numbers with the aim of
modelling the kind of computations performed in numerical analysis. The com-
putational model defined in that paper deals with real numbers as basic entities,
and performs arithmetic operations on them as well as sign tests. Inputs and
outputs are vectors in IRn and decision problems are subsets of IR∞, the disjoint
union of IRn for all n ≥ 1. The classes PIR and NPIR —which are analogous to
the well known classes P and NP— are then defined and one of the main results
in [4] is the existence of natural NPIR-complete problems.

Clearly, the sparseness notion defined above for sets over {0, 1} will not define
any meaningful class over IR since now the set of inputs of size n is IRn and this
is an infinite set. A notion of sparseness over IR capturing the main features of
the discrete one (independence of any kind of computability notion and capture
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of a notion of “smallness”), however, was proposed in [6]. Let S ⊆ IR∞. We say
that S is sparse if, for all n ≥ 1, the set

Sn = {x ∈ S | x ∈ IRn}
has dimension at most logq n for some fixed q. Here dimension is the dimension, in
the sense of algebraic geometry, of the Zariski closure of Sn. Note that this notion
of sparseness parallels the discrete one in a very precise way. For a subset Sn ⊆
{0, 1}n its cardinality gives a measure of its size and a sparse set is one for which,
for all n, this cardinality is polylogarithmic in the largest possible (i.e. 2n the
cardinality of {0, 1}n). For a subset Sn ⊆ IRn, we take the dimension to measure
the size of Sn, and again define sparseness by the property of having this measure
polylogarithmic in the largest possible (which is now n, the dimension of IRn).

Using this definition of sparseness for subsets of IR∞ the main result of [6]
proves that there are no sparse NP-complete sets in the context of machines over
IR which do not perform multiplications or divisions and branch on equality tests
only. Note that this result is not conditioned to the inequality P �= NP since this
inequality is known to be true in this setting (cf. [12]).

A variation on the BSS model attempting to get closer to the Turing machine
(in the sense that iterated multiplication is somehow penalized) was introduced
by Koiran in [10]. This model, which Koiran called weak, takes inputs from IR∞

but no longer measures the cost of the computation as the number of arithmetic
operations performed by the machine. Instead, the cost of each individual op-
eration x ◦ y depends on the sequences of operations which lead to the terms x
and y from the input data and the machine constants.

In this paper we extend Mahaney’s theorem to machines over IR endowed
with the weak cost. Again, this is not a conditional result since it is known that
P �= NP in this context too (cf. [7]). If NPW denotes the class of sets decided in
non-deterministic polynomial cost, our main result is the following.

Theorem 1. There are no sparse NPW -hard sets.

2 The Weak Cost

Let M be a machine over IR, let α1, . . . , αs be its constants and a =
(α1, . . . , αs) ∈ IRs. Let x = (x1, . . . , xn) ∈ IR∞. At any step ν of the com-
putation of M with input x, the intermediate value z ∈ IR produced in this step
can be written as a rational function of a and x, z = ϕ(a, x). This rational func-
tion only depends on the computation path followed by M up to ν (i.e. on the
sequence steps previously performed by M) and is actually a coordinate of the
composition of the arithmetic operations performed along this path (see [3] for
details). Let ϕ = gν

hν
be the representation of ϕ obtained by retaining numerators

and denominators in this composition. For example, the representation of the
product g

h · rs is always gr
hs and the one of the addition g

h + r
s always gs+hr

hs . We
will now use gν and hν to define weak cost.
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Definition 1. The weak cost of any step ν is defined to be the maximum of
deg(gν), deg(hν), and the maximum bit size of the coefficients of gν and hν . For
any x ∈ IR∞ the weak cost of M on x is defined to be the sum of the costs of
the steps performed by M with input x.

The class PW of sets decided within weak polynomial cost is now defined
by requiring that for each input of size n the weak cost of its computation is
bounded by a polynomial in n. A set S is decided in weak nondeterministic
polynomial cost (we write S ∈ NPW ) if there is a machine M working within
weak polynomial cost satisfying the following: for each x ∈ IR∞, x ∈ S if and
only if there is y ∈ IR∞ with size polynomial in n such that M accepts the pair
(x, y).

Remark 1. The definitions above do not fully coincide with those given in [10]
since this reference requires the representation of the rational functions ϕ above
to be relatively prime. The definitions we give here, which are taken from [3],
are essentially equivalent. For, if a set is in PW with the definition above, it is
clearly in PW with Koiran’s. The converse is more involved to prove. Roughly
speaking, any machine can be simulated by another which keeps “programs” in-
stead of performing the arithmetic operations at the computation nodes. When
the computation reaches a branch node the program for the register whose value
is tested for positivity is evaluated at the pair (a, x) to decide such positivity. Now
note that one can use algorithms of symbolic computation to make the numera-
tor and denominator of the rational function computed by the program relatively
prime before evaluating.

3 Proof of the Main Result

Let n ≥ 1. Consider the polynomial

fn = x2n

1 + . . . + x2n

n − 1

and let Cn = {x ∈ IRn | fn(x) = 0}. The polynomial fn is irreducible and the
dimension of Cn is n− 1. Let C ⊂ IR∞ be given by C = ∪Cn. We know (cf. [7])
that C ∈ NPW but C �∈ PW .

Let S ⊂ IR∞ be a NPW -hard set. Then C reduces to S. That is, there exists
a function ϕ : IR∞ → IR∞ computable with polynomial cost such that, for all
x ∈ IR∞, x ∈ C ⇐⇒ ϕ(x) ∈ S. For each n ≥ 1, the restriction of ϕ to IRn is a
piecewise rational function. Our first result, Proposition 2, gives some properties
of this function. It uses the following simple fact in real algebraic geometry whose
proof can be found in Chapter 19 of [3].

Proposition 1. Let f ∈ IR[x1, . . . , xn] be an irreducible polynomial such that
the dimension of its zero set Z(f) ⊆ IRn is n − 1. Then, for any polynomial
g ∈ IR[x1, . . . , xn], g vanishes on Z(f) if and only if g is a multiple of f .
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Proposition 2. Let n be sufficiently large. There exist x ∈ Cn and U ⊂ IRn

an open ball centered at x such that the restriction of ϕ to U is a rational map
h : U → IRm for some m bounded by a polynomial in n. In addition, if h1, . . . , hm
are the coordinates of h, then the degrees of the numerator and denominator of hi
are also bounded by a polynomial in n for i = 1, . . . ,m.

Proof. Let M be a machine computing ϕ within weak polynomial cost. By un-
winding the computation of M in a standard manner we obtain an algebraic
computation tree of depth polynomial in n. To each branch η in this tree one
associates a set Dη ⊆ IRn such that the Dη partition IRn (i.e. ∪Dη = IRn

and Dη ∩ Dγ = ∅ for η �= γ). In addition, each branch η computes a rational
map hη and ϕ|Dη

= hη. The set Dη is the set of points in IRn satisfying a system

sη∧

i=1

qi(x1, . . . , xn) ≥ 0 ∧
tη∧

i=sη+1

qi(x1, . . . , xn) < 0 (1)

where the qi(X1, . . . , Xn) are the rational functions tested along the branch.
Since M works within weak cost, the numerators and denominators of the qi as
well as those of hη have degrees bounded by a polynomial in n.

Everything we need now to see is that for some branch η, Dη contains an
open neighbourhood of a point x ∈ Cn.

To do so first notice that, by replacing each qi by the product of its nu-
merator and denominator, we can assume that the qi are polynomials. Also, by
writing qi ≥ 0 as qi = 0 ∨ qi > 0 and distributing the disjunctions in (1) we can
express Dη as a finite union of sets satisfying a system

s∧

i=1

qi(x1, . . . , xn) = 0 ∧
t∧

i=s+1

qi(x1, . . . , xn) < 0. (2)

We have thus described IRn as a union of sets which are solutions of systems like
(2). Since this union is finite there exists one such set D containing a subset H
of Cn of dimension n− 1. Let D be the solution of a system like (2). We claim
that there are no equalities in such system. Assume the contrary. Then there is
a polynomial q such that H ⊂ Z(q). Since dimH = n− 1 and Cn is irreducible
this implies that q(Cn) = 0 and, by Proposition 1, that q is a multiple of fn.
Since deg fn = 2n this is not possible for sufficiently large n.

The above implies that D is an open set from which the statement follows.

For the next result we keep the notation of the statement of Proposition 2.

Proposition 3. Let k = dimh(U).

(i) There exist indices i1, . . . , ik ∈ {1, . . . ,m}, a polynomial g ∈ IR[y1, . . . , yk]
and a rational function q ∈ IR(x1, . . . , xn) with both numerator and denom-
inator relatively prime with fn such that

g(hi1 , . . . , hik) = f �nq

for some ! > 0.
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(ii) Let n be sufficiently large. Then k ≥ n.

Proof. For part (i), first, notice that, since dim(h(U)) = k, there exist i1, . . . , ik ∈
{1, . . . ,m} such that the functions hi1 , . . . , hik are algebraically independent. We
want to show that dim(U ∩Cn) < k. To do so let X = h(U), Y = h(U −Cn) and
Z = h(U ∩ Cn). We have that all X,Y and Z are semialgebraic subsets of IRm.
In addition, Z is contained in the closure of Y with respect to the Euclidean
topology relative to X since h is continuous and Y ∩ Z = ∅ since h is the
restriction of ϕ to U and ϕ is a reduction.

From here it follows that Z is included in the boundary of Y relative to X .
Hence, dimZ < dim Y = dimX (see e.g. Proposition 2.8.12 of [5]).

The above shows that dimh(U ∩ Cn) < k. Therefore, there exists g ∈
IR[y1, . . . , yk] such that, for all x ∈ U ∩ Cn, g(hi1(x), . . . , hik(x)) = 0. Write
this as a rational function g(h) = a/b with a, b ∈ IR[x1, . . . , xn] relatively prime.
Then a(Cn) = 0 and a �= 0 (since hi1 , . . . , hik are algebraically independent). By
Proposition 1 this implies that there exists r ∈ IR[x1, . . . , xn] such that a = rfn.
If ! is the largest power of fn dividing a then the result follows by taking q = r′

b
where r′ is the quotient of r divided by f �−1

n .
We now proceed to part (ii). To simplify notation, assume that ij = j for

j = 1, . . . , k. Also, let d be a bound for the degrees of the numerators and denom-
inators of the hj. Recall from Proposition 2 that d is bounded by a polynomial
in n.

By part (i) there exists q ∈ IR(x1, . . . , xn) relatively prime with fn such that

f �nq = g(h1, . . . , hk)

for a certain ! ≥ 1. Taking derivatives on both sides we obtain that, for all
x ∈ IRn,

∇(f �nq)(x) = ∇(g)(h(x)) ◦Dh(x) (3)

where ∇ denotes the gradient and Dh(x) is the Jacobian matrix of h at x.
Assume that k < n. Transposing (3) one sees that ∇(f �q)(x) is the image of

a vector of dimension k. Thus, there exists a linear dependency among the first
k + 1 coordinates of ∇(f �q)(x)

k+1∑

i=1

λi
∂f �nq

∂xi
= 0 (4)

and the coefficients λi of this linear dependency are the determinants of some
minors of Dh(x). Thus, for i = 1, . . . , k + 1, λi is a rational function of x whose
numerator and denominator have degrees bounded by kd. Since the submatrix of
Dh(x) obtained by keeping its first k+1 rows contains at most k(k+1) different
denominators, multiplying equation (4) by the product of all of all of them allows
one to assume that the λi are polynomials with degree at most kd(k + 1).

By the product rule we get

k+1∑

i=1

λi

(
!f �−1
n q

∂fn
∂xi

+ f �n
∂q

∂xi

)
= 0
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i.e.

!f �−1
n q

k+1∑

i=1

λi
∂fn
∂xi

+ f �n

k+1∑

i=1

λi
∂q

∂xi
= 0.

Since f �n divides the second term above it must also divide the first from which,
using that fn and q are relatively prime, it follows that fn divides

∑k+1
i=1 λi

∂fn

∂xi
.

That is, there exists a polynomial p such that

fnp =
k+1∑

i=1

λi
∂fn
∂xi

i.e.

p

(
n∑

i=1

x2n

i − 1

)
= 2n

k+1∑

i=1

λix
2n−1
i .

Now, for n large enough, the degrees of the λi are smaller than 2n − 1 since
kd(k + 1) is polynomial in n. This implies that the degree of p must also be
bounded by kd(k + 1). But then, for each i ≤ k + 1, px2n

i = λix
2n−1
i , i.e.,

pxi = λi. And from here it follows that −p = 0, a contradiction.

Theorem 1 now readily follows. For all n ∈ IN, Proposition 2 ensures the
existence of an open ball U ⊂ IRn whose image by the reduction ϕ is included
in IRm with m polynomially bounded on n. But for all n sufficiently large this
image, by Proposition 3 (ii), has dimension at least n and therefore it can not
be polylogarithmic on m.

Remark 2. The result of Theorem 1, together with that in [6], supports the con-
jecture that there are no sparse NP-hard sets over the reals unless P = NP.
There are two main settings where this remains to be proved. On the one hand,
machines which do not multiply nor divide but which branch over sign tests. On
the other hand, the unrestricted case in which the machine can multiply or divide
(and branch over sign tests) with unit cost. In these two cases, the result seems
harder since there is no proof that P �= NP. In the first case, we would like to
remark that, if many-one reductions are replaced by Turing reductions and we
assume that P �= NP then Mahaney’s conjecture is false. This is due to a result
of Fournier and Koiran [9] proving that any NP-complete set in the Boolean
setting (i.e. over {0, 1}) is NP-complete over the reals with addition and order
for Turing reductions. Since the subsets of elements of size n of any such set S
have dimension 0 the sparseness of S is immediate. For more on this see [8].
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plexity Theory: current research, pages 1–45. Cambridge University Press, 1993.
285



There Are No Sparse NPW -Hard Sets 291

2. L. Berman and J. Hartmanis. On isomorphism and density of NP and other
complete sets. SIAM Journal on Computing, 6:305–322, 1977. 285

3. L. Blum, F. Cucker, M. Shub, and S. Smale. Complexity and Real Computation.
Springer-Verlag, 1998. 286, 287

4. L. Blum, M. Shub, and S. Smale. On a theory of computation and complexity over
the real numbers: NP-completeness, recursive functions and universal machines.
Bulletin of the Amer. Math. Soc., 21:1–46, 1989. 285

5. J. Bochnak, M. Coste, and M.-F. Roy. Géométrie algébrique réelle. Springer-
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Abstract. A secret sharing scheme is a method for distributing a secret
among several parties in such a way that only qualified subsets of the
parties can reconstruct it and unqualified subsets receive no information
about the secret. A multi secret sharing scheme is the natural extension
of a secret sharing scheme to the case in which many secrets need to be
shared, each with respect to possibly different subsets of qualified parties.
A multi secret sharing scheme can be trivially realized by realizing a
secret sharing scheme for each of the secrets. A natural question in the
area is whether this simple construction is the most efficient as well, and,
if not, how much improvement is possible over it.
In this paper we address and answer this question, with respect to the
most widely used efficiency measure, that is, the maximum piece of in-
formation distributed among all the parties. Although no improvement
is possible for several instances of multi secret sharing, we present the
first instance for which some improvement is possible, and, in fact, we
show that for this instance an improvement factor equal to the number
of secrets over the above simple construction is possible. The given im-
provement is also proved to be the best possible, thus showing that the
achieved bound is tight.

Keywords: Cryptography, Secret Sharing, Multi-Secret Sharing

1 Introduction

A secret sharing scheme is a pair of efficient algorithms: a distribution algorithm
and a reconstruction algorithm, run by a dealer and some parties. The distri-
bution algorithm is executed by a dealer who, given a secret, computes some
shares of it and gives them to the parties. The reconstruction algorithm is exe-
cuted by a qualified subset of parties who, by putting together their own shares,
can therefore reconstruct the secret. A secret sharing scheme satisfies the ad-
ditional property that any non-qualified subset of participants does not obtain
any information about the secret. The notion of secret sharing was introduced
by Blackley [2] and Shamir [21], who considered the important case in which the
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set of qualified subsets of participants is the set of all subsets of size at least k,
for some integer k.

Since their introduction, secret sharing schemes have been widely employed in
the construction of more elaborated cryptographic primitives and several types
of cryptographic protocols. Being so often employed, central research questions
in this area are both the construction of efficient algorithms for this task, and
finding bounds on the possible efficiency that such algorithms can achieve, where
the efficiency measure mostly studied in the literature, and the one that we
will also consider in this paper, is related to the size of the largest distributed
share (typically called “information rate”, for its analogy with a so-called coding
theory notion). Several efficient algorithms have been given in the literature (see,
e.g., [21,1,15]) and many lower bounds on the size of the shares distributed to
participants have been presented (see, e.g., [8,5,23,9,25]).

A natural extension of secret sharing schemes, motivated by several ap-
plication scenarios, is to consider the case in which many secrets need to be
shared, each requiring a possibly different set of qualified subsets of parties.
These schemes are called multi-secret sharing schemes and were considered, for
instance, in [4,16,17,7].

Note that the scheme obtained by composing a (single) secret sharing scheme
for each of the secrets results in a multi secret sharing scheme. From an efficiency
point of view, however, it is interesting to ask whether this is the best possible
construction in general (that is, for all possible sets of qualified subsets of parties)
or some improvement is possible, using some different construction. Moreover it
is of interest to ask how much improvement, if any at all, can be achieved. This
paper addresses and completely answers both these questions.
Previous results. First of all notice that it is not hard to come up with ele-
mentary classes of sets of qualified parties for which no improvement is possible
(for instance, just think of each secret being recovered by subsets of a new group
of parties, or each secret being recovered by exactly the same list of subsets of
parties). Moreover, previous results in [4] imply that no improvement is possible
for a large class of sets of qualified parties (namely, the sets of parties of size
larger than a given threshold). On a different note, results in [4] imply that some
improvement is possible for the case in which 2 or 3 secrets are shared, if one
considers another efficiency measure which has sometimes been studied in the
literature; namely, a measure related to the sum of the shares distributed to the
parties (also called “average information rate”). The study of the analogue ques-
tions of this paper for this measure was done in [11], where it was shown that
if m secrets are to be shared, there exists an instance for which an improvement
by a factor of 1/m+ ε, for any ε > 0, is possible. None of the techniques in [4,11]
naturally extends to the most used (and more difficult to treat) measure of the
maximum size of the shares, that is considered in this paper. In fact, neither the
schemes presented in [4,11] nor other schemes in the literature give any improve-
ment at all on the maximum size of the shares, thus leaving open the questions
of whether any improvement is possible; and, if so, how much.

Our results. In this paper we solve the above open questions.
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First of all we observe that the maximum size of the shares of any multi
secret sharing scheme will always be at least 1/m times the maximum size of the
shares of the basic multi secret sharing scheme, if m is the number of secrets.
This observation directly follows from the fact that a multi secret sharing scheme
is a (single) secret sharing scheme with respect to all secrets.

Our main result is the following construction. Specifically, we show the first
instance of multi secret sharing for which some improvement is achievable.
Even more interestingly, for this construction -the best possible- improvement is
achievable, therefore showing that the previous bound is tight. In other words,
there exists an instance of multi secret sharing and a multi secret sharing scheme
for it such that the maximum size of the shares distributed according to this
scheme is equal to 1/m times the maximum size of the shares distributed ac-
cording to the basic multi secret sharing scheme. Establishing this result requires
understanding the combinatorial structure that such an instance should satisfy,
finding such an instance and finding an especially efficient multi secret sharing
scheme for it. We believe most of the techniques used can find applications in
the design of efficient multi secret sharing schemes.

Our investigation could also be considered as the study of the “direct product
problem” for secret sharing schemes. This type of problem has received a lot of
attention in several areas of theoretical computer science (see Appendix A).

Organization of the paper. In Section 2 we present all definitions of interest
for the rest of the paper. In Section 3 we present our observation on the best
possible improvement in the maximum share size when designing multi secret
sharing schemes. Our main result is presented in Section 4. Given the space
constraints, we omit several definitions and proofs.

2 Definitions

In this section we recall the definitions of secret sharing schemes and multi-secret
sharing schemes, and define quantities that will be of interest in this paper, as
max share size, optimal max share size and max improvement ratios.
Secret sharing schemes. Informally, a secret sharing scheme is a pair of effi-
cient algorithms (the distribution and the reconstruction algorithm) which allow
a dealer to divide a certain secret s into n pieces of information, called shares, in
such a way that the following two requirements hold: qualified subsets of the n
pieces of information allow to compute s (this is the correctness requirement)
but given any non-qualified subset of such pieces, no algorithm can compute any
information about s (this is the privacy requirement). Whether a certain subset
is qualified or not is determined by a fixed, so-called, access structure.

More formally, let P = {P1, P2, . . . , Pn} be a set of n participants, and define
an access structure A over P as a set of subsets of P . We say that an access
structure A is monotone if A ∈ A implies B ∈ A, for any B such that A ⊆ B.
Any monotone function f over n boolean variables x1, . . . , xn implicitly defines
an access structure in the standard way: if f(x1, . . . , xn) = 1 then subset A
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belongs to A, where Pi ∈ A if and only if xi = 1. In this paper, as usually done
in secret sharing, we will only consider monotone access structures. Then the
correctness requirement is formalized by saying that, for any subset A ∈ A, given
the shares returned by the distribution algorithm and corresponding to parties
in A, the reconstruction algorithm returns a value equal to the secret. Moreover,
the privacy requirement is formalized by saying that, for any subset A �∈ A, the
value of the secret is independent from the value of the shares returned by the
distribution algorithm and corresponding to parties in A.
Max share size. We denote by rS the random variable denoting the secret
and taking value s ∈ S and by rSH1, . . . , rSHn the random variables denot-
ing the shares, each taking value shi ∈ Shi (all variables being determined by
the distribution from which the secret s is selected and by an execution of the
distribution algorithm D on input s). We define the max share size for access
structure A with respect to secret sharing scheme (D,R) as the value

MaxShSize(A, (D,R)) = n
max
i=1
H(rSHi),

where by H we denote the binary entropy version (see, e.g. [10]), and the optimal
max share size for access structure A as the value

OpMaxShSize(A) = min
(D,R)

MaxShSize(A, (D,R)).

2.1 Multi-secret Sharing Schemes

Informally, a multi secret sharing scheme is a pair of efficient algorithms (the
distribution and the reconstruction algorithm) which allow a dealer to divide m
secrets s1, . . . , sm into n shares in such a way that the following two requirements
hold for each i = 1, . . . , n: qualified subsets of the n pieces of information allow
to compute si (this is the correctness requirement), but given any non-qualified
subset of such pieces, no algorithm can compute any information about the
value of si other than the information that is given by the secrets determined
by such pieces; moreover, this holds even if the value of all other secrets is
known (this is the privacy requirement). For each i = 1, . . . ,m, whether a certain
subset is qualified or not for the computation of the i-th secret si is determined
by a fixed access structure Ai. An important observation is that the m access
structures, each associated with secret si, for i = 1, . . . ,m, are not, in general,
equal. More formally, the correctness requirement is defined by saying that for
any i = 1, . . . ,m, and for any subset A ∈ Ai, given the shares returned by
the distribution algorithm and corresponding to parties in A and value i, the
reconstruction algorithm returns a value equal to secret si. Moreover, the privacy
requirement is formalized by saying that, for any i = 1, . . . ,m, and for any subset
A �∈ A, the value of the i-th secret si is independent from the value of the shares
returned by the distribution algorithm and corresponding to parties in A, even
given the value of all other secrets.
Max share size. In the rest of the paper we will assume, for simplicity, that
all secrets have the same size, i.e., |s1| = · · · = |sm| = l. Similarly as for the
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case of single secret sharing, we will denote by rSm the random variable denoting
the m-tuple of secrets and taking value s1, . . . , sm ∈ Sm and by rSH1, . . . , rSHn

the random variables denoting the shares returned by the distribution algorithm,
each taking value shi ∈ SHi. We define the max share size of access structures
A1, . . . ,Am with respect to multi secret sharing scheme (D,R) as the value

MaxShSize(A1, . . . ,Am, (D,R)) = n
max
i=1
H(rSHi),

and the optimal max share size of access structures A1, . . . ,Am as the value

OpMaxShSize(A1, . . . ,Am) = min
(D,R)

MaxShSize(A1, . . . ,Am, (D,R)).

2.2 Improvement Ratios

The basic multi secret sharing scheme. The first approach to consider in
constructing a multi secret sharing scheme for access structures A1, . . . ,Am is
certainly to combine m (single-secret) sharing schemes, each for access struc-
ture Ai, for i = 1, . . . ,m. Specifically, given secret sharing scheme (Di,Ri)
for access structure Ai, for i = 1, . . . ,m, define the ((D1,R1), . . . , (Dm,Rm))-
composed scheme as the following multi secret sharing scheme (c-D, c-R): al-
gorithm c-D sequentially runs algorithms D1, . . . ,Dm, using each time inde-
pendently chosen random bits; algorithm c-R takes as additional input an in-
dex i (meaning that it is trying to recover the i-th secret) and runs algorithm
Ri using as additional input the output of Di. We can now define the basic
multi secret sharing scheme for access structures A1, . . . ,Am, that we denote
as (b-D, b-R), as the ((D1,R1), . . . , (Dm,Rm))-composed scheme, for the same
structures, where, for i = 1, . . . ,m, each (Di,Ri) is chosen so that it minimizes
OpMaxShSize(Ai); moreover, if for some i there are many schemes (Di,Ri) which
minimize OpMaxShSize(Ai), we choose the one that results in the minimum value
for MaxShSize(A1, . . . ,Am, (c-D, c-R)).
Improvement ratios. In order to study all other possible approaches for
constructing a multi secret sharing scheme, we define quantities that measure
how well these approaches perform, when compared with the basic multi secret
sharing scheme for the same access structures. Specifically, we define the max-
improvement ratio for access structures A1, . . . ,Am with respect to multi secret
sharing scheme (D,R) as the value

MaxIR(A1, . . . ,Am, (D,R)) =
MaxShSize(A1, . . . ,Am, (D,R))

MaxShSize(A1, . . . ,Am, (b-D, b-R)) ,

and the optimal max-improvement ratio for access structures A1, . . . ,Am as the
value

OpMaxIR(A1, . . . ,Am) = min
(D,R)

MaxIR(A1, . . . ,Am, (D,R)).
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3 A Lower Bound on the Optimal Max-improvement
Ratio

In this section we present a lower bound on the optimal max improvement ratio
for any tuple of access structures. Informally, this result gives a limit on the
possibility of designing non-trivial algorithms for multi secret sharing schemes
versus the trivial approach of the above defined basic multi secret sharing scheme.
The limit consists of the fact that the largest share of any multi secret sharing
scheme can be smaller than the largest share of the basic multi secret sharing
scheme for the same access structures by a factor of at most the number of
secrets. Formally, we have the following

Theorem 1. Let m,n be positive integers and let A1, . . . ,Am be access struc-
tures over a set of size n. It holds that OpMaxIR(A1, . . . ,Am) ≥ 1/m.

The proof of the above theorem directly follows from the fact that any multi-
secret sharing scheme is also a single secret sharing scheme for each of the secrets
and can be extended so that it applies to a large class of practical efficience
measures.

4 An Upper Bound on the Max-improvement Ratio

In this section we present an upper bound on the optimal max improvement ratio.
Our bound is obtained by exhibiting a specific tuple of access structures and a
multi secret sharing schemes for it. This construction gives the first example
of a multi secret sharing scheme that is more efficient than the basic multi
secret sharing scheme for the same access structures. Moreover, the improvement
in efficiency is the best possible; in other words, the largest share distributed
according to our multi secret sharing scheme is smaller than the largest share
distributed according to the basic multi secret sharing scheme by a factor equal
to m, the number of secrets. Formally, we obtain the following

Theorem 2. Let m be an integer. There exists an integer n and access struc-
tures A1, . . . ,Am over a set of size n such that OpMaxIR(A1, . . . ,Am) = 1/m.

Remarks. Intuitively, this result guarantees the possibility of designing non-
trivial multi secret sharing schemes which have much better max share size than
using the basic multi secret sharing scheme. The fact that, as we will see later,
the proofs only uses graph-based access structures (a relatively elementary class
of access structures) should be viewed as evidence that the class of access struc-
tures for which the improvement ratio is strictly smaller than 1 is indeed quite
large. Most importantly, our construction matches the bound of Theorem 1, and,
therefore, it shows that such bound exactly quantifies the possible improvement
in the design of a multi secret sharing scheme.
Subtleties towards proving the theorem. We note that no construction
of a multi secret sharing scheme was given in the literature which gives any
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saving in terms of max share size with respect to the basic multi secret sharing
scheme construction. (Even the construction of a tuple of access structures pre-
sented in [11], which does give some saving with respect to the average share size,
gives no saving with respect to the max share size.) Therefore we have to follow
a significantly different approach in our construction. Finding a tuple of access
structure and a scheme for it that is better than the basic multi secret sharing
scheme requires the following steps. First, a tuple of access structures needs to
be carefully selected, in such a way that the following two steps can be success-
fully performed. Second, a single secret sharing scheme with optimal share size
needs to be presented for each of these access structures, so that a basic multi
secret sharing scheme can be constructed. (Here note that the number of access
structures that are known in the literature to have optimal constructions for sin-
gle secret sharing is very small.) Third, an efficient multi-secret sharing scheme
needs to be presented for the access structures, so that the max share size of
this scheme is smaller than that of the basic multi secret sharing scheme. (Here,
note that no such construction had been previously given in the literature.)
Informal description of the proof. The rest of this section is devoted
to the proof of the above theorem. We start by presenting an m-tuple of access
structure and a multi secret sharing scheme for it based on a recursive approach.
This scheme achieves max improvement ratio equal to (1 + logm)/m. Although
this construction already gives a significant improvement over the basic multi
secret sharing scheme, it is still far from the optimal by a logarithmic factor. In
order to gain such factor, we take a single graph access structure which has quite
large max share size (such constructions exist in the literature) and carefully
compose it with the m-tuple of access structure constructed so far. Specifically,
we purposely increase the max share size of each single access structure by
a logarithmic (in m) factor. As a result, the basic multi secret sharing scheme
achieves a max share size of m logm+m. Finally, because of the careful insertion
of the latter graph access structure in the previously constructed m-tuple, we
can use the previously constructed multi secret sharing scheme and achieve max
improvement ratio equal to (1 + logm)/m(1 + logm) = 1/m.

4.1 A first m-Tuple of Access Structures

We present a tuple of access structures, we analyze the performance of the basic
multi secret sharing scheme and present an improved multi secret sharing scheme
for it. These structures achieve a max improvement ratio equal to (1+logm)/m,
where m is the number of secrets.
The access structures. Let m be a positive integer; for simplicity, let us
assume m can be written as 2l, for some positive integer l. Let n = m+ 1, and
define the set P of participants as P = {X1, . . . , Xm, Y }. For i = 1, . . . ,m, define
access structure Ai as the set of subsets Z of P such that Xi ∈ Z and U ∈ Z,
for any U ∈ P \ {Xi}.
The basic multi secret sharing scheme for A1, . . . ,Am. For i = 1, . . . ,m,
a single secret sharing scheme (Di,Ri) for access structure Ai is obtained as
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follows. On input a secret s, algorithm Di uniformly chooses a string a of the
same length as s and distributes string a to participants X1, . . . , Xi−1, Xi+1, . . . ,
Xm, Y , and string a⊕ s to participant Xi. The algorithm Ri is straightforward:
first note that Y and Xi can compute the logical xor of a⊕s and s and therefore
recover s; then note that participants Xi and Xj , for any j ∈ {1, . . . , n} \ {i},
can compute s in the same way. Note that this scheme is optimal with re-
spect to the max share size measure since each party obtains a share of the
same size of the secret, which is the minimum necessary, as proved in sev-
eral papers. Moreover, any other scheme optimal for Ai distributes the same
amount of information to all parties. Therefore the basic multi secret shar-
ing scheme (b-D, b-R) for A1, . . . ,Am is obtained by composing the above de-
fined schemes (Di,Ri) according to the definition of basic multi secret sharing
scheme. We observe that the optimal max share size MaxShSize(Ai, (Di,Ri))
of the above scheme (Di,Ri) is equal to H(rS), and therefore the max share
size MaxShSize(A1, . . . , Am, (b-D, b-R)) of the scheme (b-D, b-R) is equal to
m · H(rS).
An efficient multi secret sharing scheme for A1, . . . ,Am. We now de-
scribe a more efficient multi secret sharing scheme (D,R) for the above access
structures A1, . . . ,Am.

Instructions for algorithm D: On input a k-bit secret s, do the following:
1. Uniformly and independently choose k-bit strings a1, . . . , am.
2. Give a1 ⊕ · · · ⊕ am to Y.
3. Give ai ⊕ si to Xi, for i = 1, . . . , m.
4. Run procedure Proc1(1, m, aa), where aa = (a1, . . . , am).

Instructions for Procedure Proc1: On input min, max, aa, do the following:
1. Let med = (min+max+ 1)/2.
2. Let S0 = {min, . . . , med − 1} and S1 = {med, . . . , max}.
3. Give ⊕i∈S0ai to Xj , for all j ∈ S1.
4. Give ⊕i∈S1ai to Xj , for all j ∈ S0.
5. Run procedures Proc1(min, med − 1, aa) and Proc1(med,max, aa).
6. Return.

Instructions for algorithm R:On input i ∈ {1, . . . , m}, and A ∈ Ai, do the following
1. If A = {Y, Xi} then

let t be the share given to Y ;
let t1, . . . , tlog m+1 be the shares given to Xi;
output: si = t1 ⊕ · · · ⊕ tlog m+1 ⊕ t.

2. If A = {Xi, Xj} then run procedure Proc2(1, m, aa).

Instructions for Procedure Proc2: On input min, max, aa, do the following:
1. Let med = (min+max+ 1)/2.
2. Let S0 = {min, . . . , med − 1} and S1 = {med, . . . , max}.
3. If Xi, Xj ∈ S0 then run procedure Proc2(min, med − 1, aa) and return.
4. If Xi, Xj ∈ S1 then run procedure Proc2(med, max, aa) and return.
5. If Xi ∈ S0 and Xj ∈ S1 then

let t be the share given to Xj equal to amin ⊕ · · · ⊕ amed−1;
let t1, . . . , tl be the shares given to Xi using any of the values amin, . . . , amed−1

in their computation;
output: si = t1 ⊕ · · · ⊕ tl ⊕ t and return.
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6. If Xj ∈ S0 and Xi ∈ S1 then
let t be the share given to Xj equal to amed ⊕ · · · ⊕ amax;
let t1, . . . , tl be the shares given to Xi using any of the values amed, . . . , amax in

their computation;
output: si = t1 ⊕ · · · ⊕ tl ⊕ t and return.

We describe an example for how the above construction works for the casem = 8.
Recall that the set of participants is P = {X1, . . . , X8, Y }; for i = 1, . . . , 8, access
structure Ai includes all subsets of P that include the subsets {Xj, Xi}, for all
j ∈ {1, . . . , 8} \ {i}, and subset {Y,Xi}. Now, consider scheme (D,R); let us
call s1, . . . , s8 the 8 secrets, and a1, . . . , a8 the random values chosen during the
execution of algorithm D; then the shares distributed to the participants are of
the following form:
• a1 ⊕ · · · ⊕ a8 to participant Y ;
• a5 ⊕ a6 ⊕ a7 ⊕ a8, a3 ⊕ a4, a2, a1 ⊕ s1 to participant X1;
• a5 ⊕ a6 ⊕ a7 ⊕ a8, a3 ⊕ a4, a1, a2 ⊕ s2 to participant X2;
• a5 ⊕ a6 ⊕ a7 ⊕ a8, a1 ⊕ a2, a4, a3 ⊕ s3 to participant X3;
• a5 ⊕ a6 ⊕ a7 ⊕ a8, a1 ⊕ a2, a3, a4 ⊕ s4 to participant X4;
• a1 ⊕ a2 ⊕ a3 ⊕ a4, a7 ⊕ a8, a6, a5 ⊕ s5 to participant X5;
• a1 ⊕ a2 ⊕ a3 ⊕ a4, a7 ⊕ a8, a5, a6 ⊕ s6 to participant X6;
• a1 ⊕ a2 ⊕ a3 ⊕ a4, a5 ⊕ a6, a8, a7 ⊕ s7 to participant X7;
• a1 ⊕ a2 ⊕ a3 ⊕ a4, a5 ⊕ a6, a7, a8 ⊕ s8 to participant X8.

We note that the max share size MaxShSize(A1, . . . ,Am, (D,R)) of scheme(D,R)
is equal to (1+ logm) ·H(rS) (since all parties Xi receive 1+ logm shares of the
same size as the secret, which is assumed wlog to be equal to its entropy). Instead,
scheme (b-D, b-R) has max share size MaxShSize(A1, . . . ,Am, (b-D, b-R)) = m ·
H(rS). We then have that
MaxIR(A1, . . . ,Am, (D,R)) is equal to

MaxShSize(A1, . . . ,Am, (D,R))
MaxShSize(A1, . . . ,Am, (b-D, b-R)) =

(1 + logm) · H(rS)
m · H(rS) =

1 + logm
m

.

4.2 A Specific Graph-Based Access Structure

In this section we combine some results in the literature to obtain an access
structure with certain specific properties. Oddly enough, a first property we
require from such access structure is that the optimal max share size of it has
to be much larger than the size of the secret; specifically, we would like the
ratio of the size of the secret to the optimal max share size to go to 0 as the
number of secrets grows. A second property we require is that there exists a
construction of a secret sharing scheme that exactly achieves the optimal max
share size. One construction in the literature that satisfies the above two property
is presented in [3], based on an access structure presented in [25]. We now recall
some necessary definitions and results. First of all, we say that an access structure
A is graph-based if for each subset A ∈ A, there exists a subset B such that
B ∈ A, B ⊆ A, and |B| = 2. A graph-based access structure A can be described
by a graph GA, which is called the graph associated to A, and is defined as
follows: the set of vertices is the set of participants, and the set of edges is
defined by all subsets B in A such that |B| = 2.
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Fact 1 [3,25] For any even positive integer q, p ≥ 6, and any positive integer
d ≥ 2, there exists a graph-based access structure A such that the graph associated
to A is d-regular and has qpd−2 nodes, and such that the optimal max share size
of A is greater or equal to (d+ 1)H(rS)/2.
Fact 2 [22] For any positive integer d, and any graph-based access structure A,
such that the graph associated to A has max degree d, it is possible to construct
a secret sharing scheme (D,R) for A such that the max share size of A with
respect to (D,R) is equal to (d+ 1)H(rS)/2.
By combining the above two facts, we obtain the following

Fact 3 [22,3,25] For any even positive integer q, p ≥ 6, and any positive integer
d ≥ 2, there exists a graph-based access structure A, such that the graph associ-
ated to A has max degree d and qpd−2 nodes, and such that (a) the optimal max
share size of A is greater or equal to (d + 1)H(rS)/2, and (b) it is possible to
construct a secret sharing scheme (D,R) for A such that the max share size of
A with respect to (D,R) is equal to (d+ 1)H(rS)/2.

4.3 A Substitution Based Construction

We now conclude the description of our construction by describing a final step.
Informally, we would like to replace the participant Y in the access structures
A1, . . . ,Am with any qualified subset of the access structure A from Fact 3.
The access structures. Let m be a positive integer, which we assume for
simplicity to be equal to 2l, for some positive integer l; let q = p = 6, d =
2(1 + logm)− 1, k = qpd−2 and n = m+ k. Define the set P of participants as
P = {X1, . . . , Xm, U1, . . . , Uk}. Let A be the access structure over {U1, . . . , Uk}
guaranteed by Fact 3. For i = 1, . . . ,m, define access structure Ai as the set
of subsets Z of P such that either: (a) Xi ∈ Z and Xj ∈ Z, for any j �= i, or
(b) Xi ∈ Z and ∃Y ⊆ {U1, . . . , Uk} such that Y ⊆ Z and Y ∈ A.
The max-basic multi secret sharing scheme for A1, . . . ,Am. A crucial
fact to observe is that any secret sharing scheme for access structure Ai has
max share size at least (1+ logm) ·H(rS). Assume for the sake of contradiction
that this is not the case; then, observe that 1+ logm = (d+1)/2, and therefore
there exists a secret sharing scheme for Ai that has max share size smaller
than (d + 1)H(rS)/2. This scheme can be used, for instance as done in the
proof of Lemma 4.1 in [6], in order to construct a secret sharing scheme for
access structure A having max share size smaller than (d + 1)H(rS)/2. This
contradicts Fact 3. Finally, we derive that the max-basic multi secret sharing
scheme for A1, . . . ,Am has max share size at least m(1+ logm) ·H(rS) (in fact,
this inequality can be made tight by using Fact 3).
An efficient multi secret sharing scheme for A1, . . . ,Am. A multi se-
cret sharing scheme (D,R) for A1, . . . ,Am can then simply be obtained from
the multi secret sharing scheme given in Section 4.1, call it (D0,R0), and the
single secret sharing scheme for access structure A guaranteed by Fact 3, call it
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(D1,R1), as follows. Algorithm D runs algorithmD0 with the following modifica-
tion: when algorithmD0 sends a1⊕· · ·⊕am to Y , algorithmD shares a1⊕· · ·⊕am

among the participants U1, . . . , Uk, and according to algorithm D1. Algorithm R
runs algorithm R0 with the following modification: when algorithm R0 require
participant Y to provide the share equal to a1 ⊕ · · · ⊕ am, algorithm R requires
participants U1, . . . , Uk to run algorithm R1 to recover the value a1 ⊕ · · · ⊕ am

and to provide such value for the remaining computation made by R.
Properties and max improvement ratio of our scheme. The correctness
property of our scheme (D,R) follows directly from the analogue property of
schemes (D0,R0) and (D1,R1). The privacy property of (D,R) follows the same
reasoning done in order to prove the analogue property of scheme (D0,R0) after
replacing participant Y with the participants U1, . . . , Uk. We note that in our
scheme (D,R) all parties Xi receive 1 + logm shares of the same size as the
secret, as can be seen by the construction of algorithm D0, and all parties Ui

also receive 1 + logm shares of the same size as the secret, because of Fact 3.
Therefore the max share size MaxShSize(A1, . . . ,Am, (D,R)) of scheme (D,R)
is equal to (1 + logm) · H(rS). Instead, scheme (b-D, b-R) has max share size
MaxShSize(A1, . . . ,Am, (b-D, b-R)) = m(1 + logm) · H(rS). We conclude the
proof of Theorem 2 by observing that MaxIR(A1, . . . ,Am, (D,R)) is equal to

MaxShSize(A1, . . . ,Am, (D,R))
MaxShSize(A1, . . . ,Am, (b-D, b-R)) =

(1 + logm) · H(rS)
m(1 + logm) · H(rS) =

1
m
.
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A Direct Product Problems

A direct product problem addresses the following question. Assume we are given
a certain model of computation, a certain problem P , an instance x for prob-
lem P , and an algorithmA that is supposed to solve the instance x for problem P ;
moreover, let us associate a complexity value to algorithm A. Then the questions
asks whether the complexity of an algorithm solving k instances x1, . . . , xk of
problem P can be smaller than the complexity of the algorithm which solves each
of the instances separately. In case the answer to this question is affirmative, it
is of interest to quantify what type of improvement is possible, and to exhibit
examples which achieve as large as possible an improvement.

Direct product problems have been studied in the literature in the contexts of
communication complexity (see [13,14]), and computational complexity (see [26]
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for boolean circuits, [19] for boolean decision trees, [20] for 2-Prover interactive
proofs, and [12] for interactive proofs of knowledge and computational ability).
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Abstract. We define a variant of the H-coloring problem by fixing the
number of preimages of a subset C of the vertices of H , thus allowing
parameterization. We provide sufficient conditions to guarantee that the
problem can be solved in O(kn + f(k, H)) steps where f is a function
depending only on the number k of fixed preimages and the graph H ,
and in O(nk+c) steps where c is a constant independent of k. Finally, we
prove that whenever the non parameterized vertices induce in G a graph
that is bipartite and loopless the problem is NP-complete.

1 Introduction

For a given input graph G, let us consider the set of labelings that are given as
homomorphisms to a fixed graphH . Recall that given graphsH = (V (H), E(H))
and G = (V (G), E(G)), an homomorphism is a mapping θ : V (G)→ V (H) such
that {v, u} ∈ E(G) if {θ(v), θ(u)} ∈ E(H).

For a fixed graph H , the H-coloring problem checks whether, there exists an
homomorphism from an input graphG to H . The name of H coloring comes from
the fact that each vertex in H can be thought as a “color” that can be assigned
to v. In fact, if H is the complete graph on c nodes, the set of H-coloring of G
coincides with the set of proper c coloring of G. An interesting generalization of
the H-coloring problem is the list H-coloring problem where each vertex of G is
given together with a list of vertices of H , the vertices where it can be mapped.
For results related to the complexity of the H-coloring, see [HN90], and for the
list H-coloring problem, see [FH98, FHH99].

In recent times, the H-coloring problem has received a lot of attention, from
the structural combinatorics point of view as well as from the algorithmic point
of view. For instance, when H is bipartite or it has a loop the H-coloring problem
can be trivially solved in polynomial time, but in the case that H is loopless and
not-bipartite the problem is known to be NP-complete [HN90] (see also [GHN00]
for the complexity of the H-coloring problem for bounded degree graphs). The
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classical approach to cope with the hardness of the H-coloring problem is to
consider subproblems in the case where G is restricted. The most general result
in this direction was given recently in [DST01b] where a O(nhk+1 min{k, h})
time algorithm is given for the case where when G is a partial k-tree, where
n = |V (G)| and h = |V (H)| (see also [TP97]).

In this paper, we define a natural version of the H-coloring problem that
allows parameterization. In particular, we set up a weighting K of a subset C
of V (G) with non negative integers and we say that an input graph G has a
(H,C,K)-coloring if there exists an H-homomorphism χ : V (G) → V (H) such
that the number of the preimages of any weighted vertex is equal to its weight.
We call the triple (H,C,K) partial weighted assignment. If we additionally assign
to each vertex of G a list of permissible images, we have a more general version
of the (H,C,K)-coloring problem, the list (H,C,K)-coloring problem.

A well known and popular interpretation of the various versions of the H-
coloring problem is based on a model where the vertices of H are processors and
the edges of H represent communication links between them. An instance of
the H-coloring problem represent the problem where we have an input graph G
where each vertex represents a job to be processed and each edge represents a
communication demands between two jobs. A solution to the H-coloring prob-
lem is an assignment of jobs to the processors satisfying all the communication
demands, see [FH98]. If now, for some subset C of processors, there is a set of
restrictions on the number of jobs to be assigned represented by a tuple K then
we have an instance of the (H,C,K)-problem introduced and studied in this
paper. If, additionally, we demand that each job can be processed by only a list
of processors, we have an instance of the list H-coloring and if again we bound
the number of jobs that may be processed by some of the processors we have an
instance of the list (H,C,K)-coloring problem.

In the (H,C,K)-coloring problem, we can consider the integers in K to be
fixed constants and this constitutes a parameterization of the classic H-coloring
problem and initiates an alternative approach to study the complexity of the
problem. The independent set problem and the vertex cover problem are exam-
ples of parameterized problems expressed that way (See Figure 1).

In general, many NP-complete problems can be associated with one or more
parameters. In many cases, when the parameter is considered to be a fixed
constant, the problem becomes polynomially solvable and the question then is
whether it is possible to find an algorithm of complexity O(f(k)nα), where α
is a constant. In such a case, the problem is called Fixed Parameter Tractable
(FPT). On the other hand, not all the parameterizations yield an FTP or even
a polynomial time solution. A characteristic example of this behaviour is the
coloring problem, where the parameter k is the number of the used colors: It
is in P when k ≤ 2 and it is NP-complete when k ≥ 3. In this paper we will
attempt a classification of the partial weighted assignments (H,C,K), where
the integers in K are fixed constants. We will give properties for (H,C,K) that
guarantee that the corresponding problem is in FPT, in P, or NP-complete.
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Fig. 1. The graphs (H,C,K) for the parameterized independent set and vertex
cover as parameterized colorings (the big vertices represent the labeled vertices
of H)

Our main results are three theorems. We first prove that there exists a O(kn+
f(k, h)) step algorithm for solving the (H,C,K)-coloring problem when the non-
weighted vertices of H form an independent set, where k is the sum of the
integers in K. This algorithm is the main subroutine for our next result that is a
sufficient condition for (H,C,K)-coloring problem to be in FPT. This condition
is a set of properties to be satisfied by the connected components of H and the
algorithm involved runs in O((k + h)n + γ(G)f(k, h)) steps, where γ(G) is the
number of connected components of G. Our second result is a condition for the
(H,C,K)-coloring problem to have a polynomial time algorithm. In particular,
we provide a O(nk+c) time algorithm for the case where the non parameterized
vertices induce a graph for which the list H-coloring is in P. Our third result is a
sufficient condition for the parameterized H-coloring problem to remain an NP-
complete problem. We prove that this is the case when the non parameterized
vertices induce a loopless and non-bipartite graph. All those results depend only
on properties of the graph induced by the non-weighted vertices.

We also show that for a any graph F for which the F -coloring is in P but
the list F -coloring is NP-complete, it is possible to connect additional bounded
vertices in such a way that the resulting (H,C,K)-coloring problem is in P.
Moreover, we provide some examples of NP-complete (H,C,K)-coloring prob-
lems verifying that the list (H −C)-coloring is NP-complete and the (H,C,K)-
coloring is also NP-complete.

Finally we prove that a very similar classification exists for the list (H,C,K)-
coloring problem. In particular, we show that the problem is in FPT when the
non-weighted vertices of H form an independent set. Moreover, we prove that
the list (H,C,K)-coloring problem is NP-complete if the list H − C-coloring
problem is NP-complete. Otherwise the problem is in P.

In Section 2, we give some basic definitions as well as a formal description
of the problems introduced in this paper. In Section 3 we present the algorithm
showing the fixed parameter tractability, as well as the theorem supporting its
correctness. In Section 4 we present the cases where our parameterization accepts
a polynomial solution and the NP-completeness proof is presented in Section 5.
Section 6 presents the extensions to list H-colorings. Finally, in Section 7 we
conclude with some remarks and open problems.
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2 Definitions

All the graphs in this paper are undirected, have no multiedges, but can have
loops. Following the terminology of [FH98, FHH99], we call reflexive (irreflexive)
any graph where any (none) of its vertices have a loop. The vertex (edge) set
of a graph G is denoted as V (G) (E(G)). If S ⊆ V (G), we call the graph
(S,E(G) ∩ {{x, y} | x, y ∈ S}) the subgraph of G induced by S and we denote
it by G[S]. We denote by γ(G) the number of connected components of G. We
also use the notation G− S for the graph G[V (G)− S]. The neighborhood of a
vertex v in graph G is the set of vertices in G that are adjacent to v in G and
we denote it as NG(v) (clearly, if v has a loop then it is a neighbor of itself). A
reflexive clique is a clique where all the vertices have loops. A graph G is bipartite
when V (G) can be partitioned to two parts such that all the non-loop edges of G
have endpoints in both parts. Unless otherwise mentioned, we assume that all the
bipartite graphs in this paper are irreflexive. For any function ϕ : A→ B and any
subset C of A we define the restriction of ϕ to C as ϕ|C = {(a, b) ∈ ϕ | a ∈ C}.

Let C = {a1, . . . , ar} be a set of r vertices of H and let K = (k1, . . . , kr) and
K ′ = (k′

1, . . . , k
′
r) be two r-tuple of non negative integers. We say that K ′ ≤ K

when for all i, 1 ≤ i ≤ r, we have k′
i ≤ ki. Moreover, we define K + K ′ =

(k1 + k′
1, . . . , kr + k′

r). We call the triple (H,C,K) partial weighted assignment
on H . We say that a mapping χ : V (G)→ V (H) is an (H,C,K)-coloring of G if
χ is an H-coloring of G such that for all i, 1 ≤ i ≤ r, we have |χ−1(ai)| = ki. If
in the above definition we replace “=” with “≤” we say that χ is a (H,C,≤K)-
coloring of G. We refer to the vertices in C as the weighted vertices in H . We say
that two partial weighted assignments (H,C,K) and (H ′, C′,K ′) are equivalent,
(H,C,K) ∼ (H ′, C′,K ′), when for any graph G, G has a (H,C,K)-coloring
iff G has a (H ′, C′,K ′)-coloring. We also call them ≤-equivalent and we denote
it as (H,C,K) ∼≤ (H ′, C′,K ′) if for any graph G, G has a (H,C,≤K)-coloring
iff G has a (H ′, C′,≤K′)-coloring. In Figure 1, we show two examples where the
(H,C,K)-coloring can express the independent set and the vertex cover problem.

For each parameter assignment (H,C,K) we will use the notation h = |V (H)|
and k =

∑
i=1,...,r ki. Finally, for any i, 1 ≤ i ≤ r, (H,C,K)[−i] denotes the par-

tial weighted assignment (H ′, C′,K ′) where H ′ = H − {ai}, C′ = C − {ai},
and K ′ = (k1, . . . , ki−1, ki+1, . . . , kr). In the obvious way, we can define the ex-
tension (H,C,K)[−S] for S ⊂ {1, . . . , r}. Similarly we define the notions of
(H,C,≤K)[−i] and (H,C,≤K)[−S]. We call a (H,C,K) positive if all the in-
tegers in K are positive. A partial weighted assignment (H,C,K) is a weighted
extension of a graph F when H − C = F .

For fixed H , C, and K, the (H,C,K)-coloring problem asks whether there
exists an (H,C,K)-coloring of an input graph G. We will also consider the
(H,C,≤ K)-coloring problem defined in the same way for (H,C,≤ K)-colorings.
Notice that, for any G, the existence of a (H,C,K)-coloring implies the existence
of a (H,C,≤K)-coloring. However, the existence of an (H,C,≤K)-coloring of G
does not necessarily imply the existence of a (H,C,K)-coloring of G. In whatever
concerns the parameterized complexity of the (H,C,K)-coloring, its parameters
will be the integers in K.
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For a fixed graph H , given a graph G and given a subset L(u) ⊆ V (H),
for each vertex u ∈ V (G), the list H-coloring problem asks whether, there is
an H-coloring χ of G so that for every u ∈ V (G) we have χ(u) ∈ L(u). This
problem can be parameterized in the same way as the H-coloring, to define the
list (H,C,K)-coloring problem.

3 Cases in FPT

In this section we will give a sufficient condition for the parameterized (H,C,K)-
coloring problem to be in FPT. The basic component of the general algorithm
will be a procedure that outputs, if it exists, an (H,C,K)-coloring of an input
graph G, when C is a vertex cover of H , in O(kn + f(k, h)) steps,. The main
idea of the proof is to create an equivalent problem whose size does not depend
in the size of G (steps 1–8 of the algorithm Find Coloring).

Proposition 1. If (H,C,K) is a partial weighted assignment where E(H−C)=
∅, then the algorithm Find-Coloring in Figure 2 checks in O(kn+hk

2+2k+(k+1)·2k

)
steps whether an input graph G with n vertices has an (H,C,K)-coloring and,
if yes, outputs the corresponding mapping.

Given a partial weighted assignment (H,C,K), we say that it is compact if
each connected component Hi of H satisfies one of the following conditions:

1. E(Hi − C) = ∅,
2. Hi[C] is a non-empty reflexive clique with all its vertices adjacent with one

looped vertex of Hi − C, or
3. V (Hi) ∩ C = ∅ and Hi contains at least one looped vertex.

Notice that any connected component of H satisfies exactly one of the three
conditions in the above definition. Let (H,C,K) be a compact partial weighted
assignment. We call a connected component of H that satisfies (1) 1-component
of H . Analogously, we define the 2-components and the 3-components of H . We
call a 2-component Hi of H compressed if |V (Hi) ∩ C| = 1 and we call it small
if it is compressed and |V (Hi) − C| = 1. We call a compact partial weighted
assignment (H,C,K) compressed (small) if it has no 2-components or if all
the 2-components of H are compressed (small). We call a 3-component of H
tiny when it consists only of a looped non-weighted vertex. We call a compact
parameter assignment (H,C,K) tiny if it has not 3-components or of all its
3-components are tiny. For an example of these notions see Figure 3.

We can now state the following theorem.

Theorem 2. If (H,C,K) is compact, then the (H,C,K)-coloring problem, pa-
rameterized by K, is in FPT.

For lack of space we explain briefly the main ideas of the algorithm used to
prove Theorem 2. We first prove that, for any compact partial weighted assign-
ment (H,C,K), there exists an equivalent weighted assignment (H ′, C′,K ′) that
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Algorithm Find-Coloring(G, H,C, K).

Input: Two graphs G, H , and a partial weighted assignment (H,C, K) on H
such that E(H − C) = ∅.

Output: If exists, an (H,C, K)-coloring of G and,
if not, a report that ‘‘no (H, C, K)-coloring of G exists’’.

1: Let R1 be the set of vertices in G of degree > k.
2: If |R1| > k or |E(G)| > kn then return ‘‘no (H,C, K)-coloring of G

exists’’.
3: Set G′ = G[V (G)− R1].
4: Let R2 be the non isolated vertices in G′ and let R3 be the isolated vertices

in G′.
5: If |R2| > k2 + k then return ‘‘no (H,C, K)-coloring of G exists’’

and stop.
6: Set up a partition R = (P1, . . . , Pq) of R3 where

(q is the number of different neighborhoods of vertices in R3 and
for all v, u ∈ R3 (∃1≤i≤q {v, u} ∈ Pi ⇔ NG(v) = NG(u)).

7: Let Q = ∅.
8: For i = 1, . . . , q,

if |Pi| ≤ k + 1, then set Fi = Pi,
otherwise let Fi be any subset of Pi where |Fi| = k + 1.

Set Q = Q ∪ Fi and Pi = Pi − Fi.
9: Let H be the set of all the (H,C, K)-colorings of G[R1 ∪ R2 ∪ Q].

10: If |H| = ∅ then output ‘‘no (H,C, K)-coloring of G exists’’ and stop.
11: Let χ be an (H, C, K)-coloring in H.
12: For any i = 1, . . . , q such that Pi 
= ∅,

Let u be a vertex of Fi such that χ(u) ∈ V (H)− C.
For any w ∈ Pi, set χ′(w) = χ(u).

13: Output χ ∪ χ′ as an (H,C, K)-coloring of G.
14: End.

Fig. 2. The algorithm Find-Coloring

is compact, positive, small, tiny, and such that H ′ contains only 2-components
or only 3-components but not both. The construction of this new weighted as-
signment can be done in O(rh) steps.

We observe that if χ : V (G) → V (H) is a (H ′, C′,K ′)-coloring of G, then
the total size of the connected components of G that are mapped to the vertices
of some 2-component H ′

i, is at least k′
i, where a′

i is the unique weighted vertex
in H ′

i . This observation is the main necessary condition that satisfy the vertices
of G that are mapped to 2-components in a (H ′, C′,K ′)-coloring of G. There
are two main cases; the first case is when G has “many” connected components.
Then we use the Find-Coloring algorithm to check whether a “small” number of
them are mapped to the 1-components of H ′ and after we are left with “many”
components that will allow us to extend the mapping. On the other hand, if G
has only “few” connected components then the number the components of G
that can be “mapped” to the components of H does not depend on the size
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Kr
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1-component 2-component 3-component

tiny compressed small

Fig. 3. Components for a compact partial weighted assignment

of G and the existence of an (H ′, C′,K ′)-coloring is checked by a combination
of exhaustive search and application of the Find-Coloring algorithm.

Observe that if there exists an FPT algorithm for the (H,C,K)-coloring
with K as parameter, then by running it O(kr) times we have an algorithm for
the parameterized (H,C,≤K)-coloring problem.

Corollary 3. If (H,C,K) is compact, then the (H,C,≤K)-coloring problem,
parameterized by K, is in FPT.

4 Cases in P

In this section we present some cases of the (H,C,K)-coloring problem that can
be solved by a polynomial time algorithm within time bound O(nO(k)).

Our first result relates the decision problem with the list H-coloring problem.
In particular we provide a polynomial time algorithm if the list coloring can be
solved in the graph induced by the non-weighted vertices.

Theorem 4. For any K, the (H,C,K)-coloring problem can be solved in
O(nk+c) steps whenever the list (H − C)-coloring can be solved in O(nc) steps.

Proof. The basis of the algorithm is a reduction to the list (H − C)-coloring
problem.

Assume that we have a H [C]-coloring χ for some D ⊆ V (G), with k vertices.
We consider the graph G′ = G[V (G)−D] and associate to each vertex v ∈ V (G′)
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the list

L(v) =
{⋂

NG(v)∩D(NH(ϕ(u))− C), if NG(v) ∩D �= ∅
V (H − C) otherwise

Notice that χ can be completed to an H-coloring if and only if (G′, L) has a list
(H −C)-coloring. As the number of H [C]-colorings of subgraphs with k vertices
is at most nk we obtain the desired result.

The previous theorem includes the case when H − C is a reflexive interval
graph [FH98] and the case when H−C is an irreflexive graph whose complement
is a circular arc graph of clique covering number two [FHH99].

The above proof can be extended to show tractability of a weighted extension
of any graph F for which the list H-coloring is still NP-complete, but the F -
coloring is in P.

Theorem 5. Let F1 be either a bipartite graph with or without loops or a graph
with at least one loop, and let F2 be any graph. Then, for any K, the (F1 ⊕
F2, V (F2),K)-coloring can be solved in polynomial time for any partial weighted
assignment K.

In the previous theorem, F1⊕F2 denotes the graph obtained from F1 and F2

by adding all the edges between vertices in different graphs.
Notice that as we have all to all connections between F1 and F2, the lists

associated to each vertex are just all the vertices in F1. Therefore we just have
to solve a F1-coloring problem that indeed is in P . Finally we mention that any
weighted extension of a graph F for which the F -coloring problem is in P , is
also polynomially solvable in the trivial case when K = (0, . . . , 0).

5 NP-Complete Cases

In this section first we will prove that if H − C is not bipartite and it does not
contain a loop then the (H,C,K)-coloring problem is NP-complete. After we
show that some weighted extensions of bipartite graphs, with or without, looped
vertices, are also NP-complete. We will consider only the essential cases where
(H,C,K) is positive.

Let (H,C,K) be a partial weighted assignment and let ai be a vertex in C.
We say that (H,C,K) is i-reducible if H is H ′-colorable, where H ′ = H − {ai}.
We call the vertex ai a reducible vertex of (H,C,K). We say that (H,C,K) is
reducible if it is i-reducible, for some 1 ≤ i ≤ r.

The following lemma indicates that for any (H,C,K)-coloring problem in
which (H,C,K) is reducible, there exists an equivalent (H ′, C′,K ′)-coloring
problem where (H ′, C′,K ′) is not reducible.

Lemma 6. If (H,C,≤K) is i-reducible then (H,C,≤K) ∼≤ (H,C,≤K)[−i].

Therefore, by removing all the reducible weighted vertices we obtain an equiv-
alent problem, and we can prove the main result in this section.
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Lemma 7. For any (H,C,K), where the (H − C)-coloring problem is NP-
complete, the (H,C,≤K)-problem is also NP-complete.

Proof. From Lemma 6 we can assume that (H,C,K) is a non reducible par-
tial weighted assignment. We set H ′ = H − C and, in what follows, we will
reduce the H ′-coloring problem to the (H,C,≤K)-coloring problem. Let G be
an instance of the H ′-coloring problem. We will construct an instance G′ of the
(H,C,≤K)-coloring problem as follows: Take as G′ the disjoint union of G and
a graph H̃ constructed from H ′ such that each vertex ai ∈ C is replaced by a set
of ki vertices Vi = {v1

i , . . . , v
ki

i }, and each vertex b ∈ V (H) − C is maintained.
Any edge connecting two vertices in V (H) − C is copied, an edge connecting a
vertex in V (H)−C and a vertex ai ∈ C, is replicated for each vertex in Vi, finally
an edge connecting a vertex vji and a vertex vj

′
i′ is added if {ai, ai′} ∈ E(H). We

set C′ = ∪1≤i≤|C|Vi.
We claim that G has an H ′-coloring iff G′ has a (H,C,≤K)-coloring. Making

χ(a) = a for a ∈ V (H̃) − C′ = V (H) − C and χ(vji ) = vi for vji ∈ C′ we see
that H̃ is (H,C,≤K)-colorable. Notice now that if G is H ′-colorable, then G′ is
also (H,C,≤K)-colorable. It remains to show that if G′ is (H,C,≤K)-colorable
then also G is H ′-colorable.

Let θ be an (H,C,≤K)-coloring of G′. In the case where for some vji ∈ V (H̃)
θ(vji ) ∈ V (H) − C, we set Ṽ = V (H̃) − C′ ∪ {vj1, . . . , vj|C|}. Otherwise, we
have that θ̃ = θ|Ṽ is an (H − {vi})-coloring of H and (H,C,K) is reducible, a
contradiction. Therefore, θ(C′) ⊆ C and as |C′| = ∑

1≤i≤ ki, the requirement
|θ−1(vi)| ≤ ki forces θ−1(C) = C′, which implies that θ−1(C) ∩ V (G) = ∅ and
θ(V (G)) ⊆ V (H − C) = V (H ′). This means that θ|V (G) is a H ′-coloring of G.

Using now Lemma 7 and the result of P. Hell and J. Nešetřil, on the NP-
completeness of H-coloring, we conclude to the main result in this section.

Theorem 8. The (H,C,≤K)-coloring problem is NP -complete if H−C is not
bipartite and does not contain a loop.

Notice that the existence of a polynomial algorithm that solves the (H,C,K)-
coloring problem implies a polynomial algorithm for the (H,C,≤K)-coloring
problem. Therefore, we can state the following corollary.

Corollary 9. The (H,C,K)-coloring problem is NP -complete if H − C is not
bipartite and does not contain a loop.

The condition of Theorem 8 is not a necessary condition. In the next theorem
we prove that the (H,C,K)-coloring remains NP-compete for certain weighted
extensions of graphs that are either bipartite or that contain at least one looped
vertex. We omit the proof that basically adapts the reductions given in the proofs
of NP-completeness for the corresponding list (H−C)-coloring problems. Notice
that in the case of looped vertices the (H,C,≤K)-coloring is trivially in P.

Theorem 10. The (H,C,K)-coloring problem is NP -complete for the partial
weighted assignments depicted in Figure 4 provided that (H,C,K) is positive.
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Fig. 4. Some hard partial weighted assignments

Observe that, for the irreflexive graphs in Figure 4, the (H,C,≤K)-coloring
problem remains NP-complete if K is positive, but it is trivially in P for the
other two.

Finally notice that, by Theorem 5, the subgraph induced by the non param-
eterized vertices in each of the three problem in Figure 4 has another weighted
extension so that the corresponding parameterized coloring problem is in P.

6 Results on List (H, C, K)-Coloring

Proposition 1, and Theorems 4 and 8 can be generalized for the list (H,C,K)-
coloring as follows.

Theorem 11. If (H,C,K) is a partial weighted assignment where E(H−C) =
∅, then there exists an O(kn+hk

2+2k+(k+1)·2k

) time algorithm checking whether
an input graph G with n vertices has a list (H,C,K)-coloring and, if yes, outputs
the corresponding mapping.

The algorithm involved in the above theorem is an extension of the Find
Coloring algorithm.

Theorem 12. For any K, the list (H,C,K)-coloring problem can be solved
in nk+c steps whenever the list (H − C)-coloring can be solved in O(nc) steps.

The proof of this theorem is a direct extension of the proof of Theorem 4.

Theorem 13. The list (H,C,≤K)-coloring and the list (H,C,K)-coloring
problems are NP -complete if the list (H − C)-coloring is NP -complete.

The proof of the above theorem is based on a simpler version of the reduction
in Theorem 8 that does not require an analogue of Lemma 6.
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7 Remarks and Open Problems

The results in Theorems 4 and 8 are sharp in the following sense: If F is a graph
where the F -coloring problem is NP-complete then, for any weighted extension
(H,C,K) of F , the (H,C,K)-coloring problem is also NP-complete. Moreo-
ever, if the F -coloring problem is in P, then there exists a weighted extension
(H,C,K) of F so that the (H,C,K)-coloring problem is in P. Moreover the
results in Theorems 4 and 10 are also sharp in the sense that if F is a graph
where the list F -coloring is in P then for any weighted extension (H,C,K) of F ,
the (H,C,K)-coloring is also in P. On the other hand, we provided some exam-
ples where the F -list coloring is NP-complete and F has a weighted extension
(H,C,K) such that (H,C,K)-coloring is also NP-complete.

The above observations argue that there are graphs that for different weighted
extensions produce parameterized coloring problems with different complexities.
It seems to be a hard problem to achieve a dichotomy distinguishing those pa-
rameterized assignments (H,C,K) of a given graph F for which the (H,C,K)-
coloring problem is either NP-complete or it is in P. However we conjecture the
following.

Conjecture 14. For any graph F such that the list F -coloring is NP-complete,
there is a weighted extension (H,C,K) of F such that the (H,C,K)-coloring is
also NP-complete.

All of our results on NP-completeness indicate that this frontier depends
not only on H − C but also on the structure imposed by the weighted vertices.
However, we observe that in all our complexity results – positive or negative –
this dichotomy does not depend on the choice of the numbers in a positive K.

We now fix our attention on whether there are cases more general than those
in Theorem 2, where the (H,C,K)-coloring problem is in FPT. In particular we
conjecture that the condition of Theorem 2 is also necessary.

Conjecture 15. For any partial weighted assignment (H,C,K), if (H,C,K) is
compact then the (H,C,K)-coloring problem, with the numbers in K as param-
eters, is in FPT, otherwise it is W[1]-hard.

In support of our dichotomy conjecture we recall that the parameterized
independent set problem, that is known to be W[1]-complete [DF99] falls in this
area.

We mention that our second conjecture is quite general to express several
open problems in parameterized complexity such as

1. (Parameter: k) Does G contain an independent set S, where |S| = k, and
such that G[V (G)− S] is bipartite? (This problem can be seen as a param-
eterization of 3-coloring where some color should be used exactly k times.)

2. (Parameter: k) Is there a set S ⊆ V (G), where |S| = k and G[V (G) − S] is
bipartite?

3. (Parameters: k, l) Does G contain Kk,l as subgraph?
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(H1, C1, K1) (H2, C2, K2) (H3, C3, K3)

Fig. 5. Three weighted extensions conjectured to be W[1]-hard when K is pa-
rameterized

This problems correspond to the the parameterized colorings given in Fig-
ure 5. The (H3, C2,K3)-problem is equivalent to ask if the complement of G
contains Kk1,k2 as a subgraph.

For results on counting (H,C,K)-colorings and list (H,C,K)-colorings,
see [DST01a].
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1 Introduction

How random is a real? Given two reals, which is more random? If we parti-
tion reals into equivalence classes of reals of the “same degrees of randomness”,
what does the resulting structure look like? The goal of this paper is to look
at questions like these, specifically by studying the properties of reducibilities
that act as measures of relative randomness, as embodied in the concept of
initial-segment complexity. One such reducibility, called domination or Solovay
reducibility, was introduced by Solovay [34], and has been studied by Calude,
Hertling, Khoussainov, and Wang [8], Calude [3], Kučera and Slaman [22], and
Downey, Hirschfeldt, and Nies [15], among others. Solovay reducibility has proved
to be a powerful tool in the study of randomness of effectively presented reals.
Motivated by certain shortcomings of Solovay reducibility, which we will discuss
below, we introduce two new reducibilities and study, among other things, the
relationships between these various measures of relative randomness.

We work with reals between 0 and 1, identifying a real with its binary expan-
sion, and hence with the set of natural numbers whose characteristic function
is the same as that expansion. (We also identify finite binary strings with ratio-
nals.) Our main concern will be reals that are limits of computable increasing
sequences of rationals. We call such reals computably enumerable (c.e.), though
they have also been called recursively enumerable, left computable (by Ambos-
Spies, Weihrauch, and Zheng [2]), and left semicomputable. If, in addition to the
existence of a computable increasing sequence q0, q1, . . . of rationals with limit α,
there is a total computable function f such that α− qf(n) < 2−n for all n, then
α is called computable. These and related concepts have been widely studied. In
addition to the papers and books mentioned elsewhere in this introduction, we
may cite, among others, early work of Rice [28], Lachlan [23], Soare [30], and
Cĕıtin [10], and more recent papers by Ko [19,20], Calude, Coles, Hertling, and
Khoussainov [7], Ho [18], and Downey and LaForte [16].

An alternate definition of c.e. reals can be given by using the following defi-
nition.
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Definition 1. A set A ⊆ N is nearly computably enumerable if there is a
computable approximation {As}s∈ω such that A(x) = limsAs(x) for all x and
As(x) > As+1(x)⇒ ∃y < x(As(y) < As+1(y)).

As shown by Calude, Coles, Hertling, and Khoussainov [7], a real 0.χA is
c.e. if and only if A is nearly c.e.. An interesting subclass of the class of c.e. reals
is the class of strongly c.e. reals. A real 0.χA is said to be strongly c.e. if A is
c.e.. Soare [31] noted that there are c.e. reals that are not strongly c.e..

A computer M is self-delimiting if, for all finite binary strings σ and τ � τ ′,
we have Mσ(τ) ↓ ⇒ Mσ(τ ′) ↑, where Mσ means that M uses σ as an oracle.
It is universal if for each self-delimiting computer N there is a constant c such
that, for all binary strings σ and τ , if Nσ(τ) ↓ then Mσ(µ) ↓= Nσ(τ) for some
µ with |µ| � |τ |+ c. We call c the coding constant of N .

Fix a self-delimiting universal computer M . We can define Chaitin’s number
Ω = ΩM via Ω =

∑
M(σ)↓ 2

−|σ|, which is the halting probability of the com-
puter M . The properties of Ω relevant to this paper are independent of the
choice of M . A c.e. real is an Ω-number if it is ΩM for some self-delimiting
universal computer M .

The c.e. real Ω is random in the canonical Martin-Löf sense [27] of c.e. ran-
domness. There are many equivalent formulations of c.e. randomness. The one
that is most relevant to us here is Chaitin randomness, which we define below.
The history of effective randomness is quite rich; references include van Lambal-
gen [36], Calude [4], Li and Vitanyi [26], and Ambos-Spies and Kučera [1].

Recall that the prefix-free complexity H(τ) of a binary string τ is the length
of the shortest binary string σ such thatM(σ)↓= τ . (The choice of self-delimiting
universal computerM does not affect the prefix-free complexity, up to a constant
additive factor.) Most of the statements aboutH(τ) made below also hold for the
standard Kolmogorov complexity K(τ). For more on the the definitions and ba-
sic properties of H(τ) and K(τ), see Chaitin [14], Calude [4], Li and Vitanyi [26],
and Fortnow [17]. Among the many works dealing with these and related top-
ics, and in addition to those mentioned elsewhere in this paper, we may cite
Solomonoff [32,33], Kolmogorov [21], Levin [24,25], Schnorr [29], Chaitin [11],
and the expository article Calude and Chaitin [5].

A real α is random, or more precisely, 1-random, if there is a constant c such
that ∀n(H(α � n) � n− c).

Many authors have studied Ω and its properties, notably Chaitin [12,13,14]
and Martin-Löf [27]. In the very long and widely circulated manuscript [34] (a
fragment of which appeared in [35]), Solovay carefully investigated relationships
between Martin-Löf-Chaitin prefix-free complexity, Kolmogorov complexity, and
properties of random languages and reals. See Chaitin [12] for an account of some
of the results in this manuscript.

Solovay discovered that several important properties of Ω (whose definition
is model-dependent) are shared by another class of reals he called Ω-like, whose
definition is model-independent. To define this class, he introduced the following
reducibility relation between c.e. reals.
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Definition 2. Let α and β be c.e. reals. We say that α dominates β and that β is
Solovay reducible (S-reducible) to α, and write β �S α, if there are a constant c
and a partial computable function ϕ : Q → Q such that for each rational q < α
we have ϕ(q) ↓< β and β − ϕ(q) � c(α − q). We write α ≡S β if α �S β and
β �S α.

Solovay reducibility is reflexive and transitive, and hence ≡S is an equivalence
relation on the c.e. reals. Thus we can define the Solovay degree degS(α) of a c.e.
real α to be its ≡S equivalence class.

Solovay reducibility is naturally associated with randomness due to the fol-
lowing fact.

Theorem 3 (Solovay [34]). Let β �S α be c.e. reals. There is a constant c
such that H(β � n) � H(α � n) + c for all n.

It is this property of Solovay reducibility (which we will call the Solovay
property), which makes it a measure of relative randomness. This is in contrast
with Turing reducibility, for example, which does not have the Solovay property,
since the complete c.e. Turing degree contains both random and nonrandom
reals.

Solovay observed that Ω dominates all c.e. reals, and Theorem 3 implies that
if a c.e. real dominates all c.e. reals then it must be random. This led him to define
a c.e. real to be Ω-like if it dominates all c.e. reals (that is, if it is S-complete).
The point is that the definition of Ω-like seems quite model-independent (in the
sense that it does not require a choice of self-delimiting universal computer),
as opposed to the model-dependent definition of Ω. However, Calude, Hertling,
Khoussainov, and Wang [8] showed that the two notions coincide. This circle of
ideas was completed recently by Kučera and Slaman [22], who showed that all
random c.e. reals are Ω-like.

For more on c.e. reals and S-reducibility, see for instance Chaitin [12,13,14],
Calude, Hertling, Khoussainov, and Wang [8], Calude and Nies [9], Calude [3],
Kučera and Slaman [22], and Downey, Hirschfeldt, and Nies [15].

Solovay reducibility is an excellent tool in the study of the relative random-
ness of reals, but it has several shortcomings. One such shortcoming is that
S-reducibility is quite unnatural outside the c.e. reals. It is not very hard to con-
struct a noncomputable real that is not S-above the computable reals (in fact,
this real can be chosen to be d.c.e., that is, of the form α − β where α and β
are c.e.). This and similar facts show that S-reducibility is very unnatural when
applied to non-c.e. reals. Another problem with S-reducibility is that it is uni-
form in a way that relative initial-segment complexity is not. This makes it too
strong, in a sense, and appears to preclude its having a natural characterization
in terms of initial-segment complexity. In particular, Calude and Coles [6] an-
swered a question of Solovay by showing that the converse of Theorem 3 does not
hold (see below for an easy proof of this fact). One consequence of the uniformity
of S-reducibility is that there does not appear to be a natural characterization
of S-reducibility in terms of initial-segment complexity. Thus, if our goal is to
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study relative initial segment complexity of reals, it behooves us to look beyond
S-reducibility.

In this paper, we introduce two new measures of relative randomness that pro-
vide additional tools for the study of the relative randomness of reals, and study
their properties and the relationships between them and S-reducibility. We begin
with sw-reducibility, which has some nice features but also some shortcomings,
and then move on to the more interesting rH-reducibility, which shares many of
the best features of S-reducibility while not being restricted to the c.e. reals, and
has a very nice characterization, in terms of relative initial-segment complexity,
which can be seen as a partial converse to the Solovay property. (Indeed, rH
stands for “relative H”.)

2 Strong Weak Truth Table Reducibility

Solovay reducibility has many attractive features, but it is not the only interest-
ing measure of relative randomness. In this section, we introduce another such
measure, sw-reducibility, which is more explicitly derived from the idea of ini-
tial segment complexity, and which is in some ways nicer than S-reducibility. In
particular, sw-reducibility is much better adapted to dealing with non-c.e. reals.
Furthermore, sw-reducibility is also helpful in the study of S-reducibility, as we
will indicate below, and provides a motivation for the definition of rH-reducibility
in the next section, since rH-reducibility is a kind of “sw-reducibility with ad-
vice”. In the interest of space, we omit most proofs in this section.

Recall that a Turing reduction ΓA = B is called a weak truth table (wtt)
reduction if there is a computable function ϕ such that the use function γ(x) is
bounded by ϕ(x).

Definition 4. Let A,B ⊆ N. We say that B is strongly weak truth table re-
ducible (sw-reducible) to A, and write B �sw A, if there are a constant c and a
wtt reduction Γ such that B = ΓA and ∀x(γ(x) � x+c). For reals α = 0.χA and
β = 0.χB, we say that β is sw-reducible to α, and write β �sw α, if B �sw A.

Since sw-reducibility is reflexive and transitive, we can define the sw-degree
degsw(α) of a real α to be its sw-equivalence class.

Solovay [34] noted that for each k there is a constant c such that for all n � 1
and all binary strings σ, τ of length n, if |0.σ−0.τ | < k2−n then |H(τ)−H(σ)|�c.
Using this result, it is easy to check that sw-reducibility has the Solovay property.

Theorem 5. Let β�swα be c.e. reals. There is a constant c such that H(β �n) �
H(α � n) + c for all n ∈ ω.

Theorem 7 below shows that the converse of Theorem 5 does not hold even
for c.e. reals.

We now explore the relationship between S-reducibility and sw-reducibility
on the c.e. and strongly c.e. reals. In general, neither of the reducibilities under
consideration implies the other.
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Theorem 6. There exist c.e. reals α �sw β such that α �S β. Moreover, α can
be chosen to be strongly c.e..

The proof of this theorem is a finite injury argument, in which we meet
requirements of the form ∃q ∈ Q(c(β − q) � α − Φe(q)), where Φe is the eth
partial computable function.

We note that, since sw-reducibility has the Solovay property, the previous
result gives a quick proof of the theorem, due to Calude and Coles [6], that the
converse of Theorem 3 does not hold. This is one example of the usefulness of
sw-reducibility in the study of S-reducibility.

Theorem 7. There exist c.e. reals α �S β such that α �sw β (in fact, even
α �wtt β). Moreover, β can be chosen to be strongly c.e..

The proof of this theorem is a diagonalization argument similar to the proof
of the previous theorem.

The counterexamples above can be jazzed up with relatively standard degree
control techniques to prove the following result.

Theorem 8. Let a be a nonzero c.e. Turing degree. There exist c.e. reals α and
β of degree a such that α is strongly c.e., α �sw β, and α �S β. There also exist
c.e. reals γ and δ of degree a such that δ is strongly c.e., γ �S δ, and γ �sw δ.

On the strongly c.e. reals, however, S-reducibility and sw-reducibility coin-
cide. Since sw-reducibility is sometimes easier to deal with than S-reducibility,
this fact makes sw-reducibility a useful tool in the study of S-reducibility on
strongly c.e. reals. An example of this phenomenon is Theorem 12 below, which
is most easily proved using sw-reducibility, as the proof sketch included below
illustrates.

Theorem 9. If β is strongly c.e. and α is c.e. then α �sw β implies α �S β.

Theorem 10. If α is strongly c.e. and β is c.e. then α �S β implies α �sw β.

Corollary 11. If α and β are strongly c.e. then α �S β if and only if α �sw β.

There is a greatest S-degree of c.e. reals, namely that of Ω, but the situation
is different for strongly c.e. reals.

Theorem 12. Let α be strongly c.e.. There is a strongly c.e. real that is not
sw-below α, and hence not S-below α.

Proof. The argument is nonuniform, but is still finite injury. Since sw-reducibility
and S-reducibility coincide for strongly c.e. reals, it is enough to build a strongly
c.e. real that is not sw-below α. Let A be such that α = 0.χA. We build c.e. sets B
and C to satisfy the following requirements.

Re,i : ΓAe �= B ∨ ΓAi �= C ,
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where Γe is the eth wtt reduction with use less than x + e. It will then follow
that either 0.χB �sw α or 0.χC �sw α.

The idea for satisfying a single requirement Re,i is simple. Let l(e, i, s) =
max{x | ∀y � x(ΓAs

e,s (y) = Bs(y)∧ΓAs

i,s = Cs(y))}. Pick a large number k >> e, i
and let Re,i assert control over the interval [k, 3k] in both B and C, waiting until
a stage s such that l(e, i, s) > 3k.

First work with C. Put 3k into C, and wait for the next stage s′ where
l(e, i, s′) > 3k. Note that some number must enter As′ − As below 3k + i. Now
repeat with 3k − 1, then 3k − 2, . . . , k. In this way, 2k numbers are made to
enter A below 3k + i. Now we can win using B, by repeating the process and
noticing that, by the choice of the parameter k, A cannot respond another 2k
times below 3k + e.

The theorem now follows by a standard application of the finite injury
method. ��

Some structural properties are much easier to prove for sw-reducibility than
for S-reducibility. One example is the fact that there are no minimal sw-degrees
of c.e. reals, that is, that for any noncomputable c.e. real α there is a c.e. real
strictly sw-between α and the computable reals. The analogous property for
S-reducibility was proved by Downey, Hirschfeldt, and Nies [15] with a fairly
involved priority argument.

Definition 13. Let A be a nearly c.e. set. The sw-canonical c.e. set A∗ associ-
ated with A is defined as follows. Begin with A∗

0 = ∅. For all x and s, if either
x �∈ As and x ∈ As+1, or x ∈ As and x �∈ As+1, then for the least j with
〈x, j〉 �∈ A∗

s , put 〈x, j〉 into A∗
s+1.

Lemma 14. A∗ �sw A and A �tt A
∗.

Proof. Since A is nearly c.e., 〈x, j〉 enters A∗ at a given stage only if some y � x
enters A at that stage. Such a y will also be below 〈x, j〉. Hence A∗ �sw A with
use x. Clearly, x ∈ A if and only if A∗ has an odd number of entries in row x, and
furthermore, since A is nearly c.e., the number of entries in this row is bounded
by x. Hence A �tt A

∗. ��
Corollary 15. If A is nearly c.e. and noncomputable then there is a noncom-
putable c.e. set A∗ �sw A.

Corollary 16. There are no minimal sw-degrees of c.e. reals.

Proof. Let A be nearly c.e. and noncomputable. Then A∗ �sw A is noncom-
putable, and we can c.e. Sacks split A∗ into two disjoint c.e. sets A∗

1 and A∗
2 of

incomparable Turing degree. Note that A∗
i �sw A

∗. (To decide whether x ∈ A∗
i ,

ask whether x ∈ A∗ and, if the answer is yes, then run the enumerations of A∗
1

and A∗
2 to see which set x enters.) So ∅ <sw A

∗
1 <sw A

∗ �sw A. ��
Actually, while the above proof yields more than just nonminimality, there

is an easier proof that the sw-degrees of c.e. reals have no minimal members.
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Given a c.e. real A = 0.a1a2 . . ., consider the c.e. real B = 0.a10a200a3000a4 . . ..
It is easy to prove that if A is noncomputable then so is B. But it is also easy
to see that B �sw A, and that if it were the case that A �sw B then A would be
computable. Hence ∅ <sw B <sw A.

One thing we can get out of the proof of Corollary 16 is that every c.e. real
has a noncomputable strongly c.e. real sw-below it. The same is not true for
S-reducibility.

Theorem 17. There is a noncomputable c.e. real α such that all strongly c.e. re-
als dominated by α are computable.

The proof of this theorem uses a result of Downey and LaForte [16]. A c.e. set
A ⊆ {0, 1}∗ presents a c.e. real α if A is prefix-free and α =

∑
σ∈A 2

−|σ|. Downey
and LaForte constructed a noncomputable c.e. real α such that if A presents α
then A is computable. Given a strongly c.e. real β �S α, it is possible to build a
presentation A of α that “encodes” β, in the sense that, for some constant k, by
knowing how many strings of length n+ k are in A, we can tell whether the nth
bit of β is 1. Since A must be computable, this allows us to compute β.

As we have seen, in some ways the sw-degrees are nicer than the S-degrees.
Unfortunately, the theorem below shows that this is not always the case. There
is a simple join operator, arithmetic addition, which induces a join operation on
the S-degrees. No such operation exists for the sw-degrees.

Theorem 18. There exist nearly c.e. sets A and B such that for all nearly
c.e. W �sw A,B there is a nearly c.e. Q with A,B �sw Q but W �sw Q. Thus
the sw-degrees of c.e. reals do not form an uppersemilattice.

The idea of the proof of this theorem is that ifW �sw B then, by changing B
very often, we can cause W to change very often, and hence force W to con-
tain large blocks of 1’s. We can then use A to force a change in W somewhere
within such a block, which, because W is nearly c.e., forces W to change below
the block. But if the block is large enough then we can use this W change to
destroy a potential sw-reduction from W to Q, while still allowing Q to be sw-
above A and B. The full details involve a finite injury priority argument which
is nonuniform in the sense that we prevent a givenW �sw A,B from being a join
by constructing infinitely many c.e. reals Qi �sw A,B and using the argument
outlined above to show that W �sw Qi for at least one of the Qi.

The lack of a join operation leads to difficulties in exploring the structure of
the sw-degrees beyond what is done here, and is one of the motivations for the
introduction of rH-reducibility in the following section.

3 Relative H Reducibility

Both S-reducibility and sw-reducibility are uniform in a way that relative initial-
segment complexity is not. This makes them too strong, in a sense, and it is nat-
ural to wish to investigate nonuniform versions of these reducibilities. Motivated
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by this consideration, as well as by the problems with sw-reducibility, we intro-
duce another measure of relative randomness, called relative H reducibility, which
can be seen as a nonuniform version of both S-reducibility and sw-reducibility,
and which combines many of the best features of these reducibilities. Its name
derives from a characterization, discussed below, which shows that there is a
very natural sense in which it is an exact measure of relative randomness.

Definition 19. Let α and β be reals. We say that β is relative H reducible
(rH-reducible) to α, and write β �rH α, if there are a constant k and a partial
computable binary function f such that for each n there is a j � k for which
f(α � n, j)↓= β � n.

Since rH-reducibility is reflexive and transitive, we can define the rH-degree
degrH(α) of a real α to be its rH-equivalence class.

There are several characterizations of rH-reducibility, each revealing a differ-
ent facet of the concept. We mention three, beginning with a “relative entropy”
characterization whose proof is quite straightforward. For a c.e. real β and a
fixed computable approximation β0, β1, . . . of β, we will let the mind-change
function m(β, n, s, t) be the cardinality of {u ∈ [s, t] | βu � n �= βu+1 � n}.
Proposition 20. Let α and β be c.e. reals. The following condition holds if
and only if β �rH α. There are a constant k and computable approximations
α0, α1, . . . and β0, β1, . . . of α and β, respectively, such that for all n and t > s,
if αt � n = αs � n then m(β, n, s, t) � k.

The following is a more analytic characterization of rH-reducibility, which
clarifies its nature as a nonuniform version of both S-reducibility and sw-reduc-
ibility.

Proposition 21. For any reals α and β, the following condition holds if and
only if β �rH α. There are a constant c and a partial computable function ϕ such
that for each n there is a τ of length n+ c with |α− τ | � 2−n for which ϕ(τ)↓
and |β − ϕ(τ)| � 2−n.

Proof. First suppose that β �rH α and let f and k be as in Definition 19. Let c
be such that 2c � k and define the partial computable function ϕ as follows.
Given a string σ of length n, whenever f(σ, j) ↓ for some new j � k, choose a
new τ ⊇ σ of length n + c and define ϕ(τ) = f(σ, j). Then for each n there is
a τ ⊇ α � n such that ϕ(τ) ↓= β � n. Since |α − τ | � |α − α � n| � 2−n and
|β − β � n| � 2−n, the condition holds.

Now suppose that the condition holds. For a string σ of length n, let Sσ be
the set of all µ for which there is a τ of length n+ c with |σ − τ | � 2−n+1 and
|µ − ϕ(τ)| � 2−n+1. It is easy to check that there is a k such that |Sσ| � k for
all σ. So there is a partial computable binary function f such that for each σ
and each µ ∈ Sσ there is a j � k with f(σ, j)↓= µ. But, since for any real γ and
any n we have |γ−γ � n| � 2−n, it follows that for each n we have β � n ∈ Sα�n.
Thus f and k witness the fact that β �rH α. ��
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The most interesting characterization of rH-reducibility (and the reason for
its name) is given by the following result, which shows that there is a very natural
sense in which rH-reducibility is an exact measure of relative randomness. Recall
that the prefix-free complexity H(τ | σ) of τ relative to σ is the length of the
shortest string µ such that Mσ(µ) ↓= τ , where M is a fixed self-delimiting
universal computer.

Theorem 22. Let α and β be reals. Then β �rH α if and only if there is a
constant c such that H(β � n | α � n) � c for all n.

Proof. First suppose that β �rH α and let f and k be as in Definition 19.
Let m be such that 2m � k and let τ0, . . . , τ2m−1 be the strings of length m.
Define the prefix-free machine N to act as follows with σ as an oracle. For all
strings µ of length not equal to m, let Nσ(µ) ↑. For each i < 2m, if f(σ, i) ↓
then let Nσ(τi) ↓= f(σ, i), and otherwise let Nσ(τi) ↑. Let e be the coding
constant of N and let c = e + m. Given n, there exists a j � k for which
f(α � n, j) ↓= β � n. For this j we have Nα�n(τj) ↓= β � n, which implies that
H(β � n | α � n) � |τj |+ e � c.

Now suppose that H(β � n | α � n) � c for all n. Let τ0, . . . , τk be a list of
all strings of length less than or equal to c and define f as follows. For a string
σ and a j � k, if Mσ(τj) ↓ then f(σ, j) ↓= Mσ(τj), and otherwise f(σ, j) ↑.
Given n, since H(β � n | α � n) � c, it must be the case that Mα�n(τj)↓= β � n
for some j � k. For this j we have f(α � n, j)↓= β � n. Thus β �rH α. ��

An immediate consequence of this result is that rH-reducibility satisfies the
Solovay property.

Corollary 23. If β �rH α then there is a constant c such that H(β � n) �
H(α � n) + c for all n.

On the other hand, the converse of this corollary is not true even for strongly
c.e. reals. This follows from Theorem 28 below and a result of Zambella [37], who
showed, using a technique due to Solovay [34], that there is a noncomputable
strongly c.e. real β such that H(β � n) � H(1n) +O(1).

The next two theorems, which show that rH-reducibility is a common weak-
ening of S-reducibility and sw-reducibility, follow easily from Proposition 21.

Theorem 24. Let α and β be c.e. reals. If β �S α then β �rH α.

Corollary 25. A c.e. real α is rH-complete if and only if it is random.

Theorem 26. If β �sw α then β �rH α.

Theorems 6 and 7 show that the converses of Theorems 24 and 26 do not
hold, but even among strongly c.e. reals, where S-reducibility and sw-reducibility
agree, rH-reducibility is not equivalent to its stronger counterparts.

Theorem 27. There exist strongly c.e. reals α and β such that β �rH α but
β �sw α (equivalently, β �S α).
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The proof of this theorem is a straightforward finite injury argument.
It is interesting to note that, despite the nonuniform nature of its definition,

rH-reducibility implies Turing reducibility. Since any computable real is obvi-
ously rH-reducible to any other real, this implies that the computable reals form
the least rH-degree.

Theorem 28. If β �rH α then β �T α.

Proof. Let k be the least number for which there exists a partial computable
binary function f such that for each n there is a j � k with f(α � n, j)↓= β � n.
There must be infinitely many n for which f(α � n, j) ↓ for all j � k, since
otherwise we could change finitely much of f to contradict the minimality of k.
Let n0 < n1 < · · · be an α-computable sequence of such n. Let T be the α-
computable subtree of 2ω obtained by pruning, for each i, all the strings of
length ni except for the values of f(α � ni, j) for j � k.

If γ is a path through T then for all i there is a j � k such that γ extends
f(α � ni, j). Thus there are at most k many paths through T , and hence each
path through T is α-computable. But β is a path through T , so β �T α. ��

On the other hand, by Theorem 7, S-reducibility does not imply wtt-
reducibility, even among c.e. reals, and hence rH-reducibility does not imply
wtt-reducibility.

Structurally, the rH-degrees of c.e. reals are nicer than the sw-degrees of
c.e. reals.

Theorem 29. The rH-degrees of c.e. reals form an uppersemilattice with least
degree that of the computable sets and highest degree that of Ω. The join of the
rH-degrees of the c.e. reals α and β is the rH-degree of α+ β.

Proof. All that is left to show is that addition is a join. Since α, β �S α + β,
it follows that α, β �rH α + β. Let γ be a c.e. real such that α, β �rH γ. Then
Proposition 20 implies that α + β �rH γ, since for any n and s < t we have
m(α+ β, n, s, t) � 2(m(α, n, s, t) +m(β, n, s, t)) + 1. ��

In [15], Downey, Hirschfeldt, and Nies studied the structure of the S-degrees
of c.e. reals. They showed that the S-degrees of c.e. reals are dense. They also
showed that every incomplete S-degree splits over any lesser degree, while the
complete S-degree does not split at all. The methods of that paper can be
adapted to prove the analogous results for rH-degrees of c.e. reals.

Theorem 30. For any rH-degrees a < b of c.e. reals there is an rH-degree c of
c.e. reals such that a < c < b.

For any rH-degrees a < b < degrH(Ω) of c.e. reals, there are rH-degrees c0

and c1 of c.e. reals such that a < c0, c1 < b and c0 ∨ c1 = b.
For any rH-degrees a,b < degrH(Ω) of c.e. reals, a ∨ b < degrH(Ω).

Thus we see that rH-reducibility shares many of the nice structural properties
of S-reducibility on the c.e. reals, while still being a reasonable reducibility on
non-c.e. reals. Together with its various characterizations, especially the one in
terms of relative H-complexity of initial segments, this makes rH-reducibility a
tool with great potential in the study of the relative randomness of reals.
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Abstract. This paper contains answers to several problems in the the-
ory of the computational complexity of infinite words. We show that the
problem whether all infinite words generated by iterating dgsm’s have
logarithmic space complexity is equivalent to the open problem asking
whether the unary classes of languages in P and in DLOG are equiva-
lent. Similarly, the problem to find a concrete infinite word which cannot
be generated in logarithmic space is equivalent to the problem to find
a concrete language which does not belong to DSPACE(n). Finally, we
separate classes of infinite words generated by double and triple D0L
TAG systems.

Introduction

The study of infinite words is an important research topic in Combinatorics
on words. The main stream of research focused on combinatorial properties,
cf. [Lo], and the descriptional complexity of infinite words, i.e., the measure how
complicated simple mechanisms are needed to generate particular infinite words.
An extensive study of different machineries for infinite word generation can be
found in [CK].

In [HKL] a new area of investigation was introduced, the computational com-
plexity of words, i.e., the measure how much resources (such as time and space)
are needed to generate a certain infinite word. The paper concentrates on rela-
tions between the two mentioned complexities: descriptional and computational.
Further results in this area can be found in [HK].

In [CK], [HKL] and [HK] several interesting problems are proposed. In this
paper we will show that even some of the simplest problems proposed are equiva-
lent to well-known hard open problems in complexity theory of Turing machines.
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In Section 1 we fix our terminology. In Section 1.1 we recall the definition of the
computational complexity, while in Section 1.2 we define several simple methods
for generating infinite words:

– iterating morphism, the most commonly used method introduced already
in [Th];

– iterating a deterministic generalized sequential machine (a dgsm), i.e. a de-
terministic finite state transducer;

– double and triple D0L TAG systems.

In Section 2.1 we consider the open problem, proposed in [HKL], namely
whether all infinite words generated by iterating dgsm’s have logarithmic space
complexity. This problem was attacked in [Le], claiming that the answer to
the problem is affirmative. On the other hand, here we show that the problem
is equivalent to an other hard open problem asking whether unary classes of
languages P and DLOG (denoted u-P and u-DLOG, respectively) are equivalent.
One can easily observe that u-P = u-DLOG if and only if ∪c>0 DTIME(cn) =
DSPACE(n).

Section 2.1 contains two other small results concerning the growth of dgsm’s,
It was shown in [HKL] that the greatest possible growth of a dgsm is exponen-
tial and that infinite words generated by such dgsm’s have logarithmic space
complexity. We show that the smallest non-trivial growth is Θ(n log n) and that,
similarly, dgsm’s with such growth generate infinite words with logarithmic space
complexity.

In [HKL] an another interesting problem is proposed: to find a concrete
infinite word which cannot be generated in the logarithmic space. It is mentioned
already in [HK] that this problem is at least as hard as to prove L /∈ DLOG
for some L ∈ NP. In Section 2.2 we show that it is exactly as hard as the
problem to find a concrete language, which does not belong to DSPACE(n).
Note that even the problem to find a concrete language, which does not belong
to DSPACE(logn) = DLOG is a hard open problem.

Finally, in Section 2.3 we separate the classes of infinite words generated by
double and triple D0L TAG systems as it was conjectured in [CK].

1 Preliminaries

In this section we fix our terminology. Let Σ be a finite alphabet. The sets of
all finite and infinite words over Σ are denoted Σ∗ and ΣN, respectively. In the
following sections we define the computational complexity of infinite words and
describe several iterative devices generating infinite words.

1.1 The Computational Complexity of Infinite Words

The best way how to define the computational complexity of an object is to
describe it in the terms of Turing machines. For example, the Kolmogorov com-
plexity of a finite word is the size of the smallest Turing machine generating the
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word, cf. [Ko]. In the case of infinite words we will use the model of computation
based on k-tape Turing machine, which consists of

1. a finite state control;
2. k infinite one-way working tapes each containing one two-way read/write

head;
3. one infinite output tape containing one one-way write-only head.

We assume that k-tape TM starts in the initial state with all tapes empty
and behaves as normal Turing machine. We say that k-tape TM generates an
infinite word w ∈ ΣN if

1. in each step of computation, the content of the output tape is a prefix of w;
2. for each u, prefix of w, there is an integer n such that u is a prefix of the

content of the output tape after n steps of computation.

Let M be a k-tape TM generating a word w. The time and space complexities
of M are functions TM : N→ N and SM : N→ N defined as follows:

– TM (n) is the smallest number of steps of the computation of M when the
prefix of w of length n is already written on the output tape;

– SM (n) is the space complexity of working tapes during first TM (n) steps of
the computation, i.e., the maximum of lengths of words written on working
tapes.

Finally, for any integer function s : N→ N we define the following complexity
classes:

– GTIME(s) = {w ∈ ΣN; there exists a k-tape TM M generating w and
TM (n) ≤ s(n) for all n ≥ 1};

– GSPACE(s) = {w ∈ ΣN; there exists a k-tape TM M generating w and
SM (n) ≤ s(n) for all n ≥ 1};

It follows from the speed-up argument, as in ordinary complexity theory, that
functions s(n) and c.s(n), where c is a constant, have the same space computa-
tional complexities.

1.2 Iterative Devices Generating Infinite Words

In this section we define several simple methods used for generating infinite
words. The simplest and most commonly used method is to iterate a morphism
h : Σ∗ → Σ∗: if h is nonerasing and for a letter a ∈ Σ, a is a prefix of h(a), then
there exists the limit

w = lim
n→∞ hn(a) .
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A natural generalization of this method is to use more powerful mapping in
the iteration, a deterministic gsm. As a convention we assume throughout that
all dgsm’s are non-erasing.

The further generalization leads to double D0L TAG system which consist of
two infinite one-way tapes each of which containing a one-way read-only head
and a one-way write-only head. In each step of the generation both read-only
heads read a symbol and move right to the next square while the write-only
heads write the corresponding outputs to the first empty squares of these tapes.
We assume that the infinite word generated by a double D0L TAG system is
written on the first tape. A double D0L TAG system can be specified in the
terms of the rewriting rules of the form:

(
a

b

)
→
(
α

β

)
, where a, b ∈ Σ, α, β ∈ Σ+.

Assuming that in each rewriting rule, |β| = 1, we get a mechanism which iterates
a dgsm. Finally, we can define triple D0L TAG system by extending the number
of tapes to three.

2 The Results

2.1 Dgsm’s

In [HKL] the following problem is proposed: are all words generated by dgsm’s in
GSPACE(log n)? We prove here that this problem is equivalent to the problem
whether classes u-DLOG and u-P are equivalent. Note that this in some sense
contradicts the result of [Le] that all infinite words generated by iterating dgsm’s
have logarithmic space complexity: if the result in [Le] is correct, then, together
with the following theorem, we have D-EXPTIME = DSPACE(n), which is
unlikely. [Le] gives only the sketch of the proof of the result and, hence, we are
unable to check if it is correct.

Theorem 1. All infinite words generated by iterating dgsm’s have logarithmic
space complexity if and only if u-P = u-DLOG.

Proof. First, let us assume that u-P = u-DLOG. Take a dgsm τ over finite al-
phabet Σ generating an infinite word w = w1w2 . . . . We prove that the space
complexity of w is O(logn). It is obvious that there is a 1-tape Turing ma-
chine M generating the word w in quadratic time. Consider the languages Lc =
{0n; n ≥ 1, wn = c} for all c ∈ Σ. Note that Lc is an unary language. We can
easily construct a Turing machine recognizing Lc in quadratic time using Turing
machine M . By the assumption there exist Turing machines Mc recognizing the
languages Lc in logarithmic space. Now, consider 3-tape TM, which runs Mc’s
to generate n-th letter of w by using the third tape as working tape. It stores
the binary representation of n on the first tape and the position of the head of
TM Mc on the input tape on the second tape. Before each run of any Mc it
erases the working tape and writes on the second tape position 1. It runs Mc for
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each letter c of the alphabet of τ until some Mc accepts and then it writes the
letter c on the output tape. In each step of the simulation of any Mc it checks
whether the position represented on the second tape is the last one. Clearly such
machine generates the word w in logarithmic space.

Second, assume that all words generated by iterating a dgsm have logarithmic
space complexity. Take a Turing machine M working in polynomial time, i.e.,
T (M) = O(nk), recognizing language L ⊆ 0∗. We construct 1-tape TM M ′

for generating an infinite word with the tape divided into three layers. On the
first layer it generates unary inputs in increasing order, on the second layer it
simulates computations of M on the input stored on the first layer, and on the
third layer it writes 1, if computation ends in an accepting state, or 0, if it ends
in a rejecting state. Before each simulation it erases the second and third layer
of the tape.

Now, consider a dgsm τ which carries out the computations

Ci → Ci+1, for i ≥ 0,

where Ci corresponds to the i-th configuration of M ′. It also maps the start-
ing letter $ into the starting configuration of M ′. Clearly, the iteration of τ
will generate infinite word, the sequence of all configurations of TM M ′: W =
$C0C1C2 . . . . By the assumption the infinite word W has logarithmic space com-
plexity, i.e., there exists a TM M ′′ generating W in logarithmic space. Finally,
we define TM M ′′′ recognizing L, which on the input 0n runs M ′′, but instead of
writing the bits of W to the output tape, it compares its input with the input on
the first layer of each generated configuration, and moreover, it checks the first
letter on the third layer of each generated configuration. When the compared
inputs coincide and the first letter on the third layer is 0 or 1 then TM M ′′′ halts
in the rejecting or in the accepting state, respectively. Otherwise, it continues in
generating bits of the next configuration. Clearly, M ′′′ recognize the language L.

Now, it suffices to show that M ′′′ works in logarithmic space. Let Cin be
the configuration in which M ′ writes 0 or 1 on the first place of the third layer,
when the first layer contains 0n. Hence in the block of configurations Bn =
Cin−1+1 . . . Cin , M ′ erases the second and the third layer of the tape, changes
the input on the first layer to 0n and runs TM M on this input. Since M works
in time O(nk) the length of any configuration in block Bn is at most O(nk)
and the number of configurations in Bn is at most O(nk). Hence the length of
the block Bn is at most O(n2k). Turing machine M ′′′ on the input 0x generates
first x blocks of configurations until it halts. Hence it generates the prefix of the
infinite word W of length

x∑

n=0

|Bn| = O(x2k+1) .

Since M ′′ works in logarithmic space, M ′′′ will use space O(log x) to carry out
the computation on the input 0x.

Next, we will show two small results concerning the growth of a dgsm τ , i.e.,
the integer function g : N → N, where g(n) is the length of τn(a). In [HKL]
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it was proved that the infinite word generated by a dgsm with the exponential
growth has logarithmic space complexity. Note that the exponential growth is
the greatest possible growth. Next, we show that the smallest non-trivial growth
of a dgsm is Θ(n logn) and also that dgsm’s with the growth Θ(n logn) generate
infinite words with logarithmic space complexity. More precisely:

Lemma 2. If a dgsm has the growth o(n logn), then it generates an ultimately
periodic infinite word. Such word can be generated in constant space.

Proof. Let τ be a dgsm with the growth o(n logn) generating an infinite word
w = w1w2 . . . , with wi ∈ Σ. Let τq(z) [σq(z)] be the output [the last state] of
dgsm τ when reading the input z and starting in the state q.

We define the two sequences of words and one sequence of states of dgsm τ .
Let a be the starting symbol, q0 be the initial state and let τ(a) = τq0(a) = av.
Then put:

u1 = a, v1 = v, q1 = σq0(a)
un = un−1vn−1, vn = τqn−1(vn−1), qn = σqn−1(vn−1).

Observe that τn(a) = un+1 = unvn = · · · = u1v1v2 . . . vn. This implies 1 +∑n
j=1 |vj | = |τn(a)| = o(n logn). Next, we try to estimate the length of the

increment |vn|. Since dgsm τ is non-erasing, for all i < n we have |vi| < |vn|. We
have:

n|vn| ≤
2n∑

j=n+1

|vj | ≤
2n∑

j=1

|vj | = o(2n log 2n) = o(n logn) .

Hence, |vn| = o(log n) and for any constant c there exists n such that c|vn| < n.
If we take c = |Σ| + 1, there must be a repetition among the words v1, . . . , vn,
let say vi = vi+k for some integers i, i + k ≤ n and k > 0. Then vj = vj+k for
all j ≥ i, hence the infinite word w = u1v1v2v3 . . . is ultimately periodic and it
can be then generated in constant space, cf. [HKL], Lemma 3.1.

Lemma 3. An infinite word generated by a dgsm with the growth Θ(n logn) has
logarithmic space complexity.

Proof. Let τ be a dgsm with the growth Θ(n logn) generating an infinite word
w = w1w2 . . . . Consider the sequences {un}n≥0, {vn}n≥0, {qn}n≥0 from the
previous proof.

We construct TM M generating w as follows. In the first step it writes u1 on
the output tape, v1 on the first tape and it sets to the state q1. In each following
step n it simulates dgsm τ on input written on the first tape starting in the
state qn−1. The output of the simulation of τ is written, at the same time, to the
output tape and to some temporary tape, so that after the simulation it can be
copied back to the first tape. Hence, in the end of step n the first tape contains
word vn. The last state of the simulation of τ is the state qn, from which the
next simulation will start.

The space needed to generate the m-th letter of w is at most |vn|, where n
is an integer such that vn contains the letter wm, i.e.,
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n−1∑

i=1

|vi| < m ≤
n∑

i=1

|vi| .

One can show in the same way as in in the proof of Lemma 2 that |vn| = O(log n).
Moreover, since n ≤ 1 +

∑n−1
i=1 |vi| ≤ m, we have |vn| = O(logn) = O(logm).

Hence, TM M works in logarithmic space.

2.2 Logarithmic Space Complexity

The second part of Problem 5.2 in [HK] asks to find a specific infinite word which
cannot be generated in logarithmic space. We show that this problem is as hard
as the problem to find a specific language which does not belong to DSPACE(n),
and this is a hard open problem.

Notation 1. Denote the n-th binary word in the lexicographical order by lex(n).
Note that for n ≥ 1, bin(n) = 1 lex(n).

Definition 4. Let w be an infinite binary word and L ⊆ {0, 1}∗ an binary lan-
guage. We say that w determines language L if for every positive integer n:
the n-th letter of w is 1 if and only if lex(n) belongs to L.

Theorem 5. Let w be an infinite binary word and L the language determined
by w. Then, the word w is in GSPACE(log n) if and only if L belongs to
DSPACE(n).

Proof. First, assume that w has logarithmic space complexity. Let M be a Turing
machine generating w in logarithmic space. We construct Turing machine M ′

recognizing language L. Let lex(n) be the word on the input tape of M ′, where n
is a positive integer. The length of input is Θ(log n). M ′ simulates M in the
following way: it remembers only the last letter generated by M and counts the
number of them on a special working tape. When this number is equal to n, it
stops and accepts the input if and only if the last output letter was 1.

Since M uses space only Θ(log n) to generate first n output letters and the
same space is needed for counting of the number of output letters, M ′ works in
space Θ(log n), which is linear to the length of input. Hence, L ∈ DSPACE(n).

Next, assume that L ∈ DSPACE(n). So we have a Turing machine M rec-
ognizing L in linear space. Let M ′ be a Turing machine such that it generates
words in lexicographical order on the first working tape and runs M on each
generated word. Depending on if the word was accepted or rejected it writes 1
or 0 on the output tape. Clearly, the length of the n-th word on the first working
tape is Θ(log n). M works in linear space, hence in space Θ(log n). Therefore, M ′

uses logarithmic space to generate n-th letter: w ∈ GSPACE(logn).

As a consequence we have that if we would be able to show about a specific
infinite word that it does not belong to GSPACE(logn), then we would have
also a specific language which does not belong to DSPACE(n), and vice versa.
Note, that even the problem to show that a specific language does not belong to
DSPACE(logn) is open.
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2.3 Separation of Double and Triple D0L TAG Systems

In the Section 6 of [HKL] is mentioned that the generation of infinite words by
double D0L TAG systems is very powerful mechanism, and that it is not known
any concrete example of an infinite word which cannot be generated by this
mechanism, although by a diagonalization argument such words clearly exist.
In [CK] (Conjecture 4) is conjectured that there exists an infinite word that
can be generated by a triple D0L TAG system, but not by any double D0L
TAG system. In what follows we are going to give the whole class of infinite
words which cannot be generated by any double D0L TAG system. Combining
this result with some results in [CK] we can also give an affirmative answer to
Conjecture 4 of [CK]. First, let us fix some notation.

Notation 2. Let w = c1 . . . cn be a word with ci ∈ Σ. Then symb(w) = {ci, 1 ≤
i ≤ n} denotes the set of all symbols occurring in the word.

Theorem 6. Let s : N → N be an integer function such that s(i) ∈ 2ω(i), i.e.,
s(i) grows faster than exponentially. Then the infinite word

w = 10s(1)10s(2)10s(3) . . .

cannot be generated by any double D0L TAG system.

Proof. Assume that w can be generated by double D0L TAG system, and let τ
be such a system. Let M be the set of all symbols occurring on the second tape
of τ and B the maximal number of symbols written on any tape in one step, i.e.,

B = max{max(|α|, |β|), where
(
a

b

)
→
(
α

β

)
is a rewriting rule of τ} .

Let wi = 10s(i). First, we show that for any constant k ≥ 1 there is a positive
integer j such that:

s(j) + 1 = |wj | > k|w1 . . . wj−11|+ 1 . (1)

Since s(i) ∈ 2ω(i), for any number c > 1 there is an integer j such that:

|wj | > cj ,

|wi| ≤ ci for all 1 ≤ i ≤ j − 1.

Then we have

k|w1 . . . wj−11| ≤ k

j−1∑

i=0

ci ≤ k · c
j − 1
c− 1

.

Taking c = k + 1, we get k|w1 . . . wj−11|+ 1 ≤ cj < |wj |.
Consider that we are reading the first 0 of wj = 10s(j) in the word w. Let u1

(v1) be the word written on the first (second) tape between the reading and
the writing head. And let, recursively, ul (resp. vl) be the word added on the
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first (resp. second) tape after reading vl−1. Note that for all l ≥ 1, we have
|v1 . . . vl−1| < |u1 . . . ul|.

We define also set M0 ⊆ M as follows. For x ∈ M , let
(
0
x

) → (
α
β

)
be a rule

of τ . Then, x ∈ M0 if and only if α ∈ 0+. Hence, M0 is the set of all symbols
such that when reading 0 on the first tape and such symbol on the second tape,
it writes only 0’s on the first tape.

Assume that for some i ≥ 1:
i∑

l=1

|ul| ≤ s(j) . (2)

By (2), words u1, . . . , ui contain only 0’s, hence when reading words v1, . . . , vi−1,
only 0’s are written on the first tape. Since |v1 . . . vl−1| < |u1 . . . ul|, we have also
that while reading words v1, . . . , vi−1, only 0’s are read from the first tape.

Consider the following oriented graph. The vertices are elements of M . There
is an arc x→ y, if for rule

(
0
x

)→ (
α
β

)
, y ∈ symb(β) (see Notation 2). For X ⊆M ,

let clos(X) be the set of all vertices of the graph to which we can get from any
vertex of X following the arcs. If clos(symb(v1)) ⊆ M0, then since u1 ∈ 0+, we
get by induction that ul ∈ 0+ and symb(vl) ⊆ clos(symb(v1)) ⊆M0 for all l ≥ 1.
This is a contradiction since, there must be ul containing 1.

Hence, there must be an oriented path starting in a vertex of symb(v1) and
ending in a vertex of M −M0 of length i0 ≤ |M0|. Let i0 be the shortest such
path. If we prove that (2) holds true for i = |M |+ 1 ≥ |M0|+ 2 ≥ i0 + 2, then
since during reading v1, . . . , vi0+1 only 0’s are read and written on the first tape,
we have symb(v1), . . . , symb(vi0) ⊆ M0 and symb(vi0+1) ∩ (M −M0) �= ∅. This
implies that 1 ∈ symb(ui0+2), which is a contradiction with (2).

Now it suffices to prove that Equation (2) holds for i = |M |+1. After reading
one symbol, system τ can write on any tape at most B symbols. Hence, we have
for all l ≥ 1, |ul+1|, |vl+1| ≤ B|vl|. We estimate the left hand side of (2):

|M|+1∑

l=1

|ul| ≤ |u1|+
|M|+1∑

l=2

Bl−1|v1| ≤ max(|u1|, |v1|).
|M|∑

l=0

Bl . (3)

Notice that T =
∑|M|

l=0 B
l is a constant for τ .

Next, we try to estimate |u1| and |v1|. Consider the situation when the reading
heads are on the (n + 1)-th symbols of both tapes. Then n symbols have been
already read and hence at most Bn symbols written. So, there is at most (B−1)n
symbols between writing and reading head on any tape. This implies:

max(|u1|, |v1|) ≤ (B − 1)|w1 . . . wj−11| . (4)

Taking k = T (B − 1) we get

|M|+1∑

l=1

|ul|
(3)

≤ T.max(|u1|, |v1|)
(4)

≤ T (B − 1)|w1 . . . wj−11| (1)< s(j)

as desired.



On the Computational Complexity of Infinite Words 337

Let us recall one lemma proved in Examples 11 and 13 of [CK]:

Lemma 7. Let s : N→ N be an integer function which is computable, i.e., can
be computed by a TM. Then there exists t : N→ N such that t(n) ≥ s(n) for all
n ≥ 1 and the word

w = 10t(1)10t(2)10t(3) . . .

can be generated by a triple D0L TAG system. Moreover, such integer function t
can be effectively computed.

The proof of the lemma is based on the following idea. Let M be a TM com-
puting unary strings 1s(1), 1s(2), . . . and let τ be a dgsm generating the sequence
of configurations of computation of M . We can easily extend the dgsm τ to a
triple D0L TAG system by coding all letters generated by τ to 0, except for the
last letters of the strings in the sequence 1s(1), 1s(2), . . . , which are coded to 1.
Together with our result we have the following corollary:

Corollary 8. There exists an infinite word which can be generated by a triple
D0L TAG system, but not by any double D0L TAG system.

Hence, the inclusion “double DOL ⊆ triple D0L” is proper, as conjectured
in Conjecture 4 in [CK].
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Abstract. The problem of scheduling jobs that arrive over time on
a single machine is well-studied. We study the preemptive model and
the model with restarts. We provide lower bounds for deterministic and
randomized algorithms for several optimality criteria: weighted and un-
weighted total completion time, and weighted and unweighted total flow
time. By using new techniques, we provide the first lower bounds for
several of these problems, and we significantly improve the bounds that
were known.

1 Introduction

We consider on-line scheduling of n jobs on a single machine. The jobs arrive over
time. Job Jj with processing time (or size) pj is released (or arrives) at time rj .
This is also the time when it is revealed to the algorithm. The algorithm is
required to assign each job to a machine. A job can be assigned at its arrival time
or later. The algorithm may run at most one job on each machine at any time. In
weighted problems, each job Jj is also given a positive weightwj which represents
its importance. We consider both deterministic and randomized algorithms.

Scheduling on a single machine simulates (e.g.) processing tasks on a se-
rial computer. This important problem has been widely studied both on-line
and off-line, considering various optimality criteria [1,4,5,8,9,17]. However, until
now only relatively weak lower bounds were known, especially for the weighted
problems, and in some cases no bounds were known at all. We make significant
progress in this area by providing strong (or stronger) lower bounds for several
optimality criteria.

In the standard scheduling model, a job which was assigned to a machine
must be processed continuously to its completion. The preemptive scheduling
model allows the algorithm to stop a running job and resume it later. A third
model does not allow preemptions but allows restarts. In this case a running job
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may be stopped, but it has to be started from scratch when it is scheduled again.
In this paper we focus on preemptive algorithms, and algorithms with restarts.

We consider two optimality criteria. Each one is considered both in the
weighted case and in the unweighted case. Let Cj be the completion time of Jj .
The flow time Fj is the total time Jj exists in the system, i.e. Fj = Cj− rj . This
gives the following four criteria:

1. Minimizing the total completion time (
∑
Cj).

2. Minimizing the total weighted completion time (
∑
wjCj).

3. Minimizing the total flow time (
∑
Fj).

4. Minimizing the total weighted flow time which is
∑
wjFj .

The flow time measure is used in applications where it is important to finish
tasks fast, relative to their release time. On the other hand, the completion time
measure is used when tasks need to be finished as fast as possible, relative to
a starting time of the computer, with no connection to their arrival time. The
weighted versions of the problems model cases where different jobs have different
importance.

We study these problems in terms of competitive analysis. Thus we compare
an (on-line) algorithm to an optimal off-line algorithm opt that knows all jobs in
advance, but cannot assign a job before its release time. If the on-line algorithm
is allowed to preempt jobs, we assume that opt can preempt as well. In the
other models we only consider non-preemptive off-line schedules. Let TB be the
cost of algorithm B. An algorithm A is R-competitive if for every sequence TA ≤
R · Topt. The competitive ratio of an algorithm is the infimum value of R such
that the algorithm is R-competitive.

Known results There are several cases where the optimal schedule has a simple
structure.

The optimal schedule is the same both for (weighted) flow time and for
(weighted) completion time, since the optimal costs differ by the constant∑
riwi. For the weighted case, if all release times are zero (all jobs are released

at the same time, hence the problem is always off-line), then an optimal off-line
schedule is achieved by sorting the jobs by their ratios of size to weight (pj/wj),
and processing them in non-decreasing order [14]. For the unweighted case, an
optimal preemptive schedule can be built on-line by applying the SRPT algo-
rithm. At all times, this algorithm processes the job with the smallest remaining
processing time [10].

In an off-line environment, the simple structure makes the complexity of
those problems polynomial. However, all weighted versions of the problem with
general release times are strongly NP-hard [9], and so are the unweighted non-
preemptive problems. (Naturally, in an off-line environment nothing changes
if restarts are allowed, since all jobs are known in advance). Moreover, it is
NP-hard to approximate the non-preemptive problem of minimizing total flow
time to a factor of O(n1/2−ε) [8]. This paper gives an off-line approximation
of performance ratio Θ(

√
n) for that problem. Polynomial time approximation
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schemes for preemptive and non-preemptive weighted completion time, and for
non-preemptive total completion time, were given recently by [1].

Table 1. Known results and new lower bounds

Old LB New LB Upper bound
P

Cj restarts det. 1.112 [17] 1.2108 2 [7,11,15]
rand. 1 1.1068 e/(e − 1) [4,16]

P
Fj restarts det. Ω(n1/4) [17] Ω(

√
n) Θ(n)

rand. 1 Ω(
√

n) Θ(n)
P

wjCj restarts det. 31/30 [13] 1.2232 2.415 [6]
rand. 113/111 [13] 1.1161 1.686 [5]

preemptions det. 31/30 [13] 1.0730 2 [6,12]
rand. 113/111 [13] 1.0389 4/3 [12]

P
wjFj restarts det. Ω(n1/4) [17] Ω(n) -

rand. 1 Ω(n) -
preemptions det. 1 2 -

rand. 1 4/3 [3] -

The known results and our new lower bounds for on-line algorithms are sum-
marized in Table 1. In this table, the columns ’Old LB’ and ’New LB’ contain
the best known lower bounds so far and our new lower bounds, respectively.
As mentioned earlier, it is possible to get an optimal algorithm (i.e. achieve the
competitive ratio 1) for minimizing the total completion time or the total flow
time in the preemptive model. We find that this is not the case for the weighted
versions of these criteria.

Stougie and Vestjens [16] gave a lower bound of Ω(
√
n) for randomized al-

gorithms to minimize the total flow time in the standard model (no restarts or
preemptions). It is easy to see that there can be no competitive (deterministic
or randomized) algorithm to minimize the total weighted flow time in the stan-
dard model. No other results for weighted flow time were known until recently.
Chekuri, Khanna and Zhu [3] studied this problem in both off-line an on-line
environments. Their work was done independently and in parallel to our work.
They give a semi-online algorithm with competitive ratio O(log2 P ), where P is
the ratio between maximum and minimum job sizes. They also give lower bounds
of 1.618 for deterministic on-line algorithms and 4/3 for randomized algorithms.

Our results We give some new lower bounds, and improve some previously known
lower bounds. Specifically, we improve the lower bounds of [17] for scheduling
with restarts, both for total flow time and total completion time. We also improve
the bounds of [13] for preemptive (deterministic and randomized) scheduling
with the goal of minimizing the total weighted flow time. The existing lower
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bounds for these problems were very close to 1. The substantial improvements
we show are due to new techniques we are using.

We begin by discussing several useful lower bounding methods, that are used
in more than one proof, in Section 2. Section 3 contains our results on total
(weighted) completion time, and Section 4 discusses the total (weighted) flow
time measure.

2 Methods

To prove lower bounds for randomized algorithms we use the adaptation of Yao’s
theorem [18]. It states that a lower bound for the competitive ratio of determin-
istic algorithms on a fixed distribution on the input is also a lower bound for
randomized algorithms and is given by E(TA/Topt).

A useful method for weighted problems is as follows. Assume that at time t,
the on-line algorithm is left with one job of size a �= 0 and weight b, and opt has
either completed all the jobs or it is left with a job of a smaller ratio of weight to
size. We let k jobs of size ε arrive at times t+(i−1)ε for i = 1, . . . , k. Each such
job has weight b

aε. Hence it does not matter for the total completion time or
the total flow time in which order the on-line algorithm completes the jobs, and
all the new jobs are interchangeable with the job of size a. Let c = kε and let ε
tend to 0, keeping c constant. If opt has no jobs left, and we are considering the
total weighted completion time, then the extra cost of opt is tcb/a+ c2b/(2a)
and the extra cost of the on-line algorithm is tcb/a + cb + c2b/(2a). The extra
cost for other cases can be calculated similarly.

For algorithms that are allowed to restart jobs, it can be useful to let jobs
of size 0 arrive at such a time that the on-line algorithm is forced to restart
the job it is running, whereas opt can run the jobs immediately due to its
different schedule of the other jobs, or possibly delay them (in the case that more
jobs arrive). This can be combined with a sequence of jobs with exponentially
increasing sizes. By timing the arrival of the jobs, it is possible to force the on-
line algorithm to restart every job in such a sequence (if it does not restart, we
stop the sequence at that point).

3 Total Completion Time

3.1 Lower Bounds for Algorithms with Restarts

We begin by showing bounds for the problem where all jobs have the same
weight, first for deterministic algorithms and then for randomized algorithms.

Theorem 1. Any deterministic algorithm for minimizing the total completion
time on a single machine which is allowed to restart jobs, has a competitive ratio
of at least R1 = 1.2102.
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Proof. Assume there is an algorithm A that has a competitive ratio of R1 =
1.2102009. A job of size 1 arrives at time 0. Since restarts are allowed, we may
assume A starts it immediately. A sequence of jobs will now arrive in steps. In
each step the online algorithm must restart. If it does not, the sequence stops at
that point. Otherwise, the next item in the sequence arrives.

1. A job of size 0 arrives at time x = 1/R1 − 1/2 ≈ 0.326309.
2. A job of size 0 arrives at time y = 3/(2R2

1)− 1/(4R1)− 1/4 ≈ 0.567603.
3. Three jobs of size 0 arrive at time 1. If A does not restart, the implied

competitive ratio is (x+ 5y + 4)/(x+ y + 5) > R1.

If A has restarted three times so far, we repeat the following for i = 1, . . . , 5 or
as long as A keeps restarting in step 5. opt will complete the first six jobs by
time 1 and pay 6 for them. Denote the first job that arrived (with size x0 = 1)
by J0.

4. A job of size xi arrives at the time opt finishes Ji−1.
5. ai jobs of size 0 arrive at the time opt finishes Ji. (A is still executing Ji

at this moment.)

If we fix a1, . . . , a5 we can determine x1, . . . , x5 so that if A does not restart
on arrival of the ai jobs of size 0, it pays exactly R1 times the optimal cost.
Note that if A runs any Ji before Ji−1, it pays more than R1 times the optimal
cost, and the sequence stops immediately without the arrival of ai jobs of step 5
(when Ji arrives, the only job which is still not completed in the schedule of A
is Ji−1).

i 1 2 3 4 5
ai 3 2 2 2 1
xi 2.13118 4.04404 8.33794 18.1366 36.2732

By fixing ai (i = 1, . . . , 5) as in this table, we can ensure that A pays more
than R1 times the optimal cost for the entire sequence when the last job arrives.
Since x5 = 2x4, A’s costs are the same if it restarts the job of size x5 for the last
job and if it does not. �

Using a computer, we have been able to improve this bound slightly us-
ing a1 = 3, a2 = . . . = a45 = 2, giving R2 = 1.210883. After J45 arrives, A has
a cost of at least R2 times the optimal cost whether it restarts or not on arrival
of the last 2 jobs of size 0.

Theorem 2. Any randomized algorithm for minimizing the total completion
time on a single machine which is allowed to restart jobs, has a competitive
ratio of at least R3 = 114/103 ≈ 1.1068.

Proof. We use Yao’s minimax principle [18] and consider a randomized ad-
versary against a deterministic algorithm. Assume there exists an on-line algo-
rithm A with a competitive ratio of R3. At time 0, a job of size 1 arrives. A will
certainly start this job immediately since it is allowed to restart. At time 1/3,
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two jobs of size 0 arrive. With probability p, 10 more jobs of size 0 arrive at time
1, followed by 4 jobs of size 1 (either all these jobs arrive, or none of them).

If A restarts at time 1/3 and the jobs at time 1 do arrive, it has cost 30 2
3

independent of whether it restarts again. The optimal cost in case all jobs arrive
is 27.

This implies that if A restarts at time 1/3, it has competitive ratio of at least
30 2

3p/27+(1−p); otherwise, it has competitive ratio p+3(1−p)/2. These ratios
are equal for p = 81/103, and are then 114/103. This implies a competitive ratio
of R3. �

The methods in these proofs can be adapted for the weighted problem to
give somewhat higher bounds.

Theorem 3. Any deterministic algorithm for minimizing the total weighted
completion time on a single machine which is allowed to restart jobs, has a
competitive ratio of at least R4 = 1.2232.

Proof. Assume there is an algorithm A that has a competitive ratio of R4 =
1.2232. We use a somewhat similar structure as in Theorem 1. A job of size 1 and
weight 1 arrives at time 0. Again we assume A starts it immediately. A sequence
of jobs will now arrive in steps. In each step the online algorithm must restart.
If it does not, the sequence stops at that point. Otherwise, the next item in the
sequence arrives. We fix two weights W = 0.79 and W ′ = 1.283 to be used for
the first part of the sequence.

1. A job of size 0 and weight W arrives at time x = 1/R4 − 1/(W + 1) ≈
0.258869.

2. A job of size 0 and weight W ′ arrives at time y = (xW+(1+x)(1+W ′)
R4

− xW −
1)/(W ′ + 1) ≈ 0.574794.

3. A job of size 0 and weight Z = (xWR4 + yW ′R4 + 2R4 − xW − yW ′ − y−
1)/(y + 1−R4) ≈ 3.07699 arrives at time 1.

In all three cases, if A does not restart, the implied competitive ratio is R4. If A
has restarted three times so far, we follow the procedure described below. opt
will complete the first four jobs by time 1 and will pay 6.14999 for them. The
on-line cost for these jobs is TONL = 6.01896. Denote the first job that arrived
(with size and weight 1) by J0. Put i = 1. Let x0 = 1 (denotes its size) z0 = 1
(denotes its weight).

4. A job Ji of size xi = 2i and weight zi arrives at the time opt finishes Ji−1,
i.e. at time 2i − 1. If A completes Ji−1 before Ji, go to step 5, otherwise go
to step 6.

5. A job of size 0 and weight wi − zi arrives at the time opt finishes Ji
(time 2i+1−1). A is still executing Ji at this moment. If A does not restart,
or i = 5, stop the sequence. Otherwise, increase i by 1 and go to Step 4.

6. k jobs of size ε and weight εzi−1/xi−1 arrive at time 2i+1−1, where kε = ci.
(A can complete Ji no earlier than this.) The sequence stops.
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In step 5, if it is possible to force a restart of Ji, then the cost of opt will grow
by (2i+1−1)wi whereas the on-line cost will grow by (2i+1−1)(wi−zi)+(2i+1+
2i−1)zi, hence the value zi should be as large as possible. On the other hand, zi
should be small enough so that A has a competitive ratio of at least R4 if it
runs Ji before Ji−1 (as in Theorem 1, all smaller jobs are already completed
by A when Ji arrives). We determine ci in such a way that zi is maximized, i.e.
ci = (2i+1 + 2i−1 − 1 − R4(2i+1 − 1))/(R4 − 1). Now that we know ci, we can
calculate zi and wi to force a competitive ratio of R4 if A does not restart in
step 5 or if it uses the wrong order for the jobs (step 6). We give the results in
the following table.

i 1 2 3 4 5
zi 1.10638 1.48772 2.24592 3.69664 6.91845
wi 4.55118 5.34374 7.26472 10.2624 11.8410

In the last step, the competitive ratio of A is at least R4, independent of A’s
schedule. �

Using a computer, we have been able to improve this bound very slightly
using 11 phases instead of 5. Fixing W = 0.79 and W ′ = 1.285 we can achieve a
lower bound of 1.22324655.

Theorem 4. Any randomized algorithm for minimizing the total weighted com-
pletion time on a single machine which is allowed to restart jobs, has a compet-
itive ratio of at least R5 = 1.1161.

Proof. We use Yao’s minimax principle and consider a randomized adversary
against a deterministic algorithm. We use the following job sequence.

time size weight number
0 1 1 1

0.379739 0 1.88288 1
1 0 7.03995 1
1 ε ε k

where kε = c = 3.31003 and the jobs at time 1 arrive with probability p =
0.691404 (either they all arrive, or none of them).

Suppose the jobs at time 1 do arrive, then if the online algorithm A restarts
at time t = 0.37978, it can choose to restart again at time 1. If it does, it has
costs 1.88288 · t + 7.03995 + 2 + ε

∑k
i=1(2 + iε) = 9.75495 + 2c+ ε2k(k + 1)/2.

For ε → 0, this tends to 16.3750 + c2/2 = 21.8532. If A does not restart again,
it has costs 1.88288 · t+ (7.03995 + 1 + c)(t+ 1) + ε2k(k + 1)/2 which tends to
the same limit.

The optimal costs in this case are 2.88288 + 7.03995 + c + ε2k(k + 1)/2 →
18.7110.

This implies that if A restarts at time t, it has a competitive ratio of at least
p · 21.8532/18.7110+ 1− p, and otherwise, it has a competitive ratio of at least
p + (1 − p) · 2.88288/(2.88288 · t + 1). These ratios are equal for p = 0.691404,
and are then 1.11610796. �
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3.2 Lower Bounds for Preemptive Algorithms

Since the unweighted problem can be solved to optimality, we only consider
the weighted problem in this section. We show this problem cannot be solved
optimally. In the unweighted problem, SRPT is optimal. However, in the case
that jobs have weights, it is possible that when a new job arrives, the optimal
schedule before that time is different compared to the situation where the new
job does not arrive. This cannot occur in the unweighted version of the problem.
We use this idea to show the following lower bounds.

Theorem 5. Any deterministic preemptive on-line algorithm for minimizing the
total weighted completion time, has a competitive ratio of at least R6 = 1.0730.

Proof. The sequence starts with two jobs arriving at time zero. One job of size
1 and weight 1, and the other of size α and weight β, where 1 < β < α. Consider
an on-line algorithm A at time α. If the smaller job is completed by then, k very
small jobs of size ε and weight βε, of total length c, arrive (c = kε). Otherwise,
no more jobs arrive. In the first case, opt runs the larger job, then the small jobs
and then the unit job. For ε→ 0, the cost is Topt = αβ+cαβ+βk(k+1)ε2/2+
α + c + 1 = (c + 1)(αβ + 1) + α + c2β/2. A is left with a piece of size 1 of the
larger job, hence it does not matter in which order it completes the remaining
jobs. We can assume that it runs the unit job first, then the larger job, and then
the small jobs. Its cost is at least TA ≥ 1 + β(α + 1) + (c + 1)αβ + α + c2β/2.
In the second case, opt runs the unit job first, and hence Topt = 1+ (α+ 1)β,
whereas A can either finish the unit job first, but no earlier than time α (and
pay α+β(α+1)), or finish the larger job first (and pay αβ+α+1). The second
cost is always smaller since β > 1. Using a computer to search for good values
for α, β and c, such that the competitive ratio in both cases is high, we get that
for α = 3.4141, β = 2.5274, and c = 4.4580, the competitive ratio is at least
1.073042. �

Theorem 6. Any randomized preemptive on-line algorithm for minimizing the
total weighted completion time, has a competitive ratio of at least R7 = 1.0388.

Proof. We use Yao’s minimax principle and consider a randomized adver-
sary against a deterministic algorithm. We use the sequence from Theorem 5.
The small jobs arrive at time α with probability p. Consider a determinis-
tic algorithm A. Let R8 be the competitive ratio in the case A completes
the smaller job by time α, and R9 be the competitive ratio if it does not.
Then in the first case E(TA/Topt) ≥ R8p + (1 − p), and in the second case
E(TA/Topt) ≥ R9(1 − p) + p. The best value of p for given R8 and R9 can be
calculated by making the two expected competitive ratios equal. Using a com-
puter to search for good values for α, β and c, such that the competitive ratio is
high, we get that for α = 3.7299, β = 2.4036, and c = 5.4309 (and p = 0.36251),
the expected competitive ratio is at least 1.038872. �



346 Leah Epstein and Rob van Stee

4 Total Flow Time

For the standard problem without weights, it is known that the competitive ratio
is Θ(n). It is easy to see that there cannot be a competitive algorithm for the
standard weighted problem.

Lemma 7. Any (deterministic or randomized) algorithm for minimizing the to-
tal weighted flow time on a single machine that is not allowed to restart or pre-
empt jobs, has an unbounded competitive ratio.

Proof. We use Yao’s minimax principle and consider a randomized adversary
against a deterministic algorithm. The adversary works as follows: at time 0, a
job of size and weight 1 arrives. At some time t, uniformly distributed over (0, N),
where N > 1 is some constant, a second job arrives of size 0 and weight N2. For
all t, the optimal total flow time is bounded by 2. We will show the competitive
ratio of any algorithm is bounded by Ω(N).

Suppose the on-line algorithm starts the first job at time S. If S ≥ N/2, its
expected cost is at least N/2 and we are done.

Otherwise, there is a probability of 1/(2N) that the second job arrives in the
interval (S, S + 1/2), in which case the algorithm has a cost of at least N2/2.
This implies its expected cost is at least 1

2N · N
2

2 = Ω(N).
Since we can choose N > 1 arbitrarily high, the lemma follows. �
We therefore turn to models where restarts or preemptions are allowed.

4.1 Lower Bounds for Algorithms with Restarts

Theorem 8. Any (deterministic or randomized) on-line algorithm for minimiz-
ing the total flow time, which is allowed to restart jobs, has a competitive ratio
of Ω(

√
n).

Proof. Consider an on-line algorithm A. We use a job sequence consisting of
n−2 jobs of size 0, one job of size 3 and one job of size 2. Let q = �√n− 2
. The
two large jobs become available at time 0. Also n − 2 − q2 jobs of size 0 arrive
at time 0, to make sure we have n jobs in total. There are two cases to consider.

Case 1. If A completes the job of size 2 strictly before time 3, we continue
as follows: at each time 3 + 2i (for i = 0, 1 . . . , q − 1) , q short jobs arrive. If A
does not delay the process of any small job, then it can start the job of size 3
only at time 1 + 2q, and TA ≥ 2q.

IfA runs the job of size 3 earlier than that, then at least one set of small jobs is
delayed by at least one unit of time and TA ≥ q. opt assigns the longest job first,
and the job of size 2 at time 3, hence no short jobs are delayed and Topt = 8.

Case 2. Otherwise, if at time 2, A is not in a mode where it can complete
the job of size 2 strictly before time 3, then q jobs of size 0 arrive at time 2. If A
is running some job at that point, and does not stop it then all small jobs will
be delayed till time 3 (this is true for any non-zero job) and TA ≥ q. All other
jobs arrive at time 5 (or any time later). opt assigns the job of size 2 at time 0
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and the other big job at time 2 and Topt = 7. Otherwise an additional q − 1
sets of q small jobs each, arrive at times 5 + i, for i = 0, . . . , q − 2. A can only
complete one big job till time 5. The other big job is either postponed till time
1 + q, or processed later, and then at least one set of short jobs is delayed by at
least one unit of time, hence TA ≥ q. In both cases opt completes both big jobs
at time 5 and Topt = 7.

In all cases Topt ≤ 8 and TA ≥ q, hence the competitive ratio is Ω(
√
n).

The proof can be extended for randomized algorithms with restarts. We
use Yao’s minimax principle and consider a randomized adversary against a
deterministic algorithm. In this case, we use the following distribution on the
input: choose with equal probability the first or the second sequence from the
proof above. This gives the lower bound of Ω(

√
n). �

If the jobs can have different weights, the competitive ratio increases to n.

Theorem 9. Any (deterministic or randomized) on-line algorithm for minimiz-
ing the total weighted flow time, which is allowed to restart jobs, has a competitive
ratio of Ω(n).

Proof. The proof is very similar to that of the previous theorem. We make the
following changes:

– let q = n,
– at time 0, one job of size 2 and weight 1 arrives and one job of size 3 and

weight 1 (and no other jobs),
– in all places where q jobs used to arrive in that proof, we now let one job

arrive of size 0 and weight q = n.

It is easy to see that still the competitive ratio is Ω(q), proving the theorem. �

4.2 Lower Bounds for Preemptive Algorithms

In this section we again consider only weighted flow time, since SRPT clearly
gives an optimal solution for total flow time. We can show the following lower
bound for deterministic algorithms.

Theorem 10. Any preemptive deterministic on-line algorithm for minimizing
the total weighted flow time, has a competitive ratio of at least R10 = 2.

Proof. Consider the following sequence. At time 0 a job of size α and weight
β arrives (we call this job the large job), such that 1 < β < α. For i = 1 . . . q
(q < α), a job of size and weight 1 arrives at time i− 1 (medium jobs). Consider
the on-line algorithm A at time α. Let V be the total length of medium jobs
that A processed till that time.

If V < 1, no more jobs arrive. In this case A is left with less than size 1 of the
large job. Since running pieces of different medium jobs only increases the cost,
we assume that A completed a size V of one of the medium jobs. Since no other
jobs arrive, there are two cases to consider. It is either best to complete the large
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job and then all medium jobs, or to complete one medium job, then the large
job and then the rest of the medium jobs. In both cases, TA ≥ αβ + q(α + 1).
opt will run all medium jobs before the large job and Topt = q + β(α+ q).

If V ≥ 1, A is left with at least 1 unit of the large job at time α. Let µ ≥ α
be the time where A is left with exactly 1 unit of the large job. At each time
µ+(i−1)ε, for i = 1, . . . , k, a job of size ε and weight βε is released (small jobs).
Again we may assume that A does not start a medium job before completing the
previous one. Then let j = �µ−α+1
 be the number of medium jobs completed
by A before time µ. Let V ′ = µ − α + 1 − j, this is the part of a medium
job that started its process by A but was not completed by time µ. Since no
more jobs arrive, A decides whether it should complete this job before the small
jobs. The rest of the medium jobs clearly run after the small jobs. Let j′ be
the number of medium jobs that A runs before the small jobs (j′ ∈ {j, j + 1}).
Hence TA ≥ j′ + (α + j′)β + k(ε + 1)βε + (q − j′)(α + kε + 1). opt runs only
j′−1 medium jobs before time µ and completes the large job at time µ. At time
j′ + α− 1 opt is left with all small jobs and q− j′ + 1 medium jobs which have
lower priority. Hence Topt = j′−1+(α+j′−1)β+kεβε+(q−j′+1)(α+kε+1).
Taking q to be large enough, β = q, α = q2 and kε = q3 where ε tends to zero,
we get that the competitive ratio in both cases tends to 2. �

We use a similar method for randomized algorithms.

Theorem 11. Any preemptive randomized on-line algorithm for minimizing the
total weighted flow time, has a competitive ratio of at least R11 = 4/3.

Proof. We use Yao’s minimax principle and consider a randomized adversary
against a deterministic algorithm. Consider the sequence introduced in Theo-
rem 10. We use the same sequence for q = 1 (this sequence is similar to the one
given in the proofs for completion time, except that now the small jobs arrive
with intervals of ε apart). Since V ≤ 1, the second case must satisfy µ = α. With
probability p, the small jobs arrive starting at time α as in Theorem 10 (they
all arrive, or none of them arrives).

We fix α >> β, and kε = α2. Then the competitive ratio in the first case is
(β+1)/β if the small jobs do not arrive (and 1 otherwise). In the second case, j′ =
1 and the competitive ratio is β. The best choice for p is (β2−β)/(β2−β+1). Then
the expected competitive ratio is β2/(β2 − β + 1). Maximizing this expression
we get β = 2 and expected competitive ratio of at least 4/3. �

5 Conclusions and Open Questions

An interesting general question is what the difference is between minimizing
the weighted and unweighted total completion time, in terms of the competitive
ratios that can be achieved.

Based on the results in this paper, we know that the preemptive versions
of the weighted completion and flow time problems are different from the un-
weighted versions, since if the jobs all have the same weight it is possible to
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schedule the jobs optimally and have a 1-competitive algorithm, both for com-
pletion times and for flow times.

It is possible however, that minimizing the total completion time in the stan-
dard model and in the model with restarts is as hard in the weighted problem
as it is in the unweighted problem. These problems are still open.
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Abstract. A tree of rings is a network that is obtained by interconnect-
ing rings in a tree structure such that any two rings share at most one
node. A connection request (call) in a tree of rings is given by its two
endpoints and, in the case of prespecified paths, a path connecting these
two endpoints. We study undirected trees of rings as well as bidirected
trees of rings. In both cases, we show that the path packing problem
(assigning paths to calls so as to minimize the maximum load) can be
solved in polynomial time, that the path coloring problem with prespec-
ified paths can be approximated within a constant factor, and that the
maximum (weight) edge-disjoint paths problem is NP-hard and can be
approximated within a constant factor (no matter whether the paths are
prespecified or can be determined by the algorithm). We also consider
fault-tolerance in trees of rings: If a set of calls has been established along
edge-disjoint paths and if an arbitrary link fails in every ring of the tree
of rings, we show that at least one third of the calls can be recovered
if rerouting is allowed. Furthermore, computing the optimal number of
calls that can be recovered is shown to be polynomial in undirected trees
of rings and NP-hard in bidirected trees of rings.

1 Introduction

A ring is a graph that consists of a single cycle of length at least three. The trees
of rings are the class of graphs that can be defined inductively as follows:

1. A single ring is a tree of rings.
2. If T is a tree of rings, then the graph obtained by adding a node-disjoint

ring R to T and then identifying one node of R with one node of T is also a
tree of rings.

3. No other graphs are trees of rings.

Equivalently, a tree of rings is a connected graph T whose edges can be parti-
tioned into rings such that any two rings have at most one node in common and
such that, for all pairs (u, v) of nodes in T , all simple paths from u to v touch
precisely the same rings. (We say that a path touches a ring if it contains at
least one edge of that ring. Furthermore, a path touches a node if it starts at
that node, ends at that node, or passes through that node. Two paths intersect
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if they share an edge.) A third equivalent definition is that a tree of rings is a
connected graph in which all biconnected components are rings.

Trees of rings are an interesting topology for the construction of communi-
cation networks. On the one hand, they are not expensive to build and require
few additional links as compared to a tree topology. On the other hand, a tree of
rings remains connected even if an arbitrary link fails in each ring, thus achieving
much better fault tolerance than a tree network. Trees of rings are also a natural
topology for all-optical networks: fiber rings have been employed for a long time
(e.g., SONET rings), and it is natural to interconnect different rings in a tree
structure.

In modern communication networks, establishing a connection between two
nodes often requires allocating resources on all links along a path between the
two nodes. For example, this is the case in ATM networks (where bandwidth
is reserved along the path from sender to receiver) or in all-optical networks
with wavelength-division multiplexing (where a wavelength is reserved along the
path from sender to receiver). Resource allocation and call admission control
in such networks lead to optimization problems involving edge-disjoint paths.
(See [11] for more about the background of such problems.) In this paper, we
investigate the complexity and approximability of these problems in networks
with tree-of-rings topology.

1.1 Problem Definitions

Each of the following problems can be studied for undirected paths in undirected
graphs and for directed paths in bidirected graphs. (A bidirected graph is the
graph obtained from an undirected graph by replacing each undirected edge by
two directed edges with opposite directions. We use the term “link” to refer to
an undirected edge in an undirected graph or to a pair of directed edges with
opposite directions in a bidirected graph.) In the undirected case, a connection
request (call) is given by its two endpoints, and the call is established along
an undirected path between these two endpoints. In the bidirected case, a call
specifies sender and receiver, and it is established along a directed path from
sender to receiver.

Given a set of paths in a graph, the load L(e) of a (directed or undirected)
edge e is the number of paths containing that edge. The maximum load is the
maximum of the values L(e), taken over all edges e of the graph. In this paper,
the maximum load is denoted by L. The set of paths that creates this maximum
load will always be clear from the context.

Now we define the relevant optimization problems.

Path Coloring (PC): Given a set of calls, assign paths and colors to the calls
such that calls receive different colors if their paths intersect. Minimize the
number of colors. (Application: Minimize the number of wavelengths in an
all-optical WDM network.)

PC with Prespecified Paths (PCwPP): Same as PC, but the paths are
specified as part of the input.
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Path Packing (PP): Given a set of calls, assign paths to the calls such that
the maximum load is minimized. (Application: Minimize the required link
capacity if all calls request the same bandwidth.)

Maximum Edge-Disjoint Paths (MEDP): Given a set of calls, select a
subset of the calls and assign edge-disjoint paths to the calls in that subset.
Maximize the cardinality of the subset. (Application: Maximize the number
of established calls.)

Maximum Weight Edge-Disjoint Paths (MWEDP): Given a set of calls
with positive weights, select a subset of the calls and assign edge-disjoint
paths to the calls in that subset. Maximize the total weight of the subset.

MEDP with Prespecified Paths (MEDPwPP): Same as MEDP, but the
paths are specified as part of the input.

MWEDP with Prespecified Paths (MWEDPwPP): Same as MWEDP,
but the paths are specified as part of the input.

Optimal Recovery (OR): Given a set C of calls that have been assigned edge-
disjoint paths in a graph T = (V,E), and a set F ⊆ E of faulty links, select
a subset C′ ⊆ C and assign edge-disjoint paths in T \ F to the calls in C′.
Maximize the cardinality of C′. (Application: Maximize the number of calls
that can remain active in spite of the link failures.)

Optimal Weighted Recovery (OWR): Same as OR, but the calls are as-
signed positive weights and the goal is to maximize the total weight of the
calls in C′.

For maximization problems, an algorithm is a ρ-approximation algorithm if it
runs in polynomial time and always computes a solution whose objective value is
at least a 1

ρ -fraction of the optimum. For minimization problems, an algorithm is
a ρ-approximation algorithm if it runs in polynomial time and always computes
a solution whose objective value is at most ρ times the optimum.

MEDP and OR as well as their variants can also be studied for the case
that the network is an all-optical network with W wavelengths. In the case of
MEDP, for example, this means that the goal is to compute a subset of the given
calls and an assignment of paths and at most W different colors to the calls in
that subset such that calls with the same color are routed along edge-disjoint
paths. Approximation algorithms for MEDP and its variants in the case of W
wavelengths can be obtained by calling an algorithm for one wavelengthW times.
The resulting approximation ratio is only slightly worse than for one wavelength,
i.e., at most 1/(1− e−1/ρ) ≤ ρ+ 1 if the approximation ratio for one wavelength
is ρ [15].

1.2 Previous Work on Rings and Trees

Most of the problems defined in the previous section have been studied inten-
sively for rings and for trees (and, of course, for many other topologies). For
undirected and bidirected ring networks, it is known that PC is NP-hard no
matter whether the paths are prespecified [9] or not [7,16], and that PP can
be solved optimally in polynomial time [16]. MEDP, MWEDP, MEDPwPP, and
MWEDPwPP are polynomial for undirected and bidirected rings.
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In undirected and bidirected tree networks, PC is also NP-hard [7,12]. A
given set of paths with maximum load L can be efficiently colored using at
most 3L/2 colors in the undirected case [14] and at most min{2L − 1, �5L/3	}
colors in the bidirected case [8]. MEDP and MWEDP are polynomial in undi-
rected trees of arbitrary degree and in bidirected trees of constant degree, but
MAX SNP-hard in bidirected trees of arbitrary degree [5]. For every positive
constant ε, there is a (5

3 + ε)-approximation algorithm for MEDP and MWEDP
in bidirected trees of arbitrary degree [5,6].

1.3 Previous Work on Trees of Rings

It is known that an algorithm for PC in trees that uses at most αL colors can
be used to obtain a 2α-approximation algorithm for PC in trees of rings, both in
the undirected [14] and in the bidirected case [13]: It is sufficient to remove an
arbitrary link from each ring in the tree of rings (the “cut-one-link” heuristic) and
to use the tree algorithm in the resulting tree; the maximum load of the obtained
paths is at most twice the load of the paths in the optimal solution, which in turn
is a lower bound on the optimal number of colors. In this way, a 3-approximation
algorithm is obtained in the undirected case and a 10

3 -approximation algorithm
in the bidirected case. For undirected trees of rings, a 2-approximation algorithm
for PCwPP was given in [3] for the special case in which each node is contained
in at most two rings (i.e., in trees of rings with maximum vertex degree equal to
four).

The all-to-all instance (the set of calls containing one call for every ordered
pair of nodes) in bidirected trees of rings was studied in [1]. It was shown that
a routing that minimizes the maximum load L can be computed in polynomial
time, and that the resulting paths can be colored optimally with L colors.

1.4 Summary of Results

In this paper, we show that PP is polynomial for trees of rings (Sect. 2) and
give practical approximation algorithms with constant approximation ratios for
PCwPP (Sect. 3) and for MEDP, MWEDP, MEDPwPP, and MWEDPwPP
(Sect. 5). In Sect. 4, we show that at least one third of the active calls in a
tree of rings can be recovered after an arbitrary link fails in every ring of the
tree of rings, provided that rerouting is allowed. OR and OWR are proved to be
polynomial for undirected trees of rings, while OR is shown to be NP-hard for
bidirected trees of rings even if T \ F is a tree.

2 Path Packing

Path packing in trees of rings can be reduced to path packing in rings. Let c
be a call and let p be a path connecting the endpoints of c. For each ring r
in the given tree of rings that is touched by p, the node in(r, c) at which p
enters the ring (or begins) and the node out(r, c) at which p leaves the ring (or
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terminates) are uniquely determined by the endpoints of c. Therefore, PP can be
tackled by considering each ring separately. For a ring r, simply view each call c
that touches r as a call from in(r, c) to out(r, c) and compute a routing that
minimizes the maximum load using the known polynomial algorithms for PP
in ring networks. The resulting routings can be combined to obtain an optimal
routing for the tree of rings.

Theorem 1. PP can be solved optimally in polynomial time for undirected and
bidirected trees of rings.

Note that Theorem 1 implies that one can decide in polynomial time whether
all given calls can be established along edge-disjoint paths. Hence, this decision
version of the edge-disjoint paths problem is polynomial for trees of rings.

3 Path Coloring with Prespecified Paths

As PCwPP is NP-hard in rings, PCwPP is alsoNP-hard in trees of rings. Given
a set P of paths in a tree of rings T = (V,E), we propose the following greedy
approximation algorithm. It is a generalization of the simple greedy algorithm
that uses at most 2L− 1 colors for PC in trees.

algorithm GreedyColoring(T, P ):

1. Initially, all paths are uncolored.
2. Choose an arbitrary node s ∈ V and perform a depth-first search (DFS)

of T starting at s. When the DFS reaches a node v, consider all uncolored
paths p ∈ P that touch v, in arbitrary order, and assign to each of them the
smallest available color (i.e., the color with smallest index such that no path
intersecting p has already been assigned that color).

In order to derive an upper bound on the number of colors used by GreedyCol-
oring, we consider an arbitrary path p at the time it is assigned its color and
show that it can intersect only a bounded number of paths that have already
been assigned a color prior to p.

See Fig. 1. Assume that the dark nodes have been visited by the DFS al-
ready, and that the DFS now reaches v for the first time. Let r denote the ring
containing v and a node adjacent to v that has been visited already (there is
only one such ring). The uncolored paths touching v do not touch any dark node.
They can be classified into two basic types. The first type does not use any edge
in r; for the arguments given below, take a path connecting nodes a and b in the
figure as a representative path for the first type. The second type uses at least
one edge in r; take a path connecting b and c as a representative path.

First, consider the case of undirected paths. If p belongs to the first type,
all previously colored paths that intersect p must also touch v and touch a ring
containing v that is touched by p. But there are at most four edges incident
to v that belong to rings touched by p (in the figure, these are the edges la-
beled 1, 2, 3, 4), and each conflicting path must use one of these edges. As the
maximum load is L, there are less than 4L colored paths intersecting p. If p
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Fig. 1. Illustration of the argument used to prove Theorem 2

belongs to the second type, the number of colored paths that can intersect p is
also less than 4L: if we denote the edges as shown in Fig. 1, there can be at most
L− 1 colored paths using edge 5, at most L colored paths using edge 6, and at
most 2L − 1 colored paths using edges 3 and 4. Thus, GreedyColoring uses at
most 4L colors in the undirected case.

The same argument allows us to bound the number of conflicting paths by
8L− 1 in the bidirected case. We lose a factor of two because now there can be
2L paths using the link between two adjacent nodes, L in each direction.

Theorem 2. For PCwPP in trees of rings, GreedyColoring is a polynomial-
time algorithm that uses at most 4L colors in the undirected case and at most
8L colors in the bidirected case.

Note that a PC algorithm can be derived from a PCwPP algorithm as follows.
First, compute a routing that minimizes the maximum load L (Theorem 1);
then, use a PCwPP algorithm to assign colors to the resulting paths. If the
PCwPP algorithm uses at most αL colors, an α-approximation algorithm for
PC is obtained in this way. Using Theorem 2, we obtain a PC algorithm with
approximation ratio at most 4 in the undirected case and at most 8 in the
bidirected case. These ratios are worse than the ratios achieved by the “cut-one-
link” heuristic (see Sect. 1.3), but it is not clear whether our upper bounds are
tight, and it is conceivable that our new algorithms perform better in practice.

4 Recovery after Link Failures

In this section we study the problems OR and OWR in trees of rings. For bidi-
rected trees of rings, we assume that a failure always affects both edges in a pair
of directed edges with opposite directions between two adjacent nodes.
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Let T = (V,E) be a tree of rings and let F ⊂ E be the set of faulty links. The
worst case among all failure patterns that leave the remaining network connected
is the case that T \ F is a tree.

Assume that a set C of calls has been active at the time of the failure, i.e.,
the calls in C are assigned edge-disjoint paths in T . In the worst case, every call
in C used a link in F , and all calls are affected by the link failures. Therefore, it
is important to allow rerouting, i.e., changing the paths assigned to the calls.

If T \ F is a tree, there is only one possible routing in T \ F for each call
c ∈ C. Let P be the set of paths obtained from C by routing each call in T \ F .
The maximum load L created by the paths in P is at most two. (For any edge
e ∈ E\F , the paths in P that contain e either contained e already before the link
failures, or they contained the faulty link in the ring to which e belongs.) In this
case, solving the OR (OWR) problem reduces to solving the MEDP (MWEDP)
problem for the set of paths P in the tree T \ F . As MWEDP is polynomial in
undirected trees, this shows that OR and OWR are polynomial for undirected
trees of rings (under the assumption that T \F is a tree). For bidirected trees of
arbitrary degree, it was not known previously whether MEDP is already NP-
hard if the input is a set of paths with maximum load two. However, we have
obtained the following theorem.

Theorem 3. MEDP in bidirected trees is NP-hard even if the given set of paths
has maximum load L = 2.

We give a brief outline of the proof. As a first step, we prove by a reduction
from 3SAT that the maximum 3-dimensional matching problem (MAX-3DM)
is NP-hard even if each element occurs in at most two triples. Then we reduce
MAX-3DM to MEDP in bidirected trees by adapting the reduction given by Garg
et al. for proving NP-hardness of integral multicommodity flow in undirected
trees with edge capacities one or two [10]. The maximum load of the resulting
set of paths equals the maximum number of occurrences of an element in the
triples of the MAX-3DM instance. The full proof of Theorem 3 is given in [4].

For any set P of paths in a bidirected tree T1 with maximum load L = 2,
one can construct a set C of calls that can be routed along edge-disjoint paths
in a bidirected tree of rings T2 and a set F of faulty links in T2 such that
the conflict graph of the paths obtained by routing the calls in C in T2 \ F is
identical to the conflict graph of P in T1. Therefore, Theorem 3 implies that
OR and OWR are NP-hard for bidirected trees of rings T even if T \ F is a
tree. The (5

3 + ε)-approximation for MWEDP in bidirected trees from [6] gives a
(5
3 + ε)-approximation for OR and OWR in bidirected trees of rings in this case.

Furthermore, we can extend this approach to arbitrary sets F of faulty links
(i.e., T \F could be disconnected or still contain some complete rings). In general,
T \F consists of several connected components. All calls in C whose endpoints are
in different components cannot be recovered. Consider one particular connected
component H of T \ F . Intuitively, only the “tree part” of H is relevant for OR
and OWR. Each ring in H that does not contain a faulty link can be shrunk into
a single node. The resulting network is a tree T ′. Then the MWEDP algorithm
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Fig. 2. Examples of bad link failures

for trees is applied to T ′. The resulting set of edge-disjoint paths in T ′ gives a
set of edge-disjoint paths in H by using the original routing in the non-faulty
rings. Calls that touch only non-faulty rings are always recovered. Analyzing this
approach in detail, we obtain the following theorem.

Theorem 4. For undirected trees of rings, OR and OWR can be solved opti-
mally in polynomial time. For bidirected trees of rings, OR and OWR are NP-
hard even if T \ F is a tree, and there is a (5

3 + ε)-approximation for arbitrary
sets F of faulty links.

A set P of paths in a tree with L = 2 can always be colored (efficiently
and optimally) with at most 3 colors, both in the undirected case and in the
bidirected case. The paths assigned the same color (a color class) are edge-
disjoint. Therefore, there is a set S ⊆ P of edge-disjoint paths such that |S| ≥
|P |/3. In the weighted case we can also infer that there is a set S′ ⊆ P of edge-
disjoint paths whose total weight is at least one third of the total weight of P .
The set S resp. S′ can be computed efficiently by coloring P and taking the best
of the color classes. If T \ F still contains some rings, we can again shrink the
rings into single nodes before applying the path coloring algorithm.

Theorem 5. Assume that a set C of calls has been established along edge-
disjoint paths in an undirected or bidirected tree of rings T = (V,E). For any
set F of faulty links such that F contains at most one link from every ring in T , it
is possible to recover (efficiently) at least |C|/3 calls (or calls whose total weight
is at least one third of the total weight of C), provided that rerouting is allowed.

For undirected trees of rings, the bound given in Theorem 5 is tight, i.e.,
there exists a set of edge-disjoint paths in a tree of rings and a set of link failures
such that only one third of the paths can be recovered. See the left-hand side of
Fig. 2 for an example. For bidirected trees of rings, we can construct an example
where at most 2|C|/5 calls can be recovered after failure, even if an optimal
rerouting is used (right-hand side of Fig. 2). So we know that the fraction of
calls that can be recovered after such link failures (where T \ F is a tree) in the
worst case is at least 1

3 and at most 2
5 for bidirected trees of rings.

Now we consider the effect of link failures in an all-optical network with
wavelength-division multiplexing (WDM). If W wavelengths (colors) are avail-
able, a set C of calls can be established simultaneously if the calls are assigned
paths and colors such that intersecting paths receive different colors and such
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that at most W different colors are used altogether. Corollary 6 follows from
Theorem 5 by considering the calls with each wavelength separately.

Corollary 6. Assume that a set C of calls has been established in an undirected
or bidirected tree of rings T = (V,E) using W wavelengths. For any set F of
faulty links such that F contains at most one link from every ring in T , it is
possible to recover at least |C|/3 calls (or calls whose total weight is at least one
third of the total weight of C) without changing the wavelength of a call, provided
that rerouting is allowed.

5 Maximum (Weight) Edge-Disjoint Paths

While MEDP and MWEDP are polynomial for rings and for undirected trees, we
can show that MEDP and its variants are all NP-hard (even MAX SNP-hard)
in undirected and bidirected trees of rings.

Theorem 7. MEDP, MWEDP, MEDPwPP, and MWEDPwPP are MAXSNP-
hard for trees of rings, both in the undirected case and in the bidirected case.

The full proof of Theorem 7 can be found in [4]. Here we sketch the main
ideas. For MEDPwPP in bidirected trees of rings, MAXSNP-hardness follows
directly from MAXSNP-hardness of MEDP in bidirected trees, because any set
of paths in a bidirected tree can also be viewed as a set of paths in a bidi-
rected tree of rings that contains the tree as a subgraph. Furthermore, MEDP
in bidirected trees can be reduced to MEDPwPP in undirected trees of rings by
replacing each pair of directed edges with opposite directions by a ring of four
nodes and routing the paths with different directions through opposite sides of
that ring. Thus, MEDPwPP is MAXSNP-hard for undirected trees of rings. For
MEDP, we use short calls (calls between two adjacent nodes) in order to make
certain edges unusable for the remaining calls. This works because any solution
that does not accept all short calls and route them along the direct edges can
be transformed into a solution of this form that is at least as good. With the
short calls, the MAX SNP-hardness proof for MEDP in bidirected trees can be
adapted to MEDP in trees of rings with minor modifications. It is only necessary
to show that the number of short calls is small enough so that the reduction is
still approximation preserving.

In view of the hardness result of Theorem 7, we are interested in obtaining
efficient approximation algorithms.

5.1 Arbitrary Paths

Consider the “cut-one-link” heuristic for MEDP and MWEDP: remove an arbi-
trary link from each ring and then use an algorithm for MEDP or MWEDP in
trees. Theorem 5 implies that the optimal solution in the resulting tree has an
objective value that is at least one third of the optimal solution in the full tree
of rings.
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Theorem 8. Using the “cut-one-link” heuristic and an α-approximation algo-
rithm for MEDP (for MWEDP) in trees gives a 3α-approximation algorithm for
MEDP (for MWEDP) in trees of rings, both in the undirected case and in the
bidirected case.

Noting that MWEDP is polynomial (i.e., admits a 1-approximation algo-
rithm) in undirected trees and that there is a (5

3 +ε)-approximation for MWEDP
in bidirected trees, we obtain the following corollary.

Corollary 9. There is a 3-approximation algorithm for MWEDP in undirected
trees of rings and a (5 + ε)-approximation algorithm for MWEDP in bidirected
trees of rings, where ε is an arbitrary positive constant.

5.2 Prespecified Paths

Given a set P of paths in a tree of rings T = (V,E), we propose the following
greedy algorithm for MEDPwPP.

algorithm GreedySelection(T, P ):

1. Maintain a set S ⊆ P of selected paths. Initially, S = ∅.
2. Choose an arbitrary node s ∈ V and perform a DFS of T starting at s. When

the DFS is about to retreat from a node v (i.e., when all neighbors of v have
been visited and the DFS moves back to the parent of v in the DFS tree),
consider all paths p ∈ P that touch v and that do not touch any node from
which the DFS has not yet retreated, in arbitrary order. If p is edge-disjoint
from all paths in S, insert p into S, otherwise discard p.

3. Output S.

Intuitively, the algorithm processes the DFS-tree of T in a bottom-up fashion
and greedily selects paths that touch only nodes in subtrees that have already
been processed. For the analysis of the approximation ratio of GreedySelection,
please refer again to Fig. 1. Now the dark nodes represent nodes from which
the DFS has not yet retreated. If the DFS is about to retreat from v, the paths
that are considered can be classified into the same two types as in Sect. 3. If
GreedySelection selects a path p that is not in the optimal solution, we can bound
the number of later paths (paths that are considered after p by GreedySelection)
that are in the optimal solution and that are intersected by p using the same
arguments as in Sect. 3. In this way we obtain that there can be at most 4 such
paths in the undirected case and at most 8 such paths in the bidirected case.
(For example, in the undirected case, all later paths that are blocked by a path p
from a to b in Fig. 1 must use one of the four edges labeled 1 to 4.) Therefore,
each path selected by GreedySelection blocks at most 4 resp. 8 later paths that
could be selected in an optimal solution instead. This reasoning can easily be
turned into a formal proof that establishes the following theorem.

Theorem 10. GreedySelection has approximation ratio at most 4 for MEDP-
wPP in undirected trees of rings and approximation ratio at most 8 for MEDP-
wPP in bidirected trees of rings.
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GreedySelection can be converted into an approximation algorithm for the
problem MWEDPwPP by adopting a two-phase approach similar to the one used
by Berman et al. for an interval selection problem [2]. The algorithm maintains
a stack S of paths. When a path is pushed on the stack, it is assigned a value
that may be different from its weight. In the end, the paths are popped from the
stack and selected in a greedy way.

algorithm TwoPhaseSelection(T, P ):

1. Maintain a stack S of paths with values. Initially, S is the empty stack.
2. Phase One: Choose an arbitrary node s ∈ V and perform a DFS of T starting

at s. When the DFS is about to retreat from a node v, consider all paths
p ∈ P that touch v and that do not touch any node from which the DFS has
not yet retreated, in arbitrary order. Compute total(p, S), the sum of the
values of the paths in S that intersect p. If the weight w(p) of p is strictly
larger than total(p, S), then push p onto the stack and assign it the value
w(p) − total(p, S). Otherwise, discard p.

3. Phase Two: After the DFS is complete, pop the paths from the stack and
select each path if it does not intersect any previously selected path.

4. Output the set of paths selected in Phase Two.

We can prove the same upper bound on the approximation ratio of TwoPhase-
Selection for MWEDPwPP as for GreedySelection for MEDPwPP.

Theorem 11. Algorithm TwoPhaseSelection is a 4-approximation algorithm for
MWEDPwPP in undirected trees of rings and an 8-approximation algorithm for
MWEDPwPP in bidirected trees of rings.

Proof. Let S denote the contents of the stack at the end of Phase One, and
let t denote the sum of the values of the paths in S. Fix an arbitrary optimal
solution P ∗. The proof consists of two parts.

First, we show that the total weight of the paths in P ∗ is at most 4t (at most
8t) for undirected (bidirected) trees of rings. To see this, let val (p, S) denote the
sum of the values of paths in S that intersect p and that were processed in Phase
One not after p. (If p ∈ S, then the value of p also contributes to val(p, S).) By
the definition of the algorithm, val (p, S) ≥ w(p) for all paths p. Now the key
observation is that the value of every path q ∈ S is counted at most four (eight)
times in the sum

∑
p∈P∗ val(p, S) ≥ w(P ∗). This can again be seen by referring

to Fig. 1 and considering the path q to be either of the first type (from a to b) or
of the second type (from b to c). In the undirected case, there can be at most four
paths in P ∗ that are processed after q in Phase One and that intersect q. In the
bidirected case, there can be at most eight such paths. Therefore, w(P ∗) ≤ 4t
in the undirected case (resp. w(P ∗) ≤ 8t in the bidirected case).

Second, the solution output by the algorithm has weight at least t: when a
path p is selected in Phase Two, the weight of the solution increases by w(p),
while the sum of the values of the paths that are still on the stack and that are
not intersected by p decreases by at most w(p). ��
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Abstract. We consider the movement minimization problem in a con-
veyor flow shop processing controlled by one worker for all machines. A
machine can only execute tasks if the worker is present. Each machine
can serve as a buffer for exactly one job. The worker has to cover a cer-
tain distance to move from one machine to the next or previous one.
The objective is to minimize the total distance the worker has to cover
for the processing of all jobs. We introduce the first polynomial time
approximation algorithm for this problem with a performance bounded
by some fixed factor.

1 Introduction

A conveyor flow shop consists of machines P1, . . . , Pm and jobs J1, . . . , Jn. Each
job passes the machines in the order P1, . . . , Pm. At every machine the jobs arrive
in the order J1, . . . , Jn. The jobs usually have to be executed only at some of
the machines and not at all of them. All machines are controlled by only one
worker operating in front of them. A machine can only execute a task of a job if
the worker is present. Thus the worker has to change his working position such
that the processing continues. The objective is to minimize the movement of the
worker along the flow shop.

In the conveyor flow shop processing which we consider there are no buffers
in the usual sense, but each machine itself can be used to buffer one job. For
example, if job Ji has finished its execution at machine Pj while the preceding
job Ji−1 still occupies the succeeding machine Pj+1 then Ji resides at Pj such
that Pj can not be used for the execution of the succeeding jobs. This blocking
mechanism arises from characteristics of the processing technology.

Movement minimization is especially interesting for pick-to-belt orderpicking
systems [4, 8], where each task merely consists of picking up certain material
from a shelf rack and putting it into a box or a bin. Since the bins are moving on
a conveyor they can not bypass each other. Changing the position of the worker
takes a considerable amount of time compared to the execution time of a task.
For example, in today’s order picking systems it is quite usual that the worker
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spends 50% of his time by moving between the machines. This deplorable state
can usually not be redressed by additional workers, because then idle times have
to be taken into account.

We should emphasize that movement minimization in conveyor flow shop
processing is quit different from flow shop scheduling. See [1] for an overview of
scheduling in computer and manufacturing systems, see [7] for efficiently solvable
cases of permutation flow shop scheduling, and see [3] for now-wait and blocking
scheduling problems. The main difference between movement minimization and
scheduling is the objective. Movement minimization is totally independent of the
exact processing times of the jobs at the machines. The total processing time
is always the sum of all processing times of the jobs at the machines, because
we consider one worker and, thus, have no parallelism. We only need to distin-
guish between zero and non-zero processing times. Such processing times are
also called unit execution times. All the objectives considered for scheduling of
jobs with unit execution times, as for example in [5], are completely insignificant
for movement minimization.

In this paper, we concentrate on movement minimization with respect to
additive distances dj,j′ ≥ 0 between two machines Pj and Pj′ , that is, for all
1 ≤ j1 ≤ j2 ≤ j3 ≤ m the distances satisfy dj1,j2 +dj2,j3 = dj1,j3 . The complexity
of movement minimization with respect to additive distances is still open, i.e., not
known to be NP-hard or solvable in polynomial time. If the distances only satisfy
the triangle inequalities dj1,j2 + dj2,j3 ≤ dj1,j3 or the job order can be chosen
then the problem becomes NP-hard [2]. There is also a simple (2 · log(m+2)−1)-
competitive online algorithm for movement minimization with additive distances
if all distances between consecutive machines are equal, see [2]. If we consider
k workers instead of one, then we get the k server problem on a line as a very
special case [6]. In this paper, we show that there is a polynomial time algorithm
that computes a processing for one worker whose total distance is at most three
times the total distance of a minimal processing of a given task matrix R. This
is the first approximation algorithm for movement minimization with additive
distances whose performance is bounded by some fixed factor.

2 Preliminaries

An instance of the conveyor flow shop problem consists of a 0/1 task matrix
R = (ri,j)1≤i≤n,1≤j≤m, ri,j ∈ {0, 1}. We say, there are n jobs J1, . . . , Jn and m
machines P1, . . . , Pm. Each job Ji consists of m tasks Ti,1, . . . , Ti,m. Task Ti,j is
called a zero task if ri,j = 0 and a non-zero task otherwise. Only non-zero tasks
have to be executed.

A processing of the jobs J1, . . . , Jn consists of a sequence of processing steps.
The state of the system between two processing steps is defined by a so-called
state function h : {1, . . . , n} → {1, . . . ,m + 1}. If h(i) < m + 1 for some job
Ji then Ti,h(i) is the non-zero task of job Ji that has to be executed next. All
non-zero tasks Ti,j with j < h(i) have already been executed, while all non-zero
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tasks Ti,j with j ≥ h(i) have not been executed yet. If h(i) = m + 1 then all
non-zero tasks of job Ji are already executed.

We assume that all jobs are moving as far as possible to the machines where
they have to be processed next. Thus, we define the position δh(i) of job Ji in
state h recursively as follows: δh(1) := h(1) and for i > 1

δh(i) :=

{
h(i), if δh(i− 1) = m+ 1,
min{h(i), δh(i− 1) − 1}, if δh(i− 1) < m+ 1.

The least position of a job is 2 − n, the greatest position is m+ 1. The position
m + 1 indicates that the job has already passed the last machine Pm and a
position less than 1 indicates that the job has not yet reached the first machine
P1. It is easy to see that the position δh(i) can also be expressed by the following
formula

δh(i) = min
{
h(i),
min{h(i′) − (i− i′) | 1 ≤ i′ ≤ i− 1, h(i′) < m+ 1}

}
. (1)

We say, a non-zero task Ti,j is waiting for execution in state h if h(i) = j and
δh(i) = j.

State hinit defined by hinit(i) := min ({j | 1 ≤ j ≤ m ∧ ri,j = 1} ∪ {m+ 1})
is called the initial state. It defines for every i, 1 ≤ i ≤ n, the machine index of
the first non-zero task of job Ji, or m+ 1 if no such machine exists. State hfinal
defined by hfinal(i) := m+ 1 for 1 ≤ i ≤ n is called the final state. A state h′ is
called a successor state of state h with respect to working position j, 1 ≤ j ≤ m,
written by h →j h

′, if there is a task Ti,j waiting for execution in state h, i.e.,
δh(i) = j and h(i) = j, and

h′(k) :=
{

min ({j′ | j < j′ ≤ m ∧ rk,j = 1} ∪ {m+ 1}) if k = i,
h(k) otherwise.

We say, that the non-zero task Ti,j has been executed between the two states
h, h′.

A processing of a task matrix R is a sequence

h0 →j1 h1 →j2 · · · →jk hk

of states, where h0 is the initial state, hl, 1 ≤ l ≤ k, is a successor state of hl−1
with respect to working position jl, and hk is the final state.

To keep the proofs as simple as possible, we define the total distance of a
processing by

(j1 − 1) +

(
k−1∑
s=1

|js − js+1|
)

+ (jk − 1).

This corresponds to the assumption that the starting and the final position of
the worker is the first machine P1 and that the distance between Pj and Pj′

is |j − j′|. Figure 1 shows an example of a processing. Note that all the results
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J2J3J4 J1

h k(1) h k(2) h k(3) h k(4)P1 P3 P4 P5P2

J2J3J4 J11 3 5 1 1

J1J2J3J42 3 5 2 1

J2J3J4 J13 6 5 2 1

J4 J3 J2 J14 6 5 5 1

J4 J3 J1J25 6 6 5 1

J4 J1J2J36 6 6 6 1

J4 J1J2J37 6 6 6 4

J1J2J3J48 6 6 6 6

1 1 000J4

1 0 101J3

0 0 100J2

0 0 011J1

P1 P3 P4 P5P2

h 4(i)

δ h4
(i)

Input Output

0

k

2 5 1 1

R =

i 1 2 3 4

6 5 5 1

i 1 2 3 4

6 5 4 1

Fig. 1. A task matrix R in that the columns and rows are named by the machines
and jobs, respectively, and a processing of R with total distance (2 − 1) + |2 − 1| +
|1 − 3| + |3 − 2| + |2 − 5| + |5 − 5| + |5 − 1| + |1 − 4| + (4 − 1) = 18. This is not a
minimal processing, because there is some processing of R with total distance 12. Each
row represents a state. The lower left part illustrates the position functions. The input
column contains the jobs at a position less than 1. The output column contains the
jobs at position m+1 = 6. The tasks in the dark shaded squares are those waiting for
execution. The working position is indicated by a ’•’ between the states. In state h4

the tasks T1,2, T1,3, T3,1, T3,2 have already been executed, T2,5, T3,5, T4,1, T4,4 have not
been executed yet, and T2,5 and T4,1 are waiting for execution.

in this paper hold for arbitrary additive distances. Our objective is to find a
processing with a minimal total distance. Such a processing is called a minimal
processing of R.

It is easy to see that every state h of a processing satisfies the following
property:

∀i, j, 1 ≤ i ≤ n, 1 ≤ j ≤ m : if δh(i) < j < h(i) then ri,j = 0. (2)
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Intuitively speaking, there is no non-zero task Ti,j of job Ji between the current
position δh(i) of Ji in state h and the position h(i) at which Ji has to be processed
next. Note that one can define a state h that does not satisfy property 2, but
such a state can not appear during a processing that starts with the initial state
hinit.

Every processing of a task matrix defines an arrangement of the non-zero
tasks by the order in which they are executed during the processing. However,
not every arrangement of the non-zero tasks defines a processing. We call an ar-
rangement of the non-zero tasks executable, if there is a processing that executes
the non-zero tasks in the order given by the arrangement.

Definition 1. For two non-zero tasks Ti,j, Ti′,j′ the successor relation ’≺’ is
defined by

Ti,j ≺ Ti′,j′ if i ≤ i′ and i+ j < i′ + j′.

If Ti,j ≺ Ti′,j′ then Ti′,j′ is called a successor of Ti,j, and Ti,j is called a prede-
cessor of Ti′,j′ .

Fig. 2. The shaded regions cover all tasks Ti′,j′ with T3,3 ≺ Ti′,j′ or Ti′,j′ ≺ T5,3,
respectively.

The following fact is easy to see. If Ti,j is a predecessor of Ti′,j′ then in
any processing, task Ti,j has to be executed before task Ti′,j′ . If i = i′ this is
obvious, because then j < j′. Otherwise we have i < i′. Consider some state h in
a processing in that task Ti,j is executed next. Then we have δh(i) = h(i) = j.
Equation (1) for δh and Ti,j ≺ Ti′,j′ now imply

δh(i′) ≤ h(i) − (i′ − i) = j − (i′ − i) < j′.

Thus, Ti′,j′ has not been executed yet.
We say, a sequence of non-zero tasks Ti1,j1 , . . . , Tik,jk respects the successor

relation ≺ if there is no pair l, r, 1 ≤ l < r ≤ k, such that Tir,jr ≺ Til,jl .

Lemma 2. An arrangement Ti1,j1 , . . . , Tik,jk of the non-zero tasks of task ma-
trix R is executable if and only if the arrangement respects the successor relation
≺.
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Proof. ”⇒” This is already shown above.
”⇐” Assume the arrangement respects the successor relation. Consider a

state h of a processing and a non-zero task Ti,j such that Ti,j has not been
executed yet but all non-zero tasks T with T ≺ Ti,j have already been executed.
We claim that in each such state the non-zero task Ti,j is waiting for execution
and thus can be processed next. A simple induction then shows that all the
non-zero tasks can be executed in the order Ti1,j1 , . . . , Tik,jk .

To prove the claim, we first remark that all non-zero tasks Ti,j′ , j′ < j, are
predecessors of Ti,j and thus we have h(i) = j. Assume Ti,j is not waiting for
execution, that is δh(i) < h(i) = j. Then, by the definition of δh, there is some
i′ < i such that h(i′) ≤ m and δh(i) = h(i′) − (i− i′). This implies that Ti′,h(i′)
is a non-zero task that has not been executed yet. Since i′ < i and

i+ j > i+ δh(i) = i′ + h(i′)

we get Ti′,h(i′) ≺ Ti,j . This contradicts the assumption that all non-zero tasks T
with T ≺ Ti,j have already been executed.

Lemma 2 shows that finding a processing with minimal total distance cor-
responds to finding an arrangement of the non-zero tasks with minimal total
distance that respects our successor relation. Such an arrangement of the non-
zero tasks is also called a processing of R.

For the rest of this paper, we assume that T1,1 and Tn,1 are non-zero tasks
and all tasks Ti,j with j > 1 and i+ j > n are zero tasks. This can be obtained
by a simple modification of R as follows. If T1,1 is a zero tasks we simply set
r1,1 = 1. If not all Ti,j with j > 1 and i + j > n are zero tasks then we extend
R by t ≤ m additional jobs which have only zero tasks such that the condition
above is satisfied. After that we set rn,1 = 1, where n is the number of jobs of the
new task matrix. If R satisfies our assumption then T1,1 is always the first task
and Tn,1 is always the last task in every processing of R, because all non-zero
tasks of R (except T1,1) are successor tasks of T1,1 and all non-zero tasks of R
(except Tn,1) are predecessor tasks of Tn,1.

Since every processing starts and ends at the first machine, the simple mod-
ifications to get a task matrix which satisfies our assumption have no influence
on the total distance of a minimal processing, but simplify the technical details
in the proofs of the forthcoming lemmas. If Ti1,j1 , . . . , Tik,jk is an arrangement
of all non-zero tasks defined by some processing of R then now Ti1,j1 = T1,1,
Tik,jk = Tn,1, and the total distance of the processing is

k−1∑
s=1

|js − js+1| .

3 An Approximation Algorithm

Definition 3. Let s, 1 ≤ s ≤ m−1, be a machine index and Ti1,j1 be a non-zero
task.
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1. Ti1,j1 is called an Rs-task if j1 > s and all tasks Ti,j with j > s, i ≥ i1 and
i+ j < i1 + j1 are zero tasks.

2. Ti1,j1 is called an Ls-task if j1 ≤ s and all tasks Ti,j with j ≤ s, i < i1 and
i+ j ≥ i1 + j1 are zero tasks.

Fig. 3. The shaded regions have to contain zero tasks.

Definition 4. Let s, 1 ≤ s ≤ m− 1, be a machine index and (Ti1,j1 , Ti2,j2) be a
pair of two non-zero tasks.

1. (Ti1,j1 , Ti2,j2) is called an RLs-pair if the following two conditions hold:
(a) Ti1,j1 is an Rs-task, Ti2,j2 is an Ls-task, and Ti1,j1 ≺ Ti2,j2 .
(b) All tasks Ti,j with j ≤ s, i < i2, and i+ j > i1 + j1 are zero tasks.

2. (Ti1,j1 , Ti2,j2) is called a LRs-pair if the following two conditions hold:
(a) Ti1,j1 is an Ls-task, Ti2,j2 is an Rs-task and Ti1,j1 ≺ Ti2,j2 .
(b) All tasks Ti,j with j > s, i ≥ i1 and i+ j < i2 + j2 are zero tasks.

The following lemma follows immediately from Definition 1, 3, 4, and Lemma 2.

Lemma 5.

1. Let (Ti1,j1 , Ti2,j2) be an RLs-pair and let Tip,jp be a successor task of Ti1,j1
with jp ≤ s. Then ip ≥ i2 and in every processing of R all non-zero tasks
Ti,j with i < i2 and j ≤ s have already been executed when Tip,jp is executed.

2. Let (Ti1,j1 , Ti2,j2) be an LRs-pair and let Tip,jp be successor task of Ti1,j1
with jp > s. Then ip+ jp ≥ i2 + j2 and in every processing of R all non-zero
tasks Ti,j with j > s and i + j < i2 + j2 have already been executed when
Tip,jp is executed.
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Fig. 4. The shaded regions have to contain zero tasks.

Definition 6. Let s, 1 ≤ s ≤ m− 1, be a machine index.
A triple (Ti1,j1 , Ti2,j2 , Ti3,j3) is called an RLRs-triple if (Ti1,j1 , Ti2,j2) is an

RLs-pair and (Ti2,j2 , Ti3,j3) is an LRs-pair. It is called an LRLs-triple if (Ti1,j1 ,
Ti2,j2) is an LRs-pair and (Ti2,j2 , Ti3,j3) is an RLs-pair.

A sequence of non-zero tasks Ti1,j1 , . . . , Tiz,jz is called an s-chain if (Ti1,j1 ,
Ti2,j2) is either an LRs-pair or an RLs-pair and for k = 1, . . . , z − 2, if (Tik,jk ,
Tik+1,jk+1) is an LRs-pair then (Tik+1,jk+1 , Tik+2,jk+2) is an RLs-pair, and if
(Tik,jk , Tik+1,jk+1) is an RLs-pair then (Tik+1,jk+1 , Tik+2,jk+2) is an LRs-pair.

We call a pair of two consecutive tasks (Ti,j , Ti′,j′) of a processing a backward-
s-move if j > s and j′ ≤ s and a forward-s-move if j ≤ s and j′ > s.

Let #R(s) be the maximum number of Rs-tasks that can occur in an s-chain.
Since the number of Rs-tasks of every s-chain is a lower bound on the number
of forward-s-moves of any processing, and since in every processing the number
of backward-s-moves is equal to the number of forward-s-moves, we know that

LB := 2
m−1∑
s=0

#R(s) (3)

is a lower bound on the total distance of any processing.

Lemma 7. Let s, 1 ≤ s ≤ m− 1, be a machine index and let Λ = Ti1,j1 , Ti2,j2 ,
. . . , Tiz,jz be a minimal processing of R. Let (Tia,ja , Tib,jb , Tic,jc), 1 ≤ a < b <
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c ≤ z, be an RLRs-triple and let

p := min
{
k | a < k ≤ b, jp ≤ s, and Tia,ja ≺ Tip,jp

}

and
q := min

{
k | b < k ≤ c, jq > s, and Tib,jb ≺ Tiq,jq

}
.

(Since Tia,ja ≺ Tib,jb and Tib,jb ≺ Tic,jc , p and q are well defined.)
Then there are at most two forward-s-moves between Tip,jp and Tiq,jq in Λ.

Proof. Let (Tia,ja , Tib,jb , Tic,jc) be an RLRs-triple as shown in the left part of
figure 5. Divide the sequence Tip,jp , . . . , Tiq,jq into maximal nonempty subse-
quences

L1, R1, L2, R2, L3, R3, . . . , Lt, Rt (4)

such that all Lr, 1 ≤ r ≤ t, contain only tasks on machines ≤ s and all Rr,
1 ≤ r ≤ t, contain only tasks on machines > s. We show that t ≤ 2.

Fig. 5. An RLRs-triple and an LRLs-triple. The dashed lines show the movement of
the worker. A vertical line indicates that the worker stays at the machine while the jobs
move on as far as possible. A diagonal line through task Ti,j means that the worker
passes machine Pj which is occupied by job Ji. A horizontal line between the tasks Ti,j

and Ti+1,j indicates that the worker passes machine Pj while job Ji has already passed
Pj and job Ji+1 has not yet reached Pj .
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By Lemma 5 (1.) we have ip ≥ ib and all non-zero tasks Ti,j with i < ib and
j ≤ s have already been executed when Tip,jp is executed. Thus, for all tasks
Ti,j from L2, . . . , Lt we have i ≥ ib.

Since Tiq,jq is the first successor task of Tib,jb on a machine jq > s in Λ it
follows that R1, . . . , Rt−1 contain only tasks Ti,j with i < ib. Thus, no task in
L2, . . . , Lt is a predecessor of any task in R1, . . . , Rt−1 and we can replace the
sequence (4) by the sequence

L1, R1, R2, R3, . . . , Rt−1, L2, L3, . . . , Lt, Rt

which yields by Lemma 2 a valid processing whose total distance is less than the
total distance of Λ if t ≥ 3. Since Λ is minimal t ≤ 2 follows.

Lemma 8. Let s, 1 ≤ s ≤ m− 1, be a machine index and let Λ = Ti1,j1 , Ti2,j2 ,
. . . , Tiz,jz be a minimal processing of R. Let (Tia,ja , Tib,jb , Tic,jc), 1 ≤ a < b <
c ≤ z, be an LRLs-triple and let

p := min
{
k | a < k ≤ b, jp > s, and Tia,ja ≺ Tip,jp

}

and
q := min

{
k | b < k ≤ c, jq ≤ s, and Tib,jb ≺ Tiq,jq

}
.

(Since Tia,ja ≺ Tib,jb and Tib,jb ≺ Tic,jc , p and q are well defined.)
Then there is at most one forward-s-move between Tip,jp and Tiq,jq in Λ.

Proof. Let (Tia,ja , Tib,jb , Tic,jc) be an LRLs-triple as shown in the right part of
figure 5. Divide the sequence Tip,jp , . . . , Tiq,jq into maximal nonempty subse-
quences

R1, L1, R2, L2, R3, L3, . . . , Rt, Lt (5)

such that all Lr, 1 ≤ r ≤ t, contain only tasks on machines ≤ s and all Rr,
1 ≤ r ≤ t, contain only tasks on machines > s. We show that t ≤ 2.

By Lemma 5 (2.) we have ip + jp ≥ ib + jb and all non-zero tasks Ti,j with
j > s and i + j < ib + jb have already been executed when Tip,jp is executed.
Thus, all tasks Ti,j from R2, . . . , Rt have i+ j ≥ ib + jb.

Since Tiq,jq is the first successor task of Tib,jb on a machine jq ≤ s in Λ it
follows that L1, . . . , Lt−1 contain only tasks Ti,j with i + j ≤ ib + jb. Thus, no
task in R2, . . . , Rt is a predecessor of any task in L1, . . . , Lt−1 and we can replace
the sequence (5) by the sequence

R1, L1, L2, L3, . . . , Lt−1, R2, R3, . . . , Rt, Lt

which yields by Lemma 2 a valid processing whose total distance is less than the
total distance of Λ if t ≥ 3. Since Λ is minimal t ≤ 2 follows.

Theorem 9. The total distance of a minimal processing is at most 3LB where
LB is the lower bound given in equation (3).
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Proof. Let Λ = Ti1,j1 , . . . , Tiz,jz be a minimal processing for a given task matrix
R and let s, 1 ≤ s ≤ m− 1, be an arbitrary machine index. Let

Γ = Tik1 ,jk1
, Tik2 ,jk2

, . . . , Tiky ,jky
,

be an s-chain that starts with Ls-task T1,1, i.e., Tik1 ,jk1
= T1,1, and that cannot

be extended at the end by further tasks. Since Tn,1 is a successor task of all
other non-zero tasks, it is easy to see that jky ≤ s and there is no successor task
Ti,j of Tiky ,jky

with j > s. Therefore Γ has always an odd number y = 2x+1 of
tasks.

For r = 1, . . . , 2x we define qr to be the smallest index such that Tiqr ,jqr
is a

successor of Tikr ,jkr
with jqr > s if r is odd and jqr ≤ s if r is even. Obviously,

the values for qr are well defined and qr ≤ kr+1. It is sufficient to show that
there are at most 3x forward-s-moves in Λ.

By Lemma 7 and Lemma 8, we know that for 1 ≤ r ≤ 2x−1 there is at most
one forward-s-move in Λ between Tiqr ,jqr

and Tiqr+1 ,jqr+1
if r is odd, and there

are at most two forward-s-moves if r is even. Thus, there are at most 3(x−1)+1
forward-s-moves in Λ between the execution of Tiq1 ,jq1 and Tiq2x ,jq2x

.
Since Tiq1 ,jq1 is the first task in Λ on a machine > s there is exactly one

forward-s-move before Tiq1 ,jq1 . We will now prove the theorem by showing that
there is at most one forward-s-move after the execution of Tiq2x ,jq2x

. To see this,
divide the sequence Tiq2x ,jq2x

, . . . , Tiz,jz into maximal nonempty subsequences

L1, R1, L2, R2, L3, R3, . . . , Lt, Rt, Lt+1 (6)

such that all Lr, 1 ≤ r ≤ t+ 1, contain only tasks on machines ≤ s and all Rr,
1 ≤ r ≤ t, contain only tasks on machines > s.

By Lemma 5 (1.), we know that iq2x
≥ ik2x+1 and all non-zero tasks Tk,l with

k < ik2x+1 and l ≤ s are already executed when Tiq2x
,jq2x

is executed. Since the
s-chain Γ cannot be extended by an Rs-task there are no non-zero tasks Tk,l
with k ≥ ik2x+1 and l > s. Thus, none of the subsequences L2, . . . , Lt contains
a predecessor of any task from R1, . . . , Rt. Therefore we can replace the task
sequence (6) by the sequence

L1, R1, R2, . . . , Rt, L2, L3, . . . , Lt, Lt+1,

which yields a processing with a smaller distance than Λ if t > 1. Since Λ is a
minimal processing it follows that t ≤ 1. That is, there is at most one forward-
s-move after Tiq2x

,jq2x
.

The rearrangements of the subsequences as in the proof of Lemma 7 imme-
diately lead to a simple polynomial time algorithm that computes a processing
whose total distance is at most three times the total distance of a minimal pro-
cessing. The algorithm starts, for example, with the trivial processing which
corresponds to the arrangement Ti1,j1 , . . . , Tik,jk of all non-zero tasks such that
for l = 1, . . . , k − 1, il ≤ il+1 and if il = il+1 then jl < jl+1. Then we improve
the processing step by step as follows. For each s, we divide the current process-
ing into maximal nonempty subsequences L1, R1, L2, R2, . . . , Lt, Rt, Lt+1 such
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that all Li contain only tasks on machines ≤ s and all Ri contain only tasks
on machines > s. Now we exchange a pair (Ri, Li+i) or a pair (Li, Ri+1) if this
does not violate the successor relation. Such a step decreases the number of for-
ward s-moves, but does not increase the number of forward s′-moves for s′ �= s.
From the proofs of lemma 7, lemma 8, and theorem 9 it follows that for each
s ∈ {1, . . . ,m − 1} the number of forward-s-moves of the resulting processing
is at most three times the number of forward-s-moves of a minimal processing.
Thus we get the following corollary.

Corollary 10. There is a polynomial time algorithm that computes for a given
task matrix R a processing with a total distance of at most three times the total
distance of a minimal processing of R.

4 Conclusion

It is not possible to prove an upper bound better than 3 by separately comparing
the number of forward-s-moves of a minimal processing with our lower bound
on forward-s-moves for every s. This can be shown by a simple example for 6
machines and some arbitrary large k such that there is a minimal processing
with 3k forward-3-moves, but any 3-chain has at most k + 1 R3-tasks. This
example shows that the number of forward-s-moves of a minimal processing can
be arbitrary close to three times the lower bound for some s. However, we do not
know whether this can happen simultaneously for all s. On the other hand, there
are examples showing that the upper bound on the ratio of a minimal processing
and such a lower bound can not be below 5

3 .
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Abstract. We are interested in the quantifier rank necessary to express
the parity of an embedded set of cardinal smaller than a given bound.
We consider several embedding structures like the reals with addition
and order, or the field of the complex numbers. We provide both lower
and upper bounds. We obtain from these results some bounds on the
quantifier rank needed to express the connectivity of an embedded
graph, when a bound on its number of vertices is given.

Keywords: Parity, Connectivity, Reachability, Ehrenfeucht-Fräıssé
games, Uniform Quantifier Elimination, Constraint databases.

1 Introduction

There are numerous works about the expressiveness obtained by embedding
a finite structure into an infinite one M . These studies have been carried out
because of their fundamental role in the constraint database model. Among
these results, the generic collapse results are of great importance. They state
that embedding a finite model into some infinite structures does not help to ex-
press a large class of queries, called generic. These results hold for structures M
having some good model-theoretic properties: the stronger result deals with
structures without the independence property [1]. One of these generic queries
is parity, which asks if the cardinal of a finite set I is even. As a special case of
some general collapse theorems, we obtain, for some structures M , that there
is no first-order sentence defining parity [3,1,4,5] – for more references see the
book [12]. However, when restricting to the case where |I| is smaller than a given
bound, such a formula exists and one can wonder which is the minimal quantifier
rank possible. Can we do better than in the case where the finite set stands alone?

Main results are summarized in figure 1. The first column presents the
quantifier rank needed for a formula to express that a given set of cardinal
bounded by n is even, when this set is embedded into a structure to be read
on the left. The last column gives some results concerning connectivity of an
embedded graph, where the bound n is on the number of vertices. The first
two lines are well-known bounds from finite model theory. Comparing them
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to the next lines allows oneself to understand how addition and product can
(or not) improve these bounds. For example, concerning parity, adding the
addition to (C, =) make the quantifier rank decrease exponentially (from n
to �log n� + 1), but adding further the product allows no gain at all. On the
reals with order, the addition allows to decrease the quantifier rank for parity
from log n + Θ(1) to Θ(

√
log n). It would be interesting to have precise bounds

when the embedding structure is a real closed field, for example (R, +,−,×, �)
– see question 1 about this. At last, it was pointed out in [9] that parity and
connectivity are expressible over (Q, +,−,×, =): this comes from the defin-
ability of the integers over this structure [14,7], allowing the power of arithmetic.

even connected

(Q, =), (R,=), (C , =) n Θ(log n)

(Q, <), (R, <) log n+Θ(1) Θ(log n)

(Q, +,−,=), (R,+,−,=), (C , +,−,=) �log n�+ 1 Θ(
√
log n)

(Q ,+,−,×,=), (C , +,−,×,=) �log n�+ 1 Θ(
√
log n)

(Q, +,−, <), (R,+,−, <) Θ(
√
log n) Θ(

√
log n)

(R,+,−,×, <) Ω(log log n), Ω(log log n),

O(
√
log n) O(

√
log n)

(Q, +,−,×,=), (Q, +,−,×, <) Θ(1) Θ(1)

Fig. 1. Quantifier rank for parity and connectivity

Organization. The question we deal with is formally defined in section 2,
and first remarks are made there. In section 3, we show some upper and lower
bounds for parity in zero characteristic algebraically closed fields and Q-vector
spaces (for instance, the reals with addition and equality). Section 4 deals with
ordered Q-vector spaces (for instance, the reals with addition and order). We
derive from these results some bounds on connectivity of embedded graphs in
section 5. In the last section, we relate these bounds with the notion of active-
natural collapse.

2 Notations and First Remarks

We are interested in the following problem. We embed a finite set I in either
an algebraically closed field or an ordered Q-vector space: we shall call M this
structure. Thus, besides the signature of M , we consider a new predicate I that
is interpreted as I. We shall be interested in the query Even, asking if |I| is
even, and Cardm which asks if |I| � m. For a query Q, we note QRM (Q, n) the
smallest possible quantifier rank of a first-order formula expressing the query Q
when it is known that |I| � n. Our aim is to find some bounds on QRM (Even, n).
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We recall that the quantifier rank qr(φ) of a formula φ is defined by induction
on its structure. If φ is an atomic formula, qr(φ) = 0. Otherwise qr(φ ∨ ψ) =
qr(φ ∧ ψ) = max(qr(φ), qr(ψ)) and qr(∃xφ) = qr(∀xφ) = 1 + qr(φ). Now let us
make the following remark.

Lemma 1 If two structures M and M ′ are elementarily equivalent, then for
all n0, we have QRM (Even, n0) = QRM ′ (Even, n0).

Proof. Indeed, let n0 be fixed and suppose we have a first-order for-
mula φ such that if |I| � n0, (M, I) |= φ if and only if |I| is even.
Let M ′ be a structure elementarily equivalent to M , and n � n0. Let
φ̃(x1, . . . , xn) be the formula φ where I(x) is replaced with

∨n
i=1 x = xi,

and ψn = ∀x1, . . . , xn
∧
i<j xi �= xj → φ̃(x1, . . . , xn). If n is even,

M ′ |= ψn since M |= ψn; and if n is odd, M ′ |= ¬ψn. Thus if I ′ ⊂ M ′

with |I′| � n0, (M ′, I ′) |= φ if |I′| is even and (M ′, I ′) |= ¬φ if
|I′| is odd. Hence QRM ′(Even, n0) � QRM (Even, n0) and by symmetry
QRM ′(Even, n0) = QRM (Even, n0). ✷

Of course the previous remark also applies to the queries Cardm. This justifies
the notation QRT (Even, n) and QRT (Cardm, n) for a complete theory T . Let
us introduce some notations for the theories we shall be interested in, and give
some examples of models of these theories.

– zero characteristic algebraically closed field: ACF 0

ex: (Q, +,−,×, =), (C, +,−,×, =).
– Q-vector space: Qvs

ex: (Q, +,−, =), (R, +,−, =), (C, +,−, =).
– ordered Q-vector space: Ovs

ex: (Q, +,−, <), (R, +,−, <).

Our main tool will be the back-and-forth games defined by Ehrenfeucht and
Fräıssé [6,11,10]. Consider two L-structures M and N . A game of length n be-
tween the two structures M and N proceeds as follows. At the i-th step, the first
player chooses a point either in M or N ; then the second player must choose
an element in the other structure. Let us call ai the point chosen in M and bi
the point chosen in N . After n moves, the game ends, and the second player
wins iff the same atomic formulas are true in the structures (M, a1, . . . , an) and
(N, b1, . . . , bn). The second player is said to have a strategy to win the game of
length n between M and N if he can win no matter what the first player plays.
We shall use the following fundamental property of Ehrenfeucht-Fräıssé games.

Fact 1 If the second player has a strategy to win back-and-forth games of
length n between two structures M and N , then the same formulas of quantifier
rank at most n are true in M and N .

We shall use this fact to establish lower bounds. For example, if we want
to show that QRT (Even, n) > B for a given complete theory T of signature
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L, we may proceed as follows. We choose two models M and N of T , and two
finite sets I ⊂ M and J ⊂ N of cardinal at most n, with |I| odd and |J |
even. Now if we show that the second player has a strategy to win the game of
length B between the two L∪ {I}-structures (M, I) and (N,J ), then of course
no first-order formula over L∪{I} of quantifier rank at most B can express the
restricted parity we are looking for.

Now let us examine some bounds on the quantifier rank when the finite
structure stands alone. When no order is available, we shall write QR=(Even, n)
the minimal quantifier rank of a first-order formula expressing parity. In the
same way, we write it QR<(Even, n) when the universe is totally ordered.
By some usual back-and-forth games [6,11], we have QR=(Even, n) = n and
QR<(Even, n) = log n + O(1).

3 Parity on Unordered Structures

In this section, we show results concerning parity in 0-characteristic algebraically
closed fields and Q-vector spaces. Because a 0-characteristic algebraically closed
field is a Q-vector space, QRACF0

(Even, n) � QR
Qvs(Even, n). Thus this section

is divided in two parts: on one hand we show a lower bound on QRACF 0
(Even, n),

on the other hand we show an upper bound on QR
Qvs(Even, n).

3.1 Lower Bound in an Algebraically Closed Field

We shall note A the algebraic closure of A ⊆ C. In this section, we shall prove
the following lower bound.

Theorem 1 QRACF 0
(Even, n) � �log n�+ 1.

Proof. Thanks to Lemma 1, it is enough to show this lower bound in a given
algebraically closed field of characteristic 0. We shall work in the field of the
complex numbers C. Let M be a set of 2n−1 algebraically independent elements
of C, and N a set of 2n−1 + 1 algebraically independent elements of C. We
are going to prove that the second player can win the back-and-forth game of
length n between (C,M) and (C,N ).

At the beginning, let En = Fn = Q and ϕ = Id
Q
. In the following, ϕ is a

partial application from the first structure (C,M) to the second one (C,N ),
its domain (resp. image) containing the points chosen by the two players in
the first (resp. second) structure. At each step we shall extend ϕ such that its
domain and image contain the points newly chosen. When it remains j steps to
do, we note Ej the field where ϕ is defined and Fj = ϕ(Ej). At each step, ϕ is
an isomorphism of algebraically closed field “with points” from Ej onto Fj : this
means that for all x in Ej , x ∈ M iff ϕ(x) ∈ N . We also maintain the following
property Pj.
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First |M \ Ej |, |N \ Fj | � 2j−1. Moreover, if there exists a ∈ M \ Ej and
A ⊂M\ (Ej ∪{a}) such that a ∈ Ej ∪A, then |A| � 2j−1. And the correspond-
ing property in (C,N ): if there exists a ∈ N \ Fj and A ⊂ N \ (Fj ∪ {a}) such
that a ∈ Fj ∪A, then |A| � 2j−1.

First let us check that Pn is verified. We have |M \ En| = |M| � 2n−1.
Moreover, there is no a ∈ M with a ∈ Q ∪A such that A ⊆ M and a �∈ A
because elements of M are algebraically independent over Q. And the same in
(C,N ).

Let us suppose that n − j − 1 steps have been done. The isomorphism ϕ
is defined on Ej+1 and it remains j + 1 steps to do. Property Pj+1 is verified
by induction hypothesis. By symmetry, we can assume that the point is chosen
in (C,M). Let us note v this point. We can also assume v �∈ Ej+1. There are
two cases. First case: v ∈ Ej+1 ∪ {a1, . . . , ar} with ai ∈ M \ Ej+1 distinct
and r � 2j−1. Then we choose some distinct elements b1, . . . , br in N \ Fj+1

and we define ϕ(ai) = bi. Thus Ej = Ej+1 ∪ {a1, . . . , ar}. Let us show that
Pj is verified. If there exists d ∈ M \ Ej , with d ∈ Ej ∪ {c1, . . . , cl}, ci ∈
M \ (Ej ∪ {d}) and l � 2j−1 − 1, then d ∈ Ej+1 ∪ {a1, . . . , ar, c1, . . . , cl}. But
r + l � 2j−1 + 2j−1 − 1 = 2j − 1. Therefore we should have d ∈ Ej+1 by
property Pj+1, this is absurd. We have the same property in (C,N ). Moreover,
|M \ Ej |, |N \ Fj | � 2j − 2j−1 = 2j−1 so Pj is verified. Exactly in the same
way, we show that there are no other points from M \ Ej+1 in Ej besides
the ai: if d ∈ (M ∩ Ej) \ (Ej+1 ∪ {a1, . . . , ar}), then d ∈ Ej+1 ∪ {a1, . . . , ar}
and we conclude with Pj+1. This also holds in (C,N ), and it shows that ϕ
is an isomorphism. Second case: let f �∈ Fj+1 ∪ N . Let ϕ(v) = f . We set Ej =
Ej+1 ∪ {v}. Let us show that Pj is verified. Let a ∈M\Ej such that a ∈ Ej ∪A

for A ⊆ M \ (Ej ∪ {a}) with |A| < 2j−1. Thus a ∈ Ej+1 ∪ {v} ∪A. This
shows v ∈ Ej+1 ∪ {a} ∪A, because a ∈ Ej+1 ∪A is impossible by Pj+1. But
we should be in the first case since |A ∪ {a}| � 2j−1. This also holds in (C,N )
by the choice of f . Moreover, there is no point of M in Ej \ Ej+1 because if
a ∈ M ∩ Ej \ Ej+1, then a ∈ Ej+1 ∪ {v} and as a �∈ Ej+1 we would have
v ∈ Ej+1 ∪ {a} which is absurd. This also holds in (L,N ) thanks to the choice
of f , thus ϕ remains an isomorphism. Moreover, |M \Ej | = |M \Ej+1| � 2j−1

which ends to show Pj . This ends the back-and-forth game. Thus we have shown
QRACF0

(Even, 2n−1 +1) > n. As QRACF 0
(Even, ·) is an increasing function, we

obtain QRACF 0
(Even, n) � �log n�+ 1. ✷

3.2 Upper Bound in a Q-Vector Space

The proof will proceed in three steps.

– First we show that it is possible to express |I| � m with a formula of
quantifier rank �log m� + 2 in the special case where the elements of I are
known to be linearly independent over Q.

– Then we generalize this bound to the general case.
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– At last, we show how to decrease the quantifier rank of these formulas by 1.

We need to build a family of formulas S(α1,...,αp)(x) for p � 1 and
(α1, . . . , αp) ∈ Np. These formulas should satisfy the following:

(M, I) |= S(α1,...,αp)(x) ⇐⇒ ∃x1, . . . , xp ∈ I x =
p∑

i=1

αixi .

Moreover, we shall design such formulas with small quantifier rank. We define
them as follows: we take S(1)(x) := I(x), and S(α1)(x) := ∃yI(y)∧x = y+ . . .+y
for α1 �= 1. At last, we define

S(α1,...,αp)(x) := ∃y S(α1,...,α�p/2�)(y) ∧ S(α�p/2�,...,αp)(x− y) .

One can check that the quantifier rank of S(α1,...,αp)(x) is bounded above by
�log p�+ 1.

Proposition 1 In a Q-vector space, if we restrict ourselves to the case where
the elements of I are linearly independent over Q, we can express that |I| � m
with a formula of quantifier rank �log m�+ 2.

Proof. Let ᾱm be (1, 1, . . . , 1) ∈ Nm and β̄m be (2, 1, 1, . . . , 1) ∈ Nm−1. Let us
define Fm = ∃x Sᾱm(x) ∧ ¬Sβ̄m

(x). Note that qr(Fm) � �log m� + 2. We claim
that Fm expresses |I| � m. Indeed if Fm is true, that means that there exists x
which is a sum of m different elements of I: these elements must be different
because the second part of Fm ensures that x is not a linear combination of
m− 1 elements of I with coefficients (2, 1, . . . , 1). Conversely, if |I| � m, take s
to be the sum of m different elements of I. The formula Sᾱm(s) ∧ ¬Sβ̄m

(s) will
be true because the elements of I are linearly in-Dependant, thus Fm will be
true. ✷

Remark 1 Both theorem 1 and proposition 1 hold in positive characteristic.

Proposition 2 QR
Qvs(Cardm, n) � �log m�+ 2.

Proof. We shall work in Q, and assume |I| � n. Let us notice that if the
formula described in the previous proof is true, then |I| � m. And if it is
false, then we don’t know – because we do not have the hypothesis of linear
independence anymore. To get rid of this hypothesis, the trick is to weigh the
sum in the previous proof by some integer coefficients.

Let us notice that Sᾱ(x) is equivalent to Sᾱ′(x) where ᾱ′ is obtained from ᾱ
by permuting the elements. That is why we consider in the following only non-
decreasing tuples. For a tuple ᾱ = (α1, . . . , αp) ∈ Np, let us define s(ᾱ) to be
the set of increasing tuples of Np−1 obtained by replacing in ᾱ any two elements
αi and αj by their sum. For example, s((1, 4, 7)) = {(5, 7), (4, 8), (1, 11)} and
s((1, 2, 2, 3)) = {(2, 3, 3), (2, 2, 4), (1, 3, 4), (1, 2, 5)}. Let us define the following
formula

Jᾱ = ∃xSᾱ(x) ∧
∧

β̄∈s(ᾱ)

¬Sβ̄(x) .
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For the reason mentioned above, if J(α1,...,αp) is true then |I| � p.
We are ready to build a formula expressing |I| � m, under the hypothesis

|I| � n. Let N = m!nm−1. Let A be a set of Nm + 1 elements of Nm in
general position: by this we mean that no m + 1 of these elements lie on a same
hyperplane of Rm. We claim that Hm =

∨
ᾱ∈A Jᾱ is true if and only if |I| � m.

Proof of the claim: if Hm is true, then for a ᾱ ∈ A the formula Jᾱ is true
and this implies that |I| � m. For the converse, let us suppose |I| � m. Then
I = {x1, . . . , xl}, where the xi are all different, and m � l � n. Let us consider
all the equations

m∑

i=1

Aixi =
m−2∑

i=1

Aσ(i)xt(i) + (Aσ(m−1) + Aσ(m))xt(m−1)

where σ runs over all the permutations of {1, . . . , m} and t runs over all the
applications from 1, . . . , m− 1 to {1, . . . , l}. These equations define a family Hx̄
of hyperplanes of Rm in A1, . . . , Am parameterized by (x1, . . . , xl). First these
are all true hyperplanes. Let us also remark that |Hx̄| � N . On each hyperplane
of Hx̄ there are at most m elements of A since they are in general position. As
|A| > |Hx̄|m, there must be at least one ᾱ ∈ A which is not on any hyperplane
of Hx̄. For such a ᾱ the formula Jᾱ is true (take x =

∑m
i=1 αixi for the first

existential quantifier). Thus Hm is true, and the claim is proved. ✷

Theorem 2 QR
Qvs(Cardm, n) � �log m�+ 1.

Proof. Once again we assume |I| � n. We just have to use one quantifier less
than in the previous proposition. We can extend the definition of S(α1,...,αm)(x)
to the case where the αi are rationals. We define S(1/q)(x) := I(qx), where qx is
x+. . .+x (q times). We also define S(p/q)(x) := ∃y I(qy)∧x = py when p �= 1. As
previously, we take S(α1,...,αm)(x) := ∃y S(α1,...,α�m/2�)(y)∧ S(α�m/2�,...,αm) (x-y).
Now, we take A in the previous proof to be a set of Nm + 1 elements of (1/(N \
{0}))m. For ᾱ = (α1, . . . , αm) ∈ A, what is the quantifier rank of Jᾱ? The
quantifier rank of Sᾱ(x) is �log m�. Moreover, we claim that for each β̄, we can
permute the βi such that qr(Sβ̄(x)) = �log m�. Notice that, in a β̄, all coefficients
have numerator 1, except maybe the one which is of the form αi+αj. Two cases
happen. If m − 1 is a power of 2, then qr(Jβ̄(x)) = �log(m − 1)� + 1, which
equals to �log m�. If m − 1 is not a power of 2, then we can permute the βi
such that qr(Jβ̄(x)) = �log(m − 1)�: all we have to do is to put the coefficient
p/q with p �= 1 in a part of the tree that does not reach the bottom. In all cases,
qr(S(α1,...,αm)) = �log m�+ 1. ✷

Corollary 1 QR
Qvs(Even, n) = QRACF 0

(Even, n) = �log n�+ 1.

Proof. Let n be fixed. By theorem 2, for any m � n, there is a formula Fm
expressing |I| � m, with qr(Fm) = �log m� + 1 � �log n� + 1. Of course Fm ∧
¬Fm+1 expresses that |I| = m. Now if we know that |I| � n, |I| is even if
and only if

∨
2k�n |I| = 2k. Remark that |I| � n is equivalent to |I| = n since

we know that |I| � n. Thus our formula expressing parity will be
∨

2k�n F2k ∧
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¬F2k+1 when n is odd, and
∨

2k<n(F2k ∧ ¬F2k+1) ∨ Fn when n is even. That
allows to obtain the desired upper bound. The lower bound was established in
theorem 1. ✷

4 Parity on Ordered Structures

We recall that Ovs is the notation used for the theory of Q-ordered vector spaces.
Using back-and-forth games again, we can establish the following lower bound
(proofs of this section have been omitted).

Theorem 3 QROvs(Even, n) = Ω(
√

log n).

As in the previous section, we can build some formulas whose quantifier rank
match (up to a constant factor) the one obtained above.

Corollary 2 QROvs(Even, n) = Θ(
√

log n).

In fact, we have the following stronger statement.

Proposition 3 In an ordered Q-vector space, we can express that |I| � m with
a formula of quantifier rank O(

√
log m).

Remark 2 Can we also remove the hypothesis about the bound on |I| on Propo-
sition 2?

5 Connectivity of Embedded Graphs

In this section we consider a finite graph G embedded in an infinite structure M .
Thus we shall add two predicates to the signature of M : a unary predicate V
which interprets the vertices V of the embedded graph, and a binary one E for
the edges. We shall use d(·, ·) for the distance in the graph.

We are interested in connectivity and reachability. The query Connected
asks if the graph G is connected. The query Reachm will have two free vari-
ables a and b and will be true if a, b ∈ V and d(a, b) � m. The query Reach is
defined in the same way, except there is no limit on the length of the path any-
more. Once again we shall consider restriction of these queries to the case where
we have a bound on |V|. Thus QRM (Connected, n) is the smallest quantifier
rank possible for a formula expressing that a graph embedded in M is con-
nected, assuming that is has at most n vertices. Of course the result of Lemma 1
holds for these queries too: if two structures M and M ′ are elementarily equiva-
lent, then QRM (Connected, n) = QRM ′ (Connected, n) and QRM (Reachm, n) =
QRM ′(Reachm, n). Let us notice that QRM (Reach, n) = QRM (Reachn−1, n).
Another remark is that ∀a, b V (a)∧V (b)→ Reach(a, b) expresses the connectiv-
ity, so QRM (Connected, n) � QRM (Reach, n)+2. We can obtain a result similar
to theorem 3 for a finite graph embedded in an ordered Q-vector space.
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Corollary 3 QROvs(Connected, n) = Ω(
√

log n).

Proof. We use a usual first-order reduction from parity to connectivity.
Let I be a set composed of the elements v1 < v2 < . . . < vn. We consider
the graph Gn = (V, E) over V = {v1, . . . , vn} where E(vi, vj) holds iff
|i − j| = 2 or {i, j} = {1, n}. For n � 2, Gn is connected iff n = |I| is
even. As we can express E with a formula of quantifier rank 2 (with the
help of predicate I interpreting I) in any ordered structure M , we obtain
QRM (Even, n) � QRM (Connected, n) + 2. It remains to apply this to the
theory Ovs. ✷

Using techniques similar to the previous ones, we can establish a lower bound
for algebraically closed fields (remaining proofs of this section have been omit-
ted).

Proposition 4 QRACF 0
(Connected, n) = Ω(

√
log n).

We can establish an upper bound for reachability in Q-vector spaces – which
provides the same bound for theories Ovs and ACF 0.

Proposition 5 QR
Qvs(Reachm, n) = O(

√
log m).

Corollary 4 For T ∈ {Qvs, ACF 0,Ovs},
QRT (Reachm, n) = Θ(

√
log m)

QRT (Reach, n) = Θ(
√

log n)
QRT (Connected, n) = Θ(

√
log n)

6 Relationship with Active-Natural Collapse

We consider a relational database of signature S = {R1, R2, . . . , Rf} with Ri

of arity ri, embedded in an infinite L-structure M . An interpretation of the
symbols of S is called a database. We shall deal here with finite databases only:
each Ri interprets a finite set of M ri . Given a finite database D, we shall note A
the active domain of D, that is to say the set of the coordinates of all points in
the database. We recall that in an active semantics formula, quantifiers are of
the type ∃x ∈ A and ∀x ∈ A; quantifiers ranging over the whole universe are
not allowed. In the following, we shall write ∃a and ∀a when working with active
quantifiers.

Definition 1 An L-structure M is said to have the active-natural collapse if, for
any relational signature S and any first-order formula φ over S∪L, there exists
a first-order active formula ψ over S∪L such that for any finite database D, we
have (M, D) |= φ ↔ ψ.

On a structure M with active-natural collapse, there is a relationship between
how the quantifier rank grows when transforming a natural semantics formula
into an equivalent one in active semantics, and the quantifier rank needed to
express parity. This is detailed in the next two remarks.
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Proposition 6 Let M be an o-minimal structure that admits quantifier elimi-
nation. Then QRM (Even, n) � log log n + O(1).

Proof. Let ψ be a formula expressing parity of |I| for |I| � n. We consider
a structure M ′, elementarily equivalent to M , that contains a sequence of indis-
cernibles E = {ei, i ∈ N}. The same formula ψ still works in M ′. Let ψ′ be the
formula obtained by replacing I(t) by ∀z (z = t → I(z)) in ψ, where z is a new
variable. Remark that qr(ψ′) � qr(ψ)+1. Here we can apply to ψ′ the algorithm
of [4] to obtain an active semantics equivalent formula ψact (as mentioned there,
there is no need for ψ to be in prenex form to apply this algorithm). One can
check that qr(ψact) � 2qr(ψ

′)+O(1). Now when we restrict ourselves to the case
where I ⊂ E, the formula ψact is equivalent to a pure order formula ψo with
qr(ψo) = qr(ψact). Applying the bound about the pure ordered case recalled in
the introduction, we obtain qr(ψo) � log n+O(1). Thus qr(ψ) � log log n+O(1).
✷

Question 1 We have proved Ω(log log n) � QR
R
(Even, n) � O(

√
log n), where

R stands for (R, +,−,×, <). Is it possible to make some back-and-forth games
in a real closed field to improve this lower bound?

Proposition 7 One cannot avoid an exponential growth of the quantifier rank
when transforming natural semantics formulas of Qvs into equivalent ones in
active semantics.

Proof. For a first-order formula φ of Qvs with an extra unary predicate I, let
a(φ) be the minimum quantifier rank of an equivalent active semantics formula.
Let α(r) = max{a(φ), qr(φ) = r}. We want to show that α(p) � 2p. Consider
the formula φn expressing that I has at least n elements – see Theorem 2.
Let φan be an equivalent active semantics formula. When restricting to the
case where I ⊂ E with E = {ei, i ∈ N} a set of indiscernibles, we obtain
φ̃an a pure equality formula expressing that I has at least n elements. As
qr(φan) = qr(φ̃an) � n and qr(φn) = �log n�, taking n = 2p gives the result. ✷

We are now interested in a notion introduced by Basu: uniform quantifier
elimination [2]. A uniform family of formulas (φn)n∈N over the structure M is
of the form

φn(x̄, ȳ) = Q1
1�i1�n . . . Qm

1�im�nφ(x̄, yi1 , . . . , yim)

where Qi ∈ {
∨

,
∧}, and φ is a first order formula over M . A structure M is said

to have uniform quantifier elimination if given a uniform family (φn(z, x̄, ȳ))n∈N

over M , there exists a uniform family (ψn(x̄, ȳ))n∈N over M such that for all n,
ψn(x̄, ȳ) is a quantifier-free formula equivalent to ∃zφn(z, x̄, ȳ). Let us make a
remark.

Proposition 8 A structure has uniform quantifier elimination if and only if it
has the active natural collapse for a single unary relation.
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Proof. First of all, let us remark that in the case where there is a single
unary relation I, any active formula can be written without using I: just replace
I(t(w̄)) with ∃av v = t(w̄). That is what we are going to do in the following.

Now to each active formula we associate a uniform family of formulas, and
conversely. We shall do it for prenex ones – but this is not imperative. Let Φ(x̄, ȳ)
be the uniform family

φn(x̄, ȳ) = Q1
1�i1�n . . . Qm

1�im�nφ(x̄, yi1 , . . . , yim)

where Qi ∈ {
∨

,
∧}. To this family will correspond the following active formula

ψ(x̄) := Q1t1 . . .Qmtm φ(x̄, t1, . . . , tm)

with Qi = ∃a (resp. ∀a) if Qi =
∨

(resp.
∧

). Of course one can make the
correspondence the other way. Moreover Φ(x̄, ȳ) and ψ(x̄) are related in
this way: (M, I) |= ψ(x̄) if and only if M |= φn(x̄, ȳI) where n = |I| and
ȳI lists the elements of I. A structure has uniform quantifier elimination
iff for any uniform family Φ(x̄, ȳ, z), there exists a uniform family Φ̃(x̄, ȳ)
such that ∀x̄ ∈ M ∀n ∈ N (∃z ∈ M φn(x̄, ȳ, z) ↔ φ̃n(x̄, ȳ)). In the same
way, a structure has the active-natural collapse for a unary relation iff for
any active formula ψ(x̄, z), there exists an active formula ψ̃(x̄) such that
∀x̄ ∈ M(∃z ∈ M ψ(x̄, z) ↔ ψ̃(x̄)). Thus it is clear that these two notions are
equivalent. ✷

In [2] the question whether the theories ACFp (p prime or zero) and DCF
(the theory of zero-characteristic differentially closed fields) have uniform
quantifier elimination was raised. The answer to this question is positive. It is
indeed proved in [8] that the No Finite Cover Property (NFCP) is a sufficient
condition for a structure to have the active-natural collapse, and both theories
mentioned above have NFCP – see [13] for differentially closed fields. In
particular, they have the active-natural collapse in the case where the database
signature is composed of one unary relation, which is equivalent to uniform
quantifier elimination by Proposition 8.

We have the following: active-natural collapse implies uniform quantifier elim-
ination, which in turn implies quantifier elimination. Moreover, there exists a
structure that eliminates quantifiers but not uniformly: the ternary random
structure [4]. Is there a structure that admits uniform quantifier elimination
but not the (full) active-natural collapse? We point out that no stable structure
can satisfy this – this is a consequence of [8]. One can also wonder about all
intermediate questions: if ᾱ = (α1, . . . , αp) is smaller than β̄ = (β1, . . . , βq) for
the lexicographic ordering, then a structure having the active-natural collapse
for database signature ᾱ also has it for database signature β̄. Does the converse
hold? If not, there may be an infinite hierarchy between quantifier elimination
and full active-natural collapse.
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Abstract. We show that, for an arbitrary function h(n) and each re-
cursive function �(n), that are separated by a nondeterministically fully
space constructible g(n), such that h(n)∈Ω(g(n)) but �(n) �∈Ω(g(n)),
there exists a unary language L in NSPACE(h(n)) − NSPACE(�(n)).
The same holds for the deterministic case.
The main contribution to the well-known Space Hierarchy Theorem is
that (i) the language L separating the two space classes is unary (tally),
(ii) the hierarchy is independent of whether h(n) or �(n) are in Ω(log n)
or in o(log n), (iii) the functions h(n) or �(n) themselves need not be
space constructible nor monotone increasing. This allows us, using diag-
onalization, to present unary languages in such complexity classes as, for
example, NSPACE(log log n·log∗n) − NSPACE(log log n).

Keywords. Computational complexity; Space complexity.

1 Introduction

The first applications of diagonalization in complexity theory, by Hartmanis,
Lewis, and Stearns in 1965 [8], gave deterministic time and space hierarchies.
That is, with a small increase in space, we can solve new problems that could
not be solved before: For each fully space constructible h(n) ∈ Ω(log n) and each
�(n) �∈ Ω(h(n)), there exists a language L in DSPACE(h(n))− DSPACE(�(n)).
The separating language is

L = {w ∈ {0, 1}∗; Mπ(w) does not accept w, or uses space above h(|w|)} .

Here M0,M1, . . . denotes a standard enumeration of deterministic Turing ma-
chines, equipped with a finite state control, a two-way read-only binary input
tape with input enclosed between two end markers, and a semi-infinite two-
way read-write work tape that is also binary. (For nondeterministic space hi-
erarchy, we shall consider the corresponding enumeration of nondeterministic
Turing machines). By some syntax convention, the list of instructions for the
machine Mk is decoded from the binary representation of the number k. The
function π :{0, 1}∗ → N must fulfil the following requirements:

� This work was supported by the Slovak Grant Agency for Science (VEGA) under
contract #1/7465/20 “Combinatorial Structures and Complexity of Algorithms.”

J. Sgall, A. Pultr, and P. Kolman (Eds.): MFCS 2001, LNCS 2136, pp. 387–397, 2001.
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(i) The value of π(w) must be computed and stored within O(h(|w|)) space.
(ii) For each k ∈ N , there must exist an infinite number of wn’s in {0, 1}∗ sat-

isfying k = π(wn), such that limn∈N �(|wn|)/h(|wn|) = 0.

The condition (i) keeps L in DSPACE(h(n)), while (ii) is necessary to prove
that L is not in DSPACE(�(n)): We have to show, for each k, c ∈ N , thatMk ac-
cepting L uses more than c ·�(n) work tape cells for some input. The existence of
at least one infinite sequence of integers P ⊆ N satisfying limn∈P �(n)/h(n) = 0
follows from �(n) �∈ Ω(h(n)). A simple way of defining π(w) is:

• If w = 1k01n−k−1, for some k ∈ N , then π(w) = k,
• if w �∈ 1∗01∗, then π(w) = 0.

For this π, the condition (i) requires h(n) ∈ Ω(logn). Another reason for the
assumption h(n) ∈ Ω(log n) came from the fact that we have to decide whether
the machine Mπ(w) rejects the input w. It was not known whether the sublog-
arithmic space is closed under complement. For h(n) below logn, it was not so
easy to detect that a machine rejects by going into an infinite cycle. In 1980,
Sipser removed this problem by showing that the assumption h(n) ∈ Ω(log n)
is not necessary to detect loops [14], but the problem reappeared for the nonde-
terministic space hierarchy.

For a long time it was believed that nondeterministic space is not closed
under complement. Nevertheless, Ibarra [10] obtained a pretty good nondeter-
ministic space hierarchy. The method of inductive counting [11,15] showed that
NSPACE(s(n)) is closed under complement for s(n) ∈ Ω(logn), which gave us
a simple proof for a tight hierarchy: For each fully space constructible h(n) ∈
Ω(log n) and each �(n) �∈ Ω(h(n)), there exists a language L in NSPACE(h(n))−
NSPACE(�(n)).

Inductive counting does not seem, in general, to work below logn. However,
we know since 1993 that inductive counting can be used below logn for languages
with low information content, like, e.g., unary or bounded sets [5].

It should be pointed out that diagonalization itself may work even without a
proven closure under complement for the complexity classes under consideration.
For example, Seiferas, Fischer, and Meyer proved a tight hierarchy for nondeter-
ministic time classes [2]. In 1983, Žák simplified the proof [17]. However, these
methods did not seem to be applicable for unary sets in sublogarithmic space.

To establish a space hierarchy below logn, a different approach was used [9].
Roughly speaking, a language L separating DSPACE(h(n)) from NSPACE(�(n))
consists of words w with the prefix of the first 2h(n) bits equal to the suffix of
the last 2h(n) bits. The lower bound is proved by a crossing sequence argument.
Thus, for each space constructible h(n) < log n

2 and each �(n) �∈ Ω(h(n)), there
exists a language L in DSPACE(h(n))−NSPACE(�(n)).

Note that the combination of the above statements does not cover all cases;
there are functions with values above logn along one infinite sequence of n’s and,
at the same time, satisfying limn∈P h(n)/logn = 0 for another sequence of n’s.
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Moreover, the crossing sequence argument does not present unary (nor even
bounded) separating languages. Unary (tally) languages play an important role
in complexity theory; they allow a “downward” translation. By compressing
unary strings 1n ∈ 1∗ into their “binary counterparts,” we get, for example, that
NSPACE(log n) is equal to DSPACE(logn) if and only if NSPACE(log logn) and
DSPACE(log logn) are equal for unary languages [7]. Similar relations hold for
higher complexity classes [13].

Using a diagonalization scheme, we get the following unary language.

L = {1n; Mπ(n) does not accept 1n, or uses more work tape cells than h(n)} .
Note that here we have π :N→ N . This complicates the choice of a π satisfying
the condition (ii) above. Unlike in the binary case, each k ∈ N must have its
own infinite sequence of n’s with k = π(n), and therefore there must necessarily
exist infinitely many n’s with π(n) �= k. But then we cannot guarantee that P ,
the sequence along which limn∈P �(n)/h(n) = 0, contains a sufficiently large n
satisfying k = π(n). A usual solution of this problem in the literature is to replace
the assumption �(n) �∈ Ω(h(n)) by �(n) ∈ o(h(n)). Then limn∈P �(n)/h(n) = 0
along arbitrary infinite P ⊆ N . This allows us to define π, for example, as
follows [16, Thm. 11.1.1]:

• If n = 2k ·(2m+1), for some k,m ∈ N , then π(n) = k.

Note that k,m are unique for each n. This gives that for each fully space con-
structible function h(n) ∈ Ω(logn) and each �(n) ∈ o(h(n)), there exists a unary
language L in NSPACE(h(n))−NSPACE(�(n)).

At the first glance, the assumption h(n) ∈ Ω(logn) is included only to satisfy
the condition (i) for π. However, even using a more sophisticated definition of π
does not help here: Suppose that h(n) �∈ Ω(log n). Then limn∈P h(n)/logn = 0
for some infinite P ⊆ N , and hence, for some sufficiently large ñ∈P , we get
h(ñ) = h(ñ+i·ñ!), for each i∈N . This is because the machine constructing the
value of h(ñ) does not have enough space to traverse the input tape with-
out going into a cycle, i.e., repeating the same work tape configuration, and
hence it cannot distinguish between 1ñ and 1ñ+i·ñ! [3,8]. The same holds even
if h(ñ) is constructed by a nondeterministic machine [4]. Thus, if �(n) ≥ 1 and
h(n) �∈ Ω(logn), we get �(ñ+i·ñ!)/h(ñ+i·ñ!) ≥ 1/h(ñ+i·ñ!) = 1/h(ñ) > 0, for
each i∈N . This contradicts �(n) ∈ o(h(n)).

To overcome the above obstacles and extend the space hierarchy for unary
languages below log n, we do not insist on any space constructibility of
h(n) or �(n). We only assume they are separated by a (non)deterministically
fully space constructible g(n), such that h(n)∈Ω(g(n)) but �(n) �∈Ω(g(n)). This
assumption about the growth rates of h(n) and �(n) is independent of whether
they are above logn, space constructible, or monotone increasing. We also as-
sume that �(n) is recursive, without a limit for the space used to compute �(n).

For example, this allows us to present unary languages in such complexity
classes as NSPACE(log logn·log∗n)− NSPACE(log logn), despite the fact that
neither of these two space bounds is fully space constructible. The separation is
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based on diagonalization, using a variant of inductive counting that, for bounded
or tally inputs, does not depend on the logn space bound or constructibility [5].

Before doing so, we need to find, for any nondeterministic machine construct-
ing g(n) and any machine computing �(n), a function π(n) producing each inte-
ger infinitely many times along a sequence of n’s, for which limn∈P �(n)/g(n)=0.
Moreover, the values of π(n) must be computed within g(n) space, hence, they
depend on the (not necessarily monotone) growth rates of g(n) and �(n).

2 Preliminaries

We first briefly recall some fundamental notions that are used throughout.
A (non)deterministic machine is (a) strongly s(n) space bounded, if, for each

input of length n, no computation path uses more than s(n) space, (b) weakly
s(n) space bounded, if, for each accepted input of length n, there exists at least
one accepting path using at most s(n) space.

The classes of languages accepted by strongly and weakly O(s(n)) space
bounded nondeterministic machines are denoted by strong–NSPACE(s(n)) and
weak–NSPACE(s(n)), while strong–DSPACE(s(n)) and weak–DSPACE(s(n))
denote their deterministic variants, respectively. To keep the notation simple,
we omit the prefixes “strong–” and “weak–” if the difference does not matter.

A function s(n) is called (non)deterministically fully space constructible, if
there exists a (non)deterministic machine such that, for each input of length n,
no computation path uses more work tape cells than s(n), but at least one
computation path uses exactly s(n) cells.

A function f(n) is (non)deterministically computable in s(n) space, if there
exists a (non)deterministic machine such that, for the input 1n, no computation
path uses more work tape cells than s(n), at least one computation path halts in
an accepting state, and each path halting in an accepting state writes a binary
representation of f(n) on the work tape.

We need the following partial extension of the classical results below logn.

Lemma 1 ([14,5]). Let s(n) be an arbitrary function, and let L be a binary
language in strong–NSPACE(s(n)). If L is k-bounded, i.e., for some constant
k ∈ N, the number of zeros in each w ∈ L is bounded by k, then Lc, the comple-
ment of L, is also in strong–NSPACE(s(n)).

The same holds for deterministic space complexity classes.

We shall use only 0- or 1-bounded sets, i.e., L ⊆ 1∗ or L ⊆ 1∗01∗, but the
statement holds even if the number of zeros is bounded by cs(n), for any constant
c>1 [5,7].

Theorem 2. A function s(n) is (non)deterministically fully space constructible
if and only if s(n) is (non)deterministically computable in s(n) space.

Proof. We shall present the argument for the nondeterministic case only. The
corresponding argument for deterministic machines is simpler.
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The “⇐” part is obvious: For any input of length n, simulate the nondeter-
ministic machine C that computes s(n), imitating the input 1n. If C accepts, a
certified value of s(n) has been written, in binary, on the work tape. This allows
us to allocate s(n) work tape cells. If C rejects, the simulator simply halts.

Conversely, let A be a nondeterministic machine constructing s(n). Before
presenting the machine C computing s(n), consider the following language.

L = {1r01n−r−1; r<s(n)} .

Clearly, L ∈ strong–NSPACE(s(n)). First, simulate A. After each step, nonde-
terministically decide whether to carry on the simulation or to abort A. This
marks off s̃ work tape cells, for some s̃≤s(n). Then compare s̃ with r and, if
r<s̃, accept. Clearly, if r<s(n), then at least one computation path of A will
allocate s̃ = s(n) > r space, and hence the input is accepted. On the other hand,
if r≥s(n), then no path can allocate enough space and the input is rejected.

But then L′ = Lc ∩ 1∗01∗ = {1r01n−r−1; r≥s(n)} ∈ strong–NSPACE(s(n)),
by Lem. 1, since L is 1-bounded. Thus, we have a nondeterministic machine A′

verifying if r≥s(n) and never using space above s(n).
We are now ready to present C. First, simulate A on the input 1n, abort-

ing simulation nondeterministically at any time. This allocates r work tape
cells, for some r≤ s(n). Then verify if r≥ s(n). Thus, simulate A′, pretend-
ing that 1r01n−r−1 is present on the input tape. Since the real input is 1n, this
only requires to interpret the symbol at the position r+1 as zero.

If A fails to allocate enough space in the first phase, all computation paths
of A′ will reject. But, for the right sequence of nondeterministic guesses, A will
allocate r = s(n) cells, and hence, for the right sequence of nondeterministic
guesses, A′ will accept. When this happens, C converts the number of the used
work tape cells into a number in binary notation and accepts. ��

3 Space Hierarchy

Definition 3. Let g(n) and �(n) be two functions. A prominent sequence for
g/� is the set P of all n’s in N satisfying

�g(n)/�(n)� > max{�g(1)/�(1)�, �g(2)/�(2)�, . . . , �g(n−1)/�(n−1)�} .

By definition, 1∈P. An n∈P is called a prominent point.

Lemma 4. Let g(n) and �(n) be two functions, �(n) �∈ Ω(g(n)). Then the promi-
nent sequence P for g/� is infinite. Moreover, for each c>0, there exists an
n0∈N such that, for each n∈P , n≥n0, we have g(n)>c·�(n).
The proof uses the fact that �(n) �∈ Ω(g(n)) if and only if infn∈N �(n)/g(n) = 0.

Now we can show how to generate each k∈N along any P ⊆ N , effectively
given in a form of a prominent sequence, keeping the given space bound g(n).
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Lemma 5 (Main). Let g(n) be (non)deterministically fully space constructible,
and �(n) be an arbitrary recursive function, �(n) �∈ Ω(g(n)). Then there exists
a function π̃(n), (non)deterministically computable in O(g(n)) space, such that,
for each k∈N, there exists an n∈P satisfying k= π̃(n). Here P denotes the
prominent sequence for g/�.

Proof. Since �(n) is recursive, we have a deterministic machine C	 which, for any
input 1n, halts with a binary representation of �(n) written on the work tape.
Let s	(n) denote the space used by C	 on the input 1n. Similarly, by Thm. 2,
we have a (non)deterministic machine Cg halting in an accepting state with a
certified value of g(n) written on the work tape. Note that Cg may also have
some rejecting computation paths, or paths that never halt. But, by assumption,
Cg never uses more space than g(n).

We shall present a machine Cπ̃ computing the values of some π̃. We must
also keep track of sπ̃(n), the space used by Cπ̃ on the input 1n.

Let us describe how the values of π̃(n) are defined. If n=1, then, by definition,
π̃(n)=1. For n>1, let B=g(n). If B=1, then, by definition, π̃(n)=1. Consider
now the general case, i.e., n>1 and B=g(n)>1. Let A be the maximal integer
satisfying

(a) A ≤ 2B − 1,
(b) for each i≤A, s	(i)≤B=g(n), and g(i)≤B/2=g(n)/2.

Now take the minimal k∈N , such that

(c) k �∈ {π̃(i); i ∈ P ∩ {1, . . . , A}}.
Then, by definition, π̃(n) = k. If already A = 1 does not satisfy the condition (b),
then A = 0, {1, . . . , A} = Ø, and π̃(n) = 1.

To compute the value of π̃(n), we compute, recursively, the values of π̃(i)
for prominent points satisfying i≤A. To prove the correctness of this recursive
definition of π̃(n), it is sufficient to verify that

(d) A < n.

This is easy, since B=g(n)>1 and, by (b), we have g(i)≤B/2, for each i≤A.
Thus, if n≤A, we would get g(n)≤B/2<B=g(n), which is a contradiction.

Claim 1. The machine Cπ̃ computing π̃(n) does not use more than O(g(n))
space.

For n=1 or B=g(n)=1, we have sπ̃(n)=1: A certified value of B=g(n) is
computed by simulation of Cg. This does not take more space than g(n). If
the simulation of Cg fails, due to a wrong sequence of nondeterministic guesses,
then Cπ̃ aborts, returning no value of π̃(n) at all. However, for at least one
computation path, Cg halts with a certified value of g(n) on the work tape.

The value of A is found by checking i = 1, 2, 3, . . . , until we get the first i
such that (a) i = 2B, or (b) either s	(i)>B, or g(i)>B/2. The space required
for the counter representing i is bounded by B = g(n), since i≤2B.
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Checking if s	(i)>B can be performed in O(g(n)) space; we simply simulate
the machine C	 computing �(i) on the input 1i. The simulation is aborted as soon
as C	 tries to use space above B, hence, B = g(n) space is sufficient. In addition,
we need log i bits to represent the position of the input tape head for C	 on 1i,
but this amount of space is also bounded by O(g(n)), since i≤2B.

We check also if g(i)>B/2. Here we simulate Cg computing g(i) on the
input 1i, along a nondeterministically chosen path. There are the following cases.
If the chosen path tries to use the space above B/2, the simulation of Cg is
aborted; this means that g(i)>B/2 since no path of Cg uses space above g(i). If
the chosen path returns a certified value of g(i) not using space above B/2, we
can correctly decide if g(i)>B/2 in B=g(n) space. Finally, the chosen path may
also reject or loop forever, not using space above B/2. In this case Cπ̃ returns
no value of π̃(n) at all. However, at least one computation path of Cg returns
a certified value of g(i), be the space used below B/2 or not. Summing up, for
each i≤2B, Cπ̃ can correctly decide if g(i)>B/2 along at least one computation
path. In any case, it does not use space above B=g(n). The space required to
imitate the input head movement on 1i is the same as for C	, i.e., log i bits.

Before showing how the machine finds k ∈ N satisfying (c), let us analyze
how much space it needs to decide if i∈P . Once the value of A has been de-
termined, we know that �(i) and g(i) must be computed within O(g(n)) space,
since s	(i)≤B and g(i)≤B/2, for each i≤A. But then fi = �g(i)/�(i)� can also
be computed in O(g(n)) space, since fi ≤ g(i)/�(i) ≤ g(i). Finally, to decide
if i∈P , we only have to compute, one after another, the values f1, f2, . . . , fi−1,
and to compare each of these with fi (see Def. 3). Again, such computation may
fail due to a wrong sequence of nondeterministic guesses, while simulating Cg.

Now we are ready to analyze the search for the value of π̃(n). This is found
by checking k = 1, 2, 3, . . . , until we find the first k such that k �∈ {π̃(i); i ∈
P ∩ {1, . . . , A}}. Note that, by (a), there are at most 2B−1 prominent points
i≤A, and hence at most 2B−1 different values of π̃(i) in the set. Therefore,
the k with the desired properties must be found among the first 2B numbers.
That is, k≤2B, and hence it can be stored in g(n) space.

For each k, we run a nested loop for i = 1, . . . , A, and check if i∈P . For each
prominent point, we compare π̃(i) with k. By the argument above, checking if
i∈P does not require more space than O(g(n)). The values of π̃(i), for i∈P ,
i≤A, can be computed recursively. That is, the machine Cπ̃ simulates itself on
the input 1i. This requires log i ≤ logA ≤ g(n) bits to imitate the input head
movement on 1i, plus sπ̃(i) space for the work tape of the nested version of Cπ̃ .
Note that here we have g(i)≤B/2=g(n)/2, by (b), and i≤A<n, by (d).

Summing up, there exists c>0, such that the space used is bounded by

sπ̃(n) ≤ c·g(n) + max{sπ̃(i); i ∈ P ∩ {1, . . . , A}} .

Let i1≤A be the prominent point with the maximal value of sπ̃(i). Then

sπ̃(n) ≤ c·g(n) + sπ̃(i1) , for some i1<n with g(i1)≤g(n)/2 .
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The conditions for i1 follow from (b) and (d). By induction for i1<n, we have

sπ̃(n) ≤ c·g(n) + c·g(i1) + sπ̃(i2) , for some i2<i1 with g(i2)≤g(i1)/2 .
Repeating this process r+1 times, we get

sπ̃(n) ≤ c·g(n) + c·g(i1) + · · ·+ c·g(ir) + sπ̃(ir+1) ,

for some ir+1<ir<. . .<i1<n, with g(ij+1)≤g(ij)/2, for each j = 1, . . . , r.
But then we must get, sooner or later, either ir+1=1 or g(ir+1)=1. In both

cases, sπ̃(ir+1)=1. It is obvious that g(ij) ≤ g(n)/2j, for each j = 1, . . . , r. Then

sπ̃(n) ≤ c·g(n) · (1+ 1
2+

1
4+· · ·+ 1

2r ) + 1 ≤ 2c·g(n) + 1 ∈ O(g(n)) .
Claim 2. For each k∈N, there exists an n∈P, such that k= π̃(n).

For k=1, we have 1= π̃(1). By Def. 3, 1∈P . Assume now, inductively, that we
have already found some prominent points n1, n2, . . . , nk, such that j= π̃(nj),
for each j = 1, . . . , k. Define

A′ = max{n1, n2, . . . , nk} ,
B′ = max{2, log(A′+1), s	(1), . . . , s	(A′), 2g(1), . . . , 2g(A′)} .

Note that

(a′) A′ ≤ 2B
′ − 1,

(b′) for each i≤A′, s	(i)≤B′, and g(i)≤B′/2.

By Lem. 4, there exists an ñ∈P , ñ > 1, such that g(ñ) = B > B′·�(ñ)≥B′≥2.
Consider now how π̃(ñ) is computed. Since ñ>1 and g(ñ)=B>1, we first find
the maximal A satisfying (a) and (b). Using B′<B, (a′), and (b′), we get that
A≥A′. Note that A≥A′ =max{n1, n2, . . . , nk} and that n1, n2, . . . , nk are the
prominent points satisfying j= π̃(nj), for each j = 1, . . . , k. Therefore,

{1, 2, . . . , k} ⊆ {π̃(i); i ∈ P ∩ {1, . . . , A}} .
But then the search for the first k̃ satisfying (c) does not stop sooner than it

reaches some k̃≥k+1. There are now two cases to consider. If k̃=k+1, then we
are done; we have found a prominent point with π̃(ñ)=k+1. If the search does
not stop at k+1, that is, k̃>k+1, then k+1 ∈ {π̃(i); i ∈ P ∩ {1, . . . , A}}. Thus,
we have some other prominent point i∈P , for which π̃(i)=k+1. ��

Now, let π(n) be defined as the number of ones in the binary notation of the
number π̃(n). This gives:

Theorem 6. Let g(n) be (non)deterministically fully space constructible, and
�(n) be an arbitrary recursive function, �(n) �∈ Ω(g(n)). Then there exists a
function π(n), (non)deterministically computable in O(g(n)) space, such that,
for each k∈N, there exists an infinite number of n’s in P satisfying k=π(n).
Here P denotes the prominent sequence for g/�.
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We are now ready to present a space hierarchy.

Theorem 7. For each h(n) and each recursive �(n), separated by a nondeter-
ministically fully space constructible g(n), with h(n)∈Ω(g(n)) but �(n) �∈Ω(g(n)),
there exists a unary language L in NSPACE(h(n))−NSPACE(�(n)).

More precisely, L ∈ strong–NSPACE(h(n)) − weak–NSPACE(�(n)), that is,
the space hierarchy is established both for strong and weak space classes.

The same holds for the deterministic case.

Proof. By Thm. 2 and 6, we have two machines Cg and Cπ, computing certified
values of functions g(n) and π(n), respectively. Recall that π(n) produces each
k∈N infinitely many times, along the prominent sequence P for g/�. Let

L′ = {1n; Mπ(n) accepts 1n, not using more work tape cells than g(n)} .
We first show that L′ is in strong–NSPACE(g(n)). The machine A′ accept-

ing L′ first simulates Cg and Cπ , to obtain the values of g(n) and π(n), respec-
tively. If any of them does not halt in an accepting state, A′ rejects. Otherwise,
the certified values of g(n) and π(n) have been written on the work tape. Hav-
ing loaded the binary code of Mπ(n) on the work tape, the machine A′ can
simulate Mπ(n) along a nondeterministically chosen computation path on the
input 1n. If the chosen path accepts, not using more than g(n) binary work tape
cells, A′ accepts. If the chosen path tries to exceed this space limit, A′ aborts
and rejects 1n. This gives that L′ is in strong–NSPACE(g(n)). Now, let

L = {1n; Mπ(n) does not accept 1n, or uses more work tape cells than g(n)} .
That is, L is the complement of L′. By Lem. 1, L is in strong–NSPACE(g(n)),
since L′ is unary, i.e., a 0-bounded language. But then L is also in strong–
NSPACE(h(n)), using h(n)∈Ω(g(n)).

On the other hand, let Mk be an arbitrary machine, equipped with a binary
work tape and weakly space bounded by c·�(n), for some c>0. By Lem. 4, there
exists an n0∈N such that g(n)>c·�(n), for each n∈P satisfying n≥n0. By
Thm. 6, there exists an ñ≥n0 in P satisfying k=π(ñ). This gives

k = π(ñ) , c·�(ñ) < g(ñ) .

Thus, 1ñ is in L(Mk) = L(Mπ(ñ)) if and only if there exists an accepting path
of Mπ(ñ) on the input 1ñ not using more work tape cells than c·�(ñ) < g(ñ). On
the other hand, 1ñ is in L if and only if each computation path of Mπ(ñ) on the
input 1ñ either rejects, loops, or uses more work tape cells than g(ñ). From this
we have that Mk =Mπ(ñ) does not recognize L. This implies that L is not in
weak–NSPACE(�(n)). ��

Thus, a machine not using space above h(n) along any computation path
(worst case cost) can diagonalize against any machine working in �(n) space,
even if the �(n) space restriction concerns only accepting computations using
minimal space (best cost of acceptance). As an example:
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Corollary 8. There exists a unary language L in the set

strong–NSPACE(log logn · log∗n)− weak–NSPACE(log logn).

The same holds for the corresponding deterministic space complexity classes.

The argument uses the function g(n) = log f(n) · log∗f(n), where f(n) is the
first number not dividing n. The function g(n) satisfies the conditions of Thm. 7
for functions �(n) = log logn and h(n) = log logn · log∗n, since log f(n) is fully
space constructible, log f(n) ∈ O(log logn), but log f(n) �∈ o(log logn) [7,16].

If the separating language need not necessarily be unary, the separation can
be simplified significantly. In addition, the recursivity assumption for �(n) can
be discarded, even if only a single zero on the input is allowed.

An open problem is a tight space hierarchy for classes of the alternating
hierarchy. By inductive counting [11,15], the hierarchy of s(n) space bounded
machines with a constant number of alternations collapses to the first level for
s(n)∈Ω(log n). Hence, the space hierarchy for such machines coincides with the
space hierarchy of nondeterministic machines. But sublogarithmic space classes
Σk– and Πk–SPACE(s(n)) are provably not closed under complement [6,1,12].
The first step in this direction was made in [18], where a tight hierarchy is estab-
lished for the above space classes. However, the result is proved for a different
computational model, the so-called demon machines, having s(n) space marked
off automatically, at the very beginning of the computation.

Finally, as a side note, we point out that the technique presented in Thm. 6
allows us to compute an unpairing function π(n) along any recursive set P ,
bounding the space used by any (arbitrarily small) function g(n):

Corollary 9. For any (non)deterministically fully space constructible g(n), and
any recursive P ⊆ N, such that supn∈P g(n)=+∞, there exists a function π(n),
(non)deterministically computable in O(g(n)) space, such that, for each k∈N,
there exists an infinite number of n’s in P satisfying k=π(n).
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geffert@kosice.upjs.sk
2 Dipartimento di Inf., Sist. e Com., Università degli Studi di Milano – Bicocca
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Abstract. We show that, on inputs of length exceeding 5n2, any n–
state unary 2nfa (two–way nondeterministic finite automaton) can be
simulated by a (2n+2)–state quasi sweeping 2nfa. Such a result, besides
providing a “normal form” for 2nfa’s, enables us to get a subexponential
simulation of unary 2nfa’s by 2dfa’s (two–way deterministic finite au-
tomata). In fact, we prove that any n–state unary 2nfa can be simulated
by a 2dfa with O(nlog n+4) states.

Keywords: formal languages; finite state automata; unary languages

1 Introduction

The problem of evaluating the costs — in terms of states — of the simulations
between different kinds of finite state automata has been widely investigated in
the literature. In particular, several contributions deal with two-way automaton
simulations (see, e.g., [7], this Volume). The interest is also due to its relation-
ships with some important topics in complexity theory.

The main open question in this field is certainly that posed by Sakoda and
Sipser in 1978 [8], which asks for the cost of turning a two–way nondeterministic
or a one–way nondeterministic n–state finite state automaton (2nfa, 1nfa, resp.)
into a two–way deterministic finite state automaton (2dfa). They conjecture such
a cost to be exponential, and Sipser [9] proves that this is exactly the case when
2dfa’s are required to be sweeping, i.e., to have head reversals only at the ends
of the input tape. Berman and Lingas [1] state a lower bound of Ω(n2/logn) for
the general problem, and provide an interesting connection with the celebrated
open problem Dlogspace

?= Nlogspace. In [2], Chrobak rises the Ω(n2/logn)
lower bound to Ω(n2).
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Given its difficulty in the general case, restricted versions of the open question
of Sakoda–Sipser have been tackled. In this regard, one of the most promising
lines of research goes through the study of optimal simulations between unary
automata, i.e., automata working with a single letter input alphabet. The prob-
lem of evaluating the costs of unary automata simulations was first settled in [9],
and has lead to emphasize some relevant differences with the general case. For
instance, we know that O(e

√
n lnn) states suffice to simulate a unary n–state 1nfa

or 2dfa by a one–way deterministic finite state automaton (1dfa). Furthermore,
a unary n–state 1nfa can be simulated by a 2dfa having O(n2) states, and this
closes the open problem of Sakoda–Sipser about 1nfa’s vs. 2dfa’s, at least in the
unary case. All these results and their optimality are proved in [2].

In [6], the authors prove that O(e
√
n lnn) is the optimal cost of simulating

unary 2nfa’s by 1dfa’s. Moreover, just paying by a quadratic increase in the
number of states, unary 2nfa’s can always be regarded to as being quasi sweeping,
namely, having both reversals and nondeterministic choices only at the ends of
the input. This may be seen as another step toward a “simplification” of the
open question of Sakoda–Sipser.

This work aims to give further contributions that could be helpful shedding
some light on the Sakoda–Sipser open problem. Our first result, in Section 3,
improves [6], which says that for any n–state unary 2nfa A there exists an equiva-
lent quasi sweeping O(n2)–state 2nfa A′. Here we show that the number of states
in A′ can be reduced to 2n+2, provided that the resulting automaton is only al-
most equivalent to the original machine, that is, A and A′ are allowed to disagree
on a finite number of inputs. This result can be regarded to as providing a sort
of normal form for 2nfa’s, which is a two–way counterpart of the well–known
Chrobak Normal Form for 1nfa’s [2].

Our almost equivalent quasi sweeping simulation becomes a useful tool for
the unary version of 2nfa’s vs. 2dfa’s question in Section 4. Using a divide–
and–conquer technique, we first show that any n–state quasi sweeping unary
2nfa can be simulated by a 2dfa with no more than nlogn+4 states. Then, by
combining this with the above linear almost equivalence between 2nfa’s and quasi
sweeping 2nfa’s, we prove a subexponential simulation of unary 2nfa’s by 2dfa’s:
for each n–state unary 2nfa, there exists an equivalent 2dfa with O(nlog n+4)
states. To the best of authors’ knowledge, the previously known best simulation
of unary 2nfa’s by 2dfa’s uses O(e

√
n lnn) states [6].

2 Finite State Automata

Here, we briefly recall some basic definitions on finite state automata. For a
detailed exposition, we refer the reader to [4]. Given a set S, |S| denotes its
cardinality and 2S the family of all its subsets.

A two–way nondeterministic finite automaton (2nfa, for short) is a quintuple
A = (Q,Σ, δ, q0, F ) in which Q is the finite set of states, Σ is the finite input
alphabet, δ : Q×(Σ∪{�,�})→ 2Q×{−1,0,+1} is the transition function, �,� 	∈ Σ
are two special symbols, called the left and the right endmarker, respectively, q0 ∈
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Q is the initial state, and F ⊆ Q is the set of final states. Input is stored onto
the input tape surrounded by the two endmarkers, the left endmarker being at
the position zero. In a move, A reads an input symbol, changes its state, and
moves the input head one position forward, backward, or keeps it stationary
depending on whether δ returns +1, −1, or 0, respectively. Without loss of
generality, we can assume the machine starts and accepts with input head at the
left endmarker. The language accepted by A is denoted by L(A). A is a two–way
deterministic finite state automaton (2dfa) whenever |δ(q, σ)| = 1, for any q ∈ Q
and σ ∈ Σ ∪ {�,�}.

A 2nfa is called quasi sweeping [5] if and only if it presents both input head
reversals and nondeterministic choices at the endmarkers only. We call unary
any automaton that works with a single letter input alphabet. We say that an
automaton A is almost equivalent to an automaton A′ if and only if the languages
accepted by A and A′ coincide, with the exception of a finite number of strings.

3 Linear, Almost Equivalent, Sweeping Simulation

In this section, we show how to get from a unary n–state 2nfa, an almost equiv-
alent quasi sweeping 2nfa, with no more than 2n+2 states. From now on, we will
always refer to a unary 2nfa A with n states.

First of all, we recall some results, mainly from [3,6], concerning the “form”
of accepting computations of A. By a loop of length �, we mean a computation
path of A beginning in a state p with the input head at a position i, and ending
in the same state with the input head at the position i+ �.

Consider an accepting computation of A on input 1m. Let r0, r1, . . . , rp be
the sequence of all states in which the input head scans either of the endmarkers.
For 1 ≤ j ≤ p, the following two possibilities arise:

– In both rj−1 and rj , the input head scans the same endmarker. This segment
of computation is called a U–turn.

– In rj−1 the input head scans one of the two endmarkers, while in rj it scans
the other. This segment of computation is called a (left to right or right
to left) traversal (notice that, within a traversal, the endmarkers are never
touched).

Lemma 1. Given two states q1, q2 of A, and an input 1m:

(i) for each U–turn from q1 to q2, there is another U–turn from q1 to q2 in which
the input head is never moved farther than n2 positions from the endmarker;

(ii) for each traversal from q1 to q2, there is a traversal from q1 to q2 where A:
(a) having traversed the starting endmarker and s1 positions,
(b) gets into a loop (called dominant loop) of length �, which starts from a

state p and is repeated λ times,
(c) then traverses the remaining s2 input squares, and finally gets the other

endmarker,
for some p, and λ, s1, s2, � satisfying 0 ≤ λ, 1 ≤ |�| ≤ n, and s1+ s2 ≤ 3n2.
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To study possible loop lengths, it is useful to consider the weighted digraph A
representing the transition diagram of our 2nfa A after removing transitions on
the endmarkers, and in which we set weights +1, −1, or 0 to arcs depending on
whether they represent transitions where the input head is moved right, left, or
kept stationary, respectively. It is straightforward that any cycle of weight � in A
represents a computation loop of length � in the automaton A. Let us partition
the digraph A into strongly connected components C1, C2, . . . , Cr. Let �i > 0 be
the greatest common divisor of cycle weights in Ci, for 1 ≤ i ≤ r. It is easy to
see that �1 + �2 + · · ·+ �r ≤ n.

By Lemma 1(ii), it is possible to prove that input traversals can be both
expanded and compressed. More precisely, it can be shown that [6]:

Lemma 2. If there exists a traversal on 1m from a state q1 to a state q2, whose
dominant loop uses states belonging to the component Ci, then there also exists
another traversal from q1 to q2 on 1m+µ�i , for any integer µ > (m− 5n2)/�i.

Using these results, a quasi sweeping automata A′ equivalent to A with O(n2)
states is built in [6]. We now show how to improve this construction to get a linear
instead of quadratic simulation on the input strings of length exceeding 5n2.

The state set Q′ of A′ will be the union of the state set Q of A with two new
sets of states Q+ and Q−. The set Q will be used to simulate A on the endmark-
ers. In particular, U–turns will be precomputed and simulated with stationary
moves. The set Q+ (Q−, resp.) will be used to simulate left to right (right to
left, resp.) traversals. For instance, a cycle of �i states belonging to Q+ will be
used to simulate “dominant loops” involving states of the strongly connected
component Ci in a left to right traversal. More precisely, for 1 ≤ i ≤ r, we de-
fine Q+

i = {q+
i,0, q

+
i,1, . . . , q

+
i,(�i−1)} and Q−

i = {q−i,0, q−i,1, . . . , q−i,(�i−1)}, with the
following deterministic transitions:

δ′(q+
i,k, 1) = {(q+

i,(k+1) mod �i
,+1)} and δ′(q−i,k, 1) = {(q−i,(k+1) mod �i

,−1)}.
The state set of A′ is Q′ = Q ∪Q+ ∪Q−, where Q+ =

⋃r
i=1 Q

+
i , and Q− =⋃r

i=1 Q
−
i . Since �1 + �2 + · · · + �r ≤ n, it is obvious that there are at most 3n

states in Q′.
Let us now see how to map the states of A into the states of A′. For the

sake of brevity, we explain how this mapping works on states involved in left
to right traversals. Its extension to encompass traversals in the opposite way
can be argued easily. Before defining ϕ : Q → Q+, we need some notations.
Given two states p, q ∈ Q, we write p ✄+x q if there exists a computation path
of A which starts from p with the input head at a position d, ends in q at the
position d + x, and which does not visit the endmarkers. By Lemma 1(i), such
path does not depend on the input head position, provided that both d and
d + x are at least n2 positions away from either endmarker. A component Ci is
said to be positive (negative, resp.) if it contains at least one cycle of positive
(negative) weight. Note that a component can be, at the same time, positive
and negative. Furthermore, all the states used in the dominant loop of a left to
right traversal (see Lemma 1) belongs to the same positive component. Given
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a positive component Ci, we designate some state qc ∈ Ci as the center of the
component and, for any state p ∈ Ci, we define

κ(p) = min{x ∈ N : qc ✄+x p}, and ϕ(p) = q+
i,κ(p)mod �i

.

This mapping is well defined since C1, C2, . . . , Cr are disjoint sets. Note also that
ϕ(qc) = q+

i,0, and that qc ✄+κ(p) p, for each p ∈ Ci. The mapping ϕ defines
a partition of the set of states in Ci; states in the same class have the same
“distance” modulo �i from the center and, for sufficiently large inputs, they can
be considered equivalent:

Lemma 3. Let q, p ∈ Q be in the same positive component Ci. Then q ✄+m p
in A if and only if ϕ(q) ✄+m ϕ(p) in A′, for each m ≥ 2n2 + n.

Proof. First, for each two states q′, p′ within the same component Ci, and each
two integers x1, x2, q′ ✄+x1 p′ and q′ ✄+x2 p′ implies that x1 mod �i = x2 mod �i.
The strongly connected Ci must have a path p′ ✄+h q′, for some integer h, and
hence also two loops, namely q′✄+(x1+h)q′ and q′✄+(x2+h)q′. But then both x1+
h and x2 + h are integer multiples of �i, i.e., x1 mod �i = x2 mod �i.

Thus, if we replace the path qc ✄+κ(p) p by a path qc ✄+κ(q) q ✄+m p, we get
κ(p)mod �i = (κ(q)+m)mod �i. Therefore, q ✄+m p implies that mmod �i =
(κ(p)−κ(q))mod �i.

Conversely, let mmod �i = (κ(p)−κ(q))mod �i, for some m ≥ 2n2+n. Since
Ci is strongly connected, we can find a path q ✄+m′

p, for some m′ < n. By the
argument above, m′ must satisfy m′

mod �i = (κ(p)−κ(q))mod �i = mmod �i.
Thus, to get a path q✄+mp of weightm, we only have to insert a suitable number
of cycles beginning and ending in q, into the path q ✄+m′

p. This is possible,
since the set of integers z > 2n2 such that A, starting from the state q with
the input head at the position i, reaches the (i+z)th input square in the same
state, not visiting the endmarkers, coincides with the set of integer multiples of
�i greater than 2n2. For details, see [6, Lemma 3.4]. Thus, q ✄+m p if and only
if mmod �i = (κ(p)−κ(q))mod �i, for each m ≥ 2n2 + n.

On the other hand, from the definition of δ′ and ϕ, the machine A′ has a path
ϕ(q)✄+mϕ(p) if and only if mmod �i = (κ(p)−κ(q))mod �i, for each m > 0. ��

Let us now complete the definition of the transition function δ′ of A′ by
stating its behavior on the endmarkers. We recall that, as previously observed,
a computation of A can be decomposed in U–turns and traversals. First, to
simulate U–turns, for each p, q ∈ Q, we set

– (q, 0) ∈ δ′(p,�) (similarly, (q, 0) ∈ δ′(p,�)) if and only if there exists a U–
turn on the left (right) endmarker starting in the state p and ending in q.

To simulate traversals, we must introduce further moves on the endmarkers.
Again, for the sake of brevity, we concentrate on left to right traversals. Using the
form recalled in Lemma 1(ii), we substitute such a traversal with a deterministic
computation executing one of the simple cycles we have introduced. The initial
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and the final part of the traversal are precomputed. We define such moves by
considering a very large input. In what follows, we let

M = min{kρ : k ∈ N, ρ = lcm(�1, . . . , �r) and kρ > 3n2}.

Suppose, for instance, the input length is 2M . After reading the left end-
marker and the first M input symbols, a state p is reached, which belongs to
a positive component Ci. It is easy to see that p belongs to the dominant loop.
We want the simulating automaton A′ to reach the state ϕ(p) after reading this
portion of the input. To this aim, since �i divides M , it suffices to start the
traversal directly in the state ϕ(p). So, we simulate this segment of computation
by a single move on the left endmarker. A similar argument can be used for the
final part of the traversal. Thus, for q ∈ Q and p̃ ∈ Q+, we set

– (p̃, 1) ∈ δ′(q,�) if and only if there exists r ∈ Q and p ∈ ϕ−1(p̃) such that
(r, 1) ∈ δ(q,�) and r ✄+M p in A;

– (q, 0) ∈ δ′(p̃,�) if and only if there exists p ∈ ϕ−1(p̃) with p ✄+Mq in A.

Similar moves can be defined to simulate right to left traversals. At this
point, our simulating automaton is completely defined as A′=(Q′, {1}, δ′, q0, F ),
where Q′ and δ′ have been presented so far, while q0 and F are, respectively, the
initial state and the set of final states of A. Now we prove the equivalence for
left to right traversals. Its validity for symmetrical traversals comes straightfor-
wardly.

Theorem 4. Let m > 5n2 and q1, q2 ∈ Q. There exists a left to right traversal
of A on the input 1m from q1 to q2 if and only if there exists a left to right
traversal of A′ from q1 which is followed by a stationary move to reach q2.

Proof. Since each loop length �i divides M , by Lemma 2, it is not hard to prove
that, for m > 5n2, there exists a left to right traversal of A on the input 1m

from q1 to q2 if and only if the same holds true on the input 1m+2M . So, for A,
consider the input 1m+2M instead of 1m.

Only if–part. We subdivide a left to right traversal of A on 1m+2M into the
following three phases:

Phase 1. A leaves the left endmarker from the state q1 and enters a state
r ∈ Q, in a single step. From r, it starts consuming the next M input
symbols till it reaches a state p.

Phase 2. From p, which belongs to a certain positive component Ci, a loop of
length �i begins, which is repeated till reaching a state q with the input
head M positions far from the right endmarker. In this phase, m input
symbols are consumed.

Phase 3. From q, the last M symbols are consumed, and the right endmarker
is finally reached in the state q2.

Let us see how these phases are reproduced by A′ on the input 1m. By
definition of δ′, Phase 1 implies that (ϕ(p), 1) ∈ δ′(q1,�), i.e., A′ reaches the state
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ϕ(p) by consuming the left endmarker. Next, by Phase 2 and Lemma 3, we get
that ϕ(p)✄+mϕ(q), i.e., A′ reaches the right endmarker in the state ϕ(q). Finally,
Phase 3 and the definition of δ′ ensure that (q2, 0) ∈ δ′(ϕ(q),�), i.e., A′ enters
the state q2 with a stationary move on the right endmarker.

If–part. A left to right traversal ofA′ on 1m from q1 to q2 can be decomposed
into a first move that takes A′ from q1 to some state p̃ ∈ Q+ with the input head
on the first ‘1’. By definition of δ′, we know that there exists p ∈ ϕ−1(p̃) that
is reached from q1 on A after consuming the left endmarker and M symbols.
Next, A′ enters a loop that takes it to a state q̃ upon consuming the m symbols
of the input. Lemma 3 ensures that there exists a computation of A from p to
some q ∈ ϕ−1(q̃), traversing m input tape positions. Finally, A′ has a stationary
move on the right endmarker that takes it from q̃ to q2; by definition of δ′, there
exists a computation of A which, starting in q, upon reading M input symbols,
reaches the right endmarker in q2. In conclusion, we get the existence of a left
to right traversal of A from q1 to q2 on the input 1m+2M . ��

We are now ready to prove the main result of this section.

Lemma 5. For each n–state unary 2nfa A, there exists an almost equivalent
quasi sweeping 2nfa A′ with no more than 3n states. Moreover, L(A) and L(A′)
coincide on strings of length greater than 5n2.

Proof. The argument is a straightforward induction on the number of times the
input head visits the endmarkers, using Theorem 4, its right–to–left counterpart,
and the fact that U–turns are precomputed in A′. ��
Theorem 6. For each n–state unary 2nfa A, there exists an almost equivalent
quasi sweeping 2nfa A′′ with no more than 2n + 2 states. Moreover, L(A) and
L(A′′) coincide on strings of length greater than 5n2.

Proof. We replace A′ of Lemma 5 by a machine A′′ using only the states in Q+

and Q−, i.e., the original states are removed: Each sequence of stationary moves,
at either endmarker, can be replaced by a single computation step, switching
from Q+ to Q−, or vice versa. We need also a new initial and final state. ��

In [2], a unary n–state one–way nondeterministic finite automaton (1nfa) is
turned into an equivalent 1nfa consisting of an initial path of O(n2) states ending
in a state where a nondeterministic choice is taken. Such a choice leads into one
among a certain number of disjoint cycles, and the rest of the computation
is deterministic. The total number of states included in the cycles does not
exceed n. This structure is usually known as Chrobak Normal Form for 1nfa’s.
In our framework, this result can be reformulated by saying that there exists
an almost equivalent n–state 1nfa in which the only nondeterministic decision is
taken at the beginning of the computation. From this point of view, Theorem 6
can be regarded to as an extension of this result to the two–way machines, and
might suggest a sort of normal form for 2nfa’s.

Finally, we observe that if the language accepted by the given 2nfa A is cyclic
— i.e., for some λ > 0, 1m ∈ L(A) if and only if 1m+λ ∈ L(A) — the automaton
A′′ yielded by our construction is fully equivalent to A.
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4 Subexponential Deterministic Simulation

In this section, we show how to simulate an n–state unary 2nfa by a determin-
istic 2dfa with only O(nlogn+4) states, thus improving previous bounds in the
literature. To this purpose, by using a divide–and–conquer technique, we first
prove that if the 2nfa is quasi sweeping, then the simulation requires no more
than nlogn+4 states.

Let Q be the set of n states of a given quasi sweeping 2nfa A, and let q0 ∈ Q
be the initial state. Without loss of generality, assume that A accepts by entering
a unique state qf with the input head scanning the left endmarker. The core of
our simulation technique is the implementation of the predicate reachable which
is defined as follows. Fix an input length m, the states q, p ∈ Q, and an integer
k ≥ 1. Then reachable(q, p, k) is true if and only if there exists a computation
path of A which starts and ends with the input head scanning the left endmarker
in the state q and p, respectively, and visits that endmarker at most k+1 times.
It is easy to see that if reachable(q, p, k) holds true, then there exists a witness
computation path where the states encountered when the input head scans the
left endmarker are all different. This implies that 1m is accepted by A if and
only if reachable(q0, qf , n) holds true.

To evaluate the predicate reachable, it is useful to concentrate first on com-
puting its “simplest” case reach1(q, p) = reachable(q, p, 1), for any q, p ∈ Q.
There are two possibilities: either (i) (p, 0) ∈ δ(q,�), or (ii) the path is a left to
right traversal of the input followed by a traversal in the opposite way. Case (i)
can be immediately tested. For case (ii) (see Theorem 6), observe that all the
moves involved are deterministic with the following possible exceptions:

– the first move from the left endmarker, in the state q,
– the first move from the right endmarker, at the beginning of the right to left
traversal.

So, case (ii) can be tested by directly simulating the computation of A and
trying all the possible nondeterministic choices above listed. In particular, we
have no more than n nondeterministic possibilities on each endmarker. One can
easily argue that reach1 can be realized on a 2dfa with n3 states.

Now, we use reach1 as a subroutine to compute the predicate reachable:

function reachable(q, p, k)
if k = 1 then return reach1(q, p)
else begin

for each state r ∈ Q do
if reachable(q, r, �k/2�) then

if reachable(r, p, �k/2�) then
return true

return false

end
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Such a function can be implemented by using a pushdown store in which, at
each position, a pair of states and an integer, corresponding to one activation of
the function, are kept. The maximal pushdown height is �log2 n�+ 1.

To reduce the number of possible configurations, we substitute the pushdown
with a stack, i.e., we utilize not only the element at the top position, but all
information that is currently stored. When a state r ∈ Q is considered in the
for–loop of the function, the call reachable(q, r, �k/2�) is simulated by adding
the state r on top of the stack, while the call reachable(r, p, �k/2�) is indicated by
replacing r with a marked copy r̂ on top of the stack. We now informally explain
how, from this stack, it is possible to recover the original pushdown store. For
the sake of simplicity, we give an example of the computation of reachable on a
quasi sweeping 2nfa with n = 32 states (with some technicalities, the argument
can be easily extended to any n). Suppose that the current stack content, from
the bottom to the top, is q̂3 q2 q5 q̂1. By also representing, implicitly, qf and q̂0
at the bottom, we have the following situation:

stack =⇒ position −1 0 1 2 3 4
content qf q̂0 q̂3 q2 q5 q̂1

Each stack position s containing a marked state corresponds to an activa-
tion of reachable in the inner if–statement. The other state of this activation
is the first nonmarked state to the left of position s. The third parameter of
this activation is exactly k = n/2s (if n is a power of 2, otherwise k can be
easily computed as well). For example, the state q̂3 at position 1 represents
the function call reachable(q3, qf , 16), while the state q̂1 at position 4 represents
reachable(q1, q5, 2). The state at position 0 corresponds to the main activation
of reachable, namely that with parameters (q0, qf , 32). In a similar way, we
can recover activations corresponding to nonmarked states in the stack. In the
example, the sequence of current activations of reachable is

(q0, qf , 32), (q3, qf , 16), (q3, q2, 8), (q3, q5, 4), (q1, q5, 2).

The computation of reachable(q0, qf , n) can be implemented by a 2dfa A′

which keeps in its state a stack configuration corresponding to the bottom of
the recursion of reachable. Starting with the head on the left endmarker, A′

simulates the execution of the function reach1, and then, depending on the out-
come of this simulation, it selects another stack configuration. The number of
stack configurations corresponding to the bottom of the recursion is bounded1

by nlogn2logn. In conclusion, by also considering the cost n3 of implementing
the function reach1, we get the following

Theorem 7. Each n–state quasi sweeping unary 2nfa can be simulated by a
2dfa with nlogn+4 states.
1 Notice that for any accepting computation of A, there actually exists an accepting

computation which does not visit the left endmarker in the same state twice. Thus,
we can implement the for–loop of the function reachable, by considering only states
that are not already in the stack. This enables us to lower the total number of stack
configurations to (n−1) ·(n−2) · . . . ·(n− log n) ·2log n, i.e., n ·(n−1) · . . . ·(n− log n).
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By combining this with results in Section 3, we get

Theorem 8. For each n–state unary 2nfa, there exists an equivalent 2dfa with
O(nlog n+4) states.

Proof. (outline) From a given n–state 2nfa A, according to Theorem 6, we can
build an almost equivalent quasi sweeping 2nfa A′′ with no more than 2n+2
states. In turn, this automaton can be simulated by a 2dfa B, as shown above.
By considering also the structure of A′′, one can prove that B has no more than
2nlogn+4 states. The final 2dfa B′ equivalent to A works as follows:

– in a first phase, it simulates an automaton with 5n2+1 states accepting the
strings in L(A) of length not exceeding 5n2;

– if the input length exceeds 5n2, it simulates B.

It is easy to show that the total number of states of B′ is O(nlog n+4). ��
We remark that, as far as the authors know, the subexponential simulation

cost contained in Theorem 8 represents an improvement of the best unary simu-
lation of 2nfa’s by 2dfa’s known in the literature which used O(e

√
n lnn) states [6].
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Abstract. We investigate the computational complexity of the minimal
polynomial of an integer matrix.
We show that the computation of the minimal polynomial is in
AC0(GapL), the AC0-closure of the logspace counting class GapL,
which is contained in NC2. Our main result is that the problem is hard
for GapL (under AC0 many-one reductions). The result extends to the
verification of all invariant factors of an integer matrix.
Furthermore, we consider the complexity to check whether an integer
matrix is diagonalizable. We show that this problem lies in AC0(GapL)
and is hard for AC0(C=L) (under AC0 many-one reductions).

1 Introduction

The motivation for our work is twofold: 1) we want to understand the compu-
tational complexity of some classical problems in linear algebra, 2) by locating
such problems in small space complexity classes we want to clarify the inclusion
relationship of such classes.

The minimal polynomial of a matrix plays an important role in the theory of
matrices. Algorithms to compute the minimal polynomial of a matrix have been
studied for a long time. The best known deterministic algorithm to compute the
minimal polynomial of an n×nmatrix makes O(n3) field operations [Sto98]. The
Smith normal form of a polynomial matrix can be computed by a randomized
NC2-circuit, i.e., in RNC2. Therefore the rational canonical form of a matrix
and the minimal polynomial of a matrix can be computed in RNC2 as well
(see [KS87, vzGG99] for details). In the case of integer matrices there are even
NC2-algorithms [Vil97].

We take a different approach to compute the minimal polynomial of an integer
matrix: we show that the problem can be reduced to matrix powering and solving
systems of linear equations. Therefore it is in the class AC0(GapL), a subclass
of NC2. Our main result is with respect to the hardness of the problem: we
show that the computation of the determinant of a matrix can be reduced to
the computation of the minimal polynomial of a matrix. Therefore the problem
is hard for GapL.

The minimal polynomial is the first polynomial of the system of all invariant
factors of a matrix. This system completely determines the structure of the
� This work was supported by the Deutsche Forschungsgemeinschaft
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matrix. Its computation is known to be in NC2 [Vil97] for integer matrices. We
extend our results and techniques to the verification of all the invariant factors
of a given integer matrix: it is in AC0(C=L) and hard for C=L.

Using the results about the minimal polynomial, we can classify some more
classical problems in linear algebra: a matrix is diagonalizable if it is similar
to a diagonal matrix. Testing similarity of two matrices is known to be in
AC0(C=L) [HT00]. We show that the problem to decide whether a given integer
matrix is diagonalizable is in AC0(GapL) and hard for AC0(C=L).

To obtain the latter result, we have to solve a problem that is interesting in
its own: decide, whether all eigenvalues of a given integer matrix are pairwise
different. This can be done in AC0(C=L).

2 Preliminaries

For a nondeterministic logspace bounded Turing machine M , we denote
the number of accepting paths on input x by accM (x), and by rejM (x)
the number of rejecting paths. The difference of these two numbers is
gapM (x) = accM (x)− rejM (x).

For the counting classes, we have #L, the class of functions accM (x) for
some nondeterministic logspace bounded Turing machine M , and GapL based
analogously on functions gapM . Based on counting, we consider the language
class C=L: a set A is in C=L, if there exists a f ∈ GapL such that for all x:
x ∈ A⇐⇒ f(x) = 0.

For sets A and B, A is AC0-reducible to B, if there is a logspace uniform
circuit family of polynomial size and constant depth that computes A with un-
bounded fan-in and-, or-gates and oracle gates for B. In particular, we consider
the classes AC0(C=L) and AC0(GapL) of sets that are AC0-reducible to a set
in C=L, respectively a function in GapL.

A is AC0 many-one reducible to B, in symbols: A ≤AC0

m B, if there is a
function f ∈ AC0 such that for all x we have x ∈ A⇐⇒ f(x) ∈ B. All reductions
in this paper are AC0 many-one reductions.

Let A ∈ Fn×n be a matrix over the field F. A nonzero polynomial p(x)
over F is called an annihilating polynomial of A if p(A) = 0. The Cayley-
Hamilton Theorem states that the characteristic polynomial χA(x) of A is an
annihilating polynomial. The characteristic polynomial is a monic polynomial :
its highest coefficient is one. The minimal polynomial of A, denoted µA(x), is
the unique monic annihilating polynomial of A with minimal degree.

Let polynomial dk(x) be the greatest common divisor of all sub-determinants
of (xI −A) of order k. For example dn(x) = χA(x). We see that dk divides dk+1

for each index 0 ≤ k ≤ n. Define d0(x) ≡ 1. The invariant factors of (xI − A)
(or A, for short) are defined as the following (monic) polynomials:

i1(x) =
dn(x)
dn−1(x)

, i2(x) =
dn−1(x)
dn−2(x)

, . . . , in(x) =
d1(x)
d0(x)

.

The characteristic polynomial of A is the product of all the invariant factors:
χA(x) = i1(x) · · · in(x). The n × n polynomial matrix that has the invariant
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factors of A as its diagonal entries (starting with in(x)) and zero elsewhere is
the Smith normal form of xI −A, denoted by diag{in(x), . . . , i1(x)}.

We decompose the invariant factors into irreducible divisors over the given
number field F:

i1(x) = [e1(x)]c1 [e2(x)]c2 · · · [es(x)]cs ,
i2(x) = [e1(x)]d1 [e2(x)]d2 · · · [es(x)]ds ,
...

...
in(x) = [e1(x)]l1 [e2(x)]l2 · · · [es(x)]ls ,

(0 ≤ lk ≤ · · · ≤ dk ≤ ck; k = 1, 2, . . . , s).

The irreducible divisors e1(x), e2(x), . . . , es(x) are distinct (with highest coef-
ficient 1) and occur in i1(x), i2(x), . . . , in(x). All powers [e1(x)]c1 , . . . , [es(x)]ls ,
which are different from 1, are called the elementary divisors of A in F

Note that the coefficients of the characteristic polynomial and the invariant
factors of an integer matrix are all integers. Furthermore, the set of eigenvalues
of A is the same as the set of all roots of χA(x) which, in turn, is the set of all
roots of µA(x).

Next, we define some natural problems in linear algebra we are looking at.
If nothing else is said, our domain for the algebraic problems are the integers.

1. PowerElement

Input: an n× n-matrix A and i, j, and m, (1 ≤ i, j,m ≤ n).
Output: (Am)i,j , the (i, j)-th element of Am.

2. Determinant

Input: an n× n-matrix A.
Output: det(A), the determinant of A.

3. CharPolynomial

Input: an n× n-matrix A.
Output: (c0, c1, . . . , cn−1), the coefficients of the characteristic polynomial
χA(x) = xn + cn−1x

n−1 + · · ·+ c0 of the matrix A.
4. MinPolynomial

Input: an n× n-matrix A.
Output: (c0, c1, . . . , cm−1), the coefficients of the minimal polynomial
µA(x) = xm + cm−1x

m−1 + · · ·+ c1x+ c0 of the matrix A.
5. InvSystem

Input: an n× n-matrix A.
Output: the system of invariant factors of the matrix A.

The first three problems are complete for GapL [ABO99, HT00, ST98].
MinPolynomial and InvSystem are in RNC2 [KS87], and in NC2 for
integer matrices [Vil97].

For each of them, we define the corresponding verification problem as
the graph of the corresponding function: for a fixed function f(x), define
v-f as the set all pairs (x, y) such that f(x) = y. This yields the verifi-
cation problems v-PowerElement, v-Determinant, v-CharPolynomial,
v-MinPolynomial and v-InvSystem. The first three problems are known to
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be complete for C=L [HT00]. We note that a special case of v-Determinant is
Singularity where one has to decide whether the determinant of a matrix is
zero. Singularity is complete for C=L as well.

Related problems are computing the rank of a matrix, Rank, or deciding
whether a system of linear equations is feasible, FSLE for short. FSLE is many-
one complete for AC0(C=L) [ABO99].

Similarity is another many-one complete problem for AC0(C=L) [HT00].
Two square matrices A and B are similar , if there exists a nonsingular matrix P
such that A = P−1BP . It is well known that A and B are similar iff they have
the same invariant factors or, what is the same, the same elementary divisors (see
for example [Gan77]). Another characterization of similarity is based on tensor
products. This was used by Byrnes and Gauger [BG77] to get the AC0(C=L)
upper bound on Similarity.

3 The Minimal Polynomial

In this section we show that MinPolynomial is in AC0(GapL) and is hard
for GapL.

3.1 Upper Bound

We mentioned in the previous section that the minimal polynomial of an integer
matrix can be computed in NC2 [Vil97]. We take a different approach and show
that MinPolynomial is in AC0(GapL), a subclass of NC2.

Let m(x) = xm + cm−1x
m−1 + · · · + c0 be a monic polynomial. Then m(x)

is the minimal polynomial of A iff 1) m is an annihilating polynomial of A, i.e.,
m(A) = Am+cm−1A

m−1+ · · ·+c0I = 0, and 2) for every monic polynomial p(x)
of degree smaller than m(x), we have p(A) �= 0.

Define vectors ai = vec(Ai) for i = 0, 1, 2, . . . , n, where vec(Ai) is the vector of
length n2 obtained by putting the columns of Ai below each other. The equation
m(A) = 0 can be rewritten as

am + cm−1am−1 + · · ·+ c0a0 = 0. (1)

In other words, the vectors am, . . . ,a0 are linearly dependent. Consequently, for
some polynomial p with degree k < m, the inequation p(A) �= 0 means that the
vectors ak, . . . ,a0 are linearly independent.

In summary, the coefficients of µA(x) are the solution (cm−1, . . . , c0) of the
system (1), for the smallest m where this system has a solution. Hence we have
the following algorithm to compute µA(x):

MinPolynomial(A)
1 compute vectors ai = vec(Ai) for i = 0, . . . , n
2 determine m such that a0,a1, . . . ,am−1 are linearly independent and

a0,a1, . . . ,am are linearly dependent
3 solve the linear system am + cm−1am−1 + · · ·+ c0a0 = 0
4 return (1, cm−1, . . . , c0), the coefficients of µA(x).
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Step 1 and 3 in the above algorithm can be computed inGapL (see [ABO99]).
In Step 2, checking linear independence of given vectors is in coC=L and linear
dependence is in C=L [ABO99]. Hence we end up in the AC0-closure of GapL,
namely AC0(GapL). Recall that AC0(GapL) ⊆NC2. We conclude:

Theorem 1. MinPolynomial is in AC0(GapL).

3.2 Lower Bound

Our main result is to show the hardness of the computation of the minimal
polynomial of a matrix. Namely, we show that it is hard for GapL.

A problem known to be complete for GapL is PowerElement where one
has to compute the entry (i, j) of Am, for a n× n integer matrix A. W.l.o.g. we
can focus on entry (1, n) of A, i.e. (Am)1,n.

In order to reduce PowerElement to MinPolynomial, we construct a
matrix C such that the value (Am)1,n occurs as one of the coefficients of the
minimal polynomial of C.

The reduction build on the techniques from Toda [Tod91], Valiant [Val92],
and Hoang and Thierauf [HT00] to reduce matrix powering to the determinant,
and the latter to the characteristic polynomial. We give the proof of this result
here because we need the matrices constructed there. We follow the presentation
from [ABO99] and [HT00].

Theorem 2. [HT00] PowerElement ≤AC0

m CharPolynomial.

Proof . Let A be an n×n matrix and 1 ≤ m ≤ n. W.l.o.g. we fix i = 1 and j = n
in the definition of PowerElement. In AC0 we construct a matrix C such that
all the coefficients of its characteristic polynomial can be easily computed from
the value (Am)1,n.

Interpret A as representing a directed bipartite graph on 2n nodes and e
edges. That is, the nodes are arranged in two columns of n nodes each. In both
columns, nodes are numbered from 1 to n. If entry ak,l of A is not zero, then
there is an edge labeled ak,l from node k in the first column to node l in the
second column. The number of non-zero entries in A is exactly e. Now, take m
copies of this graph, put them in a sequence and identify each second column of
nodes with the first column of the next graph in the sequence. Call the resulting
graph G′.

Graph G′ has m + 1 columns of nodes. The weight of a path in G′ is the
product of all labels on the edges of the path. The crucial observation now is
that the entry at position (1, n) in Am is the sum of the weights of all paths
in G′ from node 1 in the first column to node n in the last column. Call these
two nodes s and t, respectively.

Graph G′ is further modified: for each edge (k, l) with label ak,l, introduce a
new node u and replace the edge by two edges, (k, u) with label 1 and (u, l) with
label ak,l. Now all paths from s to t have even length, but still the same weight.
Add an edge labeled 1 from t to s. Call the resulting graph G. Let C be the
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adjacency matrix of G. Graph G has N = m(n+ e) + n nodes and therefore C
is a N ×N matrix.

From combinatorial matrix theory we know that the coefficient ci in χC(x)
equals the sum of the disjoint weighted cycles that cover N − i nodes in G,
with appropriate sign (see [BR91] or [CDS80] for more details). In the graph G,
all edges go from a layer to the next layer. The only exception is the edge
(t, s). So any cycle in G must use precisely this edge (t, s), and then trace out
a path from s to t. Therefore each cycle in G have exactly the length 2m + 1,
and the weighted sum of all these cycles is precisely (Am)1,n with the sign −1.
Hence cN−(2m+1) = −(Am)1,n and all other coefficients must be zero. That is,

χC(x) = xN − axN−(2m+1),

is the characteristic polynomial of C, where a = (Am)1,n. �

Theorem 3. PowerElement ≤AC0

m MinPolynomial.

Proof . We consider the N×N matrix C from the previous proof in more detail.
Except for the edge from t to s, graph G is acyclic. Thus we can put the

nodes of G in such an order, that adjacency matrix C is upper triangular for
the first N − 1 rows with zeros along the main diagonal. The last row of C has
a one in the first position (representing edge (t, s)), and the rest is zero.

We also consider the upper triangle in C. Each column of graph G′ was split
in our construction into two columns and we got a new node on every edge. The
first part we describe by the n× e matrix F :

F =




1 · · · 1 0 · · · 0 · · · 0 · · · 0
0 · · · 0 1 · · · 1 · · · 0 · · · 0

...
...

. . .
...

0 · · · 0 0 · · · 0 · · · 1 · · · 1




The number of ones in the k-th row of F is the number of edges leaving node k
in the first column of G′.

From each of the newly introduced nodes there is one edge going out. Hence
this second part we can describe by the e× n-matrix S, which has precisely one
non-zero entry in each row. The value of the non-zero entry is the weight of the
corresponding edge in G′. With the construction of graph G it is not hard to see
that FS = A. Now we can write C as a block matrix as follows:

C =




F
S
. . .

F
S

L



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There is m-times matrix F , alternating with m-times matrix S. L is the n × n
matrix with a one at position (n, 1) and zero elsewhere. Hence C is a (2m+1)×
(2m+ 1) block matrix. The empty places in C are all zero matrix.

Let a denote the element (Am)1,n. We claim that the minimal polynomial
of C is µC(x) = x4m+2 − ax2m+1.

First, we observe that dN−1(x) = xl for some l, because the minor of order
N −1 of the matrix xI−C at the position (1, 1) is xN−1. Therefore the minimal
polynomial must have the form

µC(x) = χC(x)/dN−1(x) = xN−l − axN−(2m+1)−l.

Define polynomials pk(x) = x(2m+1)+k − axk for 0 ≤ k ≤ N − (2m + 1).
To prove our claim, we have to show that p2m+1(C) = 0 and pk(C) �= 0 for
k < 2m+ 1. To do so, we explicitly construct all the powers of C. The general
form of Ci for i ≤ 2m is as follows:

i i+ 1
↓ ↓

Ci =




∗
. . .
∗

+
.. .

+




← 1
...

← 2m+ 1− i
← 2m+ 2− i

...
← 2m+ 1

.

The entry (Ci)j,i+j for 1 ≤ j ≤ 2m− i+ 1 and i ≤ 2m lies on the sub-diagonal
(∗ · · · ∗) and has the following form:

(Ci)j,i+j =

{
S(j−1) mod 2(FS)

i−1
2 F j mod 2, for odd i,

(FS)j mod 2S(j−1) mod 2(FS)
i−2
2 F (j−1) mod 2, otherwise.

The entry (Ci)2m+1−i+k,k for 1 ≤ k ≤ i and i ≤ 2m lies on the sub-diagonal
(+ · · ·+) and has the following form:

(Ci)2m+1−i+k,k = S(i+k) mod 2(FS)�
i−k
2 �L(FS)�

k−1
2 �F (j−1) mod 2.

From this we get in particular

C2m+1 = diag{AmL, SAm−1LF, Am−1LA, . . . , LAm},
C4m+2 = diag{AmLAmL, SAm−1LAmLF, Am−1LAmLA, . . . , LAmLAm}

Since LAmL = aL, we have p2m+1(C) = C4m+2 − aC2m+1 = 0. It remains to
prove that pk(C) = C2m+1+k − aCk �= 0 for all k ≤ 2m. Note that it suffices to
prove this for k = 2m, because pk(C) = 0 for some k implies pk+1(C) = 0.

For technical reasons we assume that the input matrix A is a nonsingular
upper triangular matrix. The following lemma says that we can w.l.o.g. make
this assumption.
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Lemma 4. Suppose A is an n × n matrix. Then there is a nonsingular upper
triangular p× p matrix B such that (Bm)1,p = (Am)1,n.

Proof . We define B as an (m + 1) × (m + 1) block matrix in which all the
elements of the principal diagonal are n × n identity matrices, all the elements
of the first super-diagonal are matrices A and all the the other elements are
zero-matrices. For p = (m+ 1)n we have (Bm)1,p = (Am)1,n as claimed. �
We compute C4m+1 as the product C2m+1C2m. Now we have p2m(C) = 0
iff C4m+1 = aC2m iff AmLAm = aAm. However, the latter equation cannot hold:
by Lemma 4 we can assume that A is nonsingular. Therefore rank(AmLAm) =
rank(L) = 1, whereas rank(aAm) �= 1. We conclude that p2m(C) �= 0.

In summary, we have µC(x) = x4m+2−ax2m+1, where a = (Am)1,n. Since the
construction of graph G can be done in AC0, we have PowerElement ≤AC0

m

MinPolynomial as claimed. �

3.3 The Invariant Factors

The system of all invariant factors of a matrix can be computed in NC2 [Vil97].
Since the minimal polynomial is one of the invariant factors, it follows from
Theorem 3 that these are hard for GapL as well.

In the verification versions of the above problems we have given A and coeffi-
cients of one, respectively several polynomials and have to decide whether these
coefficients represent in fact the minimal polynomial, respectively the invariant
factors of A.

Note that in the case of the invariant factors we get potentially more infor-
mation with the input than in the case of the minimal polynomial. Therefore, it
could be that the invariant factors are easier to verify than the minimal polyno-
mial. Interestingly we locate in fact the verification of the invariant factors in a
seemingly smaller complexity class.

To verify the minimal polynomial we can simplify the above algorithm for
MinPolynomial as follows:

v-MinPolynomial(A, cm−1, . . . , c0)
1 compute vectors ai = vec(Ai) for i = 0, . . . ,m
2 if am + cm−1am−1 + · · ·+ c0a0 = 0 and

a0,a1, . . . ,am−1 are linearly independent
3 then accept else reject.

Hence we get the same upper bound as for MinPolynomial, namely
AC0(GapL). Since MinPolynomial is hard for GapL, v-MinPolynomial

must be hard for C=L. We summarize:

Corollary 5. v-MinPolynomial is in AC0(GapL) and hard for C=L.

Next we show that the verification of the invariant factors is hard for C=L as
well. However, as an upper bound we get the seemingly smaller class AC0(C=L).
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Theorem 6. v-InvSystem is in AC0(C=L) and hard for C=L.

Proof . Inclusion. Let S = {i1(x), . . . , in(x)} be the system of n given monic
polynomials and let A be an n×n matrix. We construct the companion matrices
that correspond to the non-constant polynomials in S. Let B denote the diagonal
block matrix of all these companion matrices. Recall that S is the system of
invariant factors of A iff A is similar to B. Testing similarity can be done in
AC0(C=L) [HT00], therefore v-InvSystem is in AC0(C=L) too.

Hardness. We continue with the setting from the proof of Theorem 3, in
particular with matrix C. Our goal is to determine the system of all invariant
factors of C. We have already shown that i1(x) = µC(x) = x4m+2 − ax2m+1,
where (Am)1,n = a. Next, we compute the invariant factors i2(x), . . . , iN(x).

It follows from the proof of Theorem 3 that dN−1(x) = xN−(4m+2).
Since dN−1(x) = i2(x) · · · iN (x), each of the invariant factors must have the
form xl for some number l. Note that all non-constant invariant factors of the
form xl are already elementary divisors.

Define gl to be the number of occurrences of the elementary divisor xl.
Clearly, if we have all numbers gl, we can deduce the invariant factors. Num-
bers gl can be determined from the ranks of matrices Cj (see [Gan77]). More
precisely, let rj denote the rank of Cj . The following formula relates the ranks
to numbers gj:

gj = rj−1 + rj+1 − 2rj , (2)

for j = 1, . . . , t, where r0 = N and t is the smallest index such that rt−1 > rt =
rt+1. We can actually compute all the ranks rj from the expressions we already
have for matrices Cj .

Let us consider the blocks of Cj . By Lemma 4 we may assume that A is
nonsingular, that is rank(F ) = rank(S) = rank(A) = n. Therefore rank(Ak) =
rank(AkF ) = rank(AkS) = n for any k. Hence blocks in Cj of the form (FS)k,
(FS)kF , (SF )k, or (SF )kS all have rank n (recall that FS = A). In all other
blocks occurs matrix L. Recall that matrix L is all-zero except for the entry at the
lower left corner, which is 1. Therefore, for any matrixM , we have rank(ML) = 1
iff the n-th column of M is a non-zero column. Analogously, rank(LM) = 1 iff
the first row of M is a non-zero row. We conclude that all blocks that contain
matrix L have rank 1.

Since the non-zero blocks of Cj are in pairwise different lines and columns,
we can simply add up their ranks to obtain the rank of Cj . That way we get

rj =
{
(2m+ 1− j)n+ j, for j = 1, . . . , 2m,
2m+ 1, for 2m+ 1 ≤ j.

The ranks don’t change any more from j = 2m+1 on. Hence t = 2m+1. Plugged
into the formula (2) we get

gj =





N − n(2m+ 1), for j = 1,
0, for j = 2, . . . , 2m,
n− 1, for j = 2m− 1.

(3)
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From equations (3) we can deduce the invariant factors:

ik(x) =






x2m+1, for k = 2, . . . , n,
x, for k = n+ 1, . . . , N − 2nm,
1, for k = N − 2nm+ 1, . . . , N.

(4)

In summary, (Am)1,n = a iff i1(x) = x4m+2 + ax2m+1, and i2(x), . . . , iN (x) are
as in (4). This completes the proof of Theorem 6. �

With the proof for the hardness result of v-InvSystem we remark that
computing the system of invariant factors is hard for GapL.

4 Diagonalization

If a matrix A is similar to a diagonal matrix then we say for short that A
is diagonalizable. That is, the Jordan normal form of A is a diagonal matrix,
called J , where all the entries on the diagonal of J are the eigenvalues of A. We
ask for the complexity to check whether a given matrix is diagonalizable.

An obvious way is to compute the Jordan normal form of A and then decide
whether it is in diagonal form. However, in general, the eigenvalues of an integer
matrix are in the complex field. That is, we run into the problem of dealing with
real-arithmetic.

We use another characterization: matrix A is diagonalizable iff the minimal
polynomial of A can be factored into pairwise different linear factors.

Theorem 7. Diagonalizable is in AC0(GapL) and hard for AC0(C=L).

Proof . To decide whether a matrix A is diagonalizable we use the following
algorithm:

Diagonalizable(A)
1 compute the minimal polynomial m(x) of A
2 construct from m(x) the companion matrix B
3 if B has pairwise different eigenvalues
4 then accept else reject.

We have already seen that step 1 is in AC0(GapL). We argue below (see
Corollary 9) that the condition in Step 3 can be decided in AC0(C=L). Therefore
Diagonalizable ∈ AC0(GapL).

For the hardness result provide a reduction from FSLE, the set of feasible
linear equations . That is FSLE is the set of pairs (A, b) such that the linear
system Ax = b has a solution x ∈ Qn, where A is m× n integer matrix and b a
integer vector of length m. FSLE is complete for AC0(C=L) [ABO99].

Define the symmetric matrix B =
(

0 A
AT 0

)
and vector c = (bT ,0)T of

length m+ n. The reduction goes as follows:

(A, b) ∈ FSLE ⇐⇒ (B, c) ∈ FSLE (5)
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⇐⇒ C =
(
B 0
0 · · · 0

)
is similar to D =

(
B c
0 · · · 0

)
(6)

⇐⇒ D ∈ Diagonalizable. (7)

Equivalence (5) holds, since the system AT y = 0 is always feasible.
To show equivalence (6), let x0 be a solution of the system Bx = c. Define the

nonsingular matrix T =
(
I x0

0 −1
)
. It is easy to check that CT = TD, therefore C

is similar to D. Conversely, if the above system is not feasible, then C and D
have different ranks and can therefore not be similar.

To show equivalence (7), observe that matrix C is symmetric. Therefore C
is always diagonalizable, i.e., similar to a diagonal matrix, say C′. Now, if C is
similar to D, then D is similar to C′ as well, because the similarity relation is
transitive. Hence D is diagonalizable as well.

Conversely, if D is diagonalizable then all of its elementary divisors are linear
of the form (λ−λi) where λi is any of its eigenvalues. Since C is diagonalizable,
its elementary divisors are linear too. Note furthermore that C and D have the
same characteristic polynomial. Therefore they must have the same system of
elementary divisors. This implies that they are similar. �

To complete the proof of Theorem 7, we show how to test whether all eigen-
values of a given matrix are pairwise different.

Lemma 8. All eigenvalues of the matrix A are pairwise different iff the matrix
B = A⊗ I − I ⊗A has 0 as an eigenvalue of multiplicity n (here, ⊗ denotes the
tensor product (see [Gra81])).

Proof . Just note that if λ1, . . . , λn are the eigenvalues of the n × n matrix A,
then (λi − λj), for all 1 ≤ i, j ≤ n, are the eigenvalues of matrix B. �

Corollary 9. Whether all eigenvalues of a matrix A are pairwise different can
be decided in AC0(C=L).

Proof . Let B = A ⊗ I − I ⊗ A. The matrix B has 0 as an eigenvalue of
multiplicity n iff χB(x) = xn2

+ cn2−1x
n2−1 + · · · + cnx

n such that cn �= 0.
Recall that the coefficients of the characteristic polynomial can be computed in
GapL. Therefore the test whether c0 = c1 = · · · = cn−1 = 0 and cn �= 0 is in
AC0(C=L). �

Open Problems

The coefficients of the characteristic polynomial of a matrix can be computed
in GapL. We do not know whether the minimal polynomial of a matrix can be
computed in GapL as well. In other words, we want to close the gap between
the upper bound (Theorem 1) and the lower bound (Theorem 3) we have for the
minimal polynomial.
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Analogously, we ask to close the gaps for the verification of the minimal poly-
nomial (Corollary 5), the invariant factors (Theorem 6), and the diagonalization
problem (Theorem 7). Note that if one could show that the minimal polynomial
can be computed in GapL (or just in AC0(C=L)) then the minimal polynomial
can be verified in AC0(C=L) and it follows that Diagonalizable is complete
for AC0(C=L).

An important question not directly addressed here is whether C=L is closed
under complement. An affirmative answer would solve many open problems in
this area.

References

[ABO99] E. Allender, R. Beals, and M. Ogihara. The complexity of matrix rank and
feasible systems of linear equations. Computational Complexity, 8:99 –126,
1999. 410, 411, 412, 417

[BG77] C. Byrnes and M. Gauger. Characteristic free, improved decidability criteria
for the similarity problem. Linear and Multilinear Algebra, 5:153–158, 1977.
411

[BR91] R. Brualdi and H. Ryser. Combinatorial Matrix Theory, volume 39 of Ency-
clopedia of Mathematics and its Applications. Cambridge University Press,
1991. 413
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Abstract. We show that for all n and α such that 1 ≤ n ≤ α ≤ 2n there
is a minimal n-state nondeterministic finite automaton whose equivalent
minimal deterministic automaton has exactly α states.

1 Introduction

Finite automata belong among the few fundamental computing models that were
intensively investigated for more then four decades. Despite on this fact there are
still several fundamental open questions about them. These open questions [3]
are mainly related to the estimation of the power of nondeterminism in finite
automata. One of these questions is considered in this paper.

The subset construction [8] shows that any nondeterministic finite automa-
ton (NFA) can be simulated by a deterministic finite automaton (DFA). This
theorem is often stated as ”NFA’s are not stronger than DFA’s”. But we have
to be careful. The general simulation is only possible by increasing the number
of states (the size of the automata). It is known [6] that there is an NFA of n
states which needs 2n states to be simulated by a DFA. Thus, in this case NFA’s
are exponentially smaller than DFA’s. But on the other hand the DFA which
counts the number of 1’s modulo k needs k states and all equivalent NFA’s need
the same number of states. So, nondeterminism does not help in this case.

The question that arises is how many states may the minimal DFA equivalent
to a given minimal n-state NFA have? This question was first considered by
Iwama, Kambayashi and Takaki [4]. They showed that for α = 2n − 2k or α =
2n − 2k − 1, k ≤ n/2− 2, there is an n-state NFA which needs α deterministic
states. The question has been studied also by Iwama, Matsuura and Paterson [5].
In their paper they called an integer Z, n < Z < 2n, a ”magic number” if no
DFA of Z states can be simulated by any NFA of n states. They proved that
for all integers n ≥ 7 and α such that 5 ≤ α ≤ 2n − 2, with some coprimality
condition, 2n − α cannot be a magic number. It seemed more likely for them
that there is no such magic number.

In this paper we prove their conjecture and we show that there are no such
magic numbers at all. For each integers n, α such that n ≤ α ≤ 2n we give an
example of minimal n-state NFA whose equivalent minimal DFA has exactly
α states. However, the size of the input alphabet of these NFA’s is very big,
� This research was supported by VEGA grant No. 2/7007/2.
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namely 2n−1+1. In the second part of this paper we show that it can be reduced
to 2n. In the third part of the paper we discuss the situation for one and two-
letters alphabet. For O(n2) values of α we construct a minimal n-state NFA over
the alphabet {0, 1} which needs α deterministic states. The situation for unary
automata is sligtly different because of known result of Chrobak [1] who proved
that any n-state unary NFA can be simulated by a DFA havingO(e

√
n lnn) states.

The paper is organized as follows. In Section 2 the basic definitions and
notations are given. The main results are presented in Section 3. Section 4 is
devoted to the automata over one and two-letters input alphabet.

2 Definitions and Notations

A finite automaton M is determined by giving the following five items: (i) a
finite set Q of states, (ii) a finite set Σ of input symbols, (iii) an initial state
(∈ Q), (iv) a set F (⊆ Q) of accepting states, (v) a state transition function δ.

If δ is a mapping from Q ×Σ into Q then M is said to be deterministic. If
δ is a mapping from Q×Σ into 2Q then M is said to be nondeterministic. The
domain of δ can be naturally extended from Q × Σ to Q × Σ∗. The definition
of the language accepted by M is as usual and we omit it. Two finite automata
are said to be equivalent if they accept the same language. A DFA (NFA) M is
said to be minimal if there is no DFA (NFA) M ′ that is equivalent to M and
has fewer states than M . It is well known [8] that a DFA M is minimal if (i) all
its states are reachable from the initial state and (ii) there are no two equivalent
states (two states q1 and q2 are said to be equivalent if for all x ∈ Σ∗, δ(q1, x) ∈ F
iff δ(q2, x) ∈ F ).

For an NFA M of n states ∆(M,n) denotes the number of states of the
minimal DFA that is equivalent to M . NFA’s should also be minimal. Note that
in [4,5] the values of ∆(M,n) were large enough to guarantee the minimality
of M . This is not the case in this paper and the minimality of NFA’s has to be
proved. For this purpose let us define the notion of a generalized 1-fooling set in
the same way as in [2].

Definition 1. A set A of pairs of strings is called a generalized 1-fooling set
for a language L if for each (x, y) from A the string xy is in L and for every
different pairs (x1, x2) and (y1, y2) from A at least one of the strings x1y2, y1x2

is not in L.

Example 2. Let L = {w | the number of 1’s in w is k}. Then the set A =
{(ε, 1k), (1, 1k−1), (12, 1k−2), . . . , (1k, ε)} is a generalized 1-fooling set for this lan-
guage, since for all i the string 1i1k−i is in L and for all i �= j the string 1i1k−j

is not in L.

Now, we formulate a lemma and since it will be used throughout the rest of
the paper we give the proof of it although it follows from the considerations in
the 5th chapter of [2].
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Lemma 3. Let A be a generalized 1-fooling set for a regular language L. Then
any NFA for L has at least |A| states (here, |A| denotes the cardinality of A).

Proof. Let A = {(x1
1, x

1
2), (x2

1, x
2
2), . . . , (xn1 , xn2 )} be a generalized 1-fooling set

for L. That means that for all i = 1, 2, . . . , n the string xi1x
i
2 is in L. Let M

be an NFA for L and let us consider an accepting computation of M on xi1x
i
2.

Denote qi the state which M enters during this accepting computation after
reading xi1. For i �= j it has to be qi �= qj , otherwise there would be an accepting
computation ofM on xi1x

j
2 and also on xj1x

i
2 which contradicts to the assumption

thatA is a generalized 1-fooling set for L. So, we have obtained at least n different
states of M which proves the lemma. �


According to Lemma 3 to prove that an NFA M of n states is minimal it is
sufficient to find a generalized 1-fooling set of the cardinality n for the language
accepted by M .

Let M be an NFA of n states Q = {q1, q2, . . . , qn}. Then an equivalent
DFAMdet can be constructed as follows. First, all 2n subsets ofQ are introduced;
each of them can be a state of Mdet. The initial state of Mdet is {q1} if q1 is the
initial state of M . A state X ⊆ Q is an accepting state if it includes at least one
accepting state ofM . The transition function δdet is defined using the transition
function δ ofM as follows: δdet(X, a) = ∪q∈Xδ(q, a). After determining this δdet,
we remove all sets which cannot be reached from the initial state {q1} of Mdet.
This procedure is usually called the ”subset construction” [8]. Note that this
DFA Mdet may still not be minimal since some two states might be equivalent.

In the following lemma we give a sufficient condition for an NFA which guar-
antees that no two states obtained by the subset construction are equivalent.

Lemma 4. Let M be an n-state NFA over an alphabet Σ, 1 ∈ Σ, such that

(1) q1 is the initial state and qn is the only accepting state,
(2) δ(qi, 1) = {qi+1} for i = 1, 2, . . . , n− 1 and δ(qn, 1) = ∅ (i.e., transitions on

reading 1 look like in Fig. 1, the other transitions may be arbitrary).

Then (i) M is a minimal NFA for the language it accepts, (ii) no two reachable
states in the subset construction of Mdet are equivalent.
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Fig. 1. Transitions on reading 1 of the NFA M

Proof. (i) It is not difficult to see that the set A = {(ε, 1n−1), (1, 1n−2), . . . ,
(1n−1, ε)} is a generalized 1-fooling set of the cardinality n for the language
L(M). So, according to Lemma 3 M is a minimal NFA for the language it
accepts.
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(ii) Note that for all i = 1, 2, . . . , n the string 1n−i is accepted starting at the
state qi but it is not accepted starting at any other state. This immediately im-
plies that two different reachable sets in the subset construction are unequivalent
(since there is an i such that qi is in one of them, say X , but not in the other,
say Y , and so δ(X, 1n−i) involves qn, the only accepting state, and δ(Y, 1n−i)
does not involve qn). �


Thus, by the lemma above if a NFA M fulfils the conditions (1) and (2),
thenM is a minimal NFA for its language and to obtain ∆(M,n) i.e., the size of
the minimal DFA equivalent toM , it is sufficient to find the number of reachable
sets in the subset construction for M .

3 Main Results

In this section we show that for any integers n, α such that n ≤ α ≤ 2n there is
a minimal n-state nondeterministic automaton whose equivalent minimal deter-
ministic automaton has exactly α states.

First, we give a minimal k-state NFA Ak over the alphabet {0, 1} such that
∆(Ak, k) = 2k and Ak fulfils the conditions (1) and (2) in Lemma 4 (note that
the automaton in [6] does not fulfil these conditions, see Fig. 2, ”missing” arcs on
reading 0 from the accepting state correspond to transitions to the state ”empty
set”).
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Fig. 2. Moore’s n-state NFA whose equivalent minimal DFA has 2n states

Using k-state automata Ak, 1 ≤ k ≤ n, we construct n-state automata Bk
over the alphabet {0, 1} with ∆(Bk, n) = 2k+n−k. Finally, the n-state NFAMα

with ∆(Mα, n) = α will be constructed from an automaton Bk using further
letters of 2n−1 + 1 letters input alphabet.

Lemma 5. For each integer k there is a minimal k-state NFA Ak over the
alphabet {0, 1} such that Ak fulfils the conditions (1) and (2) in Lemma 4 and
∆(Ak, k) = 2k i.e., its equivalent minimal DFA has 2k states.

Proof. Let the set of states of Ak be {q1, . . . , qk} with the initial state q1 and
the only accepting state qk. Define transition function δ as follows (see Fig.3)

δ(qi, 1) = {qi+1} i = 1, 2, . . . , k − 1
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δ(qi, 0) = {q1, qi+1} i = 1, 2, . . . , k − 1
δ(qk, 1) = δ(qk, 0) = ∅
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Fig. 3. The nondeterministic finite automaton Ak

Since qk is the only accepting state of Ak and transitions on reading 1 are as
in Lemma 4, Ak is minimal and to prove that ∆(Ak, k) = 2k it is sufficient to
show that each subset of {q1, q2, . . . , qk} is reachable in the subset construction
for Ak. It can be easily seen that ∅, {q1}, {q2}, . . . ,{qk} are all reachable. Suppose
X = {qi1 , qi2 , . . . , qil}, where l ≥ 2 and 1 ≤ i1 < i2 < . . . < il ≤ k. We show
that X is reachable from a set Y with the smaller cardinality than X . Let
Y = {qi2−i1 , qi3−i1 , . . . , qil−i1} i.e., |Y | = |X | − 1. Since 1 ≤ ij − i1 ≤ k − 1,
j = 2, 3, . . . , l, δ(Y, 01i1−1) is exactly X . Using induction on cardinality we have
proved that all subsets of {q1, q2, . . . , qk} are reachable in the subset construction
for Ak and so, ∆(Ak, k) = 2k. �

Lemma 6. For all n, k such that 1 ≤ k ≤ n there is a minimal n-state NFA Bk
over the alphabet {0, 1} such that ∆(Bk, n) = 2k + n− k.
Proof. We construct the n-state NFA Bk from the k-state NFA Ak described in
Lemma 5 by adding new states qk+1, qk+2, . . . , qn and new transitions on reading
1: δ(qk+1, 1) = q1 and δ(qi, 1) = qi−1 for i = k+2, . . . , n (see Fig. 4). The initial
state of Bk is qn, the only accepting state is qk. Since the conditions of Lemma 4
are fulfilled, the NFA Bk is minimal and to find ∆(Bk, n) it is sufficient to count
the number of reachable sets in the subset construction for Bk. Note that {qn},
{qn−1}, . . . ,{qk+1} and {q1} are reachable. Further, by Lemma 5 all subsets of
{q1, q2, . . . , qk} are reachable and it is not difficult to see that no other set is
reachable. Thus, there are 2k + n− k reachable sets in the subset construction
for Bk which implies that ∆(Bk, n) = 2k + n− k. �


Lemma 7. For all n, k and j such that 1 ≤ k ≤ n− 1, 1 ≤ j ≤ 2k − 1, there is
a minimal n-state NFA Mk,j such that ∆(Mk,j , n) = 2k + n− k + j.
Proof. Let ai, i = 1, 2, . . . , 2n−1 − 1 be pairwise different symbols of the input
alphabet, ai �= 0, ai �= 1. Let S1, S2, . . . , S2k−1 be all subsets of {q1, q2, . . . , qk+1}
involving the state qk+1, except for {qk+1}. We construct the n-state NFA Mk,j
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Fig. 4. The nondeterministic finite automaton Bk

from the n-state NFA Bk of Lemma 6 by adding new transitions from the accept-
ing state qk: δ(qk, ai) = Si, i = 1, 2, . . . , j. The NFA Mk,j fulfils the conditions
(1) and (2) of Lemma 4 so, it is minimal. And it is not difficult to see that the
number of the reachable sets in the subset construction forMk,j is 2k+n−k+ j
(all subsets of {q1, q2, . . . , qk}, {qk+1}, {qk+2}, . . . ,{qn}, S1, S2, . . . , Sj) which
implies (again according to Lemma 4) that ∆(Mk,j , n) = 2k + n− k + j. �


Now we are ready to prove the main result.

Theorem 8. For all n and α such that n ≤ α ≤ 2n there is a minimal n-state
NFA whose equivalent minimal DFA has exactly α states.

Proof. The case α = n is trivial (the automaton accepting all strings of length at
least n−1 can be taken). For α ≥ n+1 let k be such integer that 2k+n−k ≤ α <
2k+1 +n− (k+1). If α = 2k +n− k then the automaton Bk from Lemma 6 can
be taken. In the other case α = 2k +n− k+ j, where k ≤ n− 1, 1 ≤ j < 2k− 1,
and the automaton Mk,j from Lemma 7 can be taken. �


Thus, we have proved that nondeterminism can be helpful ”step by step” for
finite automata. Howewer, the automata which we used to prove it were over
many-letters alphabet (namely 2n−1 + 1). The following theorem shows that
the size of input alphabet can be decreased to 2n. Note that we only prove the
existence of such automata but we do not give the construction of them. Before
proving this we formulate a lemma which is similar to Lemma 4.

Lemma 9. Let an NFA M have the states q1, q2, . . . , qn, where q1 is the initial
and qn is the only accepting state of M . Let a1, a2, . . . an−1 be pairwise different
letters of the input alphabet. Let (see Fig. 5)

δ(qi, ai) = {qi+1} i = 1, 2, . . . , n− 1,
δ(qi, aj) = ∅ for i �= j,
δ(qn, ai) = ∅ for i = 1, 2, . . . , n− 1.

Then M is minimal and ∆(M,n) is equal to the number of reachable sets in the
subset construction for M .

Proof. The proof of this lemma is similar as the proof of Lemma 4. The set
A = {(ε, a1a2 . . . an−1), (a1, a2a3 . . . an−1), . . . , (a1a2 . . . an−1, ε)} is a generalized
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Fig. 5. Transitions on reading ai of the NFA M

1-fooling set for L(M) of the cardinality n which implies that M is minimal.
For all i = 1, 2, . . . , n − 1 the string aiai+1 . . . an−1 is accepted starting at the
state qi but it is not accepted starting at any other state. This implies that no
two reachable sets in the subset construction for M are equivalent. �

Theorem 10. For all n and α, n ≤ α ≤ 2n, there is a minimal n-state NFA
over 2n letters input alphabet whose equivalent minimal DFA has exactly α
states.

Proof. The case α = n is trivial. For n + 1 ≤ α ≤ 2n we prove this theorem by
induction on n. The automata for n = 2 are depicted in Fig. 6.

q2 ........
.........
..........

..............
.......................................................................................................................................................
...........
.........
........
............................................................................................ ................

1
q1 ........

.........
..........
..............

.......................................................................................................................................................
...........
.........
........
.........
.........
..........
..............

........................................................................................................................................
...........
.........
........ q2 ........

.........
..........
..............

.......................................................................................................................................................
...........
.........
........
............................................................................................ ................

0, 1
q1 ........

.........
..........
..............

.......................................................................................................................................................
...........
.........
........
.........
.........
..........
..............

........................................................................................................................................
...........
.........
........

..........
........
........
.........
...........
...............................................................................................

....
............

0

Fig. 6. The two-state NFA’s whose equivalent minimal DFA’s have 3 resp. 4
states

Suppose that for all α, n+ 1 ≤ α ≤ 2n, there is a minimal n-state NFA over
the input alphabet {a1, b1, a2, b2, . . . , an, bn}, with the initial state qn, the only
accepting state q1 and the transition function δ such that

δ(qi, ai) = {qi−1} i = n, n− 1, . . . , 2
δ(qj , ai) = ∅ for i �= j
δ(q1, ai) = ∅ for i = n, n− 1, . . . , 2

We show that than for all α between n + 2 and 2n+1 there is a minimal
(n + 1)-state NFA over 2(n + 1) letters alphabet with ai-transitions as above
which needs α deterministic states.

Let D be the n-state NFA from the induction assumption with ∆(D,n) = α.
We construct the (n + 1)-state NFA D′ (see Fig. 7) from the n-state NFA D
by adding a new initial state qn+1 connected with qn through an+1 and new
transitions on reading bn+1: δ(qi, bn+1) = {qi, qn+1} for i = 1, 2, . . . , n. Note that
if X is reachable in the subset construction for D, then X ∪ {qn+1} is reachable
in the subset construction for D′ and moreover, all reachable sets for D′ are
either equal to a reachable set for D or can be written as X ∪ {qn+1}, where X
is reachable for D. This implies that ∆(D′, n+ 1) = 2 ·∆(D,n).
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Fig. 7. Transitions on reading ai and bn+1 of the NFA D′

Further, if we remove the transition on bn+1 from qn to qn+1, the set
{qn, qn+1} becomes unreachable and for the automaton D′′ obtained in this
way it holds ∆(D′′, n+ 1) = 2 ·∆(D,n)− 1.

If ∆(D,n) = α, n + 1 ≤ α ≤ 2n, we have constructed the automata D′

and D′′ whose equivalent minimal deterministic automata have 2α and 2α − 1
states. Note that these automata fulfil the conditions of Lemma 9 and also the
induction assumption concerning transitions on ai. It remains to prove that
there is a minimal (n+ 1)-state NFA (fulfilling the induction assumption on ai-
transitions) which needs α deterministic states for n + 2 ≤ α < 2n + 1. But
this is not difficult. For α = n+ 2 it is the automaton in Fig. 8 with transitions
δ(qi, ai) = {qi−1} for i = 2, 3, . . . , n + 1. For n + 2 < α < 2n + 1 denote
β = α− (n+2) (i.e., 1 ≤ β < n− 1) and consider the automaton obtained from
the previous one by adding the transitions δ(q1, bi) = {qi+1, q1}, i = 1, 2, . . . , β.
For this automaton the number of reachable sets is exactly n+ 2+ β = α.
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Fig. 8. The (n+ 1)-state NFA which needs n+ 2 deterministic states

�


4 Automata over the Alphabet {0, 1} and {1}

In the first part of this section we will consider automata over the input alphabet
{0, 1}. Note that only such automata were considered in [4] and [5]. In [4] it is
shown that if α = 2n − 2k or α = 2n − 2k − 1, 0 ≤ k ≤ n/2 − 2, then there is
a minimal n-state NFA which needs α deterministic states. In [5] the same is
shown for α = 2n− k, n ≥ 7, 5 ≤ k ≤ 2n− 2 (with some coprimality condition).
In this section we prove this property for all α such that n ≤ α ≤ 1+n(n+1)/2
(the case α = n is again trivial). While in [4,5] the ∆(M,n) value was large
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enough to guarantee the minimality of the NFA M in this case ∆(M,n) value
is small and so, the minimality of the NFA M should be proved. But we will
construct nondeterministic automata in such a way that the conditions (1) and
(2) in Lemma 4 will be fulfilled and so, the automata will be minimal. Moreover,
by Lemma 4 ∆(M,n) will be equal to the number of reachable sets in the subset
construction for M .

The following lemma shows that for any k, 0 ≤ k ≤ n − 1, there is a min-
imal n-state NFA over the alphabet {0, 1} whose equivalent minimal DFA has
exactly 1+n+(n−1)+(n−2)+. . .+(n−k) states. In the second lemma it is shown
that for any k and j, 0 ≤ k ≤ n−1, 1 ≤ j < n−(k+1) there is a minimal n-state
NFA over the alphabet {0, 1} which needs 1 + n + (n − 1) + . . . + (n − k) + j
deterministic states.

Lemma 11. For all n and k, 0 ≤ k ≤ n−1, there is a minimal n-state NFA Mk

over the aplhabet {0, 1} such that ∆(Mk, n) = 1 + n+ (n− 1) + . . .+ (n− k).
Proof. Let q1, q2, . . . , qn be the states of Mk, let q1 be the initial state and qn be
the only accepting state. Define transitions on reading 1 by δk(qi, 1) = {qi+1}, i =
1, 2, . . . , n − 1 and δk(qn, 1) = ∅. The conditions (1) and (2) of Lemma 4 are
fulfilled and therefore Mk is minimal and ∆(Mk, n) is equal to the number of
reachable sets in the subset construction. Further, define transitions on reading
0 by δk(qi, 0) = {q1, q2, . . . , qi, qi+1} for i = 1, 2, . . . , k and δk(qj , 0) = ∅ for
j = k + 1, k + 2, . . . , n. So, if k = 0 there are no 0-transitions and for k ≥ 1 the
NFA Mk looks like in Fig. 9
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Fig. 9. The nondeterministic finite automaton Mk

It is easy to see that the following sets are reachable in the subset construction
for Mk:

∅, {q1}, {q2}, . . . , {qn},
{q1, q2}, {q2, q3}, . . . , {qn−1, qn},
{q1, q2, q3}, {q2, q3, q4}, . . . , {qn−2, qn−1, qn},
...
{q1, q2, . . . , qk+1}, {q2, q3, . . . , qk+2}, . . . , {qn−k, qn−k+1, . . . , qn}.

It is not difficult to prove that no other set is reachable. Thus, ∆(Mk, n) =
1 + n+ (n− 1) + (n− 2) + . . .+ (n− k). �
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Lemma 12. For all k and j, 0 ≤ k ≤ n − 1, 1 ≤ j < n − (k + 1) there is
a minimal n-state NFA Mk,j over the alphabet {0, 1} such that ∆(Mk,j , n) =
1 + n+ (n− 1) + (n− 2) + . . .+ (n− k) + j.
Proof. We construct the automaton Mk,j from the automatonMk in Lemma 11
by adding the transition on reading 0 from the state qk+1 to the set
{q1, q2, . . . , qk, qk+1, qn−j+1} (note that k + 2 < n − j + 1 ≤ n). All the sets
which were reachable in the subset construction for Mk are also reachable in
the subset construction for Mk,j . Moreover, the following sets (and no other)
are reachable: {q1, q2, . . . , qk, qk+1, qn−j+1}, {q2, q3, . . . , qk+1, qk+2, qn−j+2}, . . . ,
{qj , qj+1, . . . , qj+k, qn}. Since Mk,j fulfils the conditions (1) and (2) of Lemma 4
it is minimal and ∆(Mk,j , n) = 1 + n+ (n− 1) + (n− 2) + . . .+ (n− k) + j. �

Corollary 13. For all n and α such that n ≤ α ≤ 1 + n(n + 1)/2 there is a
minimal n-state NFA over the input alphabet {0, 1} whose equivalent minimal
DFA has exactly α states.

Proof. The case α = n is again trivial. Since 1+n+(n−1)+(n−2)+. . .+2+1 =
1+n(n+1)/2, the proof for α ≥ n+1 follows from the two lemmata above. �


We have O(n2) values of α for which there is a minimal n-state NFA over
the alphabet {0, 1} which needs α deterministic states. We are not able to prove
it for all α, n ≤ α ≤ 2n, although it seems to be true for us. We have verified it
for all n ≤ 8, but for larger n the question remains open.

The last part of the paper we devote to a few notes on the automata over
one-letter alphabet (unary automata). Again, we are interested in the value of
∆(M,n) for a minimal n-state unary NFAM . It has been pointed in [6] that this
value has to be less than 2n. If we consider Moore’s automaton from [6] using
input symbol 1 alone (see Fig. 2) we obtain the automaton whose equivalent
minimal DFA has (n− 1)2 + 2 states [6].

Further, in [1] it is shown that O(e
√
n lnn) states are sufficient to simulate

an n-state NFA recognizing a unary language by a DFA. This implies that
∆(M,n) cannot be between (approximately) e

√
n lnn and 2n for any n-state

unary NFAM . On the other hand in [1] it is shown that there is a unary n-state
NFA which needs Ω(e

√
n lnn) deteministic states. For n ≤ 10 we have verified

that for all α such that n ≤ α ≤ (n− 1)2 + 2, there is a minimal n-state unary
NFA whose equivalent minimal DFA has exactly α states. Whether it is true for
larger n and all α between n and e

√
n lnn remains open.

Acknowledgement
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Synchronizing Finite Automata on Eulerian

Digraphs

Jarkko Kari�

Department of Computer Science, 15 MLH, University of Iowa
Iowa City, IA, 52242 USA
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Abstract. Černý’s conjecture and the road coloring problem are two
open problems concerning synchronizing finite automata. We prove these
conjectures in the special case that the underlying digraph is Eulerian,
that is, if the in- and out-degrees of all vertices are equal.

1 Introduction

Let us call a directed graph G = (V,E) admissible (k-admissible, to be precise) if
all vertices have the same out-degree k. A deterministic finite automaton (with-
out initial and final states) is obtained if we color the edges of a k-admissible
digraph with k colors in such a way that all k edges leaving any node have
distinct colors. Let Σ = {1, 2, . . . , k} be the coloring alphabet. We use the stan-
dard notation Σ∗ for the set of words over Σ. Every word w ∈ Σ∗ defines a
transformation fw : V −→ V on the vertex set V : the vertex fw(v) is the end-
point of the unique path starting at v whose labels read w. For a set S ⊆ V we
define fw(S) = {fw(v) | v ∈ S}. Word w is called synchronizing if fw(V ) is a
singleton set, and the automaton is called synchronizing if a synchronizing word
exists. A coloring of an admissible graph is synchronizing if the corresponding
automaton is synchronizing.

We investigate the following two natural questions:

– Which admissible digraphs have synchronizing colorings ?
– What is the length of a shortest synchronizing word on a given synchronizing
automaton ?

The road coloring problem and the Černý conjecture are two open problems
related to these questions. The road-coloring problem [1,2] asks whether a syn-
chronizing coloring exists for every admissible digraph that is strongly connected
and aperiodic. A digraph is called aperiodic if the gcd of the lengths of its cycles
is one. This is clearly a necessary condition for the existence of a synchronizing
coloring. The road-coloring problem has been solved in some special cases but
the general case remains open. In particular, it is known to be true if the di-
graph has a simple cycle of prime length and there are no multiple edges in the
digraph [6].
� Research supported by NSF Grant CCR 97-33101
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In this work we prove the road coloring conjecture in the case the digraph is
Eulerian, that is, also the in-degrees of all nodes are equal to k. (We assume k-
admissibility throughout this paper.) This partial solution is interesting because
such digraphs can also be colored in a completely non-synchronizing way: there
exist labelings where every color specifies a permutation of the vertex set so that
no input word can synchronize any vertices.

Proposition 1. Let G = (V,E) be a digraph with all in- and out-degrees equal
to some fixed k. Then the edges can be colored with k colors in such a way that
at every vertex all entering edges have distinct colors and all leaving edges have
distinct colors.

Proof. Let us start by splitting each vertex into two parts. One part gets all
entering edges and the other part all leaving edges. As a result we get a digraph
with a vertex set V1∪V2 and all edges are from V1 into V2. Moreover, all vertices
in V1 have in-degree zero and out-degree k, and all vertices in V2 have out-degree
zero and in-degree k. We need to color the edges with k colors in such a way in
every node all k incident edges have different colors.

Let us show how any incorrect coloring can be improved in the sense that
the total number of missing colors over all vertices is reduced. Without loss of
generality assume that there are at least two edges with color a and no edges
with color b leaving node x ∈ V1. Construct a new digraph with the same vertex
set V1 ∪ V2 and all original edges of color a, as well as all edges of color b
inverted. In the new digraph node x has positive out-degree and in-degree equal
to zero. Consequently there exists a path P starting at x that ends in a node
whose in-degree is greater than its out-degree. (To find such a path just follow
edges, without repeating the same edge twice, until the path can no longer be
extended.) If in the original graph we swap the a vs. b coloring of the edges
along the selected path we get an improved coloring: Node x has now leaving
edges with both colors a and b, and no new missing colors were introduced at
any node. The improvement process can be repeated until a balanced coloring
is reached.

We also prove the Černý conjecture if the underlying digraph is Eulerian.
Černý’s conjecture [3] states that if an n-state automaton is synchronizing then
there always exists a synchronizing word of length at most (n − 1)2. Currently
the best known bounds for the shortest synchronizing word are cubic in n.

2 Maximum Size Synchronizable Subsets

Our proofs rely on a result by J.Friedman [5]. We only need this result in the
Eulerian case, which we include here for the sake of completeness. All results in
this section were originally presented in the Friedman paper [5].

Given an automaton A, let us say that set S ⊆ V is synchronizable if there
exists a word w such that fw(S) is a singleton set. Clearly, for every word u, if S
is synchronizable then also f−1

u (S) is synchronizable, synchronized by word uw.
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Let us only consider finite automata that are based on Eulerian digraphs, and
let k be the in- and out-degree of every node. We are interested in synchronizable
sets of maximal cardinality, called maximum size synchronizable sets. Let m
be the largest cardinality of any synchronizable set. If n-state automaton A
is synchronizing then m = n, but in general 1 ≤ m ≤ n. In a moment we’ll
see that m has to divide n, and that the vertex set V can be partitioned into
non-overlapping maximum size synchronizable subsets.

Because in the Eulerian case every vertex has k incoming edges we have
∑

a∈Σ
|f−1
a (S)| = k · |S| (1)

for every S ⊆ V . If set S is a maximum size synchronizable set then |f−1
a (S)| ≤

|S| for every color a ∈ Σ, which combined with (1) gives |f−1
a (S)| = |S| =

m. More generally we have |f−1
u (S)| = m for every word u. In other words,

predecessors of maximum size synchronizable sets have also maximum size.
Consider a collection of i maximum size synchronizable sets S1, S2, . . . , Si

that are synchronized by the same word w, and that are hence disjoint. Let yj
denote the unique element of fw(Sj) for every j = 1, 2, . . . , i. If im < n then the
collection is not yet a partitioning of V and there exists a vertex x that does not
belong to any Sj . Because the graph is strongly connected there exists a word u
such that fu(y1) = x. Consider subsets that are synchronized by word wuw.
These include S1 (which is already synchronized by the first w) as well as f−1

wu(Sj)
for all j = 1, 2, . . . , i. All these i+ 1 sets are maximum size synchronizable sets,
and they are different from each other because they are synchronized by wuw
into distinct vertices fw(x) and uj = fw(Sj), for j = 1, 2, . . . , i.

The reasoning above can be repeated until we reach a partitioning of V into
maximum size synchronizable sets, all synchronized by the same word. We have
proved

Proposition 2. In any automaton based on an Eulerian digraph G = (V,E)
there exists a word w such that subsets of vertices synchronized by w form a
partitioning of V into maximum size synchronizable sets.

As a corollary we see that the maximum size m of synchronizable sets must
divide n, the number of vertices. It is also clear that if w satisfies the property
of the proposition then so does uw for every u ∈ Σ∗.

In [5] a more general approach is taken, applicable also in non-Eulerian cases.
In this approach the notion of the cardinality of a subset is replaced by its
weight (defined below) and instead of maximum size sets we consider maximum
weight synchronizable sets. To define weights, notice that the adjacency matrix of
the digraph has a positive left eigenvector e with eigenvalue k. The eigenvector
is chosen with relatively prime integer components. Components of e are the
weights of the corresponding vertices, and the weight of a set of vertices is the
sum of the weights of its elements. In Eulerian cases the weight of a set is simply
its cardinality because e = (1, 1, . . . , 1).
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3 Synchronizing Colorings of Eulerian Digraphs

To prove the road coloring property of Eulerian digraphs we use the notion of
stability from [4]. Nodes x and y of an automaton are called stable if

(∀u ∈ Σ∗)(∃w ∈ Σ∗) fuw(x) = fuw(y),

that is, nodes x and y are synchronizable, and all pairs of states reachable from x
and y are synchronizable as well. It is easy to see that stability is an equivalence
relation, and that all forward transformations fa respect stability, i.e., they map
equivalence classes into equivalence classes. Let us use the term stability class
for these equivalence classes.

It was pointed out in [4] that the road coloring problem is equivalent to the
conjecture that there always exists a coloring with at least one stable pair of
vertices. The idea is that if a coloring with non-trivial stability classes exists
then a factor automaton can be considered whose nodes are the stability classes.
The factor automaton is strongly connected and aperiodic if the original au-
tomaton has these properties. The factor automaton has fewer nodes, so we use
mathematical induction and assume that the factor automaton can be relabeled
into a synchronizing automaton. The relabeling can be lifted to the original au-
tomaton, providing it with a synchronizing coloring because a relabeling does
not break the stability of any nodes that were in the same stability class.

In the following we adapt this reasoning to the Eulerian case. Given an
admissible Eulerian digraph G = (V,E) with |V | > 1 we start with a fully non-
synchronizing coloring, where all vertices have different colors on all entering
and leaving edges (Proposition 1). Let x be a vertex and a and b two colors such
that fa(x) 
= fb(x). These must exist because otherwise the digraph would be
periodic. Let y = fa(x) and z = fb(x). Let us swap the colors of edges x −→ y
and x −→ z. Then two edges labeled a enter z, and two edges labeled b enter
node y. Because all other nodes have one edge of each color entering them, it is
clear that for any set S of vertices

z ∈ S, y 
∈ S =⇒ |f−1
a (S)| > |S|, and

y ∈ S, z 
∈ S =⇒ |f−1
b (S)| > |S|.

Therefore any maximum size synchronizable set of vertices must either contain
both y and z or neither of them.

Let us prove that y and z are stable: Let u ∈ Σ∗ be arbitrary, and let w
be a word satisfying Proposition 2. Then also uw satisfies Proposition 2, which
means that fuw(y) = fuw(z).

Because there are non-trivial stability classes the factor automaton has fewer
states than the original automaton. It is trivial that (the underlying digraph of)
the factor automaton is admissible, strongly connected and aperiodic. To prove
that it is also Eulerian it is enough to show that there are edges of all colors
entering all stability classes. This is trivially true for any class that contains any
node different from y and z as all these nodes have incoming edges of all colors.
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And since y and z are in the same stability class, also that class has entering
edges of all colors.

The factor automaton has fewer states, so we may assume that there exists a
synchronizing re-coloring of the factor automaton. This induces a synchronizing
coloring of the original automaton. We have proved:

Proposition 3. The road coloring conjecture is true for Eulerian digraphs.

The reasoning fails on non-Eulerian digraphs. It is however easy to see that
even in the non-Eulerian case nodes x and y are stable if and only if every
maximum weight synchronizable set either contains both x and y or neither
of them. In other words, stability classes are intersections of maximum weight
synchronizable sets.

4 The Černý Conjecture

We have proved that Eulerian digraphs have synchronizing colorings. In this
section we show that any such coloring admits a synchronizing word of length
at most (n− 1)2, where n = |V |.

Let us view the vertices as basis vectors of an n-dimensional vector space,
and subsets of V as elements of this vector space obtained as linear combinations
with coefficients 0 and 1: Set S ⊆ V is the vector

∑

x∈S
x.

It is useful to view functions f−1
a as linear transformations of this vector space,

for all a ∈ Σ. To make an explicit distinction to the function f−1
a that acts on

sets of vertices, we introduce a new notation ϕa for the linear transformation.
For each color a ∈ Σ we define

(∀x ∈ V ) ϕa(x) =
∑

fa(y)=x

y.

In other words, the transformation matrix of ϕa is the transpose of the adja-
cency matrix for edges colored with a. Compositions of functions ϕa give linear
functions ϕw for all w ∈ Σ∗:

ϕε = id,
ϕaw = ϕw ◦ ϕa, for every a ∈ Σ and w ∈ Σ∗.

This means that ϕw is the linear extension of the set function f−1
w :

(∀w ∈ Σ∗)(∀x ∈ V ) ϕw(x) =
∑

fw(y)=x

y.

It follows from (1) that if the automaton is based on an Eulerian digraph
then for every S ⊆ V , either

(∀a ∈ Σ) |f−1
a (S)| = |S|
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or
(∃a ∈ Σ) |f−1

a (S)| > |S|.
Let us construct an k × n matrix M whose element (a, x) is

Max = |f−1
a (x)| − 1,

that is, the change in the cardinality if set {x} is replaced by its predeces-
sor f−1

a (x) under color a. A set S ⊆ V (viewed as a vector) is in kerM , the
kernel of M , if and only if for every color |f−1

a (S)| = |S| (where S is viewed as
a set). So if S is not in the kernel then |f−1

a (S)| > |S| for some color a.
For any given proper subset S of V we would like to find a word u such that

|f−1
u (S)| > |S|, and we would like to find a shortest possible such u. Equivalently,

u = aw where w is a shortest word such that ϕw(S) is not in kerM . Because
kerM is a linear subspace, we can use the following simple lemma.

Lemma 4. Let U be a d-dimensional subspace, and let x ∈ U . If there exists a
word w such that ϕw(x) 
∈ U then there exists such word w of length at most d.

Proof. Consider vector spaces U0 ⊆ U1 ⊆ . . . where Ui is generated by

{ϕw(x) | |w| ≤ i}.

Clearly, if Ui+1 = Ui for some i then Uj = Ui for every j ≥ i. Namely, Ui+1 = Ui
means that ϕa(Ui) ⊆ Ui for all a ∈ Σ.

Let i be the smallest number such that ϕw(x) 
∈ U for some w of length i,
that is, the smallest i such that Ui 
⊆ U . This means that in U0 ⊂ U1 ⊂ . . . ⊂ Ui
all inclusions are proper. In terms of dimensions of the vector spaces:

1 = dimU0 < dimU1 < . . . < dimUi−1 < dimUi,

which means that dimUi−1 ≥ i. But Ui−1 ⊆ U so that we also have dimUi−1 ≤
dimU = d, which means that i ≤ d.

If the automaton is synchronizing then kerM is at most n − 1 dimensional
subspace. Consequently, for any proper subset S of V there exists a word u of
length at most 1 + (n − 1) = n such that |f−1

u (S)| > |S|. After n − 2 repeated
applications of this observation we conclude that for any subset S of cardinality 2
or more there exists a word u of length at most n(n− 2) such that f−1

u (S) = V .
Because there must exist a vertex x and a color a such that the cardinality of
the set f−1

a (x) is greater than one, we conclude that word ua synchronizes the
automaton, and the length of the synchronizing word ua is at most n(n−2)+1 =
(n− 1)2. We have proved
Proposition 5. If the underlying digraph of a synchronizing automaton is Eu-
lerian then there exists a synchronizing word of length at most (n− 1)2.
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Also this reasoning fails for non-Eulerian digraphs. While it is always true
that for every proper subset S of V there is a word u of length at most n such
that |f−1

u (S)| 
= |S|, in the non-Eulerian case it is possible that |f−1
u (S)| < |S|.

On the other hand, replacing cardinalities with weights is possible, and the
same reasoning as above shows that for every proper subset S there is a word u
of length at most n such that the weight of f−1

u (S) is greater than the weight
of S. Unfortunately this result does not give the desired bound for the length
of the shortest synchronizing word because the total weight of V can be larger
than n.

References

1. R. L. Adler, L. W. Goodwyn, B. Weiss. Equivalence of topological Markov shifts.
Israel Journal of Mathematics 27 (1977), 49–63. 432

2. R. L. Adler, B. Weiss. Similarity of automorphisms of the torus. Memoires of the
American Mathematical Society, n.98. 1970. 432
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A Time Hierarchy for Bounded One-Way

Cellular Automata
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Arndtstr. 2, D-35392 Giessen, Germany

Abstract. Space-bounded one-way cellular language acceptors (OCA)
are investigated. The only inclusion known to be strict in their time
hierarchy from real-time to exponential-time is between real-time and
linear-time! We show the surprising result that there exists an infinite
hierarchy of properly included OCA-language families in that range. A
generalization of a method in [10] is shown that provides a tool for prov-
ing that languages are not acceptable by OCAs with small time bounds.
By such a language and a translation result the hierarchies are estab-
lished.

Keywords Models of Computation, computational complexity, cellular
automata, time hierarchies.

1 Introduction

Linear arrays of interacting finite automata are models for massively parallel
language acceptors. Their advantages are simplicity and uniformity. It has turned
out that a large array of not very powerful processing elements operating in
parallel can be programmed to be very powerful.

One type of system is of particular interest: the cellular automata whose ho-
mogeneously interconnected deterministic finite automata (the cells) work syn-
chronously at discrete time steps obeying one common transition function. Here
we are interested in a very simple type of cellular automata. The arrays are
real-space bounded, i.e., the number of cells is bounded by the number of in-
put symbols, and each cell is connected to its immediate neighbor to the right
only. Due to the resulting information flow from right to left such devices are
called one-way cellular automata (OCA). If the cells are connected to their both
immediate neighbors the information flow becomes two-way and the device is a
(two-way) cellular automaton (CA).

Although parallel language recognition by (O)CAs has been studied for more
than a quarter of a century some important questions are still open. In particular,
only little is known of proper inclusions in the time hierarchy. Most of the early
languages known not to be real-time but linear-time OCA-languages are due to
the fact that every unary real-time OCA-language is regular [4]. In [9] and [10]
a method has been shown that allows proofs of non-acceptance for non-unary
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languages in real-time OCAs. Utilizing these ideas the non-closure of real-time
OCA-languages under concatenation could be shown.

Since for separating the complexity classes in question there are no other
general algebraic methods available, specific languages as potential candidates
are of particular interest. In [5] several positive results have been presented.
Surprisingly, so far there was only one inclusion known to be strict in the time
hierarchy from real-time to exponential-time. It is the inclusion between real-
time and linear-time languages. In [2] the existence of a non-real-time OCA-
language that is acceptable in n + log(n)-time has been proved yielding a lower
upper bound for the strict inclusion. Another valuable tool for exploring the OCA
time hierarchy is the possible linear speed-up [7] from n+ r(n) to n+ ε · r(n) for
ε > 0.

The main contribution of the present paper is to show that there exists an
infinite time hierarchy of properly included language families. These families are
located in the range between real-time and linear-time. The surprising result
covers the lower part of the time hierarchy in detail.

The paper is organized as follows: In Section 2 we define the basic notions
and the model in question. Since for almost all infinite hierarchies in complexity
theory the constructibility of the bounding functions is indispensable, in Sec-
tion 3 we present our notion of constructibility in OCAs and prove that it covers
a wider range of functions than the usual approach. Section 4 is devoted to a
generalization of the method in [10] to time complexities beyond real-time. This
key tool is utilized to obtain a certain language not acceptable with a given time
bound. Finally, in Section 5 the corresponding proper inclusion is extended to
an infinite time hierarchy by translation arguments.

2 Basic Notions

We denote the positive integers {1, 2, ...} by N and the set N ∪ {0} by N0. The
empty word is denoted by λ and the reversal of a word w by wR. For the length
of w we write |w|. We use ⊆ for inclusions and ⊂ if the inclusion is strict. For
a function f : N0 → N we denote its i-fold composition by f [i], i ∈ N. If f is
increasing then its inverse is defined according to f−1(n) = min{m ∈ N | f(m) ≥
n}. As usual we define the set of functions that grow strictly less than f by o(f) =
{g : N0 → N | limn→∞

g(n)
f(n) = 0}. In terms of orders of magnitude f is an upper

bound of the set O(f) = {g : N0 → N | ∃ n0, c ∈ N : ∀ n ≥ n0 : g(n) ≤ c · f(n)}.
Conversely, f is a lower bound of the set Ω(f) = {g : N0 → N | f ∈ O(g)}.

A one-way resp. two-way cellular array is a linear array of identical deter-
ministic finite state machines, sometimes called cells, which are connected to
their nearest neighbor to the right resp. to their both nearest neighbors. The
array is bounded by cells in a distinguished so-called boundary state. For con-
venience we identify the cells by positive integers. The state transition depends
on the current state of each cell and the current state(s) of its neighbor(s). The
transition function is applied to all cells synchronously at discrete time steps.
Formally:
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Definition 1. A one-way cellular automaton (OCA) is a system 〈S, δ, #, A, F 〉,
where

1. S is the finite, nonempty set of cell states,
2. # /∈ S is the boundary state,
3. A ⊆ S is the nonempty set of input symbols,
4. F ⊆ S is the set of accepting (or final) states, and
5. δ : (S ∪ {#})2 → S is the local transition function.

If the flow of information is extended to two-way the resulting device is
a (two-way) cellular array (CA) and the local transition function maps from
(S ∪ {#})3 to S.

A configuration of a cellular automaton at some time t ≥ 0 is a description
of its global state, which is actually a mapping ct : [1, . . . , n]→ S for n ∈ N.

The configuration at time 0 is defined by the initial sequence of states. For
a given input w = a1 · · · an ∈ A+ we set c0,w(i) = ai for 1 ≤ i ≤ n. During
a computation the (O)CA steps through a sequence of configurations whereby
successor configurations are computed according to the global transition func-
tion ∆:

Let ct for t ≥ 0 be a configuration, then its successor configuration is as
follows:

ct+1 = ∆(ct) ⇐⇒
ct+1(1) = δ

(
#, ct(1), ct(2)

)

ct+1(i) = δ
(
ct(i− 1), ct(i), ct(i + 1)

)
, i ∈ {2, . . . , n− 1}

ct+1(n) = δ
(
ct(n− 1), ct(n), #

)

for CAs and correspondingly for OCAs. Thus, ∆ is induced by δ.
If the state set is a Cartesian product of some smaller sets S = S0 × S1 ×

· · · × Sr, we will use the notion register for the single parts of a state.

s1 s2 s3 s4 s5 s6 #

Fig. 1. A one-way cellular automaton

An input w is accepted by an (O)CA if at some time i during its course of
computation the leftmost cell enters an accepting state.

Definition 2. Let M = 〈S, δ, #, A, F 〉 be an (O)CA.

1. An input w ∈ A+ is accepted by M if there exists a time step i ∈ N such
that ci(1) ∈ F holds for the configuration ci = ∆[i](c0,w).

2. L(M) = {w ∈ A+ | w is accepted by M} is the language accepted byM.
3. Let t : N → N, t(n) ≥ n, be a mapping. If all w ∈ L(M) can be accepted

with at most t(|w|) time steps, then L is said to be of time complexity t.
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The family of all languages that are acceptable by some OCA (CA) with time
complexity t is denoted by Lt(OCA) (Lt(CA)). If t equals the identity function
id(n) = n, acceptance is said to be in real-time, and if t is equal to k · id for an
arbitrary rational number k > 1, then acceptance is carried out in linear-time.
Correspondingly, we write Lrt((O)CA) and Llt((O)CA).

In this article we prove:

Theorem 3. Let r1, r2 : N→ N be two functions such that r2 · log2(r2) ∈ o(r1)
and r−1

1 is constructible, then

Ln+r2(n)(OCA) ⊂ Ln+r1(n)(OCA)

Example 4. Let 0 ≤ p < q ≤ 1 be two rational numbers. Clearly, np · log2(np) is
of order o(nq). In the next section the constructibility of the inverse of nq will
be established. Thus, an application of Theorem 3 yields the strict inclusion

Ln+np(OCA) ⊂ Ln+nq(OCA)

3 Constructible Functions

For the proof of Theorem 3 it will be necessary to control the lengths of words
with respect to some internal substructures. The following notion of construc-
tibility expresses the idea that the length of a word relative to the length of a
subword should be computable.

Definition 5. A function f : N → N is constructible if there exists an λ-free
homomorphism h and a language L ∈ Lrt(OCA) such that

h(L) = {af(n)−nbn | n ∈ N}

Since constructible functions describe the length of the whole word depen-
dent on the length of a subword it is obvious that each constructible function
must be greater than or equal to the identity. At a first glance this notion of
constructibility might look somehow unusual or restrictive. But λ-free homomor-
phisms are very powerful so the family of (in this sense) constructible functions
is very rich, and is, in fact, a generalization of the usual notion. The remainder
of this section is devoted to clarify the presented notion and its power.

The next lemma states that we can restrict our considerations to length
preserving homomorphisms. The advantage is that for length preserving homo-
morphisms each word in L is known to be of length f(m) for some m ∈ N.

Lemma 6. Let f : N→ N be a constructible function. Then there exists a length
preserving λ-free homomorphism h and a language L ∈ Lrt(OCA) such that

h(L) = {af(n)−nbn | n ∈ N}
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The proof follows immediately from a proof in [1] where the closure of
Lrt(OCA) under λ-free homomorphisms is characterized by OCAs with limited
nondeterminism.

Given an increasing constructible function f : N → N and a language
La ⊆ A+ acceptable by some OCA with time complexity n + r(n), where r :
N → N, we now define a language that plays an important role in the se-
quel. Let the language Lf ⊆ B+ be a witness for the constructibility of f ,
i.e., Lf ∈ Lrt(OCA) and h(Lf ) = {af(n)−nbn | n ∈ N} for a length preserv-
ing λ-free homomorphism h. The language L1(La, Lf ) ⊆ (A ∪ {�}) × B)+ is
constructed as follows

1. The second component of each word w in L1(La, Lf ) is a word of Lf that
implies that w is of length f(m) for some m ∈ N.

2. The first component of w contains exactly f(m)−m blank symbols and m
non-blank symbols.

3. The non-blank symbols in the first component of w form a word in La.

The following proposition is used in later sections. Besides, it is an example
that demonstrates how to use constructible functions. In Lemma 13 we will prove
that the shown bound for the time complexity of L1 is minimal.

Proposition 7. The language L1(La, Lf) is acceptable by some OCA with time
complexity n + r(f−1(n)).

Proof. We construct an OCA A with three registers that accepts L1 obeying the
time complexity n + r(f−1(n)).

In its first register A verifies that the second component of each word in L1

is a word of Lf . By definition of Lf this can be done in real-time.
In its second register A checks that the first component of L1 contains exactly

f(m)−m blank symbols. Because it can be verified that the second component
of L1 belongs to Lf , we know that the first f(m) − m symbols of the second
component are mapped to a’s and the last m symbols of the second component
are mapped to b’s. The task is to check that the number of a’s in the second
component is equal to the number of blank symbols in the first component.
Therefore, A shifts the blank symbols from right to left. Each symbol a in the
second component consumes one blank symbol. A signal that goes from the
right to the left with full speed can check that no blank symbol has reached the
leftmost cell and that each letter a has consumed one blank symbol, i.e., that
the number of a’s is equal to the number of blank symbols. The test can be done
in real-time.

In order to verify that the non-blank symbols in the first component form a
word of La the automaton A simulates the OCA that accepts La. But for every
blank-symbolA has to be delayed for one time step, until it receives the necessary
information for the next simulation step. Therefore, A needs m+r(m)+(f(m)−
m) steps for the simulation (m + r(m) time steps for the simulation itself and
f(m) − m time steps delaying time). Substituting m = f−1(n) completes the
proof. ��
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Now we prove that the family of constructible functions is very rich. In
particular, all Fischer-constructible functions are constructible in the sense of
Definition 5. A function f is said to be Fischer-constructible if there exists an
unbounded two-way CA such that the initially leftmost cell enters a final state
at time i ∈ N if and only if i = f(m) for some m ∈ N. Thus, the Fischer-
constructibility is an important notion that meets the intuition of constructible
functions. For a detailed study of these functions see [8] where also the name
has been introduced according to the author of [6].

For example, nk for k ∈ N, 2n, n!, and pn, where pn is the nth prime number,
are Fischer-constructible. Moreover, the class is closed under several operations.

Lemma 8. If a function f : N → N is Fischer-constructible, then it is con-
structible in the sense of Definition 5.

Proof. In [3] it is shown that for every language L′ ∈ Llt(CA) there exists a
language L ∈ Lrt(OCA) and an λ-free homomorphism h such that h(L) = L′.
Therefore, it is sufficient to prove that for Fischer-constructible functions f the
languages {af(n)−nbn | n ∈ N} are linear-time CA-languages:

The initially leftmost cell of an appropriate CA starts the construction of f ,
i.e., it enters a final state exactly at the time steps f(1), f(2), . . . In addition,
the rightmost cell sends initially a signal to the left that runs with full speed.
The CA accepts a word of the form a+b+ if and only if this signal arrives at the
leftmost cell at a time step f(m) for some m ∈ N and the number of b’s is equal
to m. The details of the easy CA construction are straightforward. ��

Without proof we mention that the class of constructible functions is closed
under several operations such as addition, multiplication or composition.

4 Equivalence Classes

In order to prove lower bounds for the time complexity we generalize a lemma
that gives a necessary condition for a language to be real-time acceptable by an
OCA. At first we need the following definition:

Definition 9. Let L be a language and X and Y be two sets of words. Two
words w and w′ are equivalent with respect to L, X and Y (in short (L,X, Y )-
equivalent) if and only if xwy ∈ L ⇐⇒ xw′y ∈ L for all x ∈ X and y ∈ Y .

Let Ld ⊂ {0, 1, (, ), |}+ be a language whose words are of the form

x (x1 | y1 ) · · · (xn | yn ) y

where x, xi, y, yi ∈ {0, 1}∗ for 1 ≤ i ≤ n, and (x | y ) = ( xi | yi ) for at least one
i ∈ {1, . . . , n}.

The language Ld can be thought as a dictionary. The task for the OCA is to
check whether the pair (x | y ) appears in the dictionary or not.
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Proposition 10. Let X = Y = {0, 1}∗. Two words w = (x1 | y1 ) · · · ( xn | yn )
and w′ = (x′

1 | y′1 ) · · · (x′
m | y′m ) are equivalent with respect to Ld, X and Y if

and only if {(x1 | y1 ), . . . , (xn | yn )} = {(x′
1 | y′1 ), . . . , (x′

m | y′m )}.
Proof. First assume that the two sets are equal. Let x ∈ X and y ∈ Y , then
xwy ∈ Ld implies (x | y ) = (xi | yi ) for some i. Since the two sets are equal we
have ( x | y ) = (x′

j | y′j ) for some j. Therefore, xwy ∈ Ld implies xw′y ∈ Ld and
vice versa, i.e., w and w′ are (Ld, X, Y )-equivalent.

Now assume the two sets are not equal. Without loss of generality we can
assume that there exist x ∈ X and y ∈ Y with ( x | y ) = (xi | yi ) for some i,
but (x | y ) �= (x′

j | y′j ) for all j = 1, . . . ,m. Then xwy ∈ Ld but xw′y /∈ Ld and,
thus, w and w′ are not (Ld, X, Y )-equivalent. ��

Now we are prepared to formulate the lemma we are going to use in order to
prove lower bounds for the time complexities. For the special case L ∈ Lrt(OCA)
the lemma has been shown in [10].

Lemma 11. Let r : N → N be an increasing function, L ∈ Ln+r(n)(OCA)
and X and Y be two sets of words. Let s be the minimal number of states needed
by an OCA to accept L in n + r(n) time steps.

If all words in X are of length m1 and all words in Y are of length m2, then
the number N of (L,X, Y )-equivalence classes of the words at most of length
n−m1 −m2 is bounded by

N ≤ sm1|X|s(m2+r(n))|Y |

Proof. Let A be an OCA with s states that accepts L in n + r(n) time steps.
Let S be the state set of A.

We consider the computation of A on the word xwy for some x ∈ X and
y ∈ Y . After |w| time steps the interesting part of the configuration of A can be
described by fw(x)f ′

w(y) where (cf. Figure 2)

1. fw(x) ∈ S∗ and f ′
w(y) ∈ S∗.

2. |fw(x)| = |x| and |f ′
w(y)| = y+r(n). During the remaining |xwy|+r(|xwy|)−

|w| ≤ |x|+ |y|+ r(n) time steps the result of the computation of A depends
only on the states of the |x|+ |y|+ r(n) leftmost cells.

3. f ′
w(y) depends only on w and y since no information can move from left to

right.
4. fw(x) depends only on w and x since during |w| time steps only the leftmost
|x|+ |w| cells can influence the states of the leftmost |x| cells.
If fw(x) = fw′(x) and f ′

w(y) = f ′
w′(y) for all x ∈ X and y ∈ Y , then w

and w′ are equivalent with respect to L, X and Y . Thus, if w and w′ are not
equivalent, then fw �= fw′ or f ′

w �= f ′
w′ .

Now we count the number of functions fw and f ′
w. Since fw maps X into

the set Sm1 which contains sm1 elements, the number of different functions fw

is bounded by (sm1)|X|. Analogously, it follows that the number of different
functions f ′

w is bounded by (sm2+r(n))|Y |.
Since each upper bound on the number of pairs (fw, f ′

w) is also an upper
bound on the number of (L,X, Y )-equivalence classes the lemma follows. ��
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r(jxwyj)

ywx

f 0

w
(y)fw(x)

Fig. 2. OCA computation in the proof of Lemma 11

Now we apply the lemma to the language Ld.

Proposition 12. Let r : N→ N be a function. If r(n) log2(r(n)) ∈ o(n), then Ld

is not acceptable by an OCA with time complexity n + r(n) but Ld belongs to
Llt(OCA).

Proof. For fixed m1 ∈ N and m2 ∈ N we investigate all words of the form
(x1 | y1 ) · · · (xk | yk ) with xi ∈ {0, 1}m1 and yi ∈ {0, 1}m2 for all i ∈ {1, . . . , k}
and ( xi | yi ) �= (xj | yj ) for i �= j. We call this words of type (m1,m2).

Since there are at most 2m1+m2 different pairs (xi, xj ) the length of words
of type (m1,m2) is at most 2m1+m2 · (m1 + m2 + 3).

As has been shown in Proposition 10 two words are equivalent iff the sets
of subwords are equal. Thus, there are 22m1+m2 words of type (m1,m2) which
belong to different equivalence classes with respect to Ld, X = {0, 1}m1 and
Y = {0, 1}m2. (For each subset of X × Y there exists one equivalence class.)

Assume Ld belongs to Ln+r(n)(OCA), then an accepting OCA must be able
to distinguish all these equivalence classes. By Lemma 11 there must exist a
number of states s such that

22m1+m2 ≤ sm12m1
s(m2+r(n))2m2

for n = 2m1+m2 · (m1 + m2 + 3) + m1 + m2.
In order to obtain a contradiction let m1 = c ·2m2 for some arbitrary rational

number c. Approximating the order of n we obtain

n ∈ O(2m1+m2 · (m1 + m2)) = O(2m1+m2 ·m1) = O(2m12m2 ·m1) = O(2m1m2
1)

Since r(n) log2(r(n)) ∈ o(n) it holds r(2m1m2
1) log2(r(2m1m2

1)) ∈ o(2m1m2
1).

Observe 2m1 log2(2m1) = 2m1m2
1 and, therefore, r(2m1m2

1) and, hence, r(n) must
be of order o(2m1). It follows

sm12
m1

s(m2+r(n))2m2 = sm12
m1

s(m2+o(2m1 ))2m2 = sm12
m1

so(2m1)2m2

= sm12
m1+o(2m12m2) = sc2m22m1+o(2m12m2 ) = sc2m2+m1+o(2m1+m2)
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Since c has been arbitrarily chosen we can let it go to 0 and obtain

= so(2m1+m2) = o(22m1+m2 )

This is a contradiction, thus, L is not acceptable by an OCA in n + r(n)
time.

To see that L is acceptable in linear-time, we construct an appropriate OCA.
Starting with an input word of the form x ( x1 | y1 ) · · · (xm | ym ) y the OCA
shifts the subword y with full speed to the left. During the first n time steps the
OCA marks all pairs ( xi | yi ) with yi = y. Each marked pair starts moving to
the left with half speed. Each time a pair (xi | y ) reaches the left hand side the
OCA checks whether xi = x. The pairs of the form (xi | y ) reach the leftmost
cell sequentially because y moves with full speed but the pairs of form (xi | y )
with half speed only. This guarantees that the OCA has sufficient time to check
whether x = xi. Figure 3 illustrates the computation. The basic task for the
OCA is to check whether y = yi. This is equivalent to the acceptance of the
real-time OCA-language {w • w | w ∈ {0, 1}+}. ��

x x1 y1 x2 y2 y( j )( j )

y2 = y?

y1 = y?

x = x1?

x = x2?

Fig. 3. Linear-time acceptance of Ld. The black triangles mark the areas where
a check of the form yi = y takes place. It is easy to see that the black triangels
are disjoint, i.e., the checks can be done one after the other with a finite number
of states
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5 Time Hierarchies

The last section is devoted to the proof of the main result which has been stated
in Theorem 3. The next step towards the proof is a translation lemma that allows
to extend a single proper inclusion to a time hierarchy.

Lemma 13. Let t1, t2 : N → N be two functions and let La be a language that
belongs to Ln+t1(n)(OCA) but is not acceptable by any OCA within n+ o(t2(n))
time as can be shown by applying Lemma 11. Further let f : N → N be a
constructible function and r1, r2 : N → N be two functions such that r1(f(n)) ∈
Ω(t1(n)) and r2(f(n)) ∈ o(t2(n)). Then

Ln+r2(n)(OCA) ⊂ Ln+r1(n)(OCA)

Proof. For f(n) ∈ O(n) we have r2(O(n)) ∈ o(t2(n)) what implies r2(n) ∈
o(t2(n)) and, thus, La /∈ Ln+r2(n)(OCA). Conversely, r1(O(n)) ∈ Ω(t1(n)) and,
therefore, r1(n) ∈ Ω(t1(n)). It follows La ∈ Ln+r1(n)(OCA) and, hence, the
assertion.

In order to prove the lemma for n ∈ o(f(n)) let Lf be a language that proves
the constructibility of f in Lemma 6. At first we show that we can always find
such an Lf whose words are of the form anwbn with |w| = f(n)− 2n.

By w/3 we denote the word w compressed by the factor 3, i.e., one symbol
of w/3 is interpreted as three symbols of w.

Now define L̄f such that af(n)−n− 1
3 f(n)(w/3)bn ∈ L̄f iff w ∈ Lf . Clearly, the

words of L̄f are of the desired form since n ∈ o(f(n)). Moreover, there exists
a trivial λ-free, length preserving homomorphism that maps L̄f to {af(n)−nbn |
n ∈ N}. Also, L̄f belongs to Lrt(OCA) since an OCA can verify in real-time
that an input w

– belongs to Lf ,
– the length of the word af(n)−n− 1

3 f(n)(w/3)bn ∈ L̄f is equal to the length
of w, and

– that n is equal to the number of b’s in h(w) where h denotes the homomor-
phism that maps Lf to {af(n)−nbn | n ∈ N}.
Thus, from now on we may assume w.l.o.g. that the words of Lf are of

the form anwbn with |w| = f(n)− 2n. From Proposition 7 follows that the lan-
guage L1(La, Lf) belongs to Ln+t1(f−1(n))(OCA). By the assumption on r1(f(n))
we obtain r1(n) = r1(f(f−1(n))) ∈ Ω(t1(f−1(n))) and, therefore, L1(La, Lf) ∈
Ln+r1(n)(OCA).

It remains to show that L1(La, Lf) /∈ Ln+r2(n)(OCA).
Since r2(f(n)) ∈ o(t2(n)) and La is not acceptable within n + o(t2(n)) time

by any OCA, the language La is not acceptable within n+ r2(f(n)) time by any
OCA, either. Due to the assumption, by Lemma 11 for every s ∈ N there must
exist sets X and Y and an n ∈ N such that all words in X are of length m1, all
words in Y are of length m2, and the number of (La, X, Y )-equivalence classes of
the words at most of length n−m1−m2 is not bounded by sm1|X|s(m2+r2(f(n)))|Y |.
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Define
X ′ = {(x1, a) · · · (xm1 , a) | x = x1 . . . xm1 ∈ X}

and
Y ′ = {(y1, b) · · · (ym2 , b) | y = y1 . . . ym2 ∈ Y }

and for every word v = v1 · · · vn−m1−m2 a word v′ by

v′ = (v1, w1) · · · (vn−m1−m2 , wn−m1−m2)(�, wn−m1−m2+1) · · · (�, wf(n)−m1−m2)

where am1w1 · · ·wf(n)−m1−m2b
m2 is a word of Lf . (Remember that each word

in Lf starts with n symbols a and ends with n symbols b and m1 + m2 ≤ n.)
For x ∈ X and y ∈ Y let x′ and y′ denote the corresponding words in X ′

and Y ′.
By construction xvy ∈ La iff x′v′y′ ∈ L1. (The word x′v′y′ belongs to L1 if

the second component of x′v′y′ is a word in Lf , which is always true, and the
first component of x′v′y′ is a word in La concatenated with some blank sym-
bols, i.e., xvy ∈ La.) Thus, the (La, X, Y )-equivalence classes have correspond-
ing (L1, X

′, Y ′)-equivalence classes and the number of (L1, X
′, Y ′)-equivalence

classes under the words whose length is at most f(n)−m1−m2 is not bounded
by sm1|X|s(m2+r2(f(n)))|Y |.

Applying Lemma 11 with L1, X ′, Y ′ and f(n) in place of La, X , Y and n
yields that L1 /∈ Ln+r2(n)(OCA). This completes the proof. ��

Finally the main Theorem 3 is just a combination of the preceding lemmas:

Theorem 3. Let r1, r2 : N→ N be two functions such that r2 · log2(r2) ∈ o(r1)
and r−1

1 is constructible, then

Ln+r2(n)(OCA) ⊂ Ln+r1(n)(OCA)

Proof. Proposition 12 shows that the previously defined language Ld is accept-
able in linear-time but is not acceptable in n+r(n) time if r(n) log2(r(n)) ∈ o(n).
Now set t1(n) = n and t2 such that t2(n) log2(t2(n)) = n.

Inserting yields r(n) log2(r(n)) ∈ o(t2(n) log2(t2(n))). We conclude r(n) ∈
o(t2(n)) and, thus, Ld is not acceptable in n + o(t2(n)) time. In order to apply
Lemma 13 we consider the constructible function f = r−1

1 .
Clearly, r1(f(n)) = n ∈ Ω(n) = Ω(t1(n)).
Since r2(n) log2(r2(n)) ∈ o(r1(n)) we have

r2(f(n)) log2(r2(f(n))) ∈ o(r1(f(n))) = o(n) = o(t2(n) log2(t2(n)))

We conclude r2(f(n)) ∈ o(t2(n)).
Now all conditions of Lemma 13 are satisfied and an application proves the

assertion Ln+r2(n)(OCA) ⊂ Ln+r1(n)(OCA). ��
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Abstract. Casl, a specification formalism developed recently by the
CoFI group, offers architectural specifications as a way to describe how
simpler modules can be used to construct more complex ones. The seman-
tics for Casl architectural specifications formulates static amalgamation
conditions as a prerequisite for such constructions to be well-formed.
These are non-trivial in the presence of subsorts due to the failure of the
amalgamation property for the Casl institution. We show that indeed
the static amalgamation conditions for Casl are undecidable in general.
However, we identify a number of practically relevant special cases where
the problem becomes decidable and analyze its complexity there. In cases
where the result turns out to be PSPACE-hard, we discuss further re-
strictions under which polynomial algorithms become available. All this
underlies the static analysis as implemented in the Casl tool set.

Keywords: formal specification and program development; Casl; archi-
tectural specifications; amalgamation; algorithms; decidability.

Introduction

Architectural specifications are a mechanism to support formal program devel-
opment [2,11]. They have been introduced in the Casl specification language,
which provides them in addition to structured specifications [4,3]. While the lat-
ter facilitate building global requirement specifications in a modularized fashion,
the former aim at formalizing the development process: an architectural specifi-
cation describes how an implementation of the global specification may be built
from implementations of other (simpler) specifications. One of the operations
which may be used in this process is amalgamation, i.e., one may build a bigger
unit simply by combining (amalgamating) smaller ones. (Modules in Casl ar-
chitectural specifications are called units; parametricity aside, they correspond
semantically to models in the underlying Casl institution.)

Whenever such an amalgamation occurs in an architectural specification,
the semantics requires the amalgamated unit to exist and be unique. Whether
or not this holds in concrete cases is undecidable, since the Casl underlying
logic is undecidable. However, in [11] we developed a somewhat stricter but
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entirely static amalgamation condition that ensures amalgamability of units.
This condition is certainly decidable for Casl without subsorts. The problem of
its (un)decidability for arbitrary Casl specifications with subsorts is investigated
here, and the tractability of important special cases is studied.

After introducing a simplified version of the Casl institution in Section 1, we
recall the institution independent amalgamation conditions as defined in [11] in
Section 2 and, in Section 3, reformulate them in the simplified Casl institution.
This is followed by a sound and complete cell calculus for discharging them. In
Section 4, we show that the cell calculus and, hence, the amalgamation condi-
tions in Casl are undecidable. This motivates the search for practically relevant
special cases for which an algorithm to check amalgamation conditions can be
given. First, we indicate that when the number of cells to consider is finite, the
problem becomes decidable but PSPACE-hard. Moreover, we discuss a simple
situation where the amalgamation conditions can be checked in polynomial time.
In Section 5, we investigate another special case which arises naturally in the
categorical framework we use, but can also be interpreted as a methodological
directive on the use of subsorting in architectural specifications. Essentially, it
corresponds to the requirement that we can amalgamate all units in the architec-
tural specification, even with hidden components. No surprise here: the problem
remains undecidable. However, if we once again assume that the number of cells
is finite, then this problem admits a polynomial time algorithm. This algorithm
is currently used by the Casl toolset, CATS1. In Section 6 we discuss the possi-
bility of restricting the cell calculus to a finite domain and observe that checking
the resulting amalgamation condition is decidable but PSPACE-hard.

1 The CASL Institution

The following considerations rely on the notion of institution [6]. An institution I
consists of a category Sign of signatures, a model functor Mod : Signop →
CAT, and further components which formalize sentences and satisfaction. In
this context, we use only the category of signatures and the model functor.
The functor Mod maps a signature to a category of models over this signature,
and (contravariantly) a signature morphism to a reduct functor between model
categories.

We say that an institution I has the amalgamation property if Mod preserves
limits, i.e., maps colimits of signature diagrams to limits in CAT.

The underlying logic of Casl is formalized by the institution SubPCFOL=

(‘subsorted partial first order logic with equality and sort generation constraints’,
see [3]). Signatures in this institution are the usual many- and subsorted algebraic
signatures with partial and total operations and predicates. In the following, for
clarity of the presentation, we ignore operations and predicates and view Casl

signatures simply as preorders of sorts. Although the presence of operations and
predicates adds some technical complication to the issues considered, it does not
change the presented results in an essential way.
1 Accessible by WWW, at http://www.tzi.de/cofi/CASL/CATS
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Formally, our simplified Casl institution consists of the category PreOrd of
all finite preorders as the signature category. A model over a signature Σ = (S,≤)
is an S-sorted set {Xs}s∈S together with an injective function e(s,t) : Xs → Xt

for all s ≤ t in Σ, satisfying the commutativity condition e(t,u)e(s,t) = e(s,u) for
all s ≤ t ≤ u in Σ, and such that e(s,s) is the identity for s ∈ S. With the usual
homomorphisms, models over a signature Σ form a category Mod(Σ). Together
with a mapping of signature morphisms (i.e., order-preserving functions) to the
obvious reduct functors, this defines the model functor Mod : PreOrdop →
CAT. Unfortunately, Mod does not preserve limits, i.e., the Casl institution
does not have the amalgamation property (see the example given below).

We will often speak of Casl signatures as (preorder, or thin) categories.
Their objects, in turn, will be called sorts, and their morphisms sort embeddings.
Signature morphisms, or shortly morphisms (in PreOrd) are functors between
signatures as thin categories.

2 Amalgamation Conditions

In [11], a semantics for architectural specifications as defined in Casl [4] has been
proposed. The semantics is institution independent, i.e., it is parametrized by the
institution of the underlying specification formalism. We now briefly describe a
problem that occurs in checking the correctness of an architectural specification
with respect to the proposed semantics, and then go on to analyse this problem
in the case of our simplified Casl institution.

For an architectural specification to be correct, it has to satisfy certain amal-
gamation conditions. Informally, these conditions ensure that whenever two units
are combined (amalgamated) into one unit, they must ‘share’ components from
the intersection of their signatures, to allow the amalgamation to be defined
unambiguously. Moreover, in the presence of subsorts, natural compatibility re-
quirements on subsort embeddings must be ensured. One would expect the amal-
gamation conditions to be checked during static analysis of a specification, as
in the analogous case of ‘sharing conditions’ in module systems of programming
languages like Standard ML [8]. However, the most natural formulation of the
amalgamation conditions for architectural specifications does not suggest any
method of checking them statically, as it involves classes of models, possibly
defined by sets of axioms of an undecidable underlying logic.

Because of this, an extended static semantics of architectural specifications,
with the amalgamation conditions reformulated statically, has been proposed
in [11] . In this approach, each part of an architectural specification is evaluated
to a diagram D : I → Sign, where I is a finite category, and Sign is the
signature category of the underlying institution. A family of models 〈Mi〉i∈Ob(I)

is compatible with D if for all i ∈ Ob(I), Mi ∈ Ob(Mod(D(i))), and for all
m : i → j in I, Mi = Mod(D(m))(Mj). For two diagrams D : I → Sign,
D′ : I′ → Sign, where D′ extends D, we say that D ensures amalgamability
for D′, if any model family compatible with D can be uniquely extended to a
family compatible with D′.
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spec Num1 = sorts Number , List [Digit ], List [Number ]
ops . . . axioms . . .

spec Num2 = sorts Number <List [Digit ], List [Number ]
spec Num3 = sorts Number <List [Number ], List [Digit ]<List [Number ]

arch spec A =
units U : Num1;

F : Num1 → Num2;
G : Num1 → Num3;

result F [U ] and G[U ]
end
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Fig. 1. An architectural specification in Casl and its corresponding signature
diagram

Example. Consider the architectural specification A presented in Fig. 1, with
the simplified Casl institution as the underlying institution. To implement this
specification, one has to implement a unit U — a model consisting of three
sorts (we omit the expected operations and axioms here). Moreover, one has to
provide two parametrized units F and G, extending any such unit with some
injective functions between sorts, according to specifications Num2 and Num3.
The resulting unit of the specification A is the amalgamation of both extensions
applied to U .

The extended static semantics maps the specification A to the signature dia-
gram D′ shown in Fig. 1, while the diagram D corresponds to the specification A
‘before’ the amalgamation F [U ] and G[U ] (Σ1, Σ2, Σ3 are the signatures of the
Casl basic specifications Num1, Num2, Num3, respectively).

It is intuitively clear that amalgamation in this example is not always possi-
ble. If the units F and G of Fig. 1 are implemented independently, the injective
functions they introduce may not commute (in fact, they do not commute under
the informally expected realization of lists in U and of the embeddings in F
and G). This is formalized in the extended static semantics by the fact that D
does not ensure amalgamability for D′. This is connected to the lack of amalga-
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mation property in the Casl institution: indeed, the model functor Mod does
not map the pushout of D (i.e., the signature Σ2 ∪Σ3) to a pullback in CAT.

Now, the amalgamation conditions can be reformulated as conditions requir-
ing that some diagrams D : I → Sign (corresponding to certain parts of the
evaluated specification) ensure amalgamability for diagrams D′ : I′ → Sign
such that I′ results from I by adding a new object l and a morphism m : k → l
for some k ∈ Ob(I), and D′ extends D and maps m to an extremal epimorphism
in Sign (the general situation can be easily reduced to this case, see [11] and
the example below). In the following, the image of m : k → l under D will be
denoted by τ : D(k)→ ∆.

Example (ctd.). In our example, the diagram D is extended by ∆ = Σ2 ∪ Σ3

and a morphism τ from the disjoint union of Σ2 and Σ3 (silently added to D) to
∆. The morphism τ is an extremal epi in PreOrd, i.e., it is surjective on sorts
and generates the preorder on its codomain.

The reformulated amalgamation conditions are ‘static’, because the model
classes involved are not restricted by any axioms of the underlying logic. Unfor-
tunately, in the Casl institution, even such static conditions cannot be checked
directly due to the failure of the amalgamation property. As suggested in [11],
this problem can be circumvented by a translation of the Casl institution to an
institution with the amalgamation property:

Consider two institutions I = (Sign,Mod), I ′ = (EnrSign,Mode) (the
sentence and satisfaction components are omitted), and a functor Φ : Sign →
EnrSign such that Mode ◦ Φ is naturally isomorphic to Mod. Then one can
show that, given two diagrams D : I → Sign and D′ : I′ → Sign, D ensures
amalgamability for D′ if and only if ΦD ensures amalgamability for ΦD′. More-
over, if I ′ satisfies the amalgamation property and certain additional conditions
(see [11] for details), then ΦD ensures amalgamability for ΦD′ if and only if
a colimit cocone for ΦD extends to a cocone for ΦD′. The latter condition is
entirely ‘static’, in the sense that it does not directly involve models at all.

The above construction is institution independent. To reformulate the amal-
gamation conditions in the specific case of Casl, we need an appropriate insti-
tution (EnrSign,Mode) together with a representation functor Φ. In [11], we
proposed the category of left cancellable small categories lcCat (i.e., small cate-
gories with all morphisms being monic) as the category EnrSign, and the usual
interpretation of preorders as thin categories as the functor Φ (when operations
and predicates are present, the details are a bit more complicated, but the main
idea is the same, cf. [12]). With the natural model functor Mode, this construc-
tion ensures the amalgamation property and all additional requirements. Thus
the amalgamation conditions for Casl architectural specifications have been re-
formulated as conditions involving extendability of colimit cocones for ‘enriched’
signature diagrams that correspond, via the extended static semantics, to archi-
tectural specifications.

In the following we present a detailed analysis of the problem of checking the
latter conditions.
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3 Cell Calculus

As announced in the previous section, we work with the enriched signature cat-
egory EnrSign being the category lcCat of left cancellable small categories,
the representation functor Φ : PreOrd → lcCat interpreting preorders as thin
categories, and the natural model functor Mode : lcCatop → CAT. Note that
Φ preserves extremal epimorphisms. A morphism in lcCat is an extremal epi-
morphism iff it is surjective on sorts and every embedding in its codomain is a
composite of images of embeddings in its domain. To simplify the notation, we
will in the following regard PreOrd as an actual subcategory of lcCat, i.e. iden-
tify preorders and thin categories (which are left cancellable), so that Φ becomes
an inclusion and we can omit its application whenever convenient.

In this setting, the amalgamation conditions have the following form: given
a diagram D : I→ lcCat of thin categories, a thin category ∆, and an extremal
epimorphism τ : D(k)→ ∆ for some k ∈ Ob(I), let D′ : I′ → lcCat be the result
of adding l as a new object and m : k → l to I, and extending D by mapping k
to ∆ and m to τ . The amalgamation condition now is that the colimit cocone
for D extends to a cocone for D′. We can, of course, assume that I is finite (as it
represents the structure of an architectural specification), as well as ∆ and the
D(i) (as they represent Casl signatures).

Example (ctd.). The static incorrectness of specification A in Fig. 1 corresponds
to the fact that the colimit cocone in lcCat for D does not extend to a cocone
for D′. Indeed, fewer equations between paths of sort embeddings hold in the
colimit object presented below, than in the object ∆ = Σ2 ∪Σ3 shown in Fig. 1.

LD �� LN

N

������
������
������

Informally, such an amalgamation condition states that the signature mor-
phism τ does not ‘glue’ more sorts and embeddings than the colimit cocone for D.
Verifying this condition requires some way of constructing colimits in lcCat: we
introduce a cell calculus for this purpose. Our approach is related to the use of
generalized congruences as worked out in [1] (see also [9,10]). To construct a col-
imit of a signature diagram D, we collect all sorts and embedding paths occuring
in D, and divide the two resulting sets by two suitable equivalence relations 

and ∼=, ensuring that the resulting object forms a left cancellable category and
a colimit for D.

Let Sorts(D) =
⊎
i∈Ob(I) Ob(D(i)) and Embs(D) =

⊎
i∈Ob(I) Mor(D(i)).

Thus, elements of Sorts(D) are of the form (i, s), where i ∈ Ob(I) and s is a
sort in D(i), and elements of Embs(D) are of the form (i, e), where i ∈ Ob(I)
and e is a sort embedding in D(i).

Now let 
 be the least equivalence on Sorts(D) such that for all m : i → j
in I and s ∈ Ob(D(i)), (i, s) 
 (j,D(m)(s)).
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Consider the set of non-empty finite words over the alphabet Embs(D). For a
word ω = 〈(in, en), . . . , (i1, e1)〉, we define dom(ω) = (i1, dom(e1)) and cod(ω) =
(in, cod(en)). A word 〈(in, en), . . . , (i1, e1)〉 is 
-admissible if, for 1 ≤ k < n,
(ik, cod(ek)) 
 (ik+1, dom(ek+1)). Let Adm� be the set of all 
-admissible words
over Embs(D). A pair (ω, υ) of 
-admissible words such that dom(ω) 
 dom(υ)
and cod(ω) 
 cod(υ) is called a cell over D. For a cell c = (ω, υ), we define
dom(c) = dom(ω) and cod(c) = cod(ω).

Let ∼= be the least (equivalence) relation between 
-admissible words that
satisfies the following rules:

m : i→ j is a morphism in I
〈(i, e)〉 ∼= 〈(j,D(m)(e))〉 (Diag)

ed is defined in D(i)
〈(i, e), (i, d)〉 ∼= 〈(i, ed)〉 (Comp)

ω is 
-admissible
ω ∼= ω

(Refl)
ω ∼= υ

υ ∼= ω
(Symm)

ω ∼= υ υ ∼= ψ

ω ∼= ψ
(Trans)

ω ∼= υ ψ ∼= φ cod(ω) 
 dom(ψ)
ψω ∼= φυ

(Cong)
ψω ∼= ψυ

ω ∼= υ
(Lc)

Given these rules, derivations are defined in the usual way as minimal se-
quences of pairs of words such that every pair in the sequence follows from the
previous ones by one of the rules.

It follows by induction on the length of the derivation that if ω ∼= υ, then
(ω, υ) forms a cell over D. In particular, if the conditions for the rule (Cong)
hold, then both ψω and φυ are 
-admissible. Thus, we will think of ∼= as a set
of cells over D defined inductively by the above rules, which we therefore call
the cell calculus; a derivation is essentially a proof that a certain cell is in ∼=.

Now, the category C with Sorts(D)/� and Adm�/∼= as the sets of objects
and morphisms respectively, and with the domain, codomain, identity and com-
position functions defined in the obvious way, is a colimit for D in lcCat.

Equipped with this construction, we come back to the amalgamation con-
dition formulated as above. Consider a relation 
τ on Ob(D(k)), defined as
the kernel of τ on sorts: s 
τ t iff τ(s) = τ(t). Then consider the set of all
non-empty finite words over the alphabet Mor(D(k)) and define the set of

τ -admissible words in the same manner as the set of 
-admissible words.
Next, define the relation ∼=τ on the set of 
τ -admissible words: ω ∼=τ υ if
dom(ω) 
τ dom(υ) and cod(ω) 
τ cod(υ). Finally, consider the obvious injec-
tions ιo : Ob(D(k))→ Sorts(D) and ιe : Mor(D(k))→ Embs(D). We will abuse
the names ιo, ιe to denote also the obvious extensions to words over Mor(D(k))
and to relations on these words.

Recall that, informally, amalgamation condition requires that the morphism
τ does not ‘glue’ more objects and embedding paths than ‘glued’ in the colimit
of D. This is captured by the following theorem.

Theorem 1. In the above notation, a colimit cocone for D extends to a cocone
for D′ iff
(*) ιo(
τ ) ⊆ 
 and

(**) ιe(∼=τ ) ⊆ ∼=.
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The condition (**) is called the cell condition. If the inclusion (*) holds, then ιe
maps 
τ -admissible words to 
-admissible words, so (**) concerns an inclusion
between two sets of cells.

Thinness of the colimit of D is a stronger property than the cell condition:

Lemma 2. In the above notation, if (*) holds and the colimit C of D is a thin
category, then (**) holds as well.

Conversely, if, for all i ∈ Ob(I), there is a unique morphism D(i) → ∆ in
the image of D′, and if both (*) and (**) hold, then C is isomorphic to ∆ (hence
thin).

Theorem 1 reformulates the amalgamation condition using four relations: 
, 
τ ,∼=, and ∼=τ . The former two relations always have finite domains and hence can
be represented explicitly, which makes (*) decidable.

However, the relations ∼= and ∼=τ have possibly infinite domains. One can
always choose a finite subrelation ∼=′

τ of ∼=τ such that if ιm(∼=′
τ ) ⊆ ∼= then

ιm(∼=τ ) ⊆ ∼= as well (roughly, ∼=τ can be restricted to ‘loopless’ words, see Sect. 6
below for a formal definition). This does not solve all problems though, since
there is no obvious finite representation of ∼=, more explicit than the cell calculus.

4 Checking the Cell Condition

We now discuss the issue of checking the cell condition, relying on the notation
introduced in its formulation above and assuming that (*) holds.

In the following we will sometimes treat ∼=τ and ∼= as sets of cells over D
(this is legal for ∼=τ because (*) holds). Moreover, we assume that ∼=τ can be
represented explicitly, so the lack of a more explicit representation for ∼= (which
is only defined inductively by the cell calculus) is the main difficulty.

4.1 Simple Case

First we discuss a simple condition that implies the cell condition and holds in
many practical examples of architectural specifications.

Consider D,∆ and τ given as above, with (*) satisfied. Let ∼=0 be the least
equivalence relation on the set of 
-admissible words that satisfies the rules
(Diag) and (Comp) of the cell calculus. Obviously ∼=0 ⊆ ∼=, so if ιe(∼=τ ) ⊆ ∼=0,
then the cell condition (**) holds.

Even though∼=0 has an infinite domain, it has only finitely many non-reflexive
elements, since I and the D(i) are finite and the D(i) are thin. Hence it can be
explicitly represented during static analysis. Together with a method of explicit
representation of ∼=τ , this gives an algorithm (in fact, a polynomial time algo-
rithm) for checking the condition ιe(∼=τ ) ⊆ ∼=0.

Intuitively speaking, this captures the situation where each embedding cell
present in the signature ∆ can be traced to a cell in one of the signatures in
D. This condition holds in many practical cases, including all cases where the
architectural specification does not contain any subsort embeddings (then the
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problem is even simpler: if all signatures in D are discrete categories, then the
cell condition (**) follows from (*)).

4.2 General Case

Unfortunately, the cell condition turns out to be undecidable in general:

Theorem 3. In the above notation, and under the assumption that (*) holds,
(**) is undecidable.

The proof is by reduction from the problem of deciding whether the monoid
with left cancellation presented by a given finite set of equations is trivial. For
any finite set R of equations over a finite alphabet, we construct a diagram D,
a category ∆ and a morphism τ such that (*) holds, and such that (**) holds if
and only if the monoid with left cancellation presented by R is trivial. There is
a direct correspondence between the rules of the cell calculus and the axioms of
monoids with left cancellation.

4.3 Special Case

Since the cell conditions are undecidable in general, we need to detect special
cases of practical relevance in which the conditions are decidable. In fact, one
such case is presented in Subsection 4.1.

Consider a situation where Adm�, the domain of ∼=, is finite (leaving identity
embeddings aside). In other words, there is no 
-admissible word ω such that
dom(ω) 
 cod(ω), except when all letters of ω are identities. It follows that in
the colimit C of D identities are the only embeddings with domain equal to
codomain. This condition can be effectively checked, since the relation 
 can be
represented explicitly, and it is enough to check the condition dom(ω) 

 cod(ω)
for words of length smaller than the number of equivalence classes of 
.

Requiring finiteness of Adm� rules out architectural specifications declaring
mutual subsorting relations, for example, when there is an embedding Num <
List [Digit ] (encoding a number as a list of digits) in one unit, and an embedding
List [Digit ] < Num (computing a number from a list of digits) in another unit.
It also disallows declaring two sorts to be isomorphic.

It is easy to see that if the set of 
-admissible words is finite, then the cell
condition is decidable, because then the relation ∼= has a finite domain and hence
can be computed. However, it is very unlikely that one can design a polynomial
time algorithm for checking the cell condition in this case:

Theorem 4. In the above notation, it is PSPACE-hard to check, knowing that
(*) holds and that the set Adm� is finite, whether (**) holds.

The proof idea is to encode any linear bounded deterministic Turing machine
M [7] in a signature diagram D together with its extension D′ so that the cell
condition holds for if and only if there is a two-way computation between two
given configurations ofM.
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5 Checking Colimit Thinness

In this section we discuss the following problem: given a finite diagram D : I→
lcCat of finite thin categories, is the colimit C of the diagram thin? Lemma 1
shows that this condition (together with the easily decidable (*)) implies the cell
condition (and is equivalent to it under reasonable further conditions).

Unfortunately, colimit thinness is again undecidable in general. Indeed, one
can construct the diagram in the proof of Theorem 2 in such a way that the
assumptions of both parts of Lemma 1 are satisfied, so that the cell condition is
equivalent to colimit thinness there.

However, unlike the cell condition, colimit thinness is decidable by a poly-
nomial time algorithm if the set of 
-admissible words is finite. This algorithm
works roughly as follows:

We think of ∼= as a set of cells over D and ask whether it contains all cells,
i.e., whether every cell over D is derivable in the cell calculus. Since Adm� is
finite, one can define a partial order ≤ on Ob(C) as follows: s ≤ t if there
exists a 
-admissible word ω with dom(ω) = (i, s) and cod(ω) = (j, t) such that
µi(s) = s and µj(t) = t, where µi and µj are the respective colimit injections.
We say that a cell (ω, υ) is an s-cell if dom(ω) is mapped to s by the respective
colimit injection. The algorithm relies on the observation that for any s-cell c,
all derivations of c involve only s′-cells for which s ≤ s′. This implies that one
can sort the set Ob(C) topologically and, for each s ∈ Ob(C), try to prove that
all s-cells are in ∼= provided that for any s′ > s, all s′-cells are in ∼=. This can
be checked in polynomial time, exploiting the fact that the set of all derivable
s-cells is closed with respect to a suitable connectedness relation.

Implemented in a slightly different setting, this algorithm is used in the static
analysis of Casl architectural specifications performed by the system CATS.
It has polynomial time complexity, but its practical efficiency turns out to be
satisfactory only for specifications of moderate size.

6 Imposing Restrictions on the Cell Calculus

There is yet another way of trying to check the cell condition, namely by simply
limiting the length of words in the cells considered.

Consider D,∆ and τ as usual. We call a word 〈(in, en), . . . , (i1, e1)〉 ∈ Adm�
loopless if there are no j, l such that 1 ≤ j < l ≤ n and (ij , ej) = (il, el).
We denote the (finite) set of all loopless 
-admissible words over Embs(D) by
Loopless�.

Let ∼=R be the least relation on Loopless� that satisfies all the rules of the
cell calculus. Obviously ∼=R ⊆ ∼=, so the restricted cell condition

(**R) ιe(∼=τ ) ⊆ ∼=R

implies the original cell condition (**). Since ∼=R has a finite domain, it can
be effectively computed. Hence the restricted cell condition is decidable, even
if the set Adm� is infinite. However, one can see that it is PSPACE-hard in
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the general case. This follows from Theorem 3, since if Adm� is finite, then the
conditions (**R) and (**) are equivalent.

The two properties, colimit thinness and the restricted cell condition, are
mutually independent: for either of them one can give a Casl architectural spec-
ification for which it fails while the other property holds. However, the restricted
cell condition seems to cover all practically relevant architectural specifications.
All known examples of architectural specifications that satisfy (**) but not (**R)
are complicated and unlikely to occur in practice.

7 Conclusions and Future Work

In [11], a semantics of Casl architectural specifications has been proposed, with
static amalgamation conditions formulated in an institution independent way.
However, no method of checking the conditions in Casl is given there.

In the present paper, we discuss the problem of checking amalgamation con-
ditions for a simplified version of the Casl institution. We show that the con-
ditions are undecidable in general, and we discuss some important variations
of the problem. The first special situation, covering many practical examples of
architectural specifications, occurs when the amalgamation condition is ensured
by tracing each cell to be considered to a particular signature of a given unit.
This implies the cell condition and is easily decidable. Another special case we
present is that the set of all cells considered is finite: here the problem is again
decidable, although PSPACE-hard. Two further sufficient conditions for the
amalgamation condition are considered. One of them is colimit thinness, which
is undecidable in general, but checkable in polynomial time in an important spe-
cial case. The other one is given by the restricted cell calculus, which is always
decidable, but PSPACE-hard.

All results are presented in a somewhat simplified setting, dealing only with
the subsort relation in Casl signatures and leaving aside all operations and
predicates. When operations are present, the details become somewhat more
involved. One extends the definition of an admissible word by adding single
operation names as letters, and presents a modified version of the cell calculus
dealing with extended words. This adds, for instance, some more complication to
the algorithm for checking colimit thinness, but does not change its polynomial
complexity. Obviously, this does not affect the negative results presented here
(Theorems 2 and 3).

As a practical result of the paper, we propose a method of checking the
amalgamation conditions for Casl architectural specifications. Given such a
specification, we propose the following steps to establish its (static) correctness,
for each of the amalgamation conditions emerging in the static analysis:

1. Compute the relations 
,
τ and ∼=τ , as described in Section 3.
2. Check the condition (*) as described in Section 3. If this fails, the specifica-

tion is incorrect.
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3. Check the condition described in Section 4.1. If this succeeds, the specifica-
tion is correct.

4. Check if the set Adm�, as described is Section 3, is finite. If not, go directly
to step 7.

5. Check the colimit thinness condition, using the algorithm sketched in Sec-
tion 5. If it succeeds, the specification is correct.

6. Check the cell condition in its full generality (it is decidable, as shown in
Section 4.3). The specification is correct if and only if the check succeeds.

7. Check the restricted cell condition (it is decidable, as argued in Section 6).
If the check succeeds, the specification is correct.

8. Invoke interaction with the user, generating proof obligations possibly sup-
ported by some heuristics, to prove the cell condition as described in Sec-
tion 3. The specification is correct whenever a proof is found.

In practice, as it is unlikely that polynomial time algorithms for Steps 6 and
7 exist, one should go to Step 8 immediately after unsuccesful completion of
Step 5. Steps 1–5 can be performed in polynomial time, keeping in mind that
Step 5 is practically efficient only for specifications of moderate size. Step 8 above
indicates perhaps the most important direction for our future work on this topic:
developing methods to generate proof obligations for checking the amalgamation
conditions, and to use theorem provers to assist the user in proving them.
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Abstract. This paper is concerned with the on-line problem of schedul-
ing jobs with tight deadlines in a single-processor system. It has been
known for long that in such a setting, no on-line algorithm is optimal (or
1-competitive) in the sense of matching the optimal off-line algorithm on
the total value of jobs that meet the deadlines; indeed, no algorithm can
be Ω(k)-competitive, where k is the importance ratio of the jobs. Re-
cent work, however, reveals that the competitive ratio can be improved
to O(1) if the on-line scheduler is equipped with a processor O(1) times
faster [8]; furthermore, optimality can be achieved when using a processor
O(log k) times faster [12]. This paper presents a new on-line algorithm
for scheduling jobs with tight deadlines, which can achieve optimality
when using a processor that is only O(1) times faster.

1 Introduction

This paper is concerned with on-line firm deadline scheduling in a single-processor
system. Jobs are released in an unpredictable fashion, each requests a certain
amount of processing on the processor. The processing time, deadline, and value
of a job are known only when the job is released. Deadlines are firm in the sense
that completing a job after its deadline gives zero value. Notice that a system
may be overloaded and there is no way to schedule every job released to meet the
deadline. The aim of a scheduler is to maximize the total value of jobs meeting
the deadlines. Preemption is allowed at no cost (i.e., a preempted job can be
restarted from the point of preemption at any time).

The design of a good scheduler is further complicated by the fact that jobs
may have different value densities, i.e., different ratios of value to processing time.
The importance ratio k of a system is defined as the ratio of the largest possible
value density to the smallest possible value density. When k = 1, maximizing
the total value is equivalent to maximizing the processor utilization on jobs that
meet the deadlines.

Consider any number c ≥ 1. An on-line algorithm for firm deadline scheduling
is said to be c-competitive if it guarantees to achieve at least a fraction 1/c of the
total value obtained by the optimal off-line algorithm. In this case, the number c
is called the competitive ratio of the on-line algorithm. Furthermore, the on-
line algorithm is said to be optimal or 1-competitive if it can always match the
optimal off-line algorithm on the total value obtained. It has been known for
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long that no on-line algorithm for firm deadline scheduling [5] can be optimal,
and the best known algorithm achieves a competitive ratio of (

√
k+1)2, where k

is the importance ratio [9].
In recent years, there are a number of exciting results on improving the

performance guarantee without making assumption on future inputs; the basic
idea is to allow the on-line scheduler to have more resources than the adver-
sary (e.g., [3,6,8,13,7,11,12]). For the single-processor firm deadline scheduling
problem, Kalyanasundaram and Pruhs [8] showed that the competitive ratio can
be reduced significantly if the on-line scheduler is given a faster processor. For
instance, with a processor that is 32 times faster, the competitive ratio can be
improved from (

√
k + 1)2 [9] to roughly 2. Recently, Lam and To [12] proved

that even optimality can be achieved. Precisely, they showed that the earliest
deadline first (EDF) algorithm is optimal when given a processor that is 4 �log k�
times faster; for the special case where k = 1, a processor that is two times faster
suffices to guarantee optimality. Note that when k is big, demanding a processor
that is 4 �log k� times faster may not be practical. A natural open question is
whether the speed requirement for optimality in the case of general k can be
improved to o(log k) or even O(1).

In this paper, we address the above open problem with a focus on jobs with
tight deadlines, i.e., the deadline of each job is equal to its release time plus
processing time. Roughly speaking, scheduling jobs with tight deadlines is no
easier than the general problem. In fact, the best lower bound results on firm
deadline scheduling are based on the tight deadline setting. Even with the tight
deadline assumption, no on-line algorithm (using a processor of ordinary speed)
can be optimal and Baruah et al. [2,1] actually showed that no algorithm can
achieve a competitive ratio less than (

√
k+1)2. Note that when k = 1, (

√
k+1)2 =

4. If deadlines are known to be not tight, only a weaker lower bound has been
known – DasGupta and Palis [4] showed that if all jobs have a stretch factor
α ≥ 11, then no algorithm is 4 �α� /(4 �α� − 3)-competitive even when k = 1.
For example, when α = 2, this lower bound is 1.6, which is smaller than the
lower bound of 4 in the tight deadline setting. Regarding optimality via a faster
processor, Lam et al. [10] also gave a lower bound result that even with the tight
deadline assumption, any optimal on-line algorithm for the case of k = 1 must
use a processor at least φ times faster, where φ = (1 +

√
5)/2 ≈ 1.618.

The contribution of this paper is a new on-line algorithm for scheduling jobs
with tight deadlines. With this algorithm, we show that a processor that is O(1)
times faster is sufficient to guarantee optimality even if jobs have general value
densities. Note that this algorithm, unlike the algorithms in [8,12], cannot handle
jobs whose deadlines are not tight. Nevertheless, we believe that jobs with tight
deadlines are the most difficult to handle, and an O(1)-times-faster processor
should also be sufficient to guarantee optimality for the general case.

Organization: The remainder of this paper is divided into three sections.
Section 2 describes the new on-line algorithm for firm deadline scheduling. Sec-
1 The stretch factor of a job is defined to be the ratio of its span (i.e., deadline minus

release time) to its processing time.
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tion 3.1 gives some basic properties related to this algorithm, and Section 3.2
proves that this algorithm, when given a processor 14 times faster, is optimal
for scheduling jobs with tight deadlines.

Notations: For any job J , let r(J), p(J), d(J), and v(J) denote the release
time, processing time, deadline and value of J , respectively. Define the value
density ρ(J) to be v(J)/p(J), and the span of J to be the period [r(J), d(J)].

When we say that an on-line algorithm is using a speed-s processor, where
s ≥ 1, it is meant that the algorithm can schedule one unit of work to complete
in 1/s unit of time. That is, the processor is s times as fast as the processor used
by the off-line algorithm.

2 Algorithm

In this section, we present a firm deadline scheduling algorithm that uses two
speed-s processors, where s is an integer greater than 1. Since two speed-s proces-
sors can be simulated by one speed-2s processor, this algorithm can be considered
as an algorithm using a single processor.

Definition 1. Let w = 1
2 + 1

2s ≤ 1. A job J , once released, is said to be fresh
up to the time d(J)−w · p(J). (Roughly speaking, a job is no longer fresh when
the time is close to its deadline.)

The following lemma states an important property of a fresh job.

Lemma 2. While a job J is fresh, it is feasible to complete J on or before its
deadline using a speed-s processor.

Proof. Consider any time t when a job J is fresh. By definition, d(J) − t ≥
wp(J) = (1

2 + 1
2s)p(J). Note that a speed-s processor needs p(J)/s time to

complete J . Since s ≥ 1, we have 1
2 ≥ 1

2s , or equivalently,
1
2 + 1

2s ≥ 1
s . Thus,

starting from time t, a speed-s processor must be able to complete J on or before
its deadline. 	


Figure 1 gives the details of the new on-line scheduling algorithm. The al-
gorithm maintains a pool P of jobs that will be given priority for scheduling.
Intuitively, if a job is still fresh and has sufficiently large value density, the al-
gorithm will put it into the pool for possible scheduling. Among the jobs in the
pool, the algorithm always schedules the two most dense jobs available. Once a
job is scheduled, it can be preempted by a newly released job with sufficiently
high density. Note that there is no guarantee that a job, once put into pool or
scheduled, will complete.

In the following section, we will show that if all jobs have tight deadlines,
this algorithm, when given a speed-14 processor (or two speed-7 processors), is
optimal, i.e., it can match the optimal off-line algorithm which uses a speed-1
processor regarding the total value of jobs that meet their deadlines.

Consider a job J that the on-line algorithm fails to meet its deadline, but
the optimal off-line algorithm can meet its deadline. During the span of J , the
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(1) Initialization:
(2) P ← ∅
(3)
(4) When Job J is released:
(5) if |P | < 2 or ρ(J) ≥ 2 maxT∈P ρ(T )
(6) P ← P ∪ {J}
(7) Schedule the two most dense jobs, if available, in P
(8)
(9) When Job J completes:
(10) P ← P − {J}
(11) if there exists a fresh job not in P
(12) Denote J0 as the most dense fresh job not in P
(13) if |P | < 2 or ρ(J0) ≥ 2 maxT∈P ρ(T )
(14) P ← P ∪ {J0}
(15) Schedule the two most dense jobs, if available, in P
(16)
(17) When Job J ∈ P can’t be completed by its deadline:
(18) P ← P − {J}

Fig. 1. A new scheduling algorithm

on-line algorithm must process other jobs for a considerably long period. These
jobs should have reasonably high value density, yet the on-line algorithm may not
complete them and generate any value. The optimality of the on-line algorithm is
proven by a non-trivial amortization scheme, showing that the on-line algorithm
will complete some extra jobs (compared to the off-line algorithm) within or
beyond the span of J , which can be used to pay off the value of J .

3 Analysis

3.1 Basic Properties

Let A and O denote the schedules produced by our algorithm (using two speed-s
processors) and the optimal off-line algorithm (using one speed-1 processor) for
any particular job set I. Denote J (A) as the set of jobs that has ever scheduled
by A, and similarly for J (O). Without loss of generality, we assume that every
job that has ever scheduled by O can be completed by its deadline. Note that
such an assumption is not valid for A.

We construct schedules A′ and O′ from A and O respectively by removing
all jobs that are completed by both A and O. An example is shown in Fig. 2.
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By definition, for every job J ∈ J (O′), both O and O′ schedule J to completion
by its deadline, but neither A nor A′ can complete J by its deadline.

Time

J2J1

J7

J8

J7

J8

J1

O

A J5

J4

J2

J5
A′ J4

J6

J3

J6

O′

J3

Fig. 2. A sample schedule for O and A and the respective O′ and A′. Note
that J2 and J3 are removed in schedule O′ and A′

Lemma 3. For any two jobs scheduled by O, their span must be disjoint.

Proof. Recall that any job scheduled by O can be completed by its deadlines.
Since all jobs have tight deadlines, O or any off-line algorithm can complete a
job only by scheduling it throughout its entire span. Thus, any two jobs that
can be completed by O must have non-overlapping span. 	

Lemma 4. If A misses the deadline of a job J , then at any time while J is
fresh, A schedules at least one job with value density greater than ρ(J)/2.

Proof. Let J be a job for which A misses the deadline. Consider any time t
when J is fresh. If J is in P , A is executing some job(s) of value density at least
ρ(J). It remains to consider the case where J is not in P at time t. In this case, J
is not in P during the entire period [r(J), t] (otherwise, by Lemma 2, even at
time t, it is still feasible for A to complete J by its deadline and J , once put
into P , will not been removed up to time t). Thus, A must be executing some
job(s) of value density greater than ρ(J)/2 during the entire period [r(J), t]. In
either case, A is executing a job with value density greater than ρ(J)/2. 	

Lemma 5. At any time, let Ji and Ji+1 be the i-th and (i + 1)-st most dense
jobs in P . If Ji+1 is not the least dense job in P , then ρ(Ji) ≥ 2ρ(Ji+1).

Proof. When a job J is added to P , either there is at most one job in P , or the
density of J is at least double of the most dense job in P . Removing a job from
P does not invalidate this property. 	
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3.2 Optimality

Denote ‖A‖ as the value obtained by schedule A, and similarly for ‖A′‖, ‖O‖,
and ‖O′‖. This section shows that if s ≥ 7, then ‖A′‖ ≥ ‖O′‖, or equivalently,
‖A‖ ≥ ‖O‖. It follows that the algorithm shown in Fig. 1, when given two speed-
7 processors or a speed-14 processor, can always match the off-line algorithm on
the total value obtained.

Consider the schedule A′. For any job J ∈ J (A′), let T (J) be the total time
A′ schedules J . At any particular time, J is said to be the primary job scheduled
by A′ if A′ schedule J at that time and either there is no other job scheduled
at the same time, or J has a higher job density than the other job scheduled
(we break the tie by requiring J to be the job with smaller job identity). For a
job J0 scheduled by O′, define TJ0(J) to be the total time A′ schedules J as the
primary job during the period of time when J0 is fresh.

To prove that ‖A′‖ ≥ ‖O′‖, we imagine that for each job J that has scheduled
by A′, we can withdraw some credits at a certain rate whenever A′ schedules J .
Precisely, we define the rate σ(J) to be 4s

s−1 ρ(J). I.e., we can withdraw a total
of σ(J)T (J) credits due to J .

The rest of this section is divided into two parts. The first part, comprising
Lemmas 6 and 7 and Corollary 8, shows that ‖O′‖ is no more than the to-
tal amount of credits withdrawn due to the jobs in J (A′), which is exactly∑

J∈J (A′) σ(J)T (J). In the second part, we show that ‖A′‖ ≥ ∑
J∈J (A′)

σ(J)T (J). Combining both parts, we can conclude that ‖A′‖ ≥ ‖O′‖.
Lemma 6. Consider any job J0 scheduled by O′. For any job J ∈ J (A′) such
that TJ0(J) ≥ 0, ρ(J) ≥ ρ(J0)/2.

Proof. Let J0 be any job scheduled by O′. By definition, J0 cannot be completed
by A. Consider any job J ∈ J (A′) such that TJ0(J) ≥ 0. Let t be any time
when J0 is fresh and A′ schedules J as the primary job. By Lemma 4, at time t,
A is scheduling a job J ′ with density at least ρ(J0)/2. Note that J may not
be equal to J ′. Nevertheless, we can argue that J ′ must be scheduled by A′ at
time t.

– If J ′ = J0, then J ′ is not completed by A. By the definition of A′, J ′ is left
in A′.

– Suppose J ′ �= J0. By Lemma 3, J ′ is also not equal to any other job scheduled
by O. Again, by the definition of A′, J ′ is left in A′.

Since J is the primary job scheduled by A′ at time t, we have ρ(J) ≥ ρ(J ′) ≥
ρ(J0)/2. 	

Lemma 7. For any job J0 scheduled by O′,

∑

J∈J (A′)

σ(J)TJ0(J) ≥ v(J0) .
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Proof. Note that J0, being a job scheduled by O′, cannot be completed by A.
By Lemma 4, A must schedule at least one job at any time while J0 is fresh.
By Lemma 3, every such job is not scheduled by O and must be found in A′.
Therefore,

∑
J∈J (A′) TJ0(J) is equal to the length of the fresh period of J0. By

definition, J0 is fresh for a period of length (1−w)p(J0) = 1
2 (1− 1

s )p(J0). Thus,∑
J∈J (A′) TJ0(J) =

1
2 (1− 1

s )p(J0). Furthermore,

∑

J∈J (A′)

σ(J)TJ0(J) =
∑

J∈J (A′)

4s
s− 1

ρ(J)TJ0(J)

≥ 4s
s− 1

∑

J∈J (A′)

ρ(J0)
2

TJ0(J) (by Lemma 6)

=
2s
s− 1

ρ(J0)
∑

J∈J (A′)

TJ0(J)

=
2s
s− 1

ρ(J0) · 12
(
1− 1

s

)
p(J0)

= ρ(J0)p(J0)
= v(J0) .

	

Corollary 8.

∑

J∈J (A′)

σ(J)T (J) ≥ ‖O′‖.

Proof. At any time t, Lemma 3 implies that among all jobs scheduled by O,
there is at most one which is fresh at t. Thus, for each job J ∈ J (A′), T (J) ≥∑

J0∈O′ TJ0(J). We have

∑

J∈J (A′)

σ(J)T (J) ≥
∑

J∈J (A′)

σ(J)
∑

J0∈O′
TJ0(J) ≥

∑

J0∈O′

∑

J∈J (A′)

σ(J)TJ0(J)

By Lemma 7, we conclude that
∑

J0∈O′

∑

J∈J (A′)

σ(J)TJ0(J) ≥
∑

J0∈O′
v(J0) = ‖O′‖ .

	

To prove ‖A′‖ ≥ ∑J∈J (A′) σ(J)T (J), we consider the following amortiza-

tion scheme on A′. We associate an account with each job in J (A′), all having
zero balance initially. Credits are put into or removed from these accounts in
accordance to the way A′ schedules the jobs.

– When a job J is completed, v(J) is deposited into the account of J .
– Whenever A′ schedules J , we withdraw credits from the account of J at rate
σ(J).
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– Whenever A′ schedules J , credits are transferred from the account of J to
the account of each idling job J ′ in the pool P at the rate I(J ′), where
I(J) = 2s

s−1 ρ(J).

Denote Ψ(J) as the final balance of the account of each job J in J (A′). Note
that the sum of all deposits is exactly ‖A′‖, and the sum of all withdrawals is∑

J∈J (A′) T (J)σ(J). That is,

‖A′‖ =
∑

J∈J (A′)

Ψ(J) +
∑

J∈J (A′)

σ(J)T (J).

Corollary 8 states that
∑

J∈J (A′) σ(J)T (J) ≥ ‖O′‖. In the rest of this section,
we will show that if s ≥ 7, every account has a non-negative final balance and∑

J∈J (A′) Ψ(J) ≥ 0. Then we can conclude that ‖A′‖ ≥ ‖O′‖ (see Theorem 11).
The following observation is crucial to the proof of the fact that all accounts

have non-negative final balance. By definition, each job completed by A′ will
receive credits equal to the value of the job, which are enough to pay off for
all withdrawals and transfers (see Lemma 10). The nontrivial part is concerned
with those jobs J ∈ J (A′) that miss deadline. Note that J must idle for a long
time while it is in the pool P . Note that whenever J is idle after being added
into P , A schedules two other jobs. By Lemma 3, O cannot schedule both of
these two jobs. In other words, at least one of these two jobs, say, Ja, is not
completed by O. By the definition of A′, Ja is left in A′. When A′ schedules Ja

and J is idle, credits are transferred from the account of Ja to the account of J .
J thus receives credits transferred from other jobs that are scheduled while J
is idle in P . More precisely, the following lemma shows that J receives at least
v(J) credits.

Lemma 9. For each job J that is scheduled by A′, at least v(J) credits have
been put into the account of J .

Proof. If J is completed byA′, the lemma holds by the definition. Now suppose J
entered P but is eventually discarded. Then J has been idle in P for a period of
at least 1

2 (1− 1
s )p(J). At these times it receives credits from at least one running

job at the rate I(J), so it eventually receives at least 1
2 (1 − 1

s )p(J)I(J) = v(J)
credits. 	


We then bound the amount of credits that is removed, (i.e., withdrawn or
transferred) from the account of each job J . When s ≥ 7, we show that the
remaining balance is non-negative.

Lemma 10. Assume that s ≥ 7. Then for any job J , Ψ(J) ≥ 0.

Proof. We only consider jobs that have been scheduled since credits are only
removed from the account of a job when the job is being scheduled. We first
give an upper bound to the rate of transfer from J to idling jobs. The algorithm
ensures that whenever J is scheduled, it is denser than all idling jobs in P . By
Lemma 5, each job in P is at least twice as dense as the next dense job in P ,
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except that the second least dense job needs only be at least as dense as the least
dense job. Therefore, if there are i idling jobs, the rate of transfer is at most

2s
s− 1

ρ(J)
2

+
2s
s− 1

ρ(J)
22

+ · · ·+ 2s
s− 1

ρ(J)
2i−1

+
2s
s− 1

ρ(J)
2i−1

=
2s
s− 1

ρ(J) .

The total rate of transfer and withdrawal is thus at most σ(J) + 2s
s−1 ρ(J). Now

consider the final balance Ψ(J).

Ψ(J) ≥ v(J) − T (J)
[
σ(J) +

2s
s− 1

ρ(J)
]

≥ p(J)ρ(J) − p(J)
s

[
4s
s− 1

ρ(J) +
2s
s− 1

ρ(J)
]

= p(J)ρ(J) · s− 7
s− 1

≥ 0 (assume s ≥ 7)

	

We thus have the following main theorem.

Theorem 11. Assume that the on-line algorithm is using two speed-s proces-
sors, where s ≥ 7. Then ‖A′‖ ≥ ‖O′‖.

Proof. ‖A′‖ =
∑

J∈J (A′)

Ψ(J) +
∑

J∈J (A′)

σ(J)T (J) ≥
∑

J∈J (A′)

Ψ(J) + ‖O′‖ ≥ ‖O′‖.
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Abstract. A mixed hypergraph H is a triple (V, C,D) where V is its
vertex set and C and D are families of subsets of V , C–edges and D–edges.
The degree of a vertex is the number of edges in which it is contained.
A vertex coloring of H is proper if each C–edge contains two vertices
with the same color and each D–edge contains two vertices with different
colors. The feasible set of H is the set of all k’s such that there exists
a proper coloring using exactly k colors. The lower (upper) chromatic
number of H is the minimum (maximum) number in the feasible set.
We prove that it is NP–complete to decide whether the upper chro-
matic number of mixed hypergraphs with maximum degree two is at least
a given k. We present polynomial time algorithms for mixed hypergraphs
with maximum degree two to decide their colorability, to find a coloring
using the number of colors equal to the lower chromatic number and we
present a 5/3–aproximation algorithm for the upper chromatic number.
We further prove that it is coNP-hard to decide whether the feasible set
of a given general mixed hypergraph is an interval of integers.

1 Introduction

Hypergraphs are well established combinatorial objects, see [1]. A hypergraph
is a pair (V, E) where E is a family of subsets of V of size at least 2; the mem-
bers of V are called vertices and the members of E are called edges. A mixed
hypergraph G is a triple (V, C,D) where C and D are families of subsets of V ;
the members of C are called C–edges and the members of D are called D–edges.
A mixed hypergraph is reduced if it does not contain a C–edge of size two. A
proper k–coloring c of G is a mapping c : V → {1, . . . , k} such that there are
two vertices with Different colors in each D–edge and there are two vertices with
a Common color in each C–edge. The coloring c is a strict k–coloring if it uses
all k colors. The number of edges which contain a vertex v is called the degree
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of v; each edge which is both a C–edge and a D–edge is counted twice. The mixed
hypergraph is colorable iff G has a proper coloring. Mixed hypergraphs were in-
troduced in [13]; they find their application in different areas: coloring block
designs (see [2,3,4,10,11,12]), list–coloring of graphs and others ([9]).
The feasible set F(G) of a mixed hypergraph G is the set of all k’s such

that there exists a strict k–coloring of G. The (lower) chromatic number χ(G)
of G is the minimum number in F(G) and the upper chromatic number χ̄(G)
of G is the maximum number in F(G). The feasible set of G is gap–free (unbro-
ken) iff F(G) = [χ(G), χ̄(G)]; we write [a, b] for all the integers between a and b
(inclusively). If the feasible set of G contains a gap, we say it is broken. An ex-
ample of a mixed hypergraph with a broken feasible set was first given in [5]. On
the other hand, it was proved in [8] that feasible sets of mixed hypertrees, special
class of mixed hypergraphs, are gap–free. Other definitions and basic properties
of mixed hypergraphs, previously used also in [6,8,13], are in Section 2.
We focus our attention on complexity of coloring problems for mixed hy-

pergraphs and in particular of those with maximum vertex degree two; they
are in nice correspondence with mixed multigraphs (Observation 3). Mixed hy-
pergraphs with vertex degree bounded by three (or more) are not interesting
from the complexity point of view: The coloring problems for them are equally
difficult as the coloring problems for all mixed hypergrahs (Observation 2).
Properties of mixed hypergraphs with maximum degree two are studied and

mixed multigraphs, natural representation of such mixed hypergraphs, are intro-
duced in Section 3. We can often restrict our attention to reduced mixed hyper-
graphs (cf. Lemma 1). We prove that the feasible sets of mixed hypergraphs with
maximum degree two are gap–free and their lower chromatic numbers are at most
three (Theorem 5). We state several properties of colorings using the maximum
possible number of colors in Lemma 7. We conclude Section 3 with the proof
that it is NP–complete to decide whether the upper chromatic number of a given
mixed hypergraph with maximum degree two is at least a given k (Theorem 8).
In Section 4, we present some polynomial algorithms for mixed hypergraphs

with maximum degree two. We find a polynomial algorithm to decide their col-
orability; this problem is NP–complete for general mixed hypergraphs. We find
a polynomial algorithm to determine the lower chromatic number of a mixed
hypergraph with maximum degree two which even finds a coloring using that
number of colors. We find a 5/3–aproximation algorithm for the upper chro-
matic number; the NP–completeness of this problem is established in Theorem 8
in Section 3 and there is no aproximation algorithm (unless P = NP ) with a con-
stant aproximation ratio for general mixed hypergraphs (thus also for those with
maximum degree three) due to the results of [7]. The aproximation ratio can be
improved to 3/2 by taking more care of triangular color subgraphs (see Section 4
for definitions) of mixed multigraphs in Lemma 9 and in Lemma 10, but we omit
this due to space limitations.
We show in Section 5 that it is NP-hard to decide whether the feasible set of

a given mixed hypergraph contains a gap (Theorem 14). (We also know that this
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problem is coNP–hard but we do not provide the proof of this fact due to space
limitations and we refer the reader to [7].)

2 Basic Properties of Mixed Hypergraphs

We state a lemma about reducing mixed hypergraphs with maximum degree 2:

Lemma 1. There is a polynomial time algorithm which for a given mixed hy-
pergraph with maximum degree two either outputs that it is uncolorable or finds
a reduced one with maximum degree two such that its proper colorings one–to–
one correspond to proper colorings of the given mixed hypergraph.

Proof. Let H be the given mixed hypergraph. If H does not contain a C–edge
of size two, then we are done. Otherwise let {u, v} be such a C–edge. If H con-
tains a D–edge {u, v}, then H is uncolorable and we stop. If {u, v} is a subset
of another C–edge of H , we remove the super–C–edge from H (this clearly does
not affect proper colorings of H). Next, we proceed as follows: Let w be a new
vertex; we remove the C–edge {u, v} from H , replace (at most one other) occur-
rence of u by w and another (at most one) occurrence of v by w. The vertex w is
contained in at most two edges of the new mixed hypergraph and thus the new
mixed hypergraph has the maximum degree at most two. Moreover, its proper
colorings one–to–one correspond to proper colorings of the original one (the col-
ors of u and v have to be the same, and thus we can color w with their common
color and vice versa). We stop when either we find that the mixed hypergraph
is uncolorable or we obtain a reduced one.

We made use of the fact that the maximum degree of the original mixed
hypergraph was at most two. If we slighty weaken this condition, we can per-
form the following construction: Let H be any mixed hypergraph with n ver-
tices v1, . . . , vn and m edges E1, . . . , Em. We create the following mixed hyper-
graph H ′ with nm vertices vij where 1 ≤ i ≤ n and 1 ≤ j ≤ m. We create
C–edges {vij , vij+1} for 1 ≤ i ≤ n and 1 ≤ j ≤ m − 1; these C–edges assure
that the vertices vij and vij′ are colored with the same color. We create new
edges E′

k such that E
′
k = {vik|vi ∈ Ek} and we assign the same type to E′

k

as Ek has. It is clear that proper colorings of the constructed mixed hypergraph
one–to–one correspond to the proper colorings of the original one and moreover,
its maximum degree is at most three; thus we can conclude:

Observation 2. For each mixed hypergraph H , one can construct in polyno-
mial time a mixed hypergraph with maximum degree three whose proper color-
ings one–to–one correspond to the proper colorings of H .

Let H be a mixed hypergraph with maximum degree two. We create a multi-
graph G as follows: Each edge of H corresponds a vertex of G; two vertices of G
are joined by as many edges as they share vertices in H and these edges cor-
respond to the shared vertices. A vertex of H contained only in one (no) edge
of H is represented by an edge of G whose one end–vertex (both of them) do
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not correspond to an edge of H . G contains vertices of three types: C–vertices,
D–vertices and other vertices. We color edges of G and we demand that there
are two edges with the same color incident to each C–vertex and two edges with
different colors incident to each D–vertex. This allows us to introduce the notion
of mixed multigraphs which contain C and D–vertices (all these special vertices
must have degree at least two) and their edges are to be colored as described
above. All the definitions for mixed hypergraphs translate to mixed multigraphs,
in particular, a mixed multigraph is reduced iff it does not contain a C–vertex
of degree two. We conclude this paragraph with the following observation:

Observation 3. For each mixed hypergraph H with maximum degree two,
there is the mixed multigraph G whose proper edge–colorings one–to–one corre-
spond to the proper vertex–colorings of H . On the other hand, for each mixed
multigraph G, there is a mixed hypergraph H with maximum degree two, such
that their proper colorings are also in one–to–one correspondence.

3 Colouring Bounded Degree Mixed Hypergraphs

We use the correspondence between mixed hypergraphs of maximum degree two
and mixed multigraphs established in Observation 3; any statement for mixed
hypergraphs holds also for mixed multigraphs and vice versa.

Lemma 4. Let H be a mixed hypergraph with maximum degree two. Let c be
a proper coloring of H using k ≥ 4 colors. Then there exists a proper coloring c′

of H using exactly k − 1 colors.

Proof. Assume that c uses colors 1, . . . , k. We replace each C–edge of H con-
taining two or more vertices colored with the color k with a C–edge containing
just two of its vertices colored by the color k and containing no other vertices.
Let H ′ be this new mixed hypergraph. Clearly c is a proper coloring of H ′ and
the maximum degree of H ′ is two. We contract the C–edges of H ′ of size two as
in Lemma 1. Let H̃ be the mixed hypergraph after performing the contractions
and let c̃ be its coloring using k colors corresponding to the coloring c of H . It
is clear that F(H ′) = F(H̃) ⊆ F(H) and thus it is enough to construct a strict
(k − 1)–coloring of H̃ .
Let v1, . . . , vl be all the vertices of H̃ colored by c̃ with the color k; no two

vertices of v1, . . . , vl are contained together in a C–edge of H̃. We recolor these
vertices one by one by colors different from the color k. We distinguish four cases:

– If vi is contained in no D–edges of H̃ , then we can assign to vi any color,
e.g. the color 1.

– If vi is contained in exactly one D–edge D, we color vi as follows: Let c0 be
a color of another vertex of D and we color vi with a color different from c0.

– If vi is contained in two D–edges D1 and D2 of H̃, let c1 be a color used
on some other vertex of D1 and let c2 be a color used on some other vertex
of D2. We color vi with a color different from both c1 and c2 (note that
k − 1 ≥ 3).
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This construction gives a proper coloring of H̃ using exactly k − 1 colors and
this finishes the proof due to the above mentioned inclusions of the feasible sets.

The immediate corollary of this lemma is the following theorem:

Theorem 5. The feasible set of any mixed hypergraph H with maximum degree
two is gap–free. If H is colorable, then [3, χ(H)] ⊆ F(H). Moreover, the chro-
matic number of H is at most 3.

Proof. If H is not colorable or χ(H) = 1 (and thus H contains no D–edges),
then its feasible set is gap–free. In other cases, it holds that [3, χ(H)] ⊆ F(H)
due to Lemma 4. This assures that F(H) is gap–free and χ(H) ≤ 3.
Let G be a mixed multigraph and let c be a proper coloring of G. The edges

colored with the same color form a color–subgraph of G. If it is a path/cycle, we
call it a color–path/color–cycle. The length of a color–path/cycle is the number
of edges it contains. The following two lemmas give some information about
the structure of colorings using the maximal possible number of colors:

Lemma 6. If c is a proper coloring of a mixed multigraph G using k colors and
if there exists a vertex adjacent to three or more edges colored by c with the same
color, then there exists a proper coloring c′ using k + 1 colors.

Proof. Let C0 be a color–subgraph containing a vertex of degree at least three
and let c0 be the color to which C0 corresponds. We distinguish two cases:

– C0 contains a cycle with a vertex of degree at least three.
Let C′ be a cycle which C0 contains; let c′ be the coloring obtained from c
by recoloring the edges contained in C′ with a new color. We claim that c′ is
a proper coloring. It is clear that all the D–vertices are colored properly; let C
be a C–vertex. If C is not colored properly, it has to be adjacent to exactly
two edges colored by c with the color c0 (otherwise it would be still properly
colored) — but either both these edges are recolored (if they are in C0) or
both of them keep the color c0 and thus C is colored properly.

– C0 does not contain a cycle with a vertex of degree at least three.
Let v be a vertex of degree at least three in C0. Since v is not contained
in any cycle of C0, it is an articulation with respect to C0. Let C′ be one
of the components of C0 \ v. Let c′ be the coloring obtained from c by
recoloring the edges of C′ and the edge joining C′ to v with a new color.
We claim that c′ is a proper coloring. The only affected vertex through this
procedure is v (since the edges colored with c0 incident to other vertices were
either all recolored or none of them was recolored). But v still contains at
least two vertices colored with c0 and thus v is colored properly.

Lemma 7. If c is a coloring of a mixed multigraph G using χ(G) colors, then
no vertex of G is incident to three or more edges colored with the same color.
Moreover, the color–subgraphs are only color–paths and color–cycles.
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Proof. All the vertices of the color–subgraphs have degree at most two due
to Lemma 6. If there is a disconnected color subgraph, recoloring its compo-
nents with mutually different colors gives a proper coloring using more colors.
Thus any color subgraph is connected and its vertices have degree at most two.

We are ready to prove our NP–completeness result on the upper chromatic
number of mixed hypergraphs with maximum degree two.

Theorem 8. It is NP–complete to decide whether χ(H) ≥ k for a given mixed
hypergraph H with maximum degree two and a given k.

Proof. We present a reduction from a well–known NP–complete graph problem
of triangle–covering. This problem is to decide whether a given graph G with
3n vertices can be covered by n triangles in such way that each vertex of G is
contained in precisely one triangle.
LetG be an instance of the problem of triangle–covering; let 3n be the number

of vertices of G and let m be the number of its edges. We construct a mixed
multigraph from G by setting all its vertices to be C–vertices. We claim that
χ(G) = m− 2n iff it admits a triangle–covering.
We first prove that if G admits a triangle–covering, then it can be colored

with m− 2n colors: Let T1, . . . , Tn be the triangles of the triangle–covering. We
color the edges of Ti with the color i and the remaining m−3n edges with colors
n+ 1, . . . ,m− 2n. This gives a proper coloring using exactly m− 2n colors.
Let c be a coloring using χ(H) colors. The color subgraphs of G are only

color–paths and color–cycles due to Lemma 7. Let P be the number of the color–
paths and Q be the number of the color–cycles; let pi be the lengths of the color–
paths and qj be the lengths of the color–cycles. The coloring of H uses exactly
the following number of colors:

P +Q = m−
∑

i

pi −
∑

j

qj + P +Q =

m− (
∑

i

pi +
∑

j

qj − P )(1− Q∑
i pi +

∑
j qj − P

)

Since each C–vertex has to be either an inner vertex of a color–path or a vertex
of a color–cycle, it has to hold that

∑
i pi +

∑
j qj − P ≥ 3n. If the coloring c

uses at least m − 2n colors, than it has to hold that Q∑
i
pi+
∑

j
qj−P ≥

1
3 . On

the other hand, it holds that P ≤ ∑i pi and Q ≤ 1
3

∑
j qj , since each color–

path has length at least one and each color–cycle has length at least three;
the equality is only in the case that all pi’s are ones and all qj ’s are threes.
Thus the inequality Q∑

i
pi+
∑

j
qj−P ≥

1
3 implies that pi = 1 for all i’s (thus

∑
i pi = P ) and qj = 3 for all j’s. Since Q∑

i
pi+
∑

j
qj−P = 1

3 , it has to hold

that
∑

i pi +
∑

j qj − P =
∑

j qj = 3n. Thus each vertex is contained in exactly
one color–cycle and all the color–cycles have length three; the color–cycles are
triangles of a covering of G. This finishes the reduction.
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4 Algorithms

We focus our attention to algorithms for mixed hypergraphs with maximum de-
gree two in this section. We say that a vertex u of a mixed hypergraph of max-
imum degree two is doubled iff there is another vertex v such that u and v
are in the same two C–edges of H ; the doubling number of H is the maximum
number of its doubled vertices such that no two of them are in the same C–
edge. The doubling number of a mixed hypergraph can be easily obtained by
a matching algorithm; this can be easily seen if we translate the doubling number
to mixed multigraphs: The doubling number of the original mixed hypergraph
is equal to the maximum number of disjoint pairs of C–vertices of the mixed
multigraph such that the vertices of each pair are joined by at least two edges.
We first prove an upper bound on the upper chromatic number:

Lemma 9. Let H be a reduced mixed hypergraph with maximum degree at most
two. Then χ(H) ≤ n− 2m/3 + d/3 where n is the number of the vertices of H,
m is the number of the C–edges of H and d is the doubling number of H.

Proof. Let G be the mixed multigraph from Observation 3; G contains ex-
actly m C–vertices and n edges. Let c be its coloring using χ(G) = χ(H) colors.
The color subgraphs are only color–paths or color–cycles due to Lemma 7. Let P
be the number of the color–paths and Q the number of the color–cycles; let pi
be the lengths of the color–paths and qj the lengths of the color–cycles.
We can assume w.l.o.g. that the color–cycles of length two are vertex–disjoint:

Otherwise, let uv and vw be two (non–disjoint) color-cycles of length two; we
create a new vertex v′ which is neither a C–vertex nor a D–vertex and we replace
one of the edges between v and w by an edge between v′ and w. The same coloring
(which assigns the color of the replaced edge to the edge between v′ and w) is
a proper coloring of the new mixed multigraph and thus its upper chromatic
number is at least the upper chromatic number of the original one. Neither n
nor m is affected and d can only be decreased. Repeating this procedure yields
a mixed multigraph such that one of its coloring using the upper chromatic
number of colors does not contain two non–disjoint color–cycles of length two.
The coloring c of G uses exactly the following number of colors:

P +Q = n−
∑

i

pi −
∑

j,qj=2

qj −
∑

j,qj>2

qj + P +Q =

n− (
∑

i

pi +
∑

j,qj>2

qj − P )(1−
Q−∑j,qj=2 1∑

i pi +
∑

j,qj>2 qj − P
)−

∑

j,qj=2

(qj − 1) ≤

n− 2
3
(
∑

i

pi +
∑

j,qj>2

qj − P )−
∑

j,qj=2

(qj − 1) =

n− 2
3
(
∑

i

pi +
∑

j

qj − P )−
∑

j,qj=2

(qj/3− 1) =
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n− 2
3
(
∑

i

pi +
∑

j

qj − P ) +
1
6

∑

j,qj=2

qj ≤ n− 2
3
m+

1
3
d

The first inequality is due to the trivial facts that P ≤∑i pi and Q−
∑
j,qj=2 1 ≤

1/3
∑
j,qj>2 qj (the length of each summed cycle on each side is at least three).

The last inequality holds, since each C–vertex is either an inner vertex of a color–
path or a vertex of a color–cycle and thus

∑
i pi +

∑
j qj − P ≥ m, and since

the number of the disjoint color cycles of length two in the coloring using
the maximum possible number of colors is at most the doubling number.

We start with the promised algorithmic issues in the following lemmas:

Lemma 10. Let H be a reduced mixed hypergraph with maximum degree two.
There is a polynomial algorithm which outputs a coloring of H using at least
n −m + d colors where n is the number of the vertices of H, m is the number
of the C–edges of H and d is the doubling number of H.

Proof. Let us deal with the case that d = 0, first. LetM be the number of edges
of H . We first find a matching of size M between the vertices and the edges
of H such that each edge is matched to one of its vertices and no two edges
are matched to the same vertex. This matching exists, since each vertex of H is
contained in at most two edges and each edge of H contains at least two vertices.
Let VC be the set of the vertices of H matched to the C–edges of H . We color
the remaining n − m vertices of H with mutually distinct colors. We extend
this coloring to the remaining m vertices of H . If there exists an edge such that
the vertex matched to it is its only yet uncolored vertex, we color it as follows:
Let C be such an edge and let v be its uncolored vertex. We distinguish two
cases:

– The vertex v is contained only in C–edges.
We color v with any color used on some other vertex of C.

– The vertex v is contained in the C–edge C and in a D–edge D.
Let c0 be a color used on some vertex ofD (D contains a colored vertex, since
at least the vertex matched to D is colored). If the vertices of C different
from v are all colored by c0, we color v with any color different from c0. If
there are more colors used to color other vertices of C, we color v with any
color used to color a vertex of C different from the color c0.

We repeat this procedure as long as there exists an edge whose only uncolored
vertex is the vertex matched to it. Note that when we finish coloring the vertices
of the C–edge C, the edge C is colored properly (recall that H is reduced and
thus each C–edge of H contains at least three vertices). We don’t violate coloring
of D–edges of H during the extension of the coloring.
We have extended the coloring to some vertices of H , but possibly not to all

of them yet. Each C–edge contains either no or at least two uncolored vertices.
There may also be some D–edges with uncolored vertices, but each D–edge
contains at least one colored vertex (that one which was matched to it). We
color all the uncolored vertices with a completely new color — this finishes
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properly coloring of all the yet not fully colored C–edges and D–edges. Thus we
have just obtained a proper coloring of H using at least n−m colors.
We deal with the case that d > 0. Let u1, . . . , ud be a set of its doubled vertices

such that no two of them are contained together in a C–edge and let v1, . . . , vd
be the copies of these vertices (i.e. ui and vi are contained in the same two C–
edges), obtained by a matching algorithm as described earlier. We color each pair
of vertices ui and vi with the same color and we remove these vertices together
with the C–edges, which they are contained in, from the mixed hypegraph. We
obtain a reduced mixed hypergraph with n−2d vertices,m−2d C–edges and with
no doubled vertices. We proceed as described above and we obtain its coloring
using at least (n − 2d) − (m − 2d) = n − m colors. We extend this coloring
to the 2d removed vertices (using d new colors) and we get a proper coloring
of the original mixed hypergraph using at least n−m+ d colors.

Lemma 11. Let H be a reduced mixed hypergraph with maximum degree at most
two. H is two–colorable iff it does not contain an odd cycle consisting of vertices
and D–edges of size two. Moreover there exists a polynomial algorithm which
finds the coloring using exactly χ(H) colors.

Proof. If H contains an odd cycle consisting of vertices and D–edges of size
two, then it is clearly not two–colorable. Let us prove the opposite implication.
Since H is reduced, all the C–edges of H have size at least three and they are
colored properly in any (not necessarily proper) two–coloring of H . Thus we
can assume w.l.o.g. that H contains only D–edges. We further replace any D–
edge D of H with four or more vertices by any three–vertex subset D′ of D.
This new mixed hypergraph H ′ has still maximum degree at most two, it does
not contain an odd cycle consisting of D–edges of size two and the sizes of its
D–edges are only two or three. We replace further its three–vertex edges with
their two–vertex subsets, but this step needs some care. Let D = {u, v, w} be
a D–edge of H ′ consisting of three vertices. If replacing D with {u, v} introduces
an odd cycle consisting of D–edges of size two, then there is a path between u
and v consisting of an even number D–edges of size two; each vertex of this path
is contained in exactly two D–edges, those edges used by this path; it cannot be
contained in more, since the maximum degree ofH0 is two. Thus there is not such
a path between u and w and replacing D with {u,w} will not introduce an odd
cycle consisting of D–edges of size two. This assures that we can replace D with
{u, v} or {u,w} without introducing an odd cycle consisting of D–edges of size
two. We proceed in this manner as long as there are some edges of size three.
Let H ′′ be the obtained mixed hypergraph. This is actually a simple bipartite
graph which is clearly two–colorable. Its coloring is also a proper coloring of H ′

and thus a proper coloring of the original mixed hypergraph H .
The algorithm for finding the coloring with χ(H) colors proceeds as follows:

If H contains no D–edges, we color all the vertices of H with the same color. If H
contains D–edges, the algorithm checks whether it contains an odd cycle consist-
ing of D–edges of size two. If not, we use the procedure described in the previous
paragraph to get a two–coloring. If it contains an odd cycle consisting of D–edges
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of size two, we find a proper coloring of H as described in Lemma 10 and then
we find a three–coloring as described in Lemma 4.

We are now ready to state and prove the main theorem of this section:

Theorem 12. There exist the following polynomial algorithms for mixed hyper-
graphs with maximum degree two:

– to decide colorability;
– to determine the lower chromatic number and to find a coloring using χ(H)

colors;
– to find a coloring using at least 3χ(H)/5 colors. This algorithm is a 5/3–

aproximation algorithm for the upper chromatic number of H.

Proof. The first statement follows from Lemma 1. The second statement follows
from Lemma 11. As to the last statement: We first reduce the given mixed
hypergraph; this does not affect its feasible set, in particular it does not change
its upper chromatic number, and the proper colorings of the reduced mixed
hypergraph one–to–one correspond to the proper colorings of the original one
(Lemma 1). Let H be the obtained mixed hypergraph. We can find a proper
coloring using at least n−m+ d colors due to Lemma 10 where n is the number
of the vertices ofH , m is the number of its C–edges and d is its doubling number;
let k be the actual number of colors this coloring uses. Since each C–edge contains
at least three vertices, it holds that m ≤ 2n/3. On the other hand, we know that
χ(H) ≤ n − 2m/3 + d/3 (cf. Lemma 9). Easy calculation gives the desired
estimate:

k

χ(H)
≥ n−m+ d

n− 2m/3 + d/3
≥ 1− m/3− 2d/3

n− 2m/3 + d/3
≥

1− m/3
n− 2m/3

≥ 1− 2n/9
n− 4n/9 =

3
5

Thus the algorithm really finds a coloring using at least 3χ(H)/5 colors.

5 NP-Hardness of Gaps in Feasible Sets

We focus our attention on the following algorithmic problem: “Is the feasible set
of an input mixed hypergraph gap–free?” We first deal with NAE–satisfiability
to prepare for the proof of the main theorem in this section.
A formula is called necessarily unbalanced if in every NAE–satisfying assign-

ment at least 80% of variables have the same value.

Lemma 13. Not-all-equal satisfiability of necessarily unbalanced formulae with-
out negations is NP-complete.

Proof. Not-all-equal satisfiability is known to be NP-complete for formulae with-
out negations. Given such a formula Φ with n variables, construct Φ′ by intro-
ducing 4n + 5 new variables y0, y1, . . . , y4n+4 and adding to Φ clauses (y0, yi),
i = 1, 2, . . . , 4n + 4. Obviously, Φ′ is NAE-satisfiable iff Φ is, and in any NAE-
satisfying assignment, all variables yi, i = 1, 2, . . . , 4n+ 4 have the same value;
i.e., at least 4n+ 4 variables out of 5n+ 5 variables of Φ′ have the same value.
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Theorem 14. It is NP-hard to decide whether the feasible set of a given mixed
hypergraph contains a gap.

Proof. For a necessarily unbalanced formula Φ on n variables without negations,
we create a mixed hypergraph H = (V, C,D) with v = 4n vertices such that:

1. H has nonempty feasible set iff Φ is NAE-satisfiable
2. F(H) ⊂ [1..11v20 ] ∪ [ 14v20 ..v]
3. F(H) ∩ [1..11v20 ] �= ∅ and F(H) ∩ [14v20 ..v] �= ∅ if Φ is NAE-satisfiable (and
hence F(H) contains a gap in this case)

Let X be the set of variables of Φ and let C be the set of its clauses. For
every variable x ∈ X , we introduce four vertices x1, x2, x3, x4, and we set
V = {x1, x2, x3, x4|x ∈ X}. On the four vertices arising from a variable x we
create the following edges:

Cx = {(x1, x3, x4), (x2, x3, x4)} and Dx = {(x1, x2), (x1, x3, x4), (x2, x3, x4)}
and we call Hx = ({x1, x2, x3, x4}, Cx,Dx) the variable gadget.
For any two distinct variables x, y ∈ X , we introduce the following D-edges:

Dxy = {(xi, yj)|1 ≤ i, j ≤ 4}
Thus the vertices of different variable gadgets must be colored by different colors.
Finally, for every clause φ ∈ C, we introduce the following C-edges:

Cφ = {(x3, x4|x ∈ φ), (x1, x3|x ∈ φ)}
Our hypergraph H is then constructed as follows:

H = (V, C =
⋃

x∈ X

Cx ∪
⋃

φ∈ C

Cφ,D =
⋃

x∈X
Dx ∪

⋃

x �=y∈ X

Dxy)

Suppose H admits a proper coloring c. Since colors used on different vari-
able gadgets are distinct, we may assume that colors used on vertices of Hx

are x∗
1, x

∗
2, x

∗
3 (since eachHx has at least one C-edge, the four vertices x1, x2, x3, x4

of Hx cannot be all colored by distinct colors). We may further assume with-
out loss of generality that c(x1) = x∗

1, c(x2) = x∗
2. If c(x3) �∈ {x∗

1, x
∗
2} then

c(x3) = c(x4) = x∗
3 (since both (x1, x3, x4) and (x2, x3, x4) must contain two

vertices colored by the same color). We call this coloring of Type 1.
On the other hand, if c(x3) ∈ {x∗

1, x
∗
2} (and thus c(x4) ∈ {x∗

1, x
∗
2} due to sym-

metry of Hx), the D-edges (x1, x3, x4), (x2, x3, x4) imply that either c(x3) =
x∗

1, c(x4) = x∗
2 or c(x3) = x∗

2, c(x4) = x∗
1. We call such a coloring of Type 2.

We define a truth assignment ϕ : X −→ {T,F} so that ϕ(x) = T iff
c[Hx] is of Type 1. We claim that ϕ NAE-satisfies Φ. Consider a clause φ.
Since (x3, x4|x ∈ φ) ∈ C, for some variable occuring in φ, say y, it must
be c(y3) = c(y4), i.e. ϕ(y) = T . Further, since (x1, x3|x ∈ φ) ∈ C, for some
variable occuring in φ, say z, it must be c(z1) = c(z3), i.e. ϕ(z) = F . Hence each
clause has at least one True and at least one False variable.
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Suppose on the other hand that ϕ : X −→ {T,F} NAE-satisfies Φ. Define
a coloring c of H as follows:

c(x1) = x∗
1, c(x2) = x∗

2

c(x3) = c(x4) = x∗
3 if ϕ(x) = T

c(x3) = x∗
1, c(x4) = x∗

2 if ϕ(x) = F

for every variable x ∈ X . This coloring is proper on every variable gadget, it
uses different colors for vertices of different gadgets and so it is proper in the hy-
peredges Dxy, x, y ∈ X . Also the C-edges arising from the clause gadgets are
colored properly, because all clauses are NAE-satisfied.
Let c be a proper coloring and ϕ the corresponding NAE-satisfying truth

assignment. The actual number of colors used by c is k = 2n+ |{x : ϕ(x) = T}|.
Since Φ was necessarily unbalanced, either k ≥ 2n + 4

5n or k ≤ 2n + n
5 , and

substituting n = v
4 gets the desired bounds. The claim that F(H) has nonempty

intersection with both [1..1120v] and [
14
20v..v] follows from the fact that the negation

of a NAE-satisfying truth assignment is a NAE-satisfying assignment as well.
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1 Introduction

In the traveling repairman problem (Trp) [1] a server must visit a set of m
points p1, . . . , pm in a metric space. The server starts in a designated point 0 of
the metric space, called the origin, and travels at most at unit speed. Given a
tour through the m points, the completion time Cj of point pj is defined as the
time traveled by the server on the tour until it reaches pj (j = 1, . . . ,m). Each
point pj has a weight wj , and the objective of the Trp is to find the tour that
minimizes the total weighted completion time

∑m
j=1 wjCj . This objective is also

referred to as the latency.
In this paper we consider an online version of the Trp called the online

traveling repairman problem (OlTrp). Requests for visits to points are released
over time while the repairman (the server) is traveling. In the online setting the
completion time of a request rj at point pj with release time tj is the first time at
which the repairman visits pj after the release time tj . The online model allows
the server to wait. However, waiting yields an increase in the completion times
of the points still to be served. Decisions are revocable as long as they have not
been executed.

In the dial-a-ride generalization L-OlDarp (for “latency online dial-a-ride
problem”) each request specifies a ride from one point in the metric space, its
source, to another point, its destination. The server can serve only one ride at a
time, and preemption of rides is not allowed: once a ride is started it has to be
finished without interruption.

An online algorithm does not know about the existence of a request before
its release time. It must base its decisions solely on past information. A common
way to evaluate the quality of online algorithms is competitive analysis [6]: An
algorithm is called c-competitive if its cost on any input sequence is at most c
times the cost of an optimal offline algorithm.

In [8] a 9-competitive algorithm for the OlTrp on the real line is presented
and a 15-competitive algorithm is given for L-OlDarp on the real line in the
case that the server is allowed to serve any number of rides simultaneously. In
the same paper lower bounds of 1 +

√
2 and 3 on the competitive ratio of any

deterministic algorithm for OlTrp and L-OlDarp, respectively, are proven.
The online traveling salesman problem where the objective is to minimize

the makespan (the time at which the tour is completed) is studied in [4]. Online
dial-a-ride problems with this objective have been studied in [3,8].

Dial-a-ride problems can be viewed as generalized scheduling problem with
setup costs and order dependent execution times (see [3]). The main difference
to scheduling problems is that the “execution time” of jobs depends on their
execution order and also on the position of the server.

The offline problem Trp is known to be NP-hard even on trees [1]. Approx-
imation algorithms for Trp have been studied in [9,5,2].

Our main results are competitive algorithms and randomized lower bounds
for OlTrp and L-OlDarp. Our algorithms improve the competitive ratios given
in [8], and, moreover, the results are valid for any metric space and not just the
real line. For the case of the L-OlDarp our algorithms are the first competitive
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algorithms. The randomized lower bounds are the first ones for OlTrp and
L-OlDarp.

Our algorithms are adaptions of the greedy-interval algorithm for online-
scheduling presented in [10,11] and of the randomized version given in [7]. Our
lower bound results are obtained by applying Yao’s principle in conjunction with
a technique of Seiden [13]. An overview of the results is given in Tables 1 and 2.

Table 1. Deterministic upper and lower bounds

Deterministic UB Previous best UB Deterministic LB

OlTrp 6 (Corollary 8) 9 [8] (real line) 1 +
√
2 [8]

L-OlDarp 6 (Theorem 7) 15 [8] (real line, server capacity ∞) 3 [8]

In Section 2 we define the problems formally. Section 3 contains the deter-
ministic algorithm interval and the proof of its competitive ratio. In Section 4
we present the randomized algorithm randinterval which achieves a better
competitive ratio. In Section 5 we prove lower bounds on the competitive ratio
of randomized algorithms against an oblivious adversary.

Table 2. Randomized upper and lower bounds

Randomized UB Randomized LB

OlTrp 3/ ln 2 < 4.3281 (Corollary 12) general: 7
3
(Theorem 16)

real line: 2 (Theorem 17)

L-OlDarp 3/ ln 2 < 4.3281 (Theorem 11) general: 4e−5
2e−3

> 2.4104 (Theorem 14)

real line: ln 16+1
ln 16−1

> 2.1282 (Theorem 15)

2 Preliminaries

An instance of the online dial-a-ride problem OlDarp consists of a metric space
M = (X, d) with a distinguished origin 0 ∈ X and a sequence σ = r1, . . . , rm of
requests. We assume thatM has the property that for all pairs of points (x, y) ∈
M there is a continuous path p : [0, 1] → X in X with p(0) = x and p(1) = y
of length d(x, y) (see [4] for a thorough discussion of this model). Examples of
metric spaces that satisfy the above condition are the Euclidean space Rp and a
metric space induced by a connected undirected edge-weighted graph.

Each request rj = (tj ; aj , bj, wj) specifies a ride, defined by two points: aj ∈
X , the ride’s source, and bj ∈ X , its destination, and a weight wj ≥ 0. Each
request rj is released at a nonnegative time tj ≥ 0, its release time. For t ≥ 0
we denote by σ≤t (σ=t) the set of requests in σ released no later than time t
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(exactly at time t). A server is located at the origin 0 ∈ X at time 0 and can
move at most at unit speed. We consider the case in which the server can serve
only one ride at a time, and in which preemption of rides is not allowed.

An online algorithm learns from the existence of request rj only at its release
time tj . In particular, it has neither information about the release time of the last
request nor about the total number of requests. Hence, at any moment in time t,
an online algorithm must make its decisions only knowing the requests in σ≤t.
An offline algorithm has complete knowledge about the sequence σ already at
time 0.

Given a sequence σ of requests, a feasible route for σ is a sequence of moves of
the server such that the following conditions are satisfied: (a) The server starts
in the origin 0, (b) each ride requested in σ is served, and (c) the repairman does
not start to serve any ride (in its source) before its release time. Let CSj denote
the completion time of request rj on a feasible route S. The length of a route S,
denoted by l(S), is defined as the time difference between the time when S is
completed and its start time.

Definition 1 (L-OlDarp, OlTrp). Given a request sequence σ = r1, . . . , rm
the problem L-OlDarp is to find a feasible route S minimizing

∑m
j=1 wjC

S
j . The

online traveling repairman problem (OlTrp) is the special case of L-OlDarp in
which for each request rj source and destination coincide, i.e., aj = bj.

We denote by alg(σ) the objective function value of the solution produced by
an algorithm alg on input σ. We use opt to denote an optimal offline algorithm.

Definition 2 (Competitive Algorithm). A deterministic online algorithm
alg for L-OlDarp is c-competitive, if there exists a constant c such that for
any request sequence σ: alg(σ) ≤ c · opt(σ).

A randomized online algorithm is a probability distribution over a set of
deterministic online algorithms. The objective value produced by a randomized
algorithm is therefore a random variable. In this paper we analyze the perfor-
mance of randomized online algorithms only against an oblivious adversary. An
oblivious adversary does not see the realizations of the random choices made by
the online algorithm and therefore has to generate a request sequence in advance.
We refer to [6] for details on the various adversary models.

Definition 3 (Competitive Randomized Algorithm). A randomized on-
line algorithm ralg is c-competitive against an oblivious adversary if for any
request sequence σ: E [ralg(σ)] ≤ c · opt(σ).

3 A Deterministic Algorithm for L-OlDarp

Our deterministic strategy is an adaption of the algorithm greedy-interval

presented in [10,11] for online scheduling. The proof of performance borrows
concepts of the proofs in [10,11].
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Strategy interval Phase 0 : In this phase the the algorithm is initialized.
Set L to be the earliest time when a request could be completed by opt (we
can assume that L > 0 since L = 0 means that there are requests released at
time 0 with source and destination 0. These requests are served at no cost).
Until time L remain in 0. For i = 0, 1, 2, . . . , set Bi := 2i−1L.
Phase i, i = 1, 2, . . . : At time Bi compute a route Si for the set of yet
unserved requests released up to time Bi with the following properties:
(i) Si starts at the endpoint xi−1 of route Si−1 (we set x0 := 0).
(ii) Si ends at a point xi such that d(0, xi) ≤ Bi.
(iii) The length of route Si denoted by l(Si) satisfies

l(Si) ≤
{
B1 if i = 1
3
2Bi if i ≥ 2

(iv) Si maximizes the sum of the weights of requests served among all routes
satisfying (i)–(iii).

If i = 1, then follow S1 starting at time L until time 3
2B2. If i ≥ 2, follow Si

starting at time 3
2Bi until

3
2Bi+1.

To justify the correctness of the algorithm notice that by definition route Si
computed at time Bi can actually be finished before time 3

2Bi+1, the time when
route Si+1, computed at time Bi+1 needs to be started.

Lemma 4. Let Ri be the set of requests served on route Si computed at time Bi,
i = 1, 2, . . . and let R∗

i be the set of requests in the optimal offline solution which
are completed in the time interval (Bi−1, Bi]. Then

k∑

i=0

w(Ri) ≥
k∑

i=0

w(R∗
i ) for k = 1, 2, . . . .

Proof. We first argue that for any k ≥ 1 we can obtain from the optimal offline
solution S∗ a route S which starts in the origin, has length at most Bk, ends at
a point with distance at most Bk from the origin, and which serves all requests
in
⋃k
i=1 R

∗
i .

Consider the optimal offline route S∗. Start at the origin and follow S∗ for
the first Bk time units with the modification that, if a ride is started in S∗ before
time Bk but not completed before time Bk, omit this ride. Observe that there is
at most one such ride. We thereby obtain a route S of length at most Bk which
serves all requests in

⋃k
i=1 R

∗
i . Since the server moves at unit speed, it follows

that S ends at a point with distance at most Bk from the origin.
We now consider phase k and show that by the end of phase k, at least

requests of weight
∑k

i=0 w(R
∗
i ) have been scheduled by interval. If k = 1,

the route S obtained as outlined above satisfies already all conditions (i)–(iii)
required by interval. If k ≥ 2, then condition (i) might be violated, since S
starts in the origin. However, we can obtain a new route S′ from S starting at
the endpoint xk−1 of the route from the previous phase by starting in xk−1,
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moving the empty server from xk−1 to the origin and then following S. Since
d(xk−1, 0) ≤ Bk−1 = Bk/2, the new route S′ has length at most Bk/2 + l(S) ≤
Bk/2 + Bk = 3/2 · Bk which means that it satisfies all the properties (i)–(iii)
required by interval.

Recall that route S and thus also S′ serves all requests in
⋃k
i=1 R

∗
i . Possibly,

some of the requests from
⋃k
i=1R

∗
i have already been served by interval in

previous phases. As omitting requests can never increase the length of a route,
in phase k, interval can schedule at least all requests from

⋃k
i=1R

∗
i \
⋃k−1
i=1 Ri.

Consequently, the weight of all requests served in routes S1, . . . , Sk of inter-

val is at least
⋃k
i=1 R

∗
k as claimed. �	

The previous lemma gives us the following bound on the number of phases
that interval uses to process a given input sequence σ.

Corollary 5. Suppose that the optimum offline route is completed in the interval
(Bp−1, Bp] for some p ≥ 1. Then, the number of phases of Algorithm interval is
at most p. The route Sp computed at time Bp by interval is completed no later
than time 3

2Bp+1. �	
To prove competitiveness of interval we need an elementary lemma which

can be proven by induction.

Lemma 6. Let ai, bi ∈ R≥ 0 for i = 1, . . . , p, for which (i)
∑p

i=1 ai =
∑p

i=1 bi;
and (ii)

∑p′

i=1 ai ≥
∑p′

i=1 bi for all 1 ≤ p′ ≤ p. Then
∑p

i=1 τiai ≤
∑p

i=1 τibi for
any nondecreasing sequence 0 ≤ τ1 ≤ · · · ≤ τp. �	
Theorem 7. Algorithm interval is 6-competitive for L-OlDarp.

Proof. Let σ = r1, . . . , rm be any sequence of requests. By definition of inter-

val, each request on route Si completes no later than time 3
2Bi+1. Summing

over all phases 1, . . . , p yields

interval(σ) ≤ 3
2

p∑

i=1

Bi+1w(Ri) = 6
p∑

i=1

Bi−1w(Ri). (1)

From Lemma 4 we know that
∑k
i=0 w(Ri) ≥

∑k
i=0 w(R

∗
i ) for k = 1, 2, . . . , and

from Corollary 5 we know that
∑p

i=0 w(Ri) =
∑p

i=0 w(R
∗
i ). Therefore, applica-

tion of Lemma 6 to the sequences w(Ri) and w(R∗
i ) with the weighing sequence

τi := Bi−1, i = 1, . . . , p, gives

6
p∑

i=1

Bi−1w(Ri) ≤ 6
p∑

i=1

Bi−1w(R∗
i ) (2)

Denote by C∗
j the completion time of request rj in the optimal solution opt(σ).

For each request rj denote by (Bφj , Bφj+1 ] the interval that contains C∗
j . Then

6
p∑

i=1

Bi−1w(R∗
i ) = 6

m∑

j=1

Bφjwj ≤ 6
m∑

j=1

wjC
∗
j . (3)

(1), (2), and (3) together complete the proof. �	
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Corollary 8. Algorithm interval is 6-competitive for OlTrp. �	

4 An Improved Randomized Algorithm

In this section we use techniques from [7] to devise a randomized algorithm
randinterval. At the beginning, randinterval chooses a random number
δ ∈ (0, 1] according to the uniform distribution. From this moment on, the
algorithm is completely deterministic, working in the same way as the deter-
ministic algorithm interval presented in the previous section. For i ≥ 0 de-
fine B′

i := 2i−1−δL, where again L is the earliest time that a request could be
completed by opt. As stated before in the case of interval we can assume
that L > 0. The difference to interval is that all phases are defined using
B′
i := 2i−1−δL instead of Bi, i ≥ 1. Phase 1 is still started at time L.

Lemma 9. Let Ri be the set of requests scheduled in phase i ≥ 1 of Algo-
rithm randinterval and denote by R∗

i the set of requests that are completed
by opt in the time interval (B′

i−1, B
′
i]. Then

k∑

i=1

w(Ri) ≥
k∑

i=0

w(R∗
i ) for k = 1, 2, . . . .

Proof. We only have to make sure that the route S1 is finished before time 3
2B

′
2.

The rest of the proof is the same as that for Lemma 4. The proof for the first
phase follows from the fact that 3

2B
′
2 − L = (3 · 2−δ − 1)L > 2−δL = B′

1. �	
Using the proof of Theorem 7 with Lemma 4 replaced by Lemma 9, we can

conclude that for a sequence σ = r1, . . . , rm of requests the expected objective
function value of randinterval satisfies

E [randinterval(σ)] ≤ E

[
6
m∑

i=1

B′
φj
wj

]
= 6

m∑

i=1

wjE
[
B′
φj

]
, (4)

where (B′
φj
, B′

φj+1
] is the interval containing the completion time C∗

j of request rj
in the optimal solution opt(σ). To prove a bound on the performance of randin-

terval we compute E

[
B′
φj

]
. Notice that B′

φj
is the largest value 2k−δL, k ∈ N,

which is strictly smaller than C∗
j .

Lemma 10. Let z ≥ L and δ ∈ (0, 1] be a random variable uniformly distributed
on (0, 1]. Define B by B := max{ 2k−δL : 2k−δL < z and k ∈ N }. Then, E [B] =
z

2 ln 2 .

Proof. Suppose that 2kL ≤ z < 2k+1L for some k ≥ 0. Observe that

B =

{
2k−δL if δ ≤ log2

2k+1L
z

2k+1−δL otherwise
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Hence

E [B] =
∫ log2

2k+1L
z

0

2k−δLdδ +
∫ 1

log2
2k+1L

z

2k+1−δLdδ =
z

2 ln 2
.

This completes the proof. �	

From Lemma 10 we can conclude that E

[
B′
φj

]
= 1

2 ln 2C
∗
j . Using this result

in inequality (4) yields the following theorem:

Theorem 11. Algorithm randinterval is c-competitive with c = 3
ln 2 <4.3281

for L-OlDarp against an oblivious adversary. �	
Corollary 12. Algorithm randinterval is c-competitive with c = 3

ln 2 <4.3281
for OlTrp against an oblivious adversary. �	

5 Lower Bounds

In this section we show lower bounds for the competitive ratio of any randomized
algorithm against an oblivious adversary for the problem L-OlDarp. The basic
method for deriving such a lower bound is Yao’s principle (see also [6,12,13]).
Let X be a probability distribution over input sequences Σ = { σx : x ∈ X }.
We denote the expected cost of the deterministic algorithm alg according to
the distribution X on Σ by EX [alg(σx)]. Yao’s principle can now be stated as
follows.

Theorem 13 (Yao’s principle). Let {algy : y ∈ Y } denote the set of de-
terministic online algorithms for an online minimization problem. If X is a
distribution over input sequences { σx : x ∈ X } such that

inf
y∈Y

EX [algy(σx)] ≥ c̄EX [opt(σx)]

for some real number c̄ ≥ 1, then c̄ is a lower bound on the competitive ratio of
any randomized algorithm against an oblivious adversary. �	

We use a method explained in [13] to compute a suitable distribution once
our ground set of request sequences has been fixed.

5.1 A General Lower Bound for L-OlDarp

We provide a general lower bound where the metric space is a star, which consists
of three rays of length 2 each. The center of the star is the origin, denoted by 0.

Let the rays of the star be named A, B and C. Let xA be the point on A
with distance x to 0, 0 < x ≤ 2. Points on B and C will be denoted in the same
manner. Let k ∈ N, k ≥ 2 be arbitrary but fixed. At time 0 there is one request
from 0 to 1A with weight 1, denoted by r1 = (0; 0, 1A, 1). With probability
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α there are no further requests. With probability 1− α there are k requests at
time 2x: with probability 1

2 (1−α) from 2xB to 2xB and with probability 1
2 (1−α)

from 2xC to 2xC , where x ∈ (0, 1] is chosen according to the density function p,
where α+

∫ 1

0
p(x) dx = 1 (each of these requests has also weight 1). This yields

a probability distribution X over the set Σ = { σx,R : x ∈ [0, 1], R ∈ {B,C} } of
request sequences where σ0,R = r1 for R ∈ {B,C}, and

σx,R = r1, (2x; 2xR, 2xR, 1), . . . , (2x; 2xR, 2xR, 1)︸ ︷︷ ︸
k times

for 0 < x ≤ 1 and R∈{B,C}.

We first calculate the expected cost EX [opt(σx,R)] of an optimal offline algo-
rithm with respect to the distribution X on Σ. With probability α there is only
request r1 to be served and in this case the offline cost is 1. Now consider the
situation where there are k additional requests at position 2xB or 2xC . Clearly
the optimal offline cost is independent of the ray on which the requests arrive.
First serving request r1 and then the k requests yields the objective function
value 1+k(2+2x), whereas first serving the set of k requests and then r1 results
in a total cost of 2kx+ 4x+ 1. Hence, for k ≥ 2, we have

EX [opt(σx,R)] = α+
∫ 1

0

(2kx+ 4x+ 1)p(x) dx. (5)

The strategy of a generic deterministic online algorithm algy can be cast into
the following framework: algy starts serving request r1 at time 2y where y ≥ 0,
unless further requests are released before time 2y. If the sequence ends after r1,
the online costs are 2y + 1. Otherwise, two cases have to be distinguished.

If 2x > 2y, that is, the set of k requests is released after the time at which
algy starts the ride requested in r1, the algorithm must first finish r1 before it
can serve the k requests. In this case, the cost of algy is at least 2y+1+k(2y+
2 + 2x).

If 2x ≤ 2y, the server of algy has not yet started r1 and can serve the k re-
quests before r1. To calculate the cost it incurs in this case, let l denote the
distance of algy’s server to the origin at time 2x. Then 0 ≤ l ≤ y since oth-
erwise, the server cannot start r1 at time 2y. We may assume that algy is
either on ray B or C, since moving onto ray A without serving r1 is clearly not
advantageous.

Now, with probability 1
2 , algy’s server is on the “wrong” ray. This yields

cost of at least (2x+ (l + 2x))k + 6x+ l+ 1 for algy. Being on the “right” ray
will cost (2x+(2x− l))k+6x− l+1. Putting this together, we get that for y ≤ 1

EX [algy(σx,R)] ≥ α(2y + 1) +
∫ 1

y

(2y + 1 + k(2y + 2 + 2x)) p(x) dx

+
1
2

∫ y

0

(4kx+ 6x+ kl+ l + 1)p(x) dx

+
1
2

∫ y

0

(4kx+ 6x− kl− l + 1)p(x) dx.
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This results in

EX [algy(σx,R)] ≥ F (y) := α(2y + 1) +
∫ 1

y

(2y + 1 + k(2y + 2 + 2x)) p(x) dx

+
∫ y

0

(4kx+ 6x+ 1)p(x) dx.

(6)

Observe that for y ≥ 1 we have that

EX [algy(σx)] ≥ α(2y + 1) +
∫ 1

0

(2y + 1 + k(2y + 2 + 2x)) p(x) dx ≥ F (1).

Hence in what follows it suffices to consider the case y ≤ 1. To maximize the
expected cost of any deterministic online algorithm on our randomized input
sequence, we wish to choose α and a density p such that miny∈[0,1] F (y) is max-
imized. We use the following heuristic approach (cf.[13]): Assume that α and
the density p maximizing the minimum has the property that F (y) is constant
on [0, 1]. Hence F ′(y) = 0 and F ′′(y) = 0 for all y ∈ (0, 1). Differentiating we
find that

F ′(y) = 2
(
α+ (1 + k)

∫ 1

y

p(x) dx − (k − 2y)p(y)
)

and F ′′(y) = −2(k − 1)p(y)− 2(k − 2y)p′(y).

From the condition F ′′(y) = 0 for all y ∈ (0, 1) we obtain the differential equation

−2(k − 1)p(x)− 2(k − 2x)p′(x) = 0,

which has the general solution

p(x) = β(k − 2x)
1
2 (k−1). (7)

The value of β > 0 is obtained from the initial condition α+
∫ 1

0 p(x) dx = 1 as

β =
1− α

∫ 1

0 (k − 2x)
1
2 (k−1) dx

=
(1 + k) (α− 1)

(k − 2)
1+k
2 − k 1+k

2

. (8)

It remains to determine α. Recall that we attempted to choose α and p in such
a way that F is constant over the interval [0, 1]. Hence in particular we must
have F (0) = F (1). Using

F (0) = α+
∫ 1

0

(1+k(2+2x))p(x) dx and F (1) = 3α+
∫ 1

0

(4kx+6x+1)p(x) dx

and substituting p and β from (7) and (8), respectively, we obtain

α =
(k − 2)

1+k
2 (1 + k)

(k − 2)
1+k
2 k + k

1+k
2

.
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We now use the distribution obtained this way in (6) and (5). This results in

EX [algy(σx,R)] ≥
(1 + k)

(
−5(k − 2)

2+k
2
√
k +
√
k − 2 k

k
2 (3 + 4k)

)

√
k − 2 (3 + k)

(
(k − 2)

1+k
2
√
k + k

k
2

)

and

EX [opt(σx,R)] =
√
k − 2 k

1+k
2 (1 + k)(3 + 2k)− (k − 2)

2+k
2 (1 + k)(4 + 3k)

√
k − 2

(
(k − 2)

1+k
2 k(3 + k) + k

1+k
2 (3 + k)

) .

Hence we conclude that

EX [algy(σx,R)]
EX [opt(σx,R)]

≥ −5(k − 2)
2+k
2 k +

√
k − 2 k

1+k
2 (3 + 4k)√

k − 2 k
1+k
2 (3 + 2k)− (k − 2)

2+k
2 (4 + 3k)

. (9)

For k → ∞, the right hand side of (9) converges to 4e−5
2e−3 > 2.4104. Hence by

Yao’s principle we obtain the following result:

Theorem 14. Any randomized algorithm for L-OlDarp has competitive ratio
greater or equal to 5−4e

3−2e against an oblivious adversary. �	

5.2 A Lower Bound on the Real Line

The lower bound construction on the star uses the fact that the online server
does not know on which ray to move if he wants to anticipate on the arrival
of the k requests at time 2x. If the metric space is the real line, there are only
two rays, and this argument is no longer valid. The server can move towards the
point 2x (of course still at the risk that there will be no requests at all on this
ray) in anticipation of the set of k requests. The same construction therefore
leads to a slightly worse lower bound. Using exactly the same techniques, we
obtain the following theorem:

Theorem 15. Any randomized algorithm for L-OlDarp on the real line has
competitive ratio greater or equal to ln 16+1

ln 16−1 > 2.1282 against an oblivious adver-
sary. �	

5.3 Lower Bounds for the OlTrp

For the OlTrp we provide a general lower bound, again using a star with three
rays of length 2 as a metric space. With probability α = k+1

k+2 , the input sequence
consists of only one request r1 at distance 1 from the origin, released at time 1,
and with weight 1. The ray on which this request occurs is chosen uniformly at
random among the three rays. With probability 1−α there will be an additional
series of k requests at distance 2 from the origin, each with weight equal to 1.
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These requests are released at time 2, and the ray on which they occur is chosen
uniformly among the two rays that do not contain r1.

The cost for the adversary is given by

EX [opt(σx)] = α+ (1− α)(2k + 5) =
3k + 6
k + 2

.

It is easy to show that no online algorithm can do better than one whose
server is in the origin at time 1 and, at time 2, at distance 0 ≤ y ≤ 1 from the
origin on the ray where r1 is located. Using this fact, we get

EX [algy(σx)] ≥ α(3− y) + (1− α)((4 + y)k + 7+ y) =
7k + 10
k + 2

.

This leads to
EX [algy(σx)]
EX [opt(σx)]

≥ 7k + 10
3k + 6

. (10)

By letting k → ∞ and applying Yao’s principle once more, we obtain the
following result.

Theorem 16. Any randomized algorithm for OlTrp has competitive ratio
greater or equal to 7/3 against an oblivious adversary. �	

On the real line, a lower bound is obtained by the following very simple
randomized request sequence. With probability 1/2 we give a request at time 1
in −1, and with probability 1/2 we give a request at time 1 in +1. This leads to
the following theorem.

Theorem 17. Any randomized algorithm for OlTrp on the real line has com-
petitive ratio greater or equal to 2 against an oblivious adversary. �	
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Abstract. We prove that the word problem for every monoid presented
by a fixed 2-homogeneous semi-Thue system can be solved in log-space,
which generalizes a result of Lipton and Zalcstein for free groups. The
uniform word problem for the class of all 2-homogeneous semi-Thue sys-
tems is shown to be complete for symmetric log-space.

1 Introduction

Word problems for finite semi-Thue systems, or more precisely word problems
for monoids presented by finite semi-Thue systems, received a lot of attention in
mathematics and theoretical computer science and are still an active field of re-
search. Since the work of Markov [18] and Post [22] it is known that there exists
a fixed semi-Thue system with an undecidable word problem. This has moti-
vated the search for classes of semi-Thue systems with decidable word problems
and the investigation of the computational complexity of these word problems,
see e.g. [9,7,16]. In [1] Adjan has investigated a particular class of semi-Thue
systems, namely n-homogeneous systems, where a semi-Thue system is called n-
homogeneous if all rules are of the form s→ ε, where s is a word of length n and
ε is the empty word. Adjan has shown that there exists a fixed 3-homogeneous
semi-Thue system with an undecidable word problem and furthermore that ev-
ery 2-homogeneous semi-Thue system has a decidable word problem. Book [8]
has sharpened Adjan’s decidability result by proving that the word problem for
every 2-homogeneous semi-Thue system can be solved in linear time.

In this paper we will continue the investigation of 2-homogeneous semi-Thue
systems. In the first part of the paper we will prove that the word problem for
every 2-homogeneous semi-Thue system can be solved in logarithmic space. This
result improves Adjan’s decidability result in another direction and also gener-
alizes a result of Lipton and Zalcstein [15], namely that the word problem for a
finitely generated free group can be solved in logarithmic space. Furthermore our
log-space algorithm immediately shows that the word problem for an arbitrary
2-homogeneous semi-Thue system can be solved in DLOGTIME-uniform NC1 if
the word problem for the free group of rank 2 is solvable in DLOGTIME-uniform
NC1. Whether the later holds is one of the major open questions concerning the
class DLOGTIME-uniform NC1. In the second part of this paper we will con-
sider the uniform word problem for 2-homogeneous semi-Thue systems. In this

J. Sgall, A. Pultr, and P. Kolman (Eds.): MFCS 2001, LNCS 2136, pp. 500–512, 2001.
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decision problem the 2-homogeneous semi-Thue system is also part of the input.
Building on the results from the first part, we will show that the uniform word
problem for the class of all 2-homogeneous semi-Thue systems is complete for
symmetric log-space. This result is in particular interesting from the viewpoint
of computational complexity, since there are quite few natural and nonobvious
SL-complete problems in formal language theory, see [2].

2 Preliminaries

We assume some familiarity with computational complexity, see e.g. [21], in
particular with circuit complexity, see e.g. [27]. L denotes deterministic loga-
rithmic space. SL (symmetric log-space) is the class of all problems that can be
solved in log-space on a symmetric (nondeterministic) Turing machine, see [14]
for more details. Important results for SL are the closure of SL under log-space
bounded Turing reductions, i.e., SL = LSL [19], and the fact that problems in SL
can be solved in deterministic space O(log(n)

4
3 ) [3]. A collection of SL-complete

problems can be found in [2]. For the definition of DLOGTIME-uniformity and
DLOGTIME-reductions see e.g. [10,5]. DLOGTIME-uniform NC1, briefly uNC1,
is the class of all languages that can be recognized by a DLOGTIME-uniform
family of polynomial-size, logarithmic-depth, fan-in two Boolean circuits. It is
well known that uNC1 corresponds to the class ALOGTIME [24]. An important
subclass of uNC1 is DLOGTIME-uniform TC0, briefly uTC0. It is characterized
by DLOGTIME-uniform families of constant depth, polynomial-size, unbounded
fan-in Boolean circuits with majority-gates. Using the fact that the number of 1s
in a word over {0, 1} can be calculated in uTC0 [5], the following result was shown
in [4].

Theorem 1. The Dyck-language over 2 bracket pairs is in uTC0 .

By allowing more than one output gate in circuits we can speak of functions that
can be calculated in uTC0. But with this definition only functions f : {0, 1}∗ →
{0, 1}∗ that satisfy the requirement that |f(x)| = |f(y)| if |x| = |y| could be
computed. In order to overcome this restriction we define for a function f :
{0, 1}∗ → {0, 1}∗ the function pad(f) : {0, 1}∗ → {0, 1}∗{#}∗ by pad(f)(x) =
y#n, where f(x) = y and n = max{|f(z)| | z ∈ {0, 1}|x|}− |y|. Then we say that
a function f can be calculated in uTC0 if the function pad(f) can be calculated
by a family of circuits that satisfy the restrictions for uTC0, where the alphabet
{0, 1,#} has to be encoded into the binary alphabet {0, 1}. Hence we also have a
notion of uTC0 many-one reducibility. More generally we say that a language A
is uTC0-reducible to a language B if A can be recognized by a DLOGTIME-
uniform family of polynomial-size, constant-depth, unbounded fan-in Boolean
circuits containing also majority-gates and oracle-gates for the language B. This
notion of reducibility is a special case of the NC1-reducibility of [11]. In particular
[11, Proposition 4.1] immediately implies that L is closed under uTC0-reductions.
Moreover also uNC1 and uTC0 are closed under uTC0-reducibility and uTC0-
reducibility is transitive. The following inclusions are known between the classes
introduced above: uTC0 ⊆ uNC1 ⊆ L ⊆ SL.
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For a binary relation → on some set we denote by ∗→ the reflexive and
transitive closure of →. In the following let Σ be a finite alphabet. An involution
on Σ is a function : Σ → Σ such that a = a for all a ∈ Σ. The empty word

over Σ is denoted by ε. Let s = a1a2 · · ·an ∈ Σ∗ be a word over Σ, where ai ∈ Σ
for 1 ≤ i ≤ n. The length of s is |s| = n. For 1 ≤ i ≤ n we define s[i] = ai and for
1 ≤ i ≤ j ≤ n we define s[i, j] = aiai+1 · · ·aj . If i > j we set s[i, j] = ε. Every
word s[1, i] with i ≥ 1 is called a non-empty prefix of s. A semi-Thue system R
over Σ, briefly STS, is a finite set R ⊆ Σ∗ ×Σ∗. Its elements are called rules.
See [13,6] for a good introduction into the theory of semi-Thue systems. The
length ||R|| of R is defined by ||R|| =∑(s,t)∈R |st|. As usual we write x →R y if
there exist u, v ∈ Σ∗ and (s, t) ∈ R with x = usv and y = utv. We write x ↔R y

if (x →R y or y →R x). The relation ∗↔R is a congruence with respect to the
concatenation of words, it is called the Thue-congruence generated by R. Hence
we can define the quotient monoid Σ∗/ ∗↔R, which is briefly denoted by Σ∗/R.
A word t is a R-normalform of s if s ∗→R t and t is R-irreducible, i.e., there
does not exist a u with t →R u. The STS R is confluent if for all s, t, u ∈ Σ∗

with (s ∗→R t and s
∗→R u) there exists a v with (t ∗→R v and u

∗→R v). It
is well-known that R is confluent if and only if R is Church-Rosser, i.e., for all
s, t ∈ Σ∗ if s ∗↔R t then (s ∗→R u and t ∗→R u) for some u ∈ Σ∗, see [6, p 12]. For
a morphism φ : Σ∗ → Γ ∗ we define the STS φ(R) = {(φ(�), φ(r)) | (�, r) ∈ R}.
Let n ≥ 1. A STS R is n-homogeneous if all rules of R have the form (�, ε) with
|�| = n. An important case of a confluent and 2-homogeneous STS is the STS
Sn = {cici → ε, cici → ε | 1 ≤ i ≤ n} over Γn = {c1, . . . , cn, c1, . . . , cn}. The
monoid Γ ∗

n/Sn is the free group Fn of rank n.
A decision problem that is of fundamental importance in the theory of semi-

Thue systems is the uniform word problem. Let C be a class of STSs. The uniform
word problem, briefly UWP, for the class C is the following decision problem:

INPUT: An R ∈ C (over some alphabet Σ) and two words s, t ∈ Σ∗.
QUESTION: Does s ∗↔R t hold?

Here the length of the input is ||R|| + |st|. The UWP for a singleton class {R}
is called the word problem, briefly WP, for R. In this case we also speak of the
word problem for the monoid Σ∗/R and the input size is just |st|. In [15] the
word problem for a fixed free group was investigated and the following theorem
was proven as a special case of a more general result on linear groups.

Theorem 2. The WP for the free group F2 of rank 2 is in L.

This result immediately implies the following corollary.

Corollary 3. The UWP for the class {Sn | n ≥ 1} is uTC0 -reducible to the
WP for F2, and therefore is also in L.

Proof. The group morphism ϕn : Fn → F2 defined by ci �→ ci1c2c
i
1 is injective,

see e.g. [17, Proposition 3.1]. Furthermore ϕn(w) can be calculated from w and
Sn in uTC0. The second statement of the theorem follows with Theorem 2. ��
Finally let us mention the following result, which was shown in [23].
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Theorem 4. The WP for the free group F2 of rank 2 is uNC1 -hard under
DLOGTIME-reductions.

3 The Confluent Case

In this section we will investigate the UWP for the class of all confluent and
2-homogeneous STSs. For the rest of this section let R be a confluent and 2-
homogeneous semi-Thue system over an alphabet Σ. It is easy to see that w.l.o.g.
we may assume that every symbol in Σ appears in some rule of R.

Lemma 5. There exist pairwise disjoint sets Σ�, Σr, Γ ⊆ Σ, an involution :
Γ → Γ , and a STS D ⊆ {(ab, ε) | a ∈ Σ�, b ∈ Σr} such that Σ = Σ� ∪ Σr ∪ Γ
and R = D ∪ {(aa, ε) | a ∈ Γ}. Furthermore given R and a ∈ Σ we can decide
in uTC0 whether a belongs to Σ�, Σr, or Γ .

Proof. Define subsets Σ1, Σ2 ⊆ Σ by Σ1 = {a ∈ Σ | ∃b ∈ Σ : (ab, ε) ∈ R},
Σ2 = {a ∈ Σ | ∃b ∈ Σ : (ba, ε) ∈ R}, and let Σ� = Σ1\Σ2, Σr = Σ2\Σ1, and
Γ = Σ1∩Σ2. ObviouslyΣ�, Σr, and Γ are pairwise disjoint and Σ = Σ�∪Σr∪Γ .
Now let a ∈ Γ . Then there exist b, c ∈ Σ with (ab, ε), (ca, ε) ∈ R. It follows
cab →R b and cab →R c. Since R is confluent we get b = c, i.e, (ab, ε), (ba, ε) ∈ R
and thus b ∈ Γ . Now assume that also (ab′, ε) ∈ R for some b′ �= b. Then
bab′ →R b and bab′ →R b′ which contradicts the confluence of R. Similarly
there cannot exist a b′ �= b with (b′a, ε) ∈ R. Thus we can define an involution
: Γ → Γ by a = b if (ab, ε), (ba, ε) ∈ R. The lemma follows easily. ��

Note that the involution : Γ → Γ may have fixed points. For the rest of this
section it is helpful to eliminate these fixed points. Let a ∈ Γ such that a = a.
Take a new symbol a′ and redefine the involution on the alphabet Γ ∪ {a′}
by a = a′ and a′ = a. Let R′ = (R ∪ {(aa′, ε), (a′a, ε)})\{(aa, ε)}. Furthermore
for w ∈ Σ∗ let w′ ∈ (Σ ∪ {a′})∗ be the word that results from s by replacing
the ith occurrence of a in w by a′ if i is odd and leaving all other occurrences
of symbols unchanged. Then it follows that for s, t ∈ Σ∗ it holds s

∗↔R t if
and only if s′ ∗↔R′ t′. Note that s′, t′, and R′ can be calculated from s, t, and
R in uTC0. In this way we can eliminate all fixed points of the involution .
Thus for the rest of the section we may assume that a �= a for all a ∈ Γ . Let
S = {(aa, ε) | a ∈ Γ} ⊆ R. Then Γ ∗/S is the free group of rank |Γ |/2.

Define the morphism π : Σ∗ → {(, )}∗ by π(a) = ( for a ∈ Σ�, π(b) = )
for b ∈ Σr, and π(c) = ε for c ∈ Γ . We say that a word w ∈ Σ∗ is well-
bracketed if the word π(w) is well-bracketed. It is easy to see that if w ∗→R ε
then w is well-bracketed. Furthermore Theorem 1 implies that for a word w
and two positions i, j ∈ {1, . . . , |w|} we can check in uTC0 whether w[i, j] is
well-bracketed. We say that two positions i, j ∈ {1, . . . , |w|} are corresponding
brackets, briefly cow(i, j), if i < j, w[i] ∈ Σ�, w[j] ∈ Σr, w[i, j] is well-bracketed,
and w[i, k] is not well-bracketed for all k with i < k < j. Again it can be
checked in uTC0, whether two positions are corresponding brackets. If w is well-
bracketed then we can factorize w uniquely as w = s0w[i1, j1]s1 · · ·w[in, jn]sn,
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where n ≥ 0, cow(ik, jk) for all k ∈ {1, . . . , n} and sk ∈ Γ ∗ for all k ∈ {0, . . . , n}.
We define F(w) = s0 · · · sn ∈ Γ ∗.

Lemma 6. The partial function F : Σ∗ → Γ ∗ (which is only defined on well-
bracketed words) can be calculated in uTC0 .

Proof. First in parallel for every m ∈ {1, . . . , |w|} we calculate in uTC0 the
value fm ∈ {0, 1}, where fm = 0 if and only if there exist positions i ≤ m ≤ j
such that cow(i, j). Next we calculate in parallel for every m ∈ {1, . . . , |w|} the
sum Fm =

∑m
i=1 fi, which is possible in uTC0 by [5]. If F|w| < m ≤ |w| then

the m-th output is set to the binary coding of #. Ifm ≤ F|w| and i ∈ {1, . . . , |w|}
is such that fi = 1 and Fi = m then the m-th output is set to the binary coding
of w[i]. ��
Lemma 7. Let w = s0w[i1, j1]s1 · · ·w[in, jn]sn be well-bracketed, where n ≥ 0,
cow(ik, jk) for all 1 ≤ k ≤ n, and sk ∈ Γ ∗ for all 0 ≤ k ≤ n. Then w

∗→R ε if and
only if F(w) = s0 · · · sn ∗→S ε, (w[ik]w[jk], ε) ∈ R, and w[ik + 1, jk − 1] ∗→R ε
for all 1 ≤ k ≤ n.

Proof. The if-direction of the lemma is trivial. We prove the other direction
by an induction on the length of the derivation w

∗→R ε. The case that this
derivation has length 0 is trivial. Thus assume that w = w1�w2 →R w1w2

∗→R ε.
In case that the removed occurrence of � in w lies completely within one of the
factors sk (0 ≤ k ≤ n) or w[ik + 1, jk − 1] (1 ≤ k ≤ n) of w we can directly
apply the induction hypothesis to w1w2. On the other hand if the removed
occurrence of � contains one of the positions ik or jk (1 ≤ k ≤ n) then, since
cow(ik, jk), we must have � = w[ik]w[jk], w[ik + 1, jk − 1] = ε, and w1w2 =
s0w[i1, j1]s1 · · ·w[ik−1, jk−1](sk−1sk)w[ik+1, jk+1]sk+1 · · ·w[in, jn]sn ∗→R ε. We
can conclude by using the induction hypothesis. ��
Lemma 8. For w ∈ Σ∗ it holds w

∗→R ε if and only if w is well-bracketed,
F(w) ∗→S ε, and for all i, j ∈ {1, . . . , |w|} with cow(i, j) it holds ((w[i]w[j], ε) ∈
R and F(w[i+ 1, j − 1]) ∗→S ε).

Proof. The only if-direction can be shown by an induction on |w| as follows.
Let w

∗→R ε. Then w must be well-bracketed, thus we can factorize w as
w = s0w[i1, j1]s1 · · ·w[in, jn]sn, where n ≥ 0, cow(ik, jk) for all k ∈ {1, . . . , n},
and sk ∈ Γ ∗ for all k ∈ {0, . . . , n}. By Lemma 7 above we obtain F(w) ∗→S ε,
(w[ik]w[jk], ε) ∈ R, and w[ik + 1, jk − 1] ∗→R ε for all k ∈ {1, . . . , n}. Since
|w[ik + 1, jk − 1]| < |w| we can apply the induction hypothesis to each of the
words w[ik+1, jk− 1] which proves the only if-direction. For the other direction
assume that w is well-bracketed, F(w) ∗→S ε, and for all i, j ∈ {1, . . . , |w|} with
cow(i, j) it holds ((w[i]w[j], ε) ∈ R and F(w[i+ 1, j − 1]) ∗→S ε). We claim that
for all i, j ∈ {1, . . . , |w|} with cow(i, j) it holds w[i, j]

∗→R ε. This can be easily
shown by an induction on j − i. Together with F(w) ∗→S ε we get w ∗→R ε. ��
The previous lemma implies easily the following partial result.
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Lemma 9. The following problem is uTC0 -reducible to the WP for F2.
INPUT: A confluent and 2-homogeneous STS R and a word w ∈ Σ∗.
QUESTION: Does w ∗→R ε (or equivalently w

∗↔R ε) hold?

Proof. A circuit with oracle gates for the WP for F2 that on input w,R deter-
mines whether w ∗→R ε can be easily built using Lemma 8. The quantification
over all pairs i, j ∈ {1, . . . , |w|} in Lemma 8 corresponds to an and-gate of un-
bounded fan-in. In order to check whether F(w[i, j]) ∗→S ε for two positions i
and j, we first calculate in uTC0 the word F(w[i, j]) using Lemma 6. Next we
apply Corollary 3, and finally we use an oracle gate for the WP for F2. ��
For w ∈ Σ∗ we define the set Π(w) as the set of all positions i ∈ {1, . . . , |w|}
such that w[i] ∈ Σ� ∪Σr and furthermore there does not exist a position k > i

with w[i, k] ∗→R ε and there does not exist a position k < i with w[k, i] ∗→R ε.
Thus Π(w) is the set of all positions in w whose corresponding symbols are
from Σ� ∪ Σr but which cannot be deleted in any derivation starting from w.
The following lemma should be compared with [20, Lemma 5.4] which makes
a similar statement for arbitrary special STSs, i.e., STSs for which it is only
required that each rule has the form (s, ε) with s arbitrary.

Lemma 10. For u, v ∈ Σ∗ let Π(u) = {i1, . . . , im} and Π(v) = {j1, . . . , jn},
where i1 < i2 < · · · < im and j1 < j2 < · · · < jn. Define i0 = j0 = 0, im+1 =
|u|+1, and jn+1 = |v|+ 1. Then u

∗↔R v if and only if m = n, u[ik] = v[jk] for
1 ≤ k ≤ n and F(u[ik + 1, ik+1 − 1]) ∗↔S F(v[jk + 1, jk+1 − 1]) for 0 ≤ k ≤ n.

Proof. First we show the following statement:

Let w ∈ Σ∗. If Π(w) = ∅ then w is well-bracketed and w
∗→R F(w). (1)

The case that there does not exist an i ∈ {1, . . . , |w|} with w[i] ∈ Σ� ∪ Σr is
clear. Otherwise there exists a smallest i ∈ {1, . . . , |w|} with w[i] ∈ Σ�∪Σr. Thus
w = sw[i] t for some s ∈ Γ ∗, t ∈ Σ∗. SinceΠ(w) = ∅ we must have w[i] ∈ Σ� and
there exists a minimal j > i with w[i, j] ∗→R ε. Lemma 7 implies cow(i, j). Let u
be such that w = sw[i, j]u. Since Π(w) = ∅ we must haveΠ(u) = ∅. Inductively
it follows that u is well-bracketed and u ∗→R F(u). Thus w is well-bracketed and
w

∗→R sF(u) = F(w), which proves (1).
Now we prove the lemma. Consider a factor uk := u[ik−1 + 1, ik − 1] of u.

Let ik−1 < i < ik such that u[i] ∈ Σ�. Then i �∈ Π(u), hence there exists a
j > i such that u[i, j] ∗→R ε. But since ik ∈ Π(u) we must have j < ik. A similar
argument holds if u[i] ∈ Σr, hence Π(uk) = ∅ and thus uk

∗→R F(uk) by (1). We
obtain u

∗→R F(u1)u[i1]F(u2)u[i2] · · · F(um)u[im]F(um+1) =: u′ and similarly
v

∗→R F(v1)v[j1]F(v2)v[j2] · · · F(vn)v[jn]F(vn+1) =: v′. Thus u ∗↔R v if and
only if u′ ∗↔R v′ if and only if u′ and v′ can be reduced to a common word. But
only the factors F(uk) and F(vk) of u′ and v′, respectively, are reducible. The
lemma follows easily. ��
With the previous lemma the following theorem follows easily.
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Theorem 11. The UWP for the class of all confluent and 2-homogeneous STSs
is uTC0 -reducible to the WP for F2.

Proof. Let two words u, v ∈ Σ∗ and a confluent and 2-homogeneous STS R
be given. First we calculate in parallel for all i, j ∈ {1, . . . , |u|} with i < j the
Boolean value ei,j , which is false if and only if u[i, j] ∗→R ε. Next we calculate in
parallel for all i ∈ {1, . . . , |u|} the number gi ∈ {0, 1} by

gi =





1 if u[i] ∈ Σ� ∪Σr ∧

i−1∧

k=1

ek,i ∧
|u|∧

k=i+1

ei,k

0 else






Thus gi = 1 if and only if i ∈ Π(u). Similarly we calculate for all j ∈ {1, . . . , |v|}
a number hj ∈ {0, 1}, which is 1 if and only if j ∈ Π(v). W.l.o.g. we assume
that g1 = g|u| = h1 = h|v| = 1, this can be enforced by appending symbols to the
left and right end of u and v. Now we calculate in parallel for all i ∈ {1, . . . , |u|}
and all j ∈ {1, . . . , |v|} the sums Gi =

∑i
k=1 gk and Hj =

∑j
k=1 hk, which can

be done in uTC0 by [5]. Finally by Lemma 10, u ∗↔R v holds if and only if G|u| =
H|v| and furthermore for all i1, i2 ∈ {1, . . . , |u|} and all j1, j2 ∈ {1, . . . , |v|} such
that (gi1 = gi2 = hj1 = hj2 = 1, Gi1 = Hj1 , and Gi2 = Hj2 = Gi1 + 1) it holds
(u[i1] = v[j1], u[i2] = v[j2], and F(u[i1 + 1, i2 − 1]) ∗↔S F(v[j1 + 1, j2 − 1])).
Using Corollary 3, Lemma 6, and Lemma 9 the above description can be easily
converted into a uTC0-reduction to the WP for F2. ��
Corollary 12. The UWP for the class of all 2-homogeneous and confluent STSs
is in L. Furthermore if the WP for F2 is in uNC1 then the UWP for the class
of all 2-homogeneous and confluent STSs is in uNC1 .

4 The Nonuniform Case

In this section let R be a fixed 2-homogeneous STS over an alphabet Σ which is
not necessarily confluent. W.l.o.g. we may assume that Σ = {0, . . . , n− 1}. The
following two lemmas are easy to prove.

Lemma 13. Let a, b ∈ Σ such that a ∗↔R b and define a morphism φ : Σ∗ → Σ∗

by φ(a) = b and φ(c) = c for all c ∈ Σ\{a}. Then for all s, t ∈ Σ∗ we have
s

∗↔R t if and only if φ(s) ∗↔φ(R) φ(t).

Lemma 14. Let φ : Σ∗ → Σ∗ be the morphism defined by φ(a) = min{b ∈ Σ |
a

∗↔R b}. Then for all u, v ∈ Σ∗ it holds u ∗↔R v if and only if φ(u) ∗↔φ(R) φ(v).
Furthermore the STS φ(R) is confluent.

Proof. All critical pairs of φ(R) can be resolved: If φ(a) ← φ(a)φ(b)φ(c) → φ(c)
then a

∗↔R b and thus φ(a) = φ(b). The second statement of the lemma follows
immediately from Lemma 13.
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Theorem 15. Let R be a fixed 2-homogeneous STS over an alphabet Σ. Then
the WP for Σ∗/R is in L. Furthermore if the WP for F2 is in uNC1 then also
the WP for Σ∗/R is in uNC1 .

Proof. Let R be a fixed 2-homogeneous STS over an alphabet Σ and let φ be
the fixed morphism from Lemma 14. Since the morphism φ can be calculated in
uTC0, the result follows from Corollary 12. ��
The next theorem gives some lower bounds for word problems for 2-homogeneous
STSs. It deals w.l.o.g. only with confluent and 2-homogeneous STSs. We use the
notations from Lemma 5.

Theorem 16. Let R be a confluent and 2-homogeneous STS over the alphabet
Σ = Σ� ∪ Σr ∪ Γ . Let |Γ | = 2 · n+ f , where f is the number of fixed points of
the involution : Γ → Γ . If n+ f ≥ 2 but not (n = 0 and f = 2) then the WP
for R is uNC1 -hard under DLOGTIME-reductions. If n+ f < 2 or (n = 0 and
f = 2) then the WP for R is in uTC0 .

Proof. If we do not remove the fixed points of the involution : Γ → Γ then
the considerations from Section 3 imply that the WP for R is uTC0-reducible
to the WP for G = Fn ∗ Z2 ∗ · · · ∗ Z2, where ∗ constructs the free product and
we take f copies of Z2 (each fixed point of generates a copy of Z2, and the
remaining 2n many elements in Γ generate Fn). The case n+ f = 0 is clear. If
n + f = 1, then either G = Z or G = Z2. Both groups have a word problem
in uTC0. If n = 0 and f = 2 then G = Z2 ∗ Z2. Now Z2 ∗ Z2 is a solvable
group, see [23, Lemma 6.9]. Furthermore if we choose two generators a and b
of G, where a2 = b2 = 1 in G, then the number of elements of G definable by
words over {a, b} of length at most n grows only polynomially in n, i.e, G has a
polynomial growth function. Now [23, Theorem 7.6] implies that the WP for G
is in uTC0. Finally let n+ f ≥ 2 but not (n = 0 and f = 2). Then G = G1 ∗G2,
where either G1 �� Z2 or G2 �� Z2, hence G has F2 as a subgroup, see e.g. the
remark in [17, p 177]. Theorem 4 implies that the WP for G and thus also the
WP for R are uNC1-hard under DLOGTIME-reductions. ��

5 The General Uniform Case

In this section let R be an arbitrary 2-homogeneous STS over an alphabet Σ
which is not necessarily confluent. We start with some definitions. A word w =
a1a2 · · · an ∈ Σ∗, where n ≥ 1 and ai ∈ Σ for i ∈ {1, . . . , n}, is anR-path from a1

to an if for all i ∈ {1, . . . , n− 1} we have (aiai+1, ε) ∈ R or (ai+1ai, ε) ∈ R. Let
* and + be two symbols. For an R-path w = a1 · · · an the set DR(w) ⊆ {*, +}∗
contains all words of the form d1 · · ·dn−1 such that for all i ∈ {1, . . . , n − 1}
if di = * (respectively di = +) then (aiai+1, ε) ∈ R (respectively (ai+1ai, ε) ∈ R).
Since R may contain two rules of the form (ab, ε) and (ba, ε), the set DR(u) may
contain more than one word. We define a confluent and 2-homogeneous STS over
{*, +} by Z = {(**, ε), (++, ε)}. Finally let [ε]Z = {s ∈ {*, +}∗ | s ∗→Z ε}. Note
that every word in [ε]Z has an even length.
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Lemma 17. Let a, b ∈ Σ. Then a
∗↔R b if and only if there exists an R-path w

from a to b with DR(w) ∩ [ε]Z �= ∅.
Proof. First assume that w = a1 · · · an is an R-path such that a1 = a, an = b,
and d1 · · · dn−1 ∈ DR(w)∩ [ε]Z . The case n = 1 is clear, thus assume that n ≥ 3,
s = d1 · · · di−1di+2 · · · dn−1 ∈ [ε]Z , and di = * = di+1 (the case di = + = di+1

is analogous). Thus (aiai+1, ε), (ai+1ai+2, ε) ∈ R and ai ← aiai+1ai+2 → ai+2.
Define a morphism ϕ by ϕ(ai+2) = ai and ϕ(c) = c for all c ∈ Σ\{ai+2}. Then
w′ = ϕ(a1) · · ·ϕ(ai)ϕ(ai+3) · · ·ϕ(an) is a ϕ(R)-path such that s ∈ Dϕ(R)(w′).
Inductively we obtain ϕ(a) ∗↔ϕ(R) ϕ(b). Finally Lemma 13 implies a ∗↔R b.

Now assume that a
∗↔R b and choose a derivation a = u1 ↔R u2 ↔R

· · ·un−1 ↔R un = b, where n is minimal. The case a = b is clear, thus assume
that a �= b and hence n ≥ 3. First we will apply the following transformation
step to our chosen derivation: If the derivation contains a subderivation of the
form uv�2w ← u�1v�2w → u�1vw, where (�1, ε), (�2, ε) ∈ R then we replace this
subderivation by uv�2w → uvw ← u�1vw. Similarly we proceed with subderiva-
tions of the from u�2vw ← u�2v�1w → uv�1w. Since the iterated application of
this transformation step is a terminating process, we finally obtain a derivation
D from a to b which does not allow further applications of the transformation
described above. We proceed with the derivation D. Note that D is also a deriva-
tion of minimal length from a to b. Since a and b are both R-irreducible, D must
be of the form a

∗↔R u ← v → w
∗↔R b for some u, v, w. The assumptions on D

imply that there exist s, t ∈ Σ∗ and (a1a2, ε), (a2a3, ε) ∈ R such that u = sa1t,
v = sa1a2a3t, and w = sa3t (or u = sa3t, v = sa1a2a3t, and w = sa1t, this
case is analogous). Thus a1

∗↔R a3. Define the morphism ϕ by ϕ(a3) = a1 and
ϕ(c) = c for all c ∈ Σ\{a3}. Lemma 13 implies ϕ(a) ∗↔ϕ(R) ϕ(b) by a derivation
which is shorter then D. Inductively we can conclude that there exists a ϕ(R)-
path w′ from ϕ(a) to ϕ(b) with Dϕ(R)(w′)∩[ε]Z �= ∅. By replacing in the path w′

some occurrences of a1 by one of the R-paths a1a2a3, a3a2a1, or a3a2a1a2a3,
we obtain an R-path w from a to b. For instance if w′ contains a subpath of
the form ca1d, where (ca1, ε), (a1d, ε) �∈ R but (ca3, ε), (a3d, ε) ∈ R, then we
replace ca1d by ca3a2a1a2a3d. Since for all v ∈ {a1a2a3, a3a2a1, a3a2a1a2a3}
we have DR(v) ∩ [ε]Z �= ∅ it follows DR(w) ∩ [ε]Z �= ∅. ��
Define the set I by I = {s ∈ [ε]Z\{ε} | ∀p, q ∈ Σ∗\{ε} : s = pq ⇒ p �∈ [ε]Z}.
The following lemma follows immediately from the definition of I.
Lemma 18. It holds I ⊆ *{*, +}∗ * ∪ + {*, +}∗+ and [ε]Z = I∗.

Define a binary relation T ⊆ Σ ×Σ by (a, b) ∈ T if and only if there exists an
R-path w from a to b with |w| odd and furthermore there exist c, d ∈ Σ such
that either (ac, ε), (db, ε) ∈ R or (ca, ε), (bd, ε) ∈ R. Note that T is symmetric.

Lemma 19. Let a, b ∈ Σ. Then a
∗↔R b if and only if (a, b) ∈ ∗

T .

Proof. For the if-direction it suffices to show that a ∗↔R b if (a, b) ∈ T . Thus
assume that there exists an R-path w from a to b with |w| odd and furthermore
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there exist c, d ∈ Σ such that (ac, ε), (db, ε) ∈ R (the case that (ca, ε), (bd, ε) ∈ R
is analogous). Let s ∈ DR(w). Since (ac, ε), (db, ε) ∈ R, also the word wi =
(ac)|s|w(db)i is an R-path for every i ≥ 0. It holds si = (* +)|s|s(+ *)i ∈ DR(wi).
Since |s| is even and |s| < |(* +)|s||, the (unique) Z-normalform of the prefix
(* +)|s|s of si has the form (* +)j for some j ≥ 0. Thus sj ∈ [ε]Z and DR(wj) ∩
[ε]Z �= ∅. By Lemma 17 we have a ∗↔R b.

Now let a ∗↔R b. By Lemma 17 there exists an R-path w from a to b and
a word s ∈ DR(w) ∩ [ε]Z . Let s = s1 · · · sm where m ≥ 0 and si ∈ I. Let wi
be a subpath of w which goes from ai to ai+1 such that si ∈ DR(wi) and a1 =
a, am+1 = b. It suffices to show that (ai, ai+1) ∈ T . Since si ∈ I ⊆ [ε]Z ,
the length of si is even. Thus |wi| is odd. Next si ∈ *{*, +}∗ * ∪ + {*, +}∗+ by
Lemma 18. Let si ∈ *{*, +}∗*, the other case is symmetric. Hence there exist
rules (aic, ε), (dai+1, ε) ∈ R. Thus (ai, ai+1) ∈ T . ��
The preceding lemma is the key for proving that the UWP for the class of 2-
homogeneous STSs is in SL. In general it is quite difficult to prove that a problem
is contained in SL. A useful strategy developed in [12] and applied in [25,26] is
based on a logical characterization of SL. In the following we consider finite
structures of the form A = ({0, . . . , n − 1}, 0,max, s, R). Here max = n − 1,
and R and s are binary relations on {0, . . . , n − 1}, where s(x, y) holds if and
only if y = x+ 1. The logic FO+posSTS is the set of all formulas build up from
the constant 0 and max, first-order variables x1, x2, . . ., the binary relations s
and R, the equality =, the Boolean connectives ¬,∧, and ∨, the quantifiers ∀
and ∃, and the symmetric transitive closure operator STC, where STC is not
allowed to occur within a negation ¬. The semantic of STC is the following. Let
ϕ(x, y) be a formula of FO+posSTS with two free variables x and y, and let A =
({0, . . . , n − 1}, 0,max, s, R) be a structure. Assume that ϕ(x, y) describes the
binary relation S over {0, . . . , n−1}, i.e, A |= ϕ(i, j) if and only if (i, j) ∈ S for all
i, j ∈ {0, . . . , n−1}. Then [STCx, y ϕ(x, y)] is a formula of FO+posSTS with two
free variables, and for all i, j ∈ {0, . . . , n−1} it holds A |= [STCx, y ϕ(x, y)](i, j)
if and only if (i, j) belongs to the symmetric, transitive, and reflexive closure of S,
i.e, (i, j) ∈ (S ∪ S−1)∗. In [12] it was shown that for every fixed variable-free
formula ϕ of FO+posSTC the following problem belongs to SL:

INPUT: A binary coded structure A = ({0, . . . , n− 1}, 0,max, s, R)
QUESTION: Does A |= ϕ hold?

Theorem 20. The following problem is SL-complete:
INPUT: A 2-homogeneous STS R over an alphabet Σ and a, b ∈ Σ.
QUESTION: Does a ∗↔R b hold?

Proof. First we show containment in SL. Let R be a 2-homogeneous STS over
an alphabet Σ and let a, b ∈ Σ. W.l.o.g. we may assume that Σ = {0, . . . , n−1}
and a = 0, b = n−1. If a = 0 and b = n−1 does not hold then it can be enforced
by relabeling the alphabet symbols. This relabeling can be done in deterministic
log-space and we can use the fact that LSL = SL. We identify the input R, a, b
with the structure A = (Σ, 0,max, s, R), where R = {(i, j) | (ij, ε) ∈ R}. Now
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define formulas S(x, y) and T (x, y) as follows:

S(x, y) :⇔ ∃z{(R(x, z) ∨ R(z, x)) ∧ (R(y, z) ∨ R(z, y))}

T (x, y) :⇔ [STCu, v S(u, v)](x, y) ∧ ∃x′, y′
{
(R(x, x′) ∧ R(y′, y)) ∨
(R(x′, x) ∧ R(y, y′))

}

By Lemma 19, a ∗↔R b if and only if A |= [STCu, v T (u, v)](0,max). Thus
containment in SL follows from [12]. In order to show SL-hardness we use the
SL-complete undirected graph accessibility problem (UGAP), see also [14]:

INPUT: An undirected graph G = (V,E) and two nodes a, b ∈ V .
QUESTION: Does there exist a path in G from a to b?

Let G = (V,E), a, b be an instance of UGAP, where E ⊆ {{v, w} | v, w ∈ V }
and of course V ∩ E = ∅. We define a 2-homogeneous STS R over V ∪ E by
R = {(ce, ε), (ec, ε) | c ∈ V, e ∈ E, c ∈ e}. We claim that there exists a path
in G from a to b if and only if a ∗↔R b. First assume that there exists a path
a = a1, a2, · · · , an = b with {ai, ai+1} = ei ∈ E. The case n = 1 is clear. If n > 1
then by induction a

∗↔R an−1. Thus a
∗↔R an−1 ← an−1en−1an → an = b.

Conversely assume that a and b belong to different connected components of G.
Let Va and Ea be the set of all nodes and edges, respectively, that belong to the
connected component of a. Define a projection π : V ∪E → Va∪Ea by π(x) = ε if
x �∈ Va∪Ea and π(x) = x if x ∈ Va∪Ea. If a ∗↔R b then a = π(a) ∗↔π(R) π(b) = ε,
which is impossible since u

∗↔π(R) ε implies |u|V = |u|E, where |u|X is the
number of occurrences of symbols from X in u. ��
Theorem 21. The UWP for the class of all 2-homogeneous STSs is SL-complete.

Proof. By Theorem 20 it remains to show containment in SL. W.l.o.g. let Σ =
{0, . . . , n−1}. Let φ be the morphism from Lemma 14. We check whether u ∗↔R v
by essentially running the log-space algorithm for the UWP for confluent and
2-homogeneous STSs from Section 3, but each time we read from the input-tape
(the binary coding of) a symbol a ∈ Σ, we replace a by φ(a). Since φ(a) =
min{b ∈ Σ | a ∗↔R b}, Theorem 20 implies that we can find φ(a) by at most n
queries to an SL-oracle. Since LSL = SL, the theorem follows. ��
Acknowledgments I would like to thank Klaus Wich for valuable comments.
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(MFCS’81), S̆trbské Pleso (Czechoslovakia), number 118 in Lecture Notes in Com-
puter Science, pages 216–223. Springer, 1981. 500

10. S. R. Buss. The Boolean formula value problem is in ALOGTIME. In Proceedings
of the 19th Annual Symposium on Theory of Computing (STOC 87), pages 123–
131. ACM Press, 1987. 501

11. S. A. Cook. A taxonomy of problems with fast parallel algorithms. Information
and Control, 64:2–22, 1985. 501

12. N. Immerman. Languages that capture complexity classes. SIAM Journal on
Computing, 16(4):760–778, 1987. 509, 510

13. M. Jantzen. Confluent string rewriting. In EATCS Monographs on theoretical
computer science, volume 14. Springer, 1988. 502

14. H. R. Lewis and C. H. Papadimitriou. Symmetric space-bounded computation.
Theoretical Computer Science, 19(2):161–187, 1982. 501, 510

15. R. J. Lipton and Y. Zalcstein. Word problems solvable in logspace. Journal of the
Association for Computing Machinery, 24(3):522–526, 1977. 500, 502

16. M. Lohrey. Word problems and confluence problems for restricted semi-Thue sys-
tems. In L. Bachmair, editor, Proceedings of the 11th International Conference on
Rewrite Techniques and Applications (RTA 2000), Norwich (UK), number 1833 in
Lecture Notes in Computer Science, pages 172–186. Springer, 2000. 500

17. R. C. Lyndon and P. E. Schupp. Combinatorial Group Theory. Springer, 1977.
502, 507

18. A. Markov. On the impossibility of certain algorithms in the theory of associative
systems. Doklady Akademii Nauk SSSR, 55, 58:587–590, 353–356, 1947. 500

19. N. Nisan and A. Ta-Shma. Symmetric logspace is closed under complement.
Chicago Journal of Theoretical Computer Science, 1995. 501

20. F. Otto and L. Zhang. Decision problems for finite special string-rewriting systems
that are confluent on some congruence class. Acta Informatica, 28:477–510, 1991.
505

21. C. H. Papadimitriou. Computational Complexity. Addison Wesley, 1994. 501
22. E. Post. Recursive unsolvability of a problem of Thue. Journal of Symbolic Logic,

12(1):1–11, 1947. 500
23. D. Robinson. Parallel Algorithms for Group Word Problems. PhD thesis, Univer-

sity of California, San Diego, 1993. 502, 507
24. W. L. Ruzzo. On uniform circuit complexity. Journal of Computer and System

Sciences, 22:365–383, 1981. 501



512 Markus Lohrey

25. I. Stewart. Complete problems for symmetric logspace involving free groups. In-
formation Processing Letters, 40:263–267, 1991. 509

26. I. Stewart. Refining known results on the generalized word problem for free groups.
International Journal of Algebra and Computation, 2:221–236, 1992. 509

27. H. Vollmer. Introduction to Circuit Complexity. Springer, 1999. 501



Variations on a Theorem of Fine & Wilf

Filippo Mignosi1�, Jeffrey Shallit2��, and Ming-wei Wang2

1 Dipartimento di Matematica ed Applicazioni, Universitá di Palermo
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Abstract. In 1965, Fine & Wilf proved the following theorem: if (fn)n≥0

and (gn)n≥0 are periodic sequences of real numbers, of periods h and k
respectively, and fn = gn for 0 ≤ n < h+ k− gcd(h, k), then fn = gn for
all n ≥ 0. Furthermore, the constant h + k − gcd(h, k) is best possible.
In this paper we consider some variations on this theorem. In particular,
we study the case where fn ≤ gn instead of fn = gn. We also obtain a
generalization to more than two periods.

1 Introduction

Periodicity is an important property of words that has applications in various
domains. For instance, it has applications in string searching algorithms (cf. [4]),
in formal languages (cf. for instance the pumping lemmas in Salomaa [11]), and
it is an important part of combinatorics on words (cf. [3,1].

The first significants results on periodicity are the theorem of Fine & Wilf
and the critical factorization theorem. The main result of this paper is a variation
on the theorem of Fine & Wilf in which equality is replaced by inequality.

Besides its intrinsic interest, we started our researches on this subject by
trying to solve the still-open “decreasing length conjecture” on D0L-sequences.
This conjecture states that if ϕ : Σ∗ → Σ∗ is a morphism on the free monoid,
|Σ| = n, and w ∈ Σ∗, then

|w| > |ϕ(w)| > · · · > |ϕk(w)|
implies that k ≤ n.

We soon realized that the Theorem of Fine & Wilf was not an appropriate
tool for approaching this conjecture. But, by using Theorem 11, we were able to
prove this conjecture when w consists only of non-growing letters, a result that
seems impossible with Fine & Wilf. Details will appear in the full paper.

We say a sequence (fn)n≥0 is periodic with period h ≥ 1 if fn = fn+h for all
n ≥ 0. The following is a classical “folk theorem”:
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Theorem 1. If (fn)n≥0 is a sequence of real numbers which is periodic with
periods h and k, then it is periodic with period gcd(h, k).

Proof. By the extended Euclidean algorithm, there exist integers r, s ≥ 0 such
that rh− sk = gcd(h, k). Then we have

fn = fn+rh = fn+rh−sk = fn+gcd(h,k)

for all n ≥ 0. �	
The 1965 theorem of Fine & Wilf [6] is the following:

Theorem 2. Let (fn)n≥0, (gn)n≥0 be two periodic sequences of real numbers,
of periods h and k respectively.

(a) If fn = gn for 0 ≤ n < h + k − gcd(h, k), then fn = gn for all n ≥ 0.
(b) The conclusion in (a) would be false if h+k−gcd(h, k) were replaced by any

smaller number.

As mentioned previously, in this paper we consider a variation on the theorem
of Fine & Wilf in which equality is replaced by inequality. It is easy to see that
we must necessarily impose some additional condition in order for the result to
hold, and so we add a “normality” condition that the periods sum to 0.

Our main theorem follows:

Theorem 3. Let (fn)n≥0, (gn)n≥0 be two periodic sequences of real numbers,
of periods h and k, respectively, such that

∑

0≤i<h
fi =

∑

0≤j<k
gj = 0.

Let d = gcd(h, k).

(a) If
fn ≤ gn for 0 ≤ n < h + k − d (1)

then
(i) fn = gn for all n ≥ 0; and
(ii)

∑
j≤i<j+d fi =

∑
j≤i<j+d gi = 0 for all integers j ≥ 0.

(b) The conclusion (a)(i) would be false if in the hypothesis h + k − d were
replaced by any smaller integer.

Remarks. Although Theorem 3 is superficially similar to that of Fine & Wilf
(Theorem 2), it is not trivially implied by Theorem 2. This can be seen most
easily by comparing the generalization to three or more periods found in Section 3
to the work of Castelli, Mignosi, and Restivo [2] on Fine & Wilf for three periods:
for three periods h1, h2, h3 their periodicity bound is approximately 1

2 (h1 +h2 +
h3) while ours is approximately h1 + h2 + h3. (Also see Justin [8].)
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Theorem 3 is reminiscent of some classical theorems on trigonometric polyno-
mials. For example, Fejér [5] proved that a real trigonometric polynomial with 0
constant term

λ1 cos θ + µ1 sin θ + λ2 cos(2θ) + µ2 sin(2θ) + · · ·+ λr cos(rθ) + µr sin(rθ)

cannot have the same sign for all real θ unless it is identically zero. Also see
Pólya and Szegö [10, pp. 80, 263] and Gilbert and Smyth [7].

2 Proof of Theorem 3

Proof. Let d = gcd(h, k). First, observe that any periodic sequence (bn)n≥0 of
period p can be written in the form

bn =
∑

ω
ωp=1

cω ωn

where the sum is over all the complex p’th roots of unity.
Thus there are constants ci and dj such that

fn =
∑

0≤i<h
ciω

in
h ;

gn =
∑

0≤j<k
djω

jn
k ;

for all n ≥ 0, where ωp is a primitive p’th root of unity.
Let

r = [r1, r2, . . . , rm]
= [1, ωh, ω2

h, . . . , ω
h−1
h , 1, ωk, ω2

k, . . . , ω
k−1
k ],

where m = h + k.
Let B = h + k− d, and define a B ×m Vandermonde-type matrix T = (ti,j)

by
ti,j = rij

for 0 ≤ i < B, 1 ≤ j ≤ m. Define a column vector

v = [c0, c1, . . . , ch−1,−d0,−d1, . . . ,−dk−1]T .

Then the hypothesis (1) of the theorem states that Tv ≤ 0, and the desired
conclusion in part (a)(i) is equivalent to Tv = 0.

Now, since the period of f sums to 0, we have

0 =
∑

0≤n<h
fn =

∑

0≤n<h

∑

0≤i<h
ciω

in
h =

∑

0≤i<h
ci

∑

0≤n<h
ωinh = hc0,
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and so it follows that
c0 = 0. (2)

Similarly, we have d0 = 0.
Now some of the elements of r will appear more than once in r, and hence

some of the columns of T are identical. Let T ′ be the matrix obtained from T by
deleting the extra identical columns. Then T ′ is a B × B matrix. Let v′ be the
vector obtained from v by summing the entries corresponding to the identical
columns of T . Then Tv = T ′v′.

Let T ′′ be the B × (B − 1) matrix obtained from T ′ by deleting the single
column of 1’s. Let v′′ be the vector obtained from v′ by deleting the entry
corresponding to the column of 1’s in T ′, which by (2) must be 0. Then we have
Tv = T ′′v′′.

Define

y(X) =
(Xh − 1)(Xk − 1)
(Xd − 1)(X − 1)

=
∑

0≤i<B
aiX

i.

We now claim that all the coefficients ai of y are all strictly positive. To see this,
note that

y(X) =
Xh − 1
Xd − 1

· X
k − 1

X − 1
= (1 + Xd + X2d + · · ·+ Xh−d)(1 + X + X2 + · · ·+ Xk−1).

Now y is a polynomial of degree h + k − d− 1. If i < h, write i = qd + r where
0 ≤ r < d, and choose the term Xqd from the left factor and Xr from the right
factor to show ai > 0. If h ≤ i < h + k − d, choose Xh−d from the left factor
and X i−h+d from the right factor to show ai > 0.

Now let
z = [a0 a1 a2 · · · aB−1].

Then zT ′′ = 0, since multiplying z by column i of T ′′ is just evaluating the
polynomial y(X) at its root ri.

Suppose there exists a column vector v such that Tv ≤ 0 but Tv �= 0. Then
from above there exists v′′ such that T ′′v′′ ≤ 0 but T ′′v′′ �= 0. But since the
entries of z are all strictly positive we would have zT ′′v′′ ≤ 0 and zT ′′v′′ �= 0.
But zT ′′ = 0, a contradiction. This proves (a)(i).

Now we prove (a)(ii). Since fn = gn for all n ≥ 0, it follows that f is periodic
of period h and k, and hence by Theorem 1, of period d.

Then fj+fj+1+· · ·+fj+d−1 is just a cyclic permutation of f0+f1+· · ·+fd−1,
which equals 0. A similar argument applies to g.

We now turn to the proof of part (b). To prove the claim we will construct,
for each pair of integers (h, k) with 0 < h ≤ k and (h, k) �= (1, 1), strings vh,k
and wh,k of length h and k respectively, over the alphabet {−1, 0,+1}. The
intent is that the terms of vh,k represent the values of f0, f1, . . . , fh−1 and the
terms of wh,k represent the values of g0, g1, . . . , gk−1.
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We introduce some notation. First, we let an overbar denote negation, so
that 1 = −1 (and 0 = 0). Second, we define a function A(x) as follows: if
x = a1a2 · · · ai for some i ≥ 1, then A(x) = (a1 + 1)a2 · · · ai. Thus A has the
effect of adding one to the first term of its argument. Similarly we have A−1(x) =
(a1 − 1)a2 · · ·ai.

The definition of vh,k and wh,k is as follows: write k = qh+r, with 0 ≤ r < k.
Then we have

vh,k =

{
0h, if r = 0;
−wr,h, otherwise.

(3)

wh,k =

{
1 0k−2 1, if r = 0;
A(−wr,h) (−wr,h)q−1 A−1(−vr,h), otherwise.

Figure 1 gives some examples of vh,k and wh,k:

h k vh,k wh,k

1 2 0 11
2 2 00 11
2 3 11 011
2 4 00 1001
3 3 000 101
3 5 011 11101
4 6 1001 000110
5 8 11101 01101111
5 12 01111 111110111101
8 13 01101111 1110111101101

Fig. 1. Some sample values of vh,k and wh,k

As it turns out, vh,k and wh,k are closely related to the so-called standard
Sturmian words [9], which can be defined as follows:

σ(h, k) =





0, if (h, k) = (0, 1);
0k−11, if h = 1;
σ(r, h)q σ(r′, r), if h > 1 and k = qh + r, h = q′r + r′.

(4)

We introduce some notation dealing with continued fractions. For any rational
number u, express u as a finite simple continued fraction u = [a0, a1, a2, . . . , an],
with the additional restriction that an �= 1 if u ∈ Q − Z. Then we define the
length of u, )(u), to be n. Note that )(u) = 0 if u ∈ Z, and further that )(u/v) =
)((v mod u)/u) for integers 0 < u < v.
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The standard Sturmian words possess a number of beautiful properties, in-
cluding the following [9]:

Theorem 4. Suppose 0 < h ≤ k and gcd(h, k) = 1. Write k = qh + r. Then
σ(h, k)σ(r, h) coincides with σ(r, h)σ(h, k) except for the last two symbols. If
)(h, k) is even, then σ(h, k)σ(r, h) ends in 01, while σ(r, h)σ(h, k) ends in 10,
while if )(h, k) is odd, the situation is reversed.

Lemma 5. Let h, k be integers with 0 < h ≤ k. Then

vh,k ∈ (0∗ 1 0∗ 1)∗ 0∗;
wh,k ∈ (0∗ 1 0∗ 1)∗ 0∗.

Proof. By induction on )(h/k). If )(h/k) = 0, then we have vh,k = 0h and wh,k =
1 0k−2 1.

Otherwise, assume the result is true for )(h/k) = n. We prove it for )(h/k) =
n + 1. Write k = qh + r. Then )(r/h) = n, and wr,h ∈ (0∗ 1 0∗ 1)∗ 0∗ by
induction. Hence vh,k = −wr,h ∈ (0∗ 1 0∗ 1)∗ 0∗, as desired.

Also vr,h ∈ (0∗ 1 0∗ 1)∗ 0∗ by induction, so

wh,k = A(−wr,h) (−wr,h)q−1 A−1(−vr,h)
∈ (1 0∗ 1 0∗ 1 + 0∗ 1)(0∗ 1 0∗ 1)∗ 0∗((0∗ 1 0∗ 1)∗0∗)q−1

(1 0∗ 1 0∗ 1 + 0∗ 1)(0∗ 1 0∗ 1)∗0∗

⊆ (0∗ 1 0∗ 1)∗ 0∗,

as desired. �	
We also define the sum map s and the running sum map S as follows: if x =

b1b2 · · · bi, then s(x) = b1+b2+· · ·+bi and S(x) = b1(b1+b2) · · · (b1+b2+· · ·+bi).

Lemma 6. Let 0 ≤ h ≤ k with (h, k) �= (1, 1). We have

(a) s(vh,k) = s(wh,k) = 0;
(b) |vh,k| = h;
(c) |wh,k| = k.

Proof. By induction on )(h/k). �	

We introduce one more piece of notation: τ is a coding which maps 0 → 1
and 1→ 0.

Lemma 7. Let x ∈ (0∗ 1 0∗ 1)∗0∗. Then τ(S(x)) = S(A(−x)).
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Proof. If x ∈ (0∗ 1 0∗ 1)∗0∗, then we can write

x = 0a1 1 0b1 1 0a2 1 0b2 1 · · · 0an 1 0bn 1 0an+1

for some non-negative integers n, a1, a2, . . . , an, an+1, b1, b2, . . . , bn. Hence

S(x) = 0a1 1b1+1 0a2+1 1b2+1 · · · 0an+1 1bn+1 0an+1+1

and
τ(S(x)) = 1a1 0b1+1 1a2+1 0b2+1 · · · 1an+1 0bn+1 1an+1+1.

On the other hand, we have

A(−x) =

{
1 0a1−1 1 0b1 1 0a2 1 0b2 1 · · · 0an 1 0bn 1 0an+1, if a1 > 0;
0b1+1 1 0a2 1 0b2 1 · · · 0an 1 0bn 1 0an+1, if a1 = 0;

and so

S(A(−x)) =

{
1a1 0b1+1 1a2+1 0b2+1 · · · 0an+1 1bn+1 0an+1 , if a1 > 0;
0b1+1 1a2+1 0b2+1 · · · 0an+1 1bn+1 0an+1, if a1 = 0.

�	
We introduce a family of morphisms, ϕd, for integers d ≥ 1. We define ϕd(0) =

0d and ϕd(1) = 0d−11.

Theorem 8. Suppose 0 < h ≤ k with gcd(h, k) = d. Then

S(wh,k) = τ �(h/k)(ϕd(σ(h/d, k/d))).

Proof. By induction on )(h/k).
If )(h/k) = 1 then, using Eq. (4), we find

τ(ϕd(σ(h/d, k/d))) = τ(ϕd(0k/d − 1))
= τ(0k−d 0d−1 1)
= 1k−1 0.

On the other hand, wh,k = 1 0k−2 1. Hence S(wh,k) = 1k−10.
If )(h/k) = 2 then write k = qh + r with r = d. Then

τ2(ϕd(σ(h/d, k/d))) = ϕd(σ(h/d, k/d))
= ϕd(σ(r/d, h/d)q σ(0, r/d))
= ϕd((0h/d−1 1)q 0)
= (0h−d 0d−1 1)q 0d

= (0h−1 1)q 0d.
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On the other hand,

wh,k = A(−wd,h) (−wd,h)q−1 A−1(−vd,h)
= A(1 0h−2 1)(1 0h−2 1)q−1A−1(0d)
= 0h−1 1(1 0h−21)q−1 1 0d−1

so that S(wh,k) = (0h−11)q 0d.
Now assume n > 2 and the result is true for )(h/k) < n; we prove it for

)(h/k) = n. Write k = qh + r, h = q′r + r′. Then

S(wh,k) = S(A(−wr,h)(−wr,h)q−1A−1(wr′,r)) (by Eq. (3))
= S(A(−wr,h))qS(wr′,r)
= τ(S(wr,h))q S(wr′,r) (by Lemma 7)

= τ(τ �(r/h)(ϕd(σ(r/d, k/d))))qτ �(r
′/r)(ϕd(σ(r′/d, r/d))) (by induction)

= τ �(h/k)(ϕd(σ(r/d, k/d)qσ(r′/d, r/d)))
= τ �(h/k)(ϕd(σ(h/d, k/d))).

This completes the proof. �	
Corollary 9. Let 0 < h ≤ k, and d = gcd(h, k) . Then D1 := wh,kA(vh,k)
coincides with D2 := A(vh,k)A−1(wh,k) except for the last d + 1 symbols.

(a) If )(h, k) is even, then D1 ends in 0d 1 while D2 ends in 1 1 0d−1.
(b) If )(h, k) is odd, then D1 ends in 1 1 0d−1 while D2 ends in 0d 1.

Proof. We prove only the case where )(h, k) is even. The case where )(h, k) is
odd is similar and is left to the reader.

By Theorem 4 we know that

E1 := σ(h/d, k/d)σ(r/d, k/d)

coincides with
E2 := σ(r/d, h/d)σ(h/d, k/d)

except that E1 ends in 01 while E2 ends in 10. It follows that ϕd(E1) coincides
with ϕd(E2) except that ϕd(E1) ends in 02d−1 1 while ϕd(E2) ends in 0d−1 1 0d.

By Theorem 8 we know

ϕd(E1) = S(wh,k)τ(S(wr,h));
ϕd(E2) = τ(S(wr,h))S(wh,k).

By Lemma 7 we have τ(S(wr,h)) = S(A(−wr,h)) = S(A(vh,k)). Hence

S(wh,k)τ(S(wr,h)) = S(wh,k)S(A(vh,k)) = S(wh,kA(vh,k)),

where we have used Lemma 6 (a). Similarly

τ(S(wr,h))S(wh,k) = S(A(vh,k))S(wh,k) = S(A(vh,k)A−1(wh,k)).
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It now follows that S(wh,kA(vh,k)) coincides with S(A(vh,k)A−1(wh,k)) ex-
cept that the first ends in 02d−1 1 while the second ends in 0d−1 1 0d.
Hence wh,kA(vh,k) coincides with A(vh,k)A−1(wh,k) except that the first ends
in 0d 1 while the second ends in 1 1 0d−1, as desired. �	

We can now complete the proof of Theorem 3 (b). If x is a finite sequence,
then by xω we mean the infinite sequence xxx · · · . We will show that if (fn)n≥0 =
vωh,k and (gn)n≥0 = wωh,k, then fi ≤ gi for 0 ≤ i < h+k−d−1, while fh+k−d−1 >
gh+k−d−1.

For )(h/k) = 1 we have k = qh, so d = h. Then vh,k = 0h and wh,k = 1 0k−2 1,
and so fi ≤ gi for 0 ≤ i < k − 1 = h + k − d− 1, while fk−1 = 0 > gk−1 = −1.

Now assume )(h/k) = 2. Write k = qh+ r. The following diagram illustrates
a prefix of vωh,k compared to wωh,k:

vωh,k = vh,k

q−1︷ ︸︸ ︷
vh,k vh,k · · · vh,k vh,k vh,k · · ·

wωh,k = A(vh,k)
q−1︷ ︸︸ ︷

vh,k vh,k · · · vh,k A−1(−vr,h) A(vh,k) · · ·
(5)

From this picture we see that f0 < g0, and fi = gi for 1 ≤ i < qh. For the
range qh ≤ i ≤ h + k + d− 1, we must compare vh,kvh,k to A−1(−vr,h)A(vh,k).

However, since vh,k = −wr,h, and wr,h begins with A(vr,h), it suffices to
compare F1 := vh,kA

−1(−vr,h) to F2 := A−1(−vr,h)A(vh,k).
From Corollary 9, it follows that

(a) if )(h, k) is even, then F1 and F2 coincide, except that F1 ends in 1 1 0d−1

while F2 ends in 0d 1;
(b) if )(h, k) is odd, then F1 and F2 coincide, except that F1 ends in 0d 1 while F2

ends in 1 1 0d−1.

Thus fi ≤ gi for 0 ≤ i < h + k − d − 1, but fh+k−d−1 > gh+k−d−1. This
completes the proof of Theorem 3.

Example. Suppose h = 8 and k = 13. Then from Figure 1 we have

n 0 1 2 3 4 5 6 7 8 9 10 11 12 13 14 15 16 17 18 19
fn 1 −1 1 0 −1 1 −1 1 0 −1 1 0 −1 1 −1 1 0 −1 1 0
gn 1 −1 1 0 −1 1 −1 1 0 −1 1 0 −1 1 −1 1 0 −1 1 −1

so we find fn ≤ gn for 0 ≤ n < 19.

There is another construction for proving Theorem 3 (b), under the additional
restriction that h �= k. This construction gives strict inequality for h + k −
gcd(h, k)− 1 consecutive terms. We describe it next.

First, we need a slight generalization of the standard Sturmian words to the
case where gcd(h, k) > 1. To do so, we modify the construction given in Eq. (4)
as follows:
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σ(h, k) =






0, if h = 0;
0k−11, if h |k;
σ(r, h)q σ(r′, r), if h > 1 and k = qh + r, h = q′r + r′.

It is now not difficult to see that a periodic function with period σ(h, k) and
a periodic function of period σ(r, h) (with k = qh + r) coincide for the first
h + k − gcd(h, k)− 1 terms, but disagree at term h + k − gcd(h, k).

Now let A and B be two integers to be specified later, and define two codings
τ0 and τ1 as follows: τ0(0) = A, τ0(1) = B, τ1(0) = A + 1, τ1(1) = B + 1.

Theorem 10. There exist choices for A and B such that if k = qh + r, and
0 < h < k, then f := τ0(σ(r, h)) and g := τ1(σ(h, k)) both have periods that
sum to 0 and satisfy fi < gi for 0 ≤ i < h + k − gcd(h, k) − 1, but not at
i = h + k − gcd(h, k)− 1.

Proof. First, we observe that the number of 1’s in σ(h, k) is is equal to u, where
hu/d ≡ (−1)�(h,k)+1 (mod k/d), 0 ≤ u < k/d, and d = gcd(h, k). See, for
example, [1]. (Strictly speaking this was proved only for the case d = 1 but the
proof in the more general case is not difficult.) Similarly, the number of 1’s in
σ(r, h) is equal to t, where th/d ≡ (−1)�(r,h)+1 (mod h/d) and 0 ≤ t < h/d. It
follows that the sum of the period for τ0(σ(r, h)) is A(h− t) + Bt, and the sum
of the period for τ1(σ(h, k)) is (A + 1)(k − u) + (B + 1)u. We want both these
sums to be 0. Such A and B exist provided

det
[
h− t t
k − u u

]
�= 0.

In other words, we want (h− t)u−(k−u)t = hu−kt �= 0. It suffices to show that
(h/d)u− (k/d)t is nonzero. Consider this expression modulo k/d; we get (h/d)u
(mod k/d). But from above this is ±1, and hence �= 0 provided k/d > 1. But
since 0 < h < k, we have k = d if and only if h = k. Since h < k, the required A
and B exist.

Now, by the construction, f and g have periods that sum to 0, and fi < gi
for 0 ≤ i < h + k − gcd(h, k)− 1, but fi > gi for i = h + k − gcd(h, k)− 1. �	

Example.
Take h = 5, k = 8. Then we find σ(r, h) = 01001 and σ(h, k) = 01001010.

Solving the linear system 3A+2B = 0, 5(A+1)+3(B+1) = 0, we find A = −15,
B = 24. Thus if f is the periodic sequence (−16, 24,−16,−16, 24)ω and g is the
periodic sequence (15, 25,−15,−15, 25, 15,−25, 15)ω, we see from the following
table

n 0 1 2 3 4 5 6 7 8 9 10 11
fn −16 24 −16 −16 24 −16 24 −16 −16 24 −16 24
gn −15 25 −15 −15 25 −15 25 −15 −15 25 −15 −15

that fn < gn for 0 ≤ n ≤ 10, but not at n = 11.
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3 More than Two Periods

In this section we consider results analogous to Theorem 3 for more than two
periods.

Theorem 11. Let (f1(n))n≥0, (f2(n))n≥0, . . ., (fr(n))n≥0 be r periodic real-
valued sequences of periods h1, h2, . . . , hr, respectively. Suppose that the periods
of the fj sum to 0, that is, for all j, 1 ≤ j ≤ r, we have

∑

0≤n<hj

fj(n) = 0.

If ∑

1≤j≤r
fj(n) ≤ 0

for 0 ≤ n < h1 + h2 + · · ·+ hr − r + 1, then
∑

1≤j≤r
fj(n) = 0

for all n ≥ 0.

Proof. The proof is very similar to the proof of Theorem 3, and we indicate only
what needs to be changed. The argument goes through as stated, except that
we define the polynomial y as follows:

y(X) =
∏

1≤i≤r

Xhi − 1
X − 1

.

Then deg y = h1 +h2 + · · ·+hr− r, and the coefficients of y are strictly positive.
�	

We note that the bound h1 +h2 + · · ·+hr− r+ 1 is not, in general, optimal,
although the bound is optimal if the period lengths h1, h2, . . . , hr are relatively
prime. The optimal bound can be computed using the following algorithm.

Define s(X) =
∏

1≤i≤r(X
hi − 1) and

t(X) =
s(X)

(X − 1)gcd(s(X), s′(X))
.

Let a0, a1, . . . , am be defined such that t(X) =
∑

0≤i≤m aiX
i, with m = deg t.

Let v0, v1, . . . be defined as follows:

v0 = [a0, ..., am, 0, ...]
v1 = [0, a0, ..., am, 0, ...]
v2 = [0, 0, a0, ..., am, 0, ...].

...
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Let k be the largest integer such that the orthogonal complement of Vk :=
{v0, . . . , vk} intersects the non-negative quadrant nontrivially in the first m+k+1
coordinates. Then the bound is m + k + 2 = (deg t) + k + 2.

Example. Consider the case where h1 = 6, h2 = 10, and h3 = 15. Then

t(X) = X21 + X19 + X18 + X17 + 2X16 + X15 + 2X14 + 2X13 + 2X12 +
2X11 + 2X10 + 2X9 + 2X8 + 2X7 + X6 + 2X5 + X4 + X3 + X2 + 1.

Then we have m = 21 and k = 0. Hence if
∑

1≤j≤r fj(n) ≤ 0 for 0 ≤ n < 23,
then

∑
1≤j≤r fj(n) = 0 for all n ≥ 0. However, the following is an example

of three periodic sequences of period lengths 6, 10, and 15, respectively, whose
periods sum to 0 and such that the sum is ≤ 0 for the first 22 terms:

f1 = (0, 0, 0,−1, 1, 0)ω;
f2 = (0, 0, 0, 0, 0, 1,−1, 0,−1, 1)ω;
f3 = (0, 0, 0, 1,−1,−1, 1, 0, 1, 0,−1, 0, 0, 0, 0)ω.
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Abstract. We derive new upper bounds on the bisection width of graphs
which have a regular vertex degree. We show that the bisection width of
large 3-regular graphs with |V | vertices is at most 1

6
|V |. For the bisection

width of large 4-regular graphs we show an upper bound of 2
5
|V |.

Keywords: graph partitioning; bisection width; regular graphs; local
improvement;

1 Introduction

There are graph-partitioning problems in a wide range of applications. The task
is to divide the set of vertices of a graph equally into a given number of parts while
keeping the number of crossing edges between vertices belonging to different
parts, called the cut size of the partition, as small as possible. The special case
of a partition of the graph into 2 parts is called a bisection, and the minimal
cut size of all balanced bisections of a graph is called its bisection width. Its
calculation is NP-complete for arbitrary graphs [11] and remains NP-complete
for regular graphs [5].

There are several results on bounds on the bisection width of regular graphs
(discussed below). Results for 3- and 4-regular graphs are of special interest
because these are the lowest non-trivial degrees. Some previous results for small
degrees have been generalized to results for larger degrees.

It is a general theoretical interest to improve previous upper bounds on 3- and
4-regular graphs. Moreover, there are some direct applications of these results. As
a motivating example, upper bounds on the bisection width of 4-regular graphs
have successfully been applied to the configuration of transputer systems [13].

Definitions and Previous Results Let G = (V,E) be a simple undirected
graph with vertex set V of cardinality n := |V | and edge set E. A graph is d-
regular if for all v ∈ V it is |{w ∈ V ; {v, w} ∈ E}| = d. Let π : V → {0, 1} be a
bisection of G. It distributes the vertices among parts V0 and V1. We focus on
balanced bisections, i. e. the number of vertices in the parts differ by at most 1.
Let cut(π) := |{{v, w} ∈ E;π(v) �= π(w)}| be the cut size of π. The bisection
width of a graph G is bw(G) := min{cut(π);π is a balanced bisection of G}.

J. Sgall, A. Pultr, and P. Kolman (Eds.): MFCS 2001, LNCS 2136, pp. 524–536, 2001.
c© Springer-Verlag Berlin Heidelberg 2001
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The bisection width is known for some graph classes with regular degree such
as tori, cube-connected-cycles [18] or butterflies [4].

There are several results on bounds on the bisection width of arbitrary regular
graphs. Clark and Entringer [7] present an upper bound of n+138

3 for the bisection
width of 3-regular graphs. Kostochka and Melnikov improve this asymptotically
and show an upper bound of n4 +O(

√
n logn) [15]. Recently, an upper bound of

0.198n+O(log(n)) has been proved in [24]. Hromkovic and Monien [13] proved
an upper bound of n2 +1 for the bisection width of 4-regular graphs with n ≥ 350.
A general upper bound of n2 +5 for 4-regular graphs with any number of vertices
is proven in [24]. The result of [15] for 3-regular graphs above is a corollary of
an upper bound of d−2

4 n + O(d
√
n logn) for the bisection width of d-regular

graphs in the same paper. An upper bound of d−2
4 n + 1 for n ≥ n0(d) with

some function n0(d) is shown in [20,21] by generalizing the techniques of [13].
Alon [1] uses probabilistic arguments to show that the bisection width is at most
(d2 − 3

√
d

16
√

2
)n2 for d-regular graphs with n > 40d9.

Bollobas [3] shows that for d → ∞ the bisection width of almost every d-
regular graph is at least (d2 −

√
ln(2) · d)n2 . For d = 4 he shows that almost all

4-regular graphs have a bisection width of at least 11
50n = 0.22n. Furthermore,

Kostochka and Melnikov show that almost every 3-regular graph has a bisection
width of at least 1

9.9n ≈ 0.101n [16]. There are some (slightly weaker) results
for explicitly constructible infinite graph classes with high bisection width. The
Ramanujan Graphs (see e. g. [6,17,19,22]) have a regular degree d and a bisection
width of at least (d2 −

√
d− 1)n2 . This value is derived by the use of the well-

known spectral lower bound λ2·n
4 with λ2 being the second smallest eigenvalue

of the Laplacian of the graph (cf. [10]). This implies lower bounds of 0.042n and
0.133n for the bisection widths of 3-regular and 4-regular Ramanujan graphs.
The spectral lower bound has been improved in [2] to a lower bound of 0.082|V |
for the bisection width of large 3-regular Ramanujan graphs and a lower bound
of 0.176|V | for the bisection width of large 4-regular Ramanujan graphs.

There are many heuristics for graph partitioning which are successfully being
used in applications. Furthermore, efficient software implementations of the most
relevant methods are available by using software tools like e. g. CHACO [12],
JOSTLE [25], METIS [14], SCOTCH [23] or PARTY [24]. These heuristics try
to calculate a bisection with a small cut size. However, they do not guarantee
an approximation of the bisection width. Recently, it has been shown that the
bisection width can be approximated by a polynomial time algorithm within a
factor of O(log2(|V |)) [9].

New Results and Outline of the Paper In this paper we improve previous
upper bounds on the bisection width of large 3- and 4-regular graphs. In Section 2
we prove for any ε > 0 an upper bound of (1

6 + ε)n on the bisection width of
large 3-regular graphs. We are able to prove an upper bound of (2

5 + ε)n on the
bisection width of large 4-regular graphs. This proof is omitted in this version
of the paper due to space limitations and in favour of a detailed description of
the 3-regular case. The proof will be published in the full version. As discussed
above, there are large 3-regular graphs with a bisection width of at least 0.101n
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and large 4-regular graphs with a bisection width of at least 0.22n. Thus, the
results are optimal up to constant factors and our results improve these factors.

Iterative Local Improvement with Helpful Sets The proofs in this paper
are constructive and follow an iterative local improvement scheme. It starts with
an arbitrary balanced bisection. If the cut size of it does not fulfill the stated
upper bound, it performs two steps to improve the bisection as illustrated in
Fig. 1. In the first step, a small set S0 ⊂ V0 is moved to V1. S0 is chosen such
that this move decreases the cut size. In the second step, a set S1 ⊂ V1∪S0 with
|S1| = |S0| is moved to V0. S1 is chosen such that the cut size does not increase
too much, i. e. such that the increase is less than the decrease in the first step.
Thus, the resulting bisection is balanced and has a smaller cut size. These steps
are repeated until the cut size drops below the upper bound. The proofs in this
paper ensure that there are sets S0 and S1 with the desired property as long as
the cut size is higher than the stated upper bound.

S0

S1

V0 V1

Fig. 1. One iteration of a local improvement

This local improvement scheme has successfully been used to derive upper
bounds on the bisection width of 4-regular graphs [13,20]. Furthermore, it is the
basis for the Helpful-Set heuristic which is able to calculate bisections with low
cut sizes for very large graphs in a short time [8,21]. An implementation of the
Helpful-Set heuristic can be found in the software tool PARTY [24].

A move of a set of vertices from one part to the other changes the cut size
of the bisection. The helpfulness of the set is the amount of this change.

Definition 1. Let π be a bisection of a graph G = (V,E). For S ⊂ Vp(π),
p ∈ {0, 1}, let

H(S) = |{{v, w} ∈ E; v ∈ S, w ∈ V \Vp(π)}| − |{{v, w} ∈ E; v ∈ S, w ∈ Vp(π)\S}|

be the helpfulness of S. S is called H(S)-helpful.

2 Upper Bound on the Bisection width of 3-Regular
Graphs

In this section we derive a new upper bound on the bisection width of 3-regular
graphs. The proof is based on the iterative local improvement scheme described
in the previous section. We will use Lemma 5 for the first step of the improvement
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scheme and Lemma 6 for the second step. These lemmas will be used to prove the
theorem at the end of this section. Lemma 3 is the main lemma of this section
and may be of interest on its own. It will be used to prove Lemma 5.

Lemma 2. Let T = (V,E) be a tree with weights w : V → N. Let A =
(
∑

v∈V w(v))/(|V | − 1). Let w(l) ≥ A for all leaves l. Then there are adjacent
vertices u and v with w(u) + w(v) ≤ 2 · A.
Proof. By induction on |V |. The case if T is a path is trivial.

Otherwise consider an arbitrary leaf v0. Let v1, . . . , vk+1 be the path con-
necting v0 to a vertex vk+1 of degree at least 3, i. e. the degree of vi, 1 ≤ i ≤ k,
is 2. Let T ′ be the subtree (path) v0, . . . , vk.

By considering the vertex pairs {v1, v2}, {v3, v4}, . . . , {vk−1, vk} if k is even
or {v0, v1}, {v2, v3}, . . . , {vk−1, vk} if k is odd we deduce that we either found the
desired pair or it is w(T ′) ≥ A · |V (T ′)|. But in this case the tree T \T ′ satisfies
w(T \T ′) ≤ A · |V (T \T ′)| and we can apply induction on T \T ′. ��
Lemma 3. Let G = (V,E), E = B�R, be a 3-regular graph with black edges B
and red edges R. Let each vertex be adjacent to at least one black edge. Let
|R| > (1

2 + ε)|V | for an ε > 0. Then there is a set S ⊂ V of size O( 1
ε2 ) such that

the number of red edges between vertices of S is larger than the number of black
edges between S and V \S.
Proof. Let e be the number of vertices which are adjacent to 3 black edges, d1

be the number of vertices which are adjacent to 2 black edges and d2 be the
number of vertices which are adjacent to 1 black edge, i. e. |V | = e+d1 +d2 and
2|R| = 2d2 + d1. It is

|R|
|V | =

d1 + 2d2

2(d1 + d2 + e)
. (1)

The fact |V | < 2|R| leads us to

e = |V | − d2 − d1 < 2|R| − d2 − d1 = d2 . (2)

Call a set S ⊂ V positive if it has more internal red edges than external black
edges, negative if it has more external black edges than internal red edges and
neutral if the numbers are equal.

Consider the graph consisting of black edges only and let F be the family
of its connected components. Clearly, the elements of F are neutral or positive.
As a simple example, a positive set I ∈ F of size O( 1

ε2 ) fulfills the lemma. In
the following we manipulate the sets in F . However, the number of sets in F
remains constant and the sets in F remain neutral or positive.

The number of vertices of degree 1 in a connected component exceeds the
vertices of degree 3 by at most 2. Thus, for each I ∈ F it is e(I) ≥ d2(I) − 2.
More precisely, it is e(I) = d2(I)+2r(I)−2 with r(I) being the number of edges
which can be removed from I without splitting it into disconnected components.
Let r =

∑
I∈F r(I). It is

e = d2 + 2r − 2|F | . (3)

Let δ > 0 be a constant. The value of δ will be assigned below. A set I ∈ F
is called small if |I| ≤ 1

δ and large otherwise. Denote with α(S), S ⊂ V , the
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number of red edges between vertices of S and vertices of small sets. Call a black
path P a thin path if it has the following property. P contains only vertices
with black degree of 2, P has a maximal path length, i. e. both end vertices are
adjacent via a black edge to a vertex of black degree 1 or 3 (or, as described
below, to a marked vertex of degree 2) and it is |P | ≤ α(P )

δ . Call a black path P
a thick path if it has all these properties except the last one.

Let B(I), I ∈ F , be the family of disconnected components of I if all red
edges and thin paths of I are removed. Let β(B) = |B(I)|. Let s(I) be the size
of the union of I and all small sets which are connected to I via a red edge. A
set I ∈ F is called thin if s(I) < β(I)−1

δ and thick otherwise.
The outline of the proof is the following. We state an algorithm below which

manipulates the elements of F . Especially, we will disconnect certain thin paths
from the rest of their set. The disconnection of a thin path P will shade it and
mark both vertices previously connected to the ends of P as well as mark the
small sets connected to P via a red edge. We disconnect thin paths in each set
I ∈ F until there is no thin path in any cycle of I. For such a set I ∈ F we
construct the tree T (I) = (X,Y ) with the vertex set X being the disconnected
components from B(I) and with the edges connecting the components if there is
an unshaded thin path between them. It is β(I) = |X | = |Y |+ 1. Let the weight
w(v), v ∈ X , be the size of the subset represented by v.

The algorithm may terminate with a positive set of size O( 1
δ2 ). Since we will

set later δ = ε
6(1+2ε) , we can say that any positive set of size at most O( 1

δ2 ) fulfills
the lemma. Otherwise, the algorithm terminates with a family F consisting of
sets of the following types only.
(i) I ∈ F is large.
(ii) I ∈ F is small and has at least one red edge to a thick set or to a thick path.
(iii) I ∈ F is small and has at least 2 vertex marks or there is a cycle of black

edges in I.
We will finish the proof by showing that if there are only sets of these types,

we get a contradiction. Thus, the algorithm was successful in finding a set ful-
filling the lemma. The following algorithm manipulates the elements of F .
Step 1: If there is a positive small set I ∈ F , then I fulfills the lemma. If there

is a red edge between two different small sets Ia, Ib ∈ F , then Ia ∪ Ib fulfills
the lemma because Ia and Ib are neutral themselves and the union has an
additional internal red edge. Both kind of fulfilling sets have a size of O(1

δ ).
Step 2: If there is a thin path P with α(P ) ≥ 3, we show that there is a set

fulfilling the lemma. We will take 3 small sets which are connected to P via a
red edge and unify them with a subpath of P such that the subpath connects
the 3 small sets. This union is a positive set. We will show that there are 3
small sets such that the connecting subpath is not too long, i. e. such that
the size of the union is at most O(1

δ ).
P can be divided into subpaths by deleting the vertices in P which are
connected to a small set via a red edge. There are α(P ) such vertices, i. e.
α(P )+1 such (possibly empty) subpaths Pi, 1 ≤ i ≤ α(P )+1. Let xi = |Pi|.
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It is |P | =
∑α(P )+1

i=1 xi + α(P ). In the following we do not consider the
subpaths P1 and Pα(P )+1 on both ends of the path.
If α(P ) = 3, it is x2 + x3 = 2 1

α(P )−1

∑α(P )
j=2 xj . If α(P ) > 3, there is an i,

2 ≤ i < α(P ) such that xi + xi+1 ≤ 3 1
α(P )−1

∑α(P )
j=2 xj . Otherwise we get

2
∑α(P )
j=2 xj =

∑α(P )−1
j=2 (xj + xj+1) + x2 + xα(P ) > 3α(P )−2

α(P )−1

∑α(P )
j=2 xj + x2 +

xα(P ) ≥ 2
∑α(P )
j=2 xj + x2 + xα(P ), which is a contradiction.

Thus, there is an i, 2 ≤ i < α(P ), with xi + xi+1 ≤ 3 |P |
α(P )−1 ≤ 3 α(P )

(α(P )−1)δ ≤
3 3

2δ = O(1
δ ). The union of Pi, Pi+1, the three vertices connecting the paths

Pi−1 with Pi, Pi with Pi+1 and Pi+1 with Pi+2 and the three small sets
connected to these vertices is a positive set with a size of O(1

δ ).
From now on it is α(P ) ≤ 2 for each thin path P .

Step 3: If there is a thin path P in a large set I ∈ F and there is a cycle in I
which includes P , remove the edges connecting P with I\P and shade P .
The cycle in I ensures that both vertices which are connected to the ends
of P had a black degree of 3 or (as we will see below) they had a degree of
2 and were marked once.
It is α(P ) ≤ 2 due to step 2. If α(P ) = 1, let S1 ∈ F be the small set
connected to P via a red edge and assign 2 marks to S1. If α(P ) = 2,
let S1, S2 ∈ F be the small sets connected to P via a red edge and assign 1
mark to S1 and 1 mark to S2. The vertices which were connected to both
ends of P get a mark, too. Their black degree is reduced by one due to the
removal of the connecting edges. Although a vertex with black degree of 2
may be generated, it is not to be taken as part of a thin or thick path.
The removal of the connecting edges changes the graph. However, only two
black edges are removed which are internal to I, i. e. I remains neutral or
positive. Although P is disconnected from the rest of I and shaded, we still
consider it to be a part of I. Therefore, neither the value s(I) nor the number
of elements in F does change.
The changes of the graph in this step come into account again when a positive
set S of size O(1

δ ) is found in a future part of the algorithm. S is only positive
with respect to the graph with removed edges. As we will see in step 4, S
may include a subset of I\P . Especially, S may include a marked vertex v
which is connected to the end of P . However, this external edge can be
compensated by enlarging S with P , S1 and, if existing, S2. Thus, the black
edge between v and P is now internal and the possible external black edge
between P and the vertex connected to the other end of P is compensated
by the internal edge between P and S1. Thus, the enlarged set S is positive
after adding the formerly removed edges. S is getting enlarged for each vertex
mark of a vertex in S. Each enlargement adds at most |P |+ |S1|+ |S2| ≤ 4

δ
vertices. All enlargements lead to a positive set S of size O( 1

δ2 ) fulfilling the
lemma.
Repeat step 3 until there are no such thin paths.

Step 4: Let I ∈ F be a thin set. Let T (I) = (X,Y ) be the graph of I with
edges Y representing the unshaded thin paths in I as described above. T (I)
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is a tree due to step 3. For each leaf l in T (I) let L(l) be the union of the
vertices represented by l, all adjacent (possibly shaded) thin paths and all
small sets which are adjacent to these vertices via a red edge. Clearly, such a
set L(l) is neutral or positive. We defined the weight w(v) of a vertex v ∈ T
above to be the number of vertices represented by v. We redefine the weight
w(l) for each leaf l in T (I) to be |L(l)|. Call a leaf l small if w(l) < 1

δ . If there
is a shaded thin path between two small leaves l1 and l2, then L(l1) ∪ L(l2)
is positive of size O(1

δ ) and the lemma is fulfilled. In the remainder we can
assume that there is no such path and, therefore, for the new definition of
the weights it holds

∑
v∈X w(v) ≤ s(I).

If there is a thin set I ∈ F with w(l) ≥ 1
δ for each leaf l in T (I), we can

fulfill the lemma. It is w(l) ≥ 1
δ ≥ s(I)

β(I)−1 ≥
∑

v∈X
w(v)

|X|−1 . T (I) fulfills the
requirements of Lemma 2. Thus, there are adjacent vertices u, v ∈ T with

w(u) + w(v) ≤ 2 ·
(∑

v∈X
w(v)

)
/(|X| − 1) ≤ 2 · s(I)

β(I) − 1
≤ 2

δ
.

The union S of the vertices represented by u, v and the edge between u and v
has a size of O(1

δ ). However, we have to insert the edges which were removed
in step 3 and 4. For each removed edge of step 4 (see below) and for each
vertex mark of step 3 we enlarge S with the adjacent thin path and a small
set connected to this path via a red edge. Each enlargement increases S by
at most O(1

δ ) and compensates an external black edge as discussed in step
3. All enlargements together result in a positive set S of size O( 1

δ2 ) and the
lemma is fulfilled.
If we could not fulfill the lemma, consider all thin sets I ∈ F which have a
leaf l in T (I) with w(l) < 1

δ . We will manipulate two elements of F . Let P
be the thin path which connects l with its neighbor v in the tree and let S
be the small set connected to P . Remove I and S from F and construct
some new sets I1 and I2. Let I1 be the union of the vertices represented
by l, the path P and the small set S. Let I2 be the set I reduced by P
and the vertices represented by l. If |I2| ≤ 1

δ , then the union L(l) ∪ I fulfills
the lemma. Otherwise, remove the edge which connects P with v. Now I1
and I2 are disconnected and both are neutral or positive with I1 being a
small set and I2 being a large set. Unlike before, let the value |L(l)| be the
size of I1. To keep our notations correctly we exchange the red color of the
edge between P and S and the black color of the edge between P and v.
This does not change the neutral status of I1.
We now add I1 and I2 to F . Thus, this step does not change the number of
elements in F .
Note that, like in step 3, we will find a positive set of size O(1

δ ) in a future
part of the algorithm. And, again, we have to insert the removed edges and
we compensate the external edge with enlarging the set by the path P and
the small set S. Thus, each single enlargement will increase the size of the set
by at most O(1

δ ) leading to a positive set of size O( 1
δ2 ) fulfilling the lemma.

Go back to step 1 if any new small set was generated in step 4.
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In the remaining we show the contradiction if only sets of types (i)-(iii)
remain. Let z be the number of sets of type (i) or (ii). Let z2 be the number of
sets of type (iii) with at least two vertex marks and let z1 be the number of sets
of type (iii) with an internal black cycle.

It is e = d2+2r−2|F | due to equation (3). At most r thin paths were shaded,
leading to at most 2(r−z2) vertex marks. Notice that only thin paths in large sets
were shaded. It is 2(z1+z2) ≤ 2r. It follows e = d2+2r−2z−2(z1+z2) ≥ d2−2z.

Each set of type (ii) is adjacent to a set of type (i) via a red edge. Let I ∈ F
be a set of type (i). We will show that s(I) is large enough to reserve an average
size of 1

6δ for I itself and for all small sets of type (ii) connected to thick paths
and unshaded thin paths of I. Each thick path P is connected to α(P ) sets of
type (ii) and has a size of at least α(P )

δ . We reserve a value of 1
2δ for each set

of type (ii) which is connected to a thick path. It remains a value of at least
s(I)
2 for I and all small sets connected to unshaded thin paths of I. There are

at most β(I) − 1 unshaded thin paths in I, the others were shaded in step 3.
Thus, there are at most 2β(I) − 2 small sets of type (ii) which are adjacent
to unshaded thin paths of I via a red edge. Together with I these are at most
2β(I) − 1 sets of type (i) or (ii). If β(I) = 1 it is s(I)

2 ≥ 1
2δ . If β(I) ≥ 2 it

is s(I)
2 ≥ β(I)−1

2δ ≥ 2β(I)−1
6δ . Thus, we can reserve at least 1

6δ for each set of
type (i) and (ii) and it is e + d1 + d2 ≥ z

6δ . With e < d2 (equation (2)) we get
z ≤ 6δ(d1 + 2d2).

With e ≥ d2 − 2z and z ≤ 6δ(d1 + 2d2) the equation (1) leads us to
|R|
|V | =

d1 + 2d2

2(d1 + d2 + e)
≤ d1 + 2d2

2(d1 + 2d2 − 2z)
≤ d1 + 2d2

2(d1 + 2d2 − 12δ(d1 + 2d2))
=

1

2(1 − 12δ)
.

However, it is |R|
|V | >

1
2 + ε. This leads to contradiction for δ ≤ ε

6(1+2ε) . This
shows that during the algorithm we have found a set fulfilling the lemma. ��

In the following we state the lemmas 5 and 6 which are used for the two steps
of the local improvement scheme. Before we do so, we classify the vertices.

Definition 4. The vertices of V0 (or V1) are classified according to their dis-
tance to the cut. It is V0 = C �D � E with C vertices being at a distance of 1
to the cut, i. e. they are incident to a cut edge. D vertices are at a distance of 2
and E vertices at a distance of at least 3. D vertices are further classified with
respect to the number of adjacent C vertices. I. e. D = D3�D2�D1 and each Dx

vertex is adjacent to x vertices in C. Overall, it is V0 = C �D3 �D2 �D1 �E .
The values c, d3, d2, d1 and e specify the number of vertices of each type

and the values c(X), d3(X), d2(X), d1(X) and e(X) denote the number of the
according vertices in a set X ⊂ V .

Lemma 5. Let π be a bisection of a 3-regular graph G = (V,E) with V = V0�V1.
If cut(π) > (1

3 +2ε)|V0|, ε > 0, then there is an at least 1-helpful set of size O( 1
ε2 )

in V0.

Proof. We focus on part V0 of the bisection only. Let m := |V0|.
There are some structures which would directly lead to small 1-helpful sets.
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(i) If a C vertex is incident to two or three cut edges, it is an at least 1-helpful
set by itself.

(ii) A set of three connected C vertices is 1-helpful.
(iii) If there are two adjacent C vertices and one of them is adjacent to a D3

vertex, then the union of the adjacent C vertices, the D3 vertex and its two
other adjacent C vertices form a 1-helpful set of size 5.

(iv) Another 1-helpful set can be formed if two D3 vertices are adjacent to a
common C vertices. Then, the union of both D3 vertices and their adjacent C
vertices is a 1-helpful set of size 7.

(v) Let v be a vertex which is adjacent to a C vertex which itself is adjacent
to another C vertex or a D3 vertex. If both other neighbors of v are from
C∪D2∪D3, the union of the mentioned vertices and their adjacent C vertices
forms an at least 1-helpful set of size at most 11.
In the remainder we can assume that these types of structures do not exist.

Especially, since (i) is excluded, it is c = cut(π).
We manipulate the edges between vertices of V0 such that G is transformed

into a 3-regular graph Ḡ = (V, Ē) with the following properties.
– V0 of Ḡ does not contain D3 vertices or adjacent C vertices.
– If there is a 1-helpful set H̄ ⊂ V0 of Ḡ, then there is an at least 1-helpful

set H of G, H̄ ⊂ H ⊂ V0, with |H|
|H̄| bounded from above by a constant value.

We omit the proof of the transformation of G into Ḡ and the reverse transfor-
mation of H̄ to H due to space limitations.

Ḡ = (V, Ē) has no D3 vertices and no adjacentC vertices, i. e. it is now d3 = 0
and 2c = 2d2 +d1. Furthermore, because of m < 3c it is (similar to equation (2))

e = m− c− d2 − d1 < 2c− d2 − d1 = 2d2 + d1 − d2 − d1 = d2 . (4)

Construct a new graph K consisting of the D and E vertices of G̃, i. e.
K = (U,F ) with U = D � E. Let F = B � R with black edges B and red
edges R. The black edges are the edges between the D and E vertices as in G̃.
Furthermore, there is a red edge between two vertices if they are adjacent to a
common C vertex in G̃, i. e. |R| = c. Thus, K is 3-regular with a maximum red
degree of 2, due to the fact that there are no D3 vertices. It is

|R| = c > (
1

3
+ 2ε)(c + d2 + d1 + e) > (

1

3
+ 2ε)

3

2
(d2 + d1 + e) = (

1

2
+ 3ε)|U | .

Thus, K fulfills the requirements of Lemma 3 for ε̄ = 3ε. We use Lemma 3 to
derive a set S of D and E vertices with size O( 1

ε̄2 ) = O( 1
ε2 ).

The number bext of external black edges of S with respect to K is equal to the
number of edges between S and other D and E vertices in V0. The number rint
of internal red edges of S with respect to K is equal to the number of C vertices
in V0 which are connected to two vertices in S. Lemma 3 ensures rint > bext.

Let S̄ be the union of S with all adjacent C-vertices. It is |S̄| = O( 1
ε2 ). Each

external black edge connects S̄ with V0\S̄. The external red edges are neutral,
because they connect S via a C vertex to V0\S̄. Thus, such a C vertex has one
edge to V1 and one edge to V0\S̄. Each internal red edge is a C vertex which is
connected to two vertices in S. Thus, such a vertex has one edge to V1 and no
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edges to V0\S̄. Overall, there are rint edges between S̄ and V1 and bext edges
between S̄ and V0\S̄. This leads to H(S̄) = rint − bext > 0 and S̄ fulfills the
lemma. ��

In the following, ‘log(x)’ denotes the logarithm of x to the basis 2.

Lemma 6. Let G = (V,E) be a connected 3-regular graph and let π be a bi-
section of G. If |V1(π)| < 3 · cut(π) and 0 < x < |V1(π)|, then there is a set
S ⊂ V1(π) with |S| = x and H(S) ≥ −1− log(|S|).

Proof. We first discuss the following cases.

(i) If x ≤ 2, any set S of x vertices which are incident to a cut edge has the
desired property H(S) ≥ −1− log(|S|).

(ii) If we find a set Z ⊂ V1(π) with |Z| ≤ x and H(Z) ≥ 0, we can move Z
from V1 to V0 without increasing the cut size. It remains to apply the lemma
again with x̄ = x − |Z|. Notice that in the case H(Z) > 0 the move may
result in |V1| ≥ 3 · cut. In this case vertices which are incident to a cut edge
can be moved from V1 to V0 until we either moved a total of x vertices or
until it holds |V1| < 3 · cut. In the latter case we apply the lemma again.

(iii) If we find a set Z ⊂ V1(π) with x
2 ≤ |Z| ≤ x and H(Z) ≥ −1, we can move Z

from V1 to V0 with increasing the cut size by at most 1. It remains to apply
the lemma again with x̄ = x − |Z| < x

2 . This will construct a set S̄ with
|S̄| = x − |Z| and H(S̄) ≥ −1 − log(|S̄|), and a unified set S = Z ∪ S̄ with
|S| = x and H(S) ≥ −1− 1− log(|S̄|) ≥ −1− log(|S|).
In the following we can exclude the existence of certain small 0-helpful sets.

One example are C vertices incident to two or three cut edges and any set of
two adjacent C vertices. A D3 vertex, together with its adjacent C vertices,
also forms a 0-helpful set. In the remainder there are no such sets, i. e. it is
cut = c, d3 = 0 and 2c = 2d2 + d1. Because of |V1| < 3c it holds equation (4).

Consider the graph induced by the vertex set D ∪E and its connected com-
ponents. Let F be the family of these components. For a set I ⊂ V1(π) define
the enlarged set Z(I) = I ∪{v ∈ C; ∃w ∈ I with {v, w} ∈ E} which includes the
adjacent C-vertices. Clearly, each set Z(I) for an I ∈ F is at least 0-helpful. If
there is a set Z(I), I ∈ F , with |Z(I)| ≤ x, we proceed as discussed in case (ii).

Consider a connected component I ∈ F and let K = (I, J) be the subgraph
of G induced by I. The E vertices in K have degree 3, D1 vertices have degree 2
and D2 vertices have degree 1. It is easy to see that e(I) ≥ d2(I) iff K contains
a cycle and e(I) = d2(I)−2 otherwise. Because of equation (4) there is an I ∈ F
for which the induced subgraph is a tree.

Let I ∈ F be a connected component with the induced subgraph T = (I, J)
being a tree. Assign a weight w(v) to each vertex v in the tree with w(v) =
|Z({v})|. For each vertex v this is one higher than the number of C vertices
adjacent to v. Thus, each leaf has a weight of 3, each vertex of degree 2 has a
weight of 2 and each vertex with a degree of 3 has a weight of 1. It is

∑
v∈L w(v) =

|Z(L)| for an L ⊂ I if there are no C vertices which are connected to two vertices
of L. It is

∑
v∈Lw(v) > |Z(L)| for an L ⊂ I if there is at least one such vertex.
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With |Z(I)| > x it is
∑

v∈T w(v) > x. Clearly, for this type of weight dis-
tribution there is an edge in T which separates T into T1 and T2 with x

2 ≤∑
v∈T1

w(v) ≤ x. If |Z(T1)| < ∑v∈T1
w(v), it is |Z(T1)| < x and H(Z(T1)) ≥ 0

and we proceed with case (ii) above. If |Z(T1)| = ∑v∈T1
w(v), it is x

2 ≤ |Z(T1)| ≤
x and H(Z(T1)) ≥ −1. We proceed with case (iii) above. ��
Theorem 7. For any ε > 0 there is a value n(ε) such that the bisection width
of any 3-regular graph G = (V,E) with |V | > n(ε) is at most (1

6 + ε)|V |.
Proof. We start with an arbitrary bisection and follow the iterative local im-
provement scheme described in Section 1. As long as the cut is above the bound,
we repeatedly use Lemma 5 and 6 to calculate a new bisection with a lower cut.
Thus, we can limit our focus on one iteration of the two lemmas. Let π0 be a
balanced bisection at the start of the iteration with cut(π0) > (1

6 + ε)|V |.
Step 1: We construct a small helpful set S ⊂ V0. Set k = 4 · log(1

ε ). The value
of k is discussed below. We apply Lemma 5 several times. Each time we
find an at least 1-helpful set. We proceed until we reach a total helpfulness
of at least k, i. e. we apply the lemma k′ times with k′ ≤ k. Let Si ⊂ V0,
1 ≤ i ≤ k′, with |Si| = O( 1

ε2 ) be the sets constructed with Lemma 5. After
a 1-helpful set Si is constructed, it is moved from V0 to V1 and the next
set Si+1 is constructed. Let S = �1≤i≤k′Si. It is |S| = k′ ·O( 1

ε2 ) = k ·O( 1
ε2 )

and H(S) ≥ k.
It remains to show that the requirement of Lemma 5 is fulfilled before each
construction of a helpful set. Let ε̄ = ε

2 . It is |V | ≥ 2|V0| − 1 and cut(π0) >
(1
3 + 2ε̄)|V0(π0)| − (1

6 + ε̄) + ε̄|V | at the beginning. Let n(ε) be large enough
such that ε̄|V | ≥ k + (1

6 + ε̄) for all |V | > n(ε). Thus, it is cut(π0) >
(1
3 + 2ε̄)|V0(π0)| + k. Each application of Lemma 5 decreases the size of

the cut. We perform the lemma as long as cut(π) > cut(π0) − k > (1
3 +

2ε̄)|V0(π0)| ≥ (1
3 + 2ε̄)|V0(π)| with π being the current bisection. Thus, the

condition cut(π) > (1
3 + 2ε̄)|V0(π)| is true before each application.

Let π1 be the new bisection with cut(π1) = cut(π0)−H(S).
Step 2: If H(S) = k, it is cut(π1) = cut(π0) − k. If H(S) > k, it is cut(π1) <

cut(π0)− k and we change π1 by iteratively moving border vertices from V1

to V0 until we either get to cut(π1) = cut(π0)− k or to a balanced bisection
(in this case we are already finished). Each move of a border vertex decreases
the imbalance of the bisection and increases the cut by at most one.
Let i := |V1(π1)| − n

2 be the imbalance of π1. It is i ≤ k · O( 1
ε2 ). We use

Lemma 6 to find a balancing set S̄ ⊂ V1(π1) with |S̄| = i.
Lemma 6 can only be applied if |V1(π1)| < 3 · cut(π1). The fact cut(π0) >
(1
6 + ε)n implies |V1(π1)| = n

2 + i < 3cut(π0)− 3ε · n + i = 3cut(π1) + 3k −
3ε ·n+ i ≤ 3cut(π1) if 3k+ i ≤ 3ε ·n. Clearly, there is a value n(ε) such that
this equation holds for all graphs with n > n(ε).
We use Lemma 6 to get a set S̄ ⊂ V1(π1) with |S̄| = i andH(S̄) ≥ −1−log(i).
The move of S̄ from V1 to V0 results in a balanced bisection π2 with cut(π2) ≤
cut(π1) + 1 + log(i).
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We need to ensure cut(π2) < cut(π0) in order to show a decrease of the cut
size. It is cut(π2) ≤ cut(π0)− k+ 1 + log(i) and i ≤ k · x 1

ε2 . for some constant x.
Choosing k = 4 · log(1

ε ) fulfills k > 1 + log(k · x 1
ε2 ) for 1

ε ≥ 28 and 1
ε ≥ x. ��
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1 University of New Mexico, Albuquerque and The Santa Fe Institute
moore@santafe.edu

2 School of Computer Science, McGill University
{ptesso,denis}@cs.mcgill.ca

Abstract. We study the computational complexity of determining whe-
ther a systems of equations over a fixed finite monoid has a solution.
In [6], it was shown that in the restricted case of groups the problem is
tractable if the group is Abelian and NP-complete otherwise. We prove
that in the case of an arbitrary finite monoid, the problem is in P if the
monoid divides the direct product of an Abelian group and a commuta-
tive idempotent monoid, and is NP-complete otherwise. In the restricted
case where only constants appear on the right-hand side, we show that
the problem is in P if the monoid is in the class R1 ∨ L1, and is NP-
complete otherwise.
Furthermore interesting connections to the well known Constraint

Satisfiability Problem are uncovered and exploited.

1 Introduction

Using ideas and tools from algebraic automata theory, a number of algebraic
characterizations of complexity classes have been uncovered ([1,7] among many
others). This has increased the importance of the study of problems whose com-
putational complexity is parametrized by the properties of an underlying alge-
braic structure [2,6,12].

In [6], Goldmann and Russell studied the computational complexity of solving
equations and systems of equations over a fixed finite group. These investigations
were partly completed in [2] where we considered the more general problem of
checking satisfiability of a single equation over a fixed finite monoid. Formally,
an equation over the monoid M is given as: c0X1c1 . . .Xkck = d0Y1d1 . . . Yldl
where the ci, di ∈M are constants and the Xi’s and Yi’s are variables.

The System of Equations Satisfiability problem for the finite monoidM
(denoted EQN∗

M ) is to determine whether a given system of equations over M
has a solution. We also consider the restriction of EQN∗

M where the right-hand
side of each equation is a constant, i.e. variables occur only on the left, and de-
note it T−EQN∗

M (where “T” stands for “target”). For groups these problems
are equivalent, and it is shown in [6] that they are in P for Abelian groups but
NP-complete otherwise.
� Research supported by NSERC, FCAR and the Von Humboldt Foundation.
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Since this problem is understood for groups, we examine the complementary
case where M contains no non-trivial groups, i.e. when it is aperiodic. We prove
that dichotomies exist for aperiodic M similar to that for groups, namely that
EQN∗

M is in P if M is idempotent and commutative, and is NP-complete oth-
erwise. For the case with only constants on the right, we show that T−EQN∗

M

is tractable when M belongs to the class R1 ∨ L1 (defined below), and is NP-
complete whenM is aperiodic but outside R1∨L1. For the case of arbitrary finite
monoids, we show that EQN∗

M is tractable if M belongs to the class J1 ∨Gcom

(where Gcom is the variety of Abelian groups) and is NP-complete otherwise.
Furthermore, we explore (and exploit) the relationship between this work and
the extensively studied Constraint Satisfaction Problem [5,10,3].

2 Background and Notation

2.1 Finite Monoids

We review here some basic notions of finite semigroup theory. A detailed intro-
duction on the material sketched here can be found in [4,11].

A monoid M is a set with a binary associative operation and an identity.
This operation defines a canonical surjective morphism evalM : M∗ →M by

evalM (m1m2 . . .mk) = m1 ·m2 · · ·mk

which just maps a sequence of monoid elements to their product in M . Through-
out this paper, M denotes a finite monoid.

We say that a monoid N divides M and write N ≺M if N is the homomor-
phic image of a submonoid of M . A class of finite monoids M is said to be a
(pseudo)-variety if it is closed under direct product and division. Varieties are
the natural unit of classification of finite monoids.

A monoid M is aperiodic or group-free if no subset of it forms a non-trivial
group or, equivalently, if it satisfiesmt+1 = mt for some integer t and allm ∈M .
Any finite monoid divides a wreath product1 of aperiodics and simple groups.
Thus aperiodics and groups act as “building blocks” for all monoids, so they are
the two special cases to consider first.

An element m ∈M is said to be idempotent if m2 = m and if this holds for
all m ∈M , we say that M is idempotent.

The left (right) ideal generated by an element x is the setMx (resp. xM), and
its two-sided ideal is the set MxM . The following equivalence relations on M ,
called Green’s relations, ask whether two elements generate the same ideals.
- xJ y if MxM = MyM
- xLy if Mx = My
- xRy if xM = yM
- xHy if both xRy and xLy
It is known that L and R commute and that for finite monoids L ◦ R = J .
1 See e.g. [11] for a formal definition
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If we instead ask whether element’s ideals are contained in one another, we
can define natural pre-orders ≤J ,≤R,≤L on M with e.g. x ≤J y iff MxM ⊆
MyM . We will say that “x is (strictly) J -above y” if x ≥J y (resp. x >J y),
and so on. Note that x ≤J y iff there exists u, v such that x = uyv and similarly
x ≤R y iff there is u with x = yu. We will make extensive use of the following
fact:

Lemma 1. If xJ y and x, y are R-comparable (resp. L-comparable), then xRy
(resp. xLy). Thus if xJ y and x, y are both R- and L-comparable, then xHy.

MonoidM is said to be J -trivial (resp.R-, L-, orH-trivial) if xJ y (resp. xRy,
xLy or xHy) implies x = y; that is, if each of the relevant equivalence classes con-
tain exactly one element. A J -class (resp. R,L,H-class) is regular if it contains
an idempotent.

AnH class contains at most one idempotent and is regular iff it forms a group
whose identity element is the idempotent of the class. Conversely, any maximal
subgroup of M is precisely a regular H class. Therefore, M is aperiodic iff it is
H-trivial. More generally, if all its H-classes are regular then M is the union of
its maximal subgroups, in which case it is called a union of groups. We denote
by Rs (and similarly for J ,H,L) the R-class of s. One can prove the following:

Lemma 2. Let sJ t, then st ∈ Rs ∩ Lt if and only if Ls ∩ Rt contains an
idempotent. Otherwise, we have st <J s.

2.2 CSP

Let D be a finite domain and Γ be a finite set of relations on D. To each pair
D,Γ corresponds a Constraint Satisfaction Problem (CSP). An instance
of CSP is a list of constraints, i.e. of pairs Ri(Si) where Ri ∈ Γ is a k-ary
relation and Si, the scope of Ri, is an ordered list of of k-variables (with possible
repetitions) and we want to determine whether the variables can be assigned
values in D such that each constraint is satisfied.

This class of combinatorial decision problems has received a lot of atten-
tion because of the wide variety of problems which it encompasses. CSP is NP-
complete in general, and one important question concerning CSP is to identify
restrictions on Γ which make the problem tractable for a given domain D. Re-
cently, tools from universal algebra [3], relational database theory [5], and group
theory [5] have been used to identify tractable classes of CSP when the relations
in Γ are closed under certain families of operations. In our context, the domain
is the monoid and Γ is the set of constraints definable as equations over M .

The CSP problem on boolean domains is also known as Generalized Sat-

isfiability and was studied by Schaefer in [13]. He proved a complete dichotomy
and showed the problem to be NP-complete unless it was one of six tractable
special cases: 2-SAT, 0-valid SAT, 1-valid SAT, affine-SAT, Horn-SAT and anti-
Horn SAT. Affine-SAT is the case where each relation is the solution set of a
system of equations over the cyclic group Z2. There exists a second 2-element
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monoid, namely U1, the two element aperiodic having elements 1 and 0 and
multiplication given by 0 · 1 = 1 · 0 = 0 · 0 = 0 and 1 · 1 = 1. The following
provides a connection to our concern in this paper.

Lemma 3. A boolean relation is Horn or anti-Horn, i.e. expressible as tuples
satisfying a conjunction of disjuncts containing each at most one un-negated
(resp. negated) variable, iff it is the set of solutions of a system of equations
over U1.

Proof. Identify the element 1 of U1 with true and 0 with false. Then the Horn
clause X1 ∧X2 ∧ . . . Xn → Y is satisfied when one of the Xi’s is false or when
all Xi’s and Y are true. These are exactly the tuples which satisfy the equation

X1X2 . . .Xn = X1 . . . XnY

over U1.
Conversely, the equation X1 . . . Xn = Y1 . . . Ym corresponds to the Horn for-

mula: ∧

1≤i≤m
(X1 ∧ . . . ∧Xn → Yi) ∧

∧

1≤i≤n
(Y1 ∧ . . . ∧ Yn → Xi)

If on the other hand we choose to identify 1 with false and 0 with true, a
similar argument shows the relationship of U1 systems to anti-Horn formulas.

3 Hardness Results

In this section we show several hardness results for EQN∗
M . Note that the prob-

lem trivially lies in NP.

Theorem 4. IfM is aperiodic but not idempotent, then EQN∗
M is NP-complete.

Proof. Let m �= m2 be a J -maximal non-idempotent element of M .
We use the following reduction from 1-3SAT, where each clause consists of

three literals, exactly one of which must be true. For each Boolean variable Xi,
we use two variables xi, xi in M . For each i we have equations

(1) xixi = m and (2) xixi = m

and for each clause of the formula, e.g. (X1 ∨X2 ∨X3) we add the equation

(3) x1x2x3 = m

Suppose that the original 1-in-3 SAT formula is satisfiable. Then for each i we
set xi = m and xi = 1 wheneverXi is true, and xi = 1 and xi = m wheneverXi
is false. It is easy to see that this satisfies the sets of Equations (1), (2) and
(3), so these equations are satisfiable if the 1-in-3 SAT formula is.

Conversely, suppose that this system of equations is satisfiable. Let us first
look at the Equations (1) and (2). Note that xi (resp. xi) is both R-above and
L-above m. So if xi (say) lies in m’s J -class, it must be R and L equivalent
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to m, hence, by Lemma 1, H-equivalent and thus equal to m by aperiodicity. It
follows that at least one of xi or xi lies strictly J -above m; otherwise we would
have xi = xi = m, and since m is not idempotent this would violate Equation
(1). Moreover, since m is J -maximal among the non-idempotent elements of M ,
whichever one of xi, xi is strictly J -above m must be some idempotent e.

Therefore, suppose xi = e where e >J m is idempotent. Then Equation (1)
gives us m = exi = eexi = em, and similarly (2) gives m = me. We cannot also
have xi >J m, since then xi would also be idempotent, and this leads to the
contradiction m2 = exixie = exie = em = m. Thus xiJm; by Lemma 1 this
gives xiHm, and so xi = m from aperiodicity.

Similarly, if xi >J m then xi = m. So if we set Xi to true when xi = m and
false when xi = m, Eqs (1) and (2) insure that our mapping between Boolean
variables and variables in M is consistent, in the sense that for all i, exactly one
of xi, xi is m and the other is an idempotent in a higher J -class.

Finally, suppose that all 3 variables in Equation (3) have idempotent values.
By a previous argument, these values fix m and so m2 = x1x2x3m = x1x2m =
x1m = m, a contradiction. We get a similar contradiction if two or more of
the variables are set to m. Therefore (3) insures that exactly one literal in each
clause is true, and the 1-in-3 SAT formula is satisfiable.

Theorem 5. If M contains some irregular H-class, i.e. if M is not a union of
groups, then EQN∗

M is NP-complete.

Proof. Let m �= m2 be an element of a J -maximal irregular H-class, i.e. such
that any monoid element u with u >J m lies in a regular H-class. In particular,
since regular H-classes form groups, there must exist q ≥ 1 such that for all
such u we have uq is idempotent and uq+1 = u.

We use the same reduction from 1-3SAT, namely: for each literal xi and its
complement xi, we add equations xixi = m and xixi = m and for each clause
we add the equation e.g.

x1x2x3 = m

Once again, a satisfiable instance of 1-3SAT trivially gives rise to a satisfiable
system of equations.

For the converse, Eqs. (1) and (2) show that if xiJm then in fact xiHm, just
as in Theorem 4. Since the H-class ofm contains no idempotent, Lemma 2 shows
that the product of any two elements of Hm lies strictly J -below m. Eqs. (1)
and (2) thus force at least one of xi, xi to be strictly J -above m.

Suppose both xi and xi are strictly J -above m. Then xqi and xqi are idempo-
tents, and m = xixi = xix

q+1
i = mxqi . Similarly m = mxqi . Moreover, xi and xi

commute by Eqs. (1) and (2), so we get m = mxqix
q
i = m(xixi)q = mq+1 <J m,

a contradiction. Therefore, at least one of xi, xi must be H-equivalent to m and
the other fixes the H-class of m, so if we identify true literals with variables
taking a value H-equivalent to m, we obtain a consistent truth assignment, and
the same argument as before shows that exactly one literal in each clause corre-
sponding to Equation (3) must be true.
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Note that the reductions used to prove Theorems 4 and 5 actually show that
T−EQN∗ is NP-complete in both these cases.

Theorem 6. If M is aperiodic and idempotent but is not commutative, then
EQN∗

M is NP-complete.

Proof. Let a and b be two non-commuting elements, ab �= ba, such that a is a
J -maximal element which is not central in M (i.e. which does not commute with
every element) and b is a J -maximal element which does not commute with a. We
reduce from 3-SAT. For each Boolean variableXi, we create variables xi, xi, yi, yi
and equations

(1) xixi = a (2) xixi = a
(3) yiyi = b (4) yiyi = b
(5) xiyi = yixi (6) xiyi = yixi

Also, for each 3-SAT clause, e.g. X1 ∨X2 ∨X3, we add an equation

x1x2x3 = a

It is easy to verify that if the 3-SAT instance is satisfiable, the above system is
satisfiable by setting x = a, x = 1, y = b, and y = 1 whenever X is true, and
x = 1, x = a, y = 1, y = b whenever X is false.

Conversely, suppose the system of equations is satisfiable. Eq. (1) shows
that xi, xi ≥J a. Since a and b don’t commute, a cannot be the product of two
elements commuting with b. However, any element strictly J -above a is central
and commutes with everything, so at least one of xi, xi must be J -equivalent
to a. Moreover, Eqs. (1) and (2) insure that xi, xi are both L-above and R-
above a, so if xiJ a (say) we must also have xHa by Lemma 1 and so x = a by
aperiodicity. Thus at least one of xi, xi must be a, Similarly at least one of yi,
yi must be b, since any elements strictly J -above b commute with a.

If xi = a, then yi commutes with a by Eq. (5). Thus yi �= b must be strictly
J -above b. If yi = b, then xi commutes with b by Eq. (6), so xi �= a is strictly
J -above a. If we identify true literals with a and b and false ones with elements
strictly J -above a and b, this shows that our truth assignment is consistent.

Since every element strictly J -above a is central but a is not, a cannot be a
product of such elements. Therefore, at least one of the variables in x1x2x3 = a
must be a, so the 3-SAT clause is satisfiable.

Goldmann and Russell already showed that T−EQN∗ is NP-complete for a
non-Abelian group. We can extend this result to any M having an H-class that
forms a non-Abelian group G. Indeed, let e be the idempotent of this H-class and
consider a system S of equations over G with no variables on the right-hand side.
By replacing each occurrence of a variable x in S by exe, we obtain a system S′

which is satisfiable over M if and only if S is satisfiable over G since for any
x ∈M , either exe is in G or exe is strictly J -below the equation’s target.

We can combine the results of this section into one algebraic condition on M
insuring NP-completeness of EQN∗

M . Let J1 ∨Gcom be the variety generated by
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idempotent commutative monoids and Abelian groups. It can be shown that M
belongs to J1 ∨Gcom if and only if it is a union of groups and is commutative.

Theorem 7. If M is not in J1 ∨Gcom, then EQN∗
M is NP-complete.

Proof. By Theorem 5 and remarks following its proof, this is certainly true
unless M is a union of maximal Abelian subgroups. Such a monoid can easily
be shown to be commutative iff all four of Green’s relations coincide in M .

If this is not the case, however, there must exist a J -maximal J -class con-
taining two idempotents a, b which are not H-equivalent and thus, by Lemma 2,
do not commute. Moreover, because each H-class is a subgroup, there exists
some q such that for all m ∈M , mq is idempotent. We can therefore show NP-
completeness using the reduction in the proof of Theorem 6 where we replace
all occurrences of a variable x by xq.

4 Tractable Cases

It is shown in [6] that EQN∗ is in P for Abelian groups. This could also be
proved using Theorem 33 of [5] which insures tractability of CSP over a finite
group G when each relation of Γ is a coset2 of Gk. For aperiodics, we have:

Theorem 8. If M is idempotent and commutative, then EQN∗
M is in P.

Proof. It is known that idempotent and commutative finite monoids are J -
trivial [4]. In particular, they always have a unique J -minimal element 0 such
that 0 · x = x · 0 = 0 for all x ∈ M . Our algorithm looks for a “J -minimal”
solution to the system.

For each equation of our system in which the variable xi appears only on one
side, uxiv = E where xi does not appear in E, we write an inequality xi ≥J E.
Note that any satisfying assignment must satisfy all these J -inequalities.

Initially, we set all our variables to 0. We update these values in the following
way: for each variable xi, we set its new value to the least value satisfying all
inequalities xi ≥J E where E is evaluated using the current values for x1, . . . , xn.
We iterate this until we reach a fixed point. It should be clear that no satisfying
assignment of the system assigns to xi a value which is smaller than this one
in the J -ordering. Moreover, this process terminates in at most n · |M | steps
where n is the number of variables, since the new values are increasing in the
J -order.

If the assignment resulting from this process does not satisfy the system,
then some equation is violated. For this to happen, there must be a constant
appearing on only one side of the equation such that all the variables appearing
on the same side are J -above it, and all variables on the other side are strictly
J -above it. Thus, if this assignment does not satisfy our system, the system is
unsatisfiable because any assignment J -above it will also violate this inequality.
2 Note that, in general, the solution set of an equation over G can be assumed to have

this property only when G is Abelian.
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Note once more that when the arity of the equations is bounded, this can be
obtained by appealing to [8] which shows that CSP is tractable when the relations
are preserved by an associative, commutative and idempotent operation. In our
case, this operation is simply multiplication in M .

As a corollary, EQN∗
M is tractable if M is a direct product of an Abelian

group and a commutative idempotent. On the other hand, when M is not a
divisor of such a direct product, i.e. when M is not in J1 ∨Gcom, then by Theo-
rem 5, EQN∗

M is NP-complete. Very recently, these authors and, independently,
Klima [9] proved that EQN∗

M is in fact tractable for any M ∈ J1 ∨Gcom, thus
completing the dichotomy for EQN∗

M .
Unfortunately, time and space constraints prevented these results (and a

proof of Lemma 12) from being included in our final submission to MFCS. They
should however be available from one of the authors’ web pages by the time
these proceedings are published.

5 T−EQN�: Equations with only Constants on the
Right-Hand Side

If we restrict our equations to have only constants on the right-hand side, we
can do better. Note that we can assume that the left-hand side contains no
constants by adding to our system equations Xm = m for all m ∈ M and
replacing constants on the left side by the appropriate variable.

We denote as R1 ∨ L1 the variety generated by idempotent R-trivial and
idempotent L-trivial monoids. A monoid M is in R1 ∨L1 iff it satisfies m2 = m
for all m ∈M and abaca = abca for all a, b, c ∈M (See e.g. [4]).

Theorem 9. If M belongs to R1 ∨ L1, then T−EQN∗
M can be solved in poly-

nomial time.

Proof. Our algorithm works by shrinking a list of possible values for each variable
and implicitly uses the fact that the relations defined by equations over M are
closed under a set function [5]. We use the following lemma:

Lemma 10. Let M ∈ R1 ∨ L1 and suppose x1 . . . xk = m and y1 . . . yl = m.
For all shuffles K of x1 . . . xk with y1 . . . yl, we have K = m.

To see this, recall [4] that in idempotent monoids, the product of two elements
J -above some u ∈ M is also J -above u. Hence we have K ≥J m since K is a
product of elements J -abovem. On the other hand, since all xi’s appear inK, we
can use the relation abaca = abca to getKmK = Kx1 · · ·xkK = K2 = K. Thus,
m ≥J K and so mJK. Note also that every prefix of x1 . . . xk is R-above m
and so x1 . . . xim = m for all i ≤ k.

We claim that K ≥R m. Indeed, we have Km = Kmx1 . . . xky1 . . . yl. Using
again the relation abaca = abca, we can replace the occurrence of xi in K on
the right-hand side of this equation with the prefix x1 . . . xi since all the xj with
j ≤ i appear both before and after xi. Hence Km can be written as a product
of prefixes of x1 · · ·xk or y1 . . . yl times m. Thus Km = m and K ≥R m.
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By a symmetric argument, K ≥L m. Since mJK, Lemma 1 implies that
mHK and m = K by aperiodicity and we obtain the lemma.

Now consider the following algorithm. For each variable Xi, 1 ≤ i ≤ n,
initialize a set Ai = M of “possible values.” Then repeat the following until
either the Ai are fixed or some Ai = ∅: for all i from 1 to n, for each equation E
involving Xi, and each ai ∈ Ai, if there exists no n-tuple (a1, . . . , ai, . . . an)
with aj ∈ Aj that satisfies E, then set Ai ⇒ Ai − {ai}.

If some Ai is empty, the system clearly has no solution. Conversely, we are
left with sets Ai such that for all ai ∈ Ai and all equations E in the system,
there are aj ∈ Aj for all i �= j such that the n-tuple (a1, . . . , an) satisfies E. We
claim that this guarantees the existence of a solution to the system.

Indeed, let ti be the product in M of all elements of Ai = {a(1)
i , . . . , a

(si)
i } in

some arbitrary order. Then (t1, . . . , tn) satisfies all equations in the system. To
see this, consider some equation E = X1X2 . . . Xk = m. The product t1t2 . . . tk
is a shuffle of solutions to this equation by definition of the Ai’s, so by the above
lemma (t1, . . . , tn) is also a solution.

It remains to show that the algorithm has a polynomial running time. It is
sufficient to show that we can test in polynomial time for the existence of a tuple
a = (a1, . . . , ai, . . . , an), aj ∈ Aj satisfying a given equation, say X1 . . . Xk = m.

For each m ∈ M , we will denote Mm the subset of M∗ given by Mm =
{m1m2 . . .mk : evalM (m1,m2 . . .mk) = m}. Because R1 ∨ L1 is contained in
the aperiodic variety DA (see [14]), each Mm can be expressed as the disjoint
union of languages of the form3 B∗

0b1B
∗
1 . . . brB

∗
r with bj ∈ M and Bj ⊆ M .

So to test for the existence of an a with the right properties, it is sufficient
to consider, for each of the concatenations B∗

0b1B
∗
1 . . . brB

∗
r that compose Mm,

the
(
k
r

)
possibilities of placing the bi’s among the k variables. To validate this

choice, it is enough to check that bi ∈ Aj if we set Xj = bi, and that for all other
variables the corresponding Ai contains at least one element which belongs to
the right Bj ’s.

Here again, we seek a dichotomy result for aperiodic monoids. By our proof
of Theorem 4, T−EQN∗ is NP-complete for non-idempotent aperiodics. So we
only need to consider idempotent aperiodics outside R1 ∨L1 that is idempotent
monoids that fail to satisfy the relation abaca = abca.

Theorem 11. If M is idempotent aperiodic outside R1 ∨ L1 then T−EQN∗ is
NP-complete.

Proof. We start by stating a technical lemma about idempotent monoids outside
R1 ∨ L1 whose proof is due to Klima [9].

Lemma 12. Suppose M is an idempotent aperiodic monoid outside of R1∨L1.
There exists a, b, c ∈ M such that abaca �= abca and moreover for all e, f lying
strictly J -above b (resp. lying strictly J -above c) the product ef is also strictly
J -above b (resp. strictly J -above c).
3 We do not need this in our proof, but it can also be assumed that these concatena-

tions are unambiguous, i.e. that if w ∈ B∗
0b1B

∗
1 . . . brB

∗
r , its factorization is unique.
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Choose a, b, c ∈M as in the preceding lemma. We now reduce from Monotone
NAE-3SAT, whose NP-hardness is insured by Schaefer’s theorem.

For each variable Xi, create variables si, ti and equations:

(1) bsi = b (2) sib = b
(3) tic = c (4) cti = c
(5) abasitiaca = abaca

For each clause e.g. X1 ∨X2 ∨X3 we further add two equations:

(6) s1s2s3 = b (7) t1t2t3 = c

If we have a satisfying NAE-3SAT assignment, we can satisfy this system by
setting si = b and ti = 1 if Xi is true and si = 1 and ti = c if Xi is false.

Conversely, Equations (1-4) show that si and ti are R- and L-above b and c
respectively. By Lemma 1 and aperiodicity, siJ b forces si = b and tiJ c forces
ti = c . Thus either si = b or si >J b, and similarly either ti = c or ti >J c.

Moreover, if we have both si = b and ti = c then Eq. (5) is violated since
(ab)(ab)(ca)(ca) = abca �= abaca. Thus if we interpret si = b as Xi is true

and ti = c as Xi is false, we are guaranteed that no variable has both truth
values.

If neither si = b nor ti = c, then we view Xi as indeterminate, and unable
to contribute to the satisfaction of a NAE-3SAT clause: that is, among the
remaining two variables there must be one true and one false. This corresponds
to the fact that if (say) si >J b, then it cannot help satisfy Eq. (6), and one of
the remaining two variables must be b.

Indeed, by Lemma 12 neither b nor c is the product of elements J -above
them, so if Eqs. (6) and (7) are satisfied, at least one of the s’s must be set
to b and one of the t’s to c. Since we are considering monotone formulas, if a
satisfying assignment exists with some variables indeterminate, then one exists
with these variables set to true. So the Monotone NAE-3SAT formula is also
satisfiable.

6 Conclusion

We have proved that EQN∗
M is tractable for M in J1∨Gcom and is NP-complete

otherwise. One might expect that a similar dichotomy also exists for T−EQN∗
M .

Arguments analogous to the ones mentioned at the end of Section 4 can be
used to show that T−EQN∗

M is tractable whenever M belongs to the variety
R1 ∨ L1 ∨Gcom and we conjecture that outside this class T−EQN∗

M is in fact
NP-complete.

The connection to CSP can also be further explored. For instance, it would
be interesting to relate, as in Lemma 3, tractable sets of constraints with solution
sets to equations over the domain viewed as a monoid.

We wish to thank Ondrej Klima for sending us a proof of Lemma 12 and
many helpful comments and suggestions.
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Abstract. This paper shows that the traces of rational graphs coincide
with the context-sensitive languages.

1 Introduction

Infinite transition graphs have become a focus of attention recently. For example,
the behaviour of an infinite state system is an infinite transition graph, and re-
searchers have examined when property checking and equivalence checking such
graphs is decidable [3]. Muller and Schupp pioneered the study of infinite tran-
sition graphs by examining the graphs of pushdown automata [10]. They were
interested in extending Cayley graphs to structures that are more general than
groups. Courcelle defined a more extensive class, the equational graphs, using
deterministic graph grammars [5]. More recently, Caucal constructed a richer
class, the prefix-recognisable graphs [4], using transformations of the complete
binary tree [4]: such a graph is characterised by an inverse rational substitu-
tion followed by a rational restriction of the complete binary tree. Caucal also
provided a mechanism for generating the prefix-recognisable graphs, using finite
sets of rewrite rules. The first author produced an even richer family, the ra-
tional graphs, again using transformations of the complete binary tree [9]: the
characterisation involves an inverse linear substitution followed by a rational re-
striction of the complete binary tree. He also showed that rational graphs are
generated by finite-state transducers whose words are the vertices of a graph.

There is a natural relation between transition graphs and languages, namely
the trace. A trace of a path in a transition graph is its sequence of labels. Relative
to designated initial and final sets of vertices, the trace of a transition graph is the
set of all path traces which start at an initial vertex and end at a final vertex.
For example, the regular languages are the traces of finite transition graphs.
For richer families of languages one needs to consider infinite transition graphs.
The context-free languages are the traces of the transition graphs of pushdown
automata. This remains true for both equational and prefix-recognisable graphs.
The next family of languages in the Chomsky hierarchy is the context-sensitive
languages. Although they have been studied from a language theoretic point

J. Sgall, A. Pultr, and P. Kolman (Eds.): MFCS 2001, LNCS 2136, pp. 548–559, 2001.
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of view, (see [8], for example), only recently have their canonical graphs been
examined [7].

In this paper we prove that the traces of rational graphs (relative to regular
initial and final vertex sets) coincide exactly with the context-sensitive languages.
In Section 2 we describe the rational graphs. In Section 3 we prove that the traces
of rational graphs are context-sensitive, using linear bounded Turing machines.
Finally, in Section 4 we prove the converse inclusion, using a normal form due
to Penttonen for context-sensitive languages [11].

2 Rational Graphs

In this section we concentrate on a presentation of rational graphs using finite
state transducers that generate them. For a more detailed introduction to ratio-
nal graphs, their basis using partial semigroups and rational relations, and their
characterization in terms of transformations of the complete binary tree, see [9].

Assume a finite alphabet A and a finite set of symbols X . A vertex of a
transition graph is a word u ∈ X∗, and a transition has the form (u, a, v), which
we write as u a−→ v, where a ∈ A and u, v are vertices. A transition graph
G ⊆ X∗ ×A×X∗ is a set of transitions.

A transducer is a finite state device that transforms an input word into an
output word in stages, see [1,2]. At each stage, it reads a subword, transforms

it, and changes state. A transition of a transducer has the form p
u/v−−→ q where p

and q are states and u is the input subword and v is its transformation. For our
purposes, both u and v are elements of X∗, and final states of the transducer
are labelled by subsets of A.
Definition 2.1 A labelled transducer T = (Q, I, F,E, L) over X and A, is a
finite set of states Q, a set of initial states I ⊆ Q, a set of final states F ⊆ Q, a
finite set of transitions E ⊆ Q×X∗×X∗×Q and a labelling L : F → 2A.

A transition u a−→ v is recognized by a labelled transducer T if there is a path

in T , p0
u1/v1−−−−→ p1

u2/v2−−−−→ . . .
un−1/vn−1−−−−−−−→ pn−1

un/vn−−−−→ pn, with p0 ∈ I and
pn ∈ F and u = u1 . . . un and v = v1 . . . vn and a ∈ L(pn). Labelled transducers
provide a simple characterization of rational graphs, see [9]. Here we treat the
characterization as a definition.

Definition 2.2 A graph G ⊆ X∗×A×X∗ is rational if, and only if, G is
recognized by labelled transducer.

A transducer is normalised if all its transitions have the form, p
u/v−−→ q, where

|u|+ |v| = 1. It is straightforward to show that any rational graph is generable
from a normalised transducer.

For each a in A, the subgraph Ga is the restriction of G to transitions la-
belled a. If G is rational then so is Ga, and we let Ta be the transducer that
recognises Ga. If u is a vertex of G then Ga(u) is the set of vertices {v |u a−→ v}.
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Example 2.3 The transition graph, below on the right, is generated by the trans-
ducer, below on the left.

1/1

0/0

r1

r2

r3

a

b

c

p

1/1

ε/0

0/1

0/0
0/1

0/0

1/ε
1/⊥

1/1q2

q1

c

c

a

a

b

b

b

b

b

b
00

01

11

001

011

111

000

0

1

ε a

c⊥

For example, 001 b−→ 011 is recognized because of the following path, p
0/0−−→ q1

0/1−−→
r2

1/1−−→ r2 and b is associated with the final state r2.

A path in a graph G is a sequence of transitions u0
a0−→ u1

a1−→ . . .
an−−→ un. If

x = a0a1 . . . an we write u0
x−→ un and we say that x is the trace of this path.

The trace of a graph G, relative to a set I of initial vertices and a set F of final
vertices, is the set of traces of all paths between vertices in I and vertices in F .

L(G, I, F ) := {x | ∃s ∈ I ∃t ∈ F, s x−→ t}
In other words, the trace of a graph is “the language of its labels”. In this paper,
we are interested in the trace of a rational graph relative to regular vertex sets I
and F .

In Section 4 we shall appeal to rational relationsR ⊆ X∗×X∗. A relationR is
rational if it is induced by an unlabelled transducer over X : that is, a transducer
that does not have a labelling function L, see [1,2].

3 Traces of Rational Graphs Are Context-Sensitive

In this section, we prove that the trace of a rational graph G, relative to regular
vertex sets I and F , is a context-sensitive language. In fact, we only need to
consider the trace of G relative to I = {$} and F = {#}, where $ and # are two
new symbols. If G is rational then the following graph G′,

G ∪ (
[

a∈A
{$} × {a} × Ga(I)) ∪ (

[

a∈A
G−1

a (F ) × {a} × {#}) ∪ (
[

C

{$} × {a} × {#})

where C is the constraint a ∈ A, Ga(I) ∩ F �= ∅, is also rational and has the
property, L(G′, {$}, {#}) = L(G, I, F ).

The two most common characterizations of a context-sensitive (cs) language
are that it is generated by a cs grammar and that it is recognized by a linear
bounded machine, LBM, see for instance [8].
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Definition 3.1 A linear bounded machine, LBM, is a Turing machine such that
the size of its tape is bounded, linearly, by the length of the input.

At a first glance, one might expect that the trace of a rational graph is recognis-
able by a LBM because it can store information on its tape (namely the current
vertex of the graph), and use it to compute new information (the next vertex).
However, the linear bound is a problem as the next example illustrates.

Example 3.2 The very simple transducer, p
A/AA−−−−→ p (where p is both an initial

and a final state labelled with a), produces the following graph G.

A
a−→ AA

a−→ A4 a−→ · · · a−→ A2n · · ·
A3 a−→ A6 a−→ A12 a−→ · · · a−→ A3.2n · · ·
A5 a−→ A10 a−→ A20 a−→ · · · a−→ A5.2n · · ·
...

...
...

The trace of G relative to I = {A} and F = A∗ is the language a∗. But, the
length of vertices is exponential in the length of the word that is recognized. For
example, the path recognizing a3 is A a−→ AA

a−→ A4 a−→ A8.

Our solution1 is to work on transitions in parallel. If u a−→ v
b−→ w and the

first “output” in the transducer Ta involves a transition q
ε/X−−→ q′ then X will

be the first element of v and therefore we can also activate Tb (and remember
that q′ is then the current state of Ta). In this way, as we shall see, we only ever
need to be working with current head elements which may activate subsequent
transitions.

Proposition 3.3 Traces of rational graphs are cs-languages.

Proof (Sketch). Assume a rational graph G that is generated by a normalised
transducer T . We now show that L(G, {$}, {#}) is recognised by a LBM,M . Let
w ∈ A∗, and assume that wk is the kth letter of w. The tape of M has length
2|w|+ 3, and it has a left-end marker X. The initial configuration of M is,

X w

p0 |w| |w|+ 2

where the tape symbols are the left-end marker, the letters of A, and then blank
symbols. M then transforms this configuration into
1 One might believe that it is possible to encode vertices in such a way that their

lengths are linear in the length of the recognized word. But, the problem is then
how to deduce the “next vertex function”. In particular, if some branches of the
transducer have a linear growth and others have an exponential growth, we are
unable to construct the machine.
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p1
↓

X iw1 $ iw2 ε − − − iwk
ε − − − iwn ε % ε

where ε and % are new tape-symbols, and iwk
are symbols corresponding to an

initial state of Twk
. We assume that there are tape symbols for each state of the

transducer T .
Now, we consider transitions where the head moves to the right. Assume that

the current configuration is,
p1

Apa pb C

where A and C both belong to A ∪ {$,#, ε}, pa is any state of Ta and pb is
either a state of Tb or %. There are two possible moves. First, if there is a

transition pa
A/ε−−→ qa in Ta then M can make the following step.

p1

Move (a)pbεqa C

A is removed because the transition pa
A/ε−−→ qa consumes this input. C is un-

changed because ε is the output. We also assume that M remains in state p1.

Second, if there is a transition pa
ε/B−−→ q′a in Ta and C is ε then M can make

the following step. p1

BpbAq′a Move (b)

A is not removed because the transition pa
ε/B−−→ q′a consumes nothing. C = ε is

changed to B. Again, we assume M remains in state p1.
Next, we consider transitions where the head moves to the left. If the current

configuration is p1

paBpb C

and either C = ε or (C = # and pa = %) then M can make the following step.

p1

paBpb Move (c)C

Finally, there is the case whenM checks for success. This happens either when
the head is scanning % and the next symbol is # or the head is scanning fwi

and the next symbol is ε.
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p1p1

X %AnpwnA2pw2A1pw1
#εfwi

M now checks that each pai is a final state fai of Tai and that Ai is ε, and if
this is true, then M enters a final accepting state. It is now not difficult to show
that M recognizes the language L(G, {$}, {#}). ��

4 Cs-Languages Are Traces of Rational Graphs

In this section we prove the converse inclusion that every cs-language is the trace
of a rational graph relative to regular initial and final sets of vertices. The proof
is subtle, for reasons that we shall explain, and uses Penttonen’s characterization
of a cs-language as the image of a linear language under a length preserving left
cs transformation [11].

A cs-language is generated by a cs grammar. A cs grammar Γ consists of
a finite set of nonterminals N , a finite set of terminals T and a finite set of
productions P , each of which has the form UAW → UVW , where U and W
are in (N ∪ T )∗, A in N and V in (N ∪ T )+. An application of the production
UAW → UVW in Γ to U1UAWW1 produces U1UVWW1, which we write
as U1UAWW1→

Γ
U1UVWW1. Moreover, we assume that ∗→

Γ
is the reflexive and

transitive closure of →
Γ
. Sometimes, we shall use the notation ∗→

Γ
(U) to be the

set {V |U ∗→
Γ
V }. The language of U ∈ (N ∪ T )+, denoted by L(U), is the set of

words
{
u ∈ T ∗ | U→

Γ

∗u
}
. Usually, there is a start symbol S ∈ N of Γ , in which

case the language generated by the grammar, L(Γ ), is L(S). There are various
normal forms for cs grammars, including the “left form” due to Penttonen [11].

Theorem 4.1 (Penttonen 74) Every cs-language can be generated by a gram-
mar, whose productions have the form

A→ BC,AB → AC,A→ a

where A,B,C are nonterminals and a is a terminal.

If ε-transitions are allowed in rational graphs and Γ is a cs grammar, then it
is easy to construct a rational graph whose trace is L(Γ ). One merely simu-
lates the derivation S→

Γ

∗v in the graph. Each production can be simulated by a

transducer whose final state is labelled ε (for instance, AB → AC is captured

by the transducer p
D/D−−−→ p, p

AB/AC−−−−−→ q and q
D/D−−−→ q for each D ∈ N) and

the graph outputs v at the end, v v−→ ε. However, the traces of rational graphs
with ε-transitions coincide with the recursively enumerable languages. Indeed,
following Knapik and Payet’s exposition in [7], it is straightforward to prove the
next result. It appeals to the standard notion of projection π with respect to a
subalphabet: if J ⊆ B∗ and C ⊆ B then πC(J) is the language that is the result
of erasing all occurrences of letters in B − C from words in J .
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Corollary 4.2 If K ⊆ A∗ is a recursively enumerable language and c �∈ A is
a new letter, then there is a language K ′ ⊆ (A ∪ {c})∗ and a rational graph G
whose trace is K ′ and K = πA(K ′).

This result is also a well known property of cs-languages (see, for example, [6]).
However, the trace of a rational graph without ε-transitions is a recursive lan-
guage, [9], and therefore the rational graphs with ε-transitions are more expres-
sive than rational graphs.

What is the real problem of being able to generate a cs-language from a
rational graph? As we can see simulating an application of a single production
does not create a problem. And therefore simulating sequences of productions is
also not problematic. The main issue is generating each word of length n in “real
time”, that is, in precisely n steps. This is in stark contrast with derivations in
cs grammars. The number of applications of productions in a derivation S→

Γ

∗u

can be exponential in the length of the word u, as the next example illustrates.

Example 4.3

Γ






S → AT AB → AC AC → AB
T → RT | BD BE → BF BG→ BD
R→ BD CD → CE CF → CG
DC → DB EB → EC GC → GB

There is the derivation S→
Γ

∗A(BD)n just by applying the S, T and R rules. How-

ever, consider the number of steps it takes to replace an occurrence of D with G in
A(BD)n. For instance, when n = 2, AB DBD → A CD BD → AC EB D →
ACE CD → AC ECE→A BE CE → AB FCE→A CF CE→ACGCE.
To replace D at position 2n + 1 with G requires 2n applications of productions
involving the initial letter A in the first position, as it requires 2n−1 applications
of both AB → AC and AC → AB. This also means that the initial A cannot be
removed before the end of the computation.

Consequently, we use a more refined characterization of the cs-languages than
that they are generable by cs grammars, that is due to Penttonen (Theorem 3
in [11]).

Theorem 4.4 (Penttonen 74) There is a linear language Llin such that
every cs-language K can be represented in the form,
K =

{
u ∈ A∗ | ∃v ∈ Llin ∧ ∃n ∈ N ∧ v→

τ

nu
}
, where τ is a length preserving

left cs transformation.

A linear language is generated from a context-free grammar where each produc-
tion contains at most one nonterminal on its right hand side: for example, if
S → aSb, S → ab then L(S) is linear. In Theorem 4.4, a length preserving left cs
transformation is a set of rewrite rules of the form ua → ub where u ∈ A∗ and
a, b ∈ A. However, we shall work with linear languages whose alphabet is a set
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of nonterminals that, for us, will be vertex symbols. Clearly, Theorem 4.4 can
be easily recast with respect to such an alphabet just by assuming each element
of A is coded as a nonterminal A. However, we also need rules to transform
nonterminals into terminals, which will just be of the form A → a. A length
preserving left cs transformation τ therefore is a set of productions of the form
UA→ UB. The relation ∗→

τ
, therefore, has the important property that if U ∗→

τ
V

then the length of U is the same as the length of V . In fact, the proof of Theo-
rem 4.4 in [11] shows that it is only necessary to consider productions of length
at most 2.

Definition 4.5 A 2-left-length-preserving transformation is a set of productions
of the form, AB → AC and A→ a, where A,B,C ∈ N and a ∈ A.

It is clear how to define a rational graph whose trace is a linear language, Llin.
However, we then need to “filter” it through a 2-left-length-preserving transfor-
mation τ . But, there is no obvious transducer associated with τ . In particular,
the relation →

τ

∗ may not be rational (that is, definable by a finite transducer),
as the following example illustrates.

Example 4.6 If τ is {AB → AC,AC → AA,CA→ CB}, then its rewriting re-
lation is not rational. →

τ

∗((AB)∗) ∩ A∗B∗ = {AnBm | n � m}. (AB)∗ is

a regular language and, therefore, if →
τ

∗ were rational then →
τ

∗((AB)∗) and

{AnBm | n � m} would also be regular sets.

A more subtle construction is needed to rationally capture τ . Consider a
derivation U(1) . . . U(n)→

τ

∗V (1) . . . V (n) where n > 1 and each U(i) and V (i) is
a nonterminal. We can represent such a derivation in the following 2-dimensional

form

U0(1) · · · U0(n)
U1(1) · · · U1(n)

...
...

Um(1) · · · Um(n)
where U0(i) = U(i) and Um(i) = V (i) and Ui(1) . . . Ui(n)→

τ
Ui+1(1) . . . Ui+1(n).

As noted previously, m can be exponential in n. We wish to capture this deriva-
tion in (n− 1) steps with a rational relation Rτ in one left to right swoop. First,
notice that in the first column there is just one element because U(1) = V (1). In
the second column there may be a number of different, and repeating, elements.
For instance, if Ui(2) �= Ui+1(2) then U(1)Ui(2)→

τ
U(1)Ui+1(2). Consider the

subsequence of this column with initial element U0(2) and subsequent elements
when it changes, [U0(2), Ui1(2), . . . , Uik2

(2)], so the final element Uik2
(2) is V (2).

Next, consider the third column starting with U0(3). Changes to this element
may depend on elements in the second column and not just on U(2). For exam-
ple Uij (2)U�(3)→

τ
Uij (2)U�+1(3). And so on. What we now define is a rational

relation Rτ which will include

[U(1)]U(2) . . . U(n) Rτ [U1(2)Ui1(2) . . . Uik2
(2)]U(3) . . . U(n)
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and by composition, it will have the property

[U(1)]U(2) . . . U(n) Rj−1
τ [U1(j)Ui1(j) . . . Uikj

(j)]U(j + 1) . . . U(n)

where Rkτ is the kfold composition of Rτ . Consequently, this relation transforms
a word of the form [U ]AV into a word [AU ′]V where U ∈ N+ and V, U ′ ∈ N∗

and A ∈ N which says that A may be rewritten to elements of U ′ in turn,
depending on the changing context represented by U . We now define Rτ .

Definition 4.7 If τ is a 2-left-length-preserving transformation and X = N ∪
{[, ]}, then Rτ ⊆ X∗ × X∗ is the rational relation recognized by the following
transducer Tτ .

Tτ






I
[X/[A−−−−→ (A,X,A) ∀A,X ∈ N Type 1

(A,X, Y )
ε/Z−−→ (A,X,Z) ∀A,X, Y, Z ∈ N and XY →

τ
XZ Type 2

(A,X, Y )
Z/ε−−→ (A,Z, Y ) ∀A,X, Y, Z ∈ N Type 3

(A,X, Y )
]A/]−−→ F ∀A,X, Y ∈ N Type 4

F
X/X−−−→ F ∀X ∈ N Type 5

States of this transducer are: (X,Y, Z) for all X,Y, Z ∈ N , the initial state I
and the final state F .

Example 4.8 Assume τ = {AB → AC,AC → AB,CB → CE,BE → BF}.

[A]B Rτ [BCB]:
A
A
A

B
C
B

[BCB]BAB Rτ [BEF ]AB:

AB
AC
AC
AB
AB

B
B
E
E
F

AB
AB
AB
AB
AB

The relation Rτ underlies a rational graph whose trace is the corresponding
language. Before proving this, we need a technical lemma.

Lemma 4.9 If U , V ∈ N∗ and |U | = |V | = n, then the following statements
are equivalent.

(i) U→
τ

∗V , using only productions of the form AB → AC ∈ τ
(ii) [U(1)]U(2) · · ·U(n) Rτn−1[U(n)WV (n)], for some W in N∗

Proof. (Sketch) Let U and V belong to N∗, and assume that they have equal
length n. Moreover, assume that {r1, r2, · · · , rk} are all the productions in τ
of the form AB → AC. First, we show (i) ⇒ (ii). If U→

τ

∗V , then there exists
m � 1 such that U = U1→

r
1

U2 · · · →
r
m−1

Um = V . For each j between 1 and m−1
assume that Ij is the set {i | Ui(j) �= Ui+1(j)}: that is, it is the set of indices i
such that the rule r�i of τ changes the jth letter of Ui. Notice that I1 = ∅, and
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if i �= j then Ii ∩ Ij = ∅ and, moreover,
⋃n
j=1 Ij = [m]. The following holds, for

all j ≥ 2.

[U1(j − 1)
∏

i∈Ij−1

Ui+1(j − 1)]U1(j) Rτ [U1(j)
∏

i∈Ij

Ui+1(j)]

Therefore, there is a path in Tτ which starts in I and ends in F that is labelled
[U1(j− 1)

∏
i∈Ij−1

Ui+1(j− 1)]U1(j) on the left and [U1(j)
∏
i∈Ij

Ui+1(j)] on the
right. By Definition 4.7, therefore, there is the following transition in Tτ .

I
[U1(j−1)/[U1(j)−−−−−−−−−−→ (U1(j), U1(j − 1), U1(j))

Using a type 4 transition, there is a transition to the final state.

(Um(j), Um(j − 1), Um(j))
]Um(j)/]−−−−−→ F

Thus, for all j � 2

[U1(j − 1)
∏
i∈Ij−1

Ui+1(j − 1)]U1(j) Rτ [U1(j)
∏
i∈Ij

Ui+1(j)]

By induction on j it follows that

[U(1)]U(2) · · ·U(n) Rτ j−1 [U1(j)
∏

i∈Ij

Ui+1(j)]U1(j + 1) · · ·U1(n)

The proof (ii)⇒ (i) is easier. Associated with any kfold composition of Rτ is a
sequence of applications of productions of τ . ��
This lemma is used in the proof of the next result.

Proposition 4.10 Cs-languages are traces of rational graphs.

Proof. Assume K is a cs-language, and let τ be a 2-left-length-preserving trans-
formation, by Theorem 4.4, such that →

τ

∗(Llin) = K. We use the relation Rτ of
Definition 4.7 to construct a rational graph. For each letter a in A, Na is the set
of nonterminals A such that A→

τ
a. Let Ra be the relation Rτ ∩ [N∗Na]N+ ×

[N∗]N∗ which is rational, see [2]. Therefore, the following graph G0 is ratio-
nal, G0 =

⋃
a∈A {(x, a, y) | (x, y) ∈ Ra}. Therefore, the following graph G1 is

also rational.

G1 = G0 ∪
⋃

a∈A
[N∗Na]× {a} × {ε}

Let [Llin] be the language {[A]U | A ∈ N ∧ U ∈ N∗ ∧AU ∈ Llin}. Therefore,
L(G1, [Llin], {ε}) = K.
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u ∈ L(G1, [Llin], {ε}), and the length of u is n

⇔ [V (1)]V (2) · · ·V (n) u−−→
G1

ε

⇔ [V (1)]V (2) · · ·V (n) Ru(1) [V (2) · · ·V ′(2)]V (3) · · ·V (n) Ru(2) · · ·
· · · Ru(n−1)[V (n) · · ·V ′(n)] Ru(n) ε

Lemma 4.9⇔ V (1)V (2) · · ·V (n)→
τ

∗V (1)V ′(2) · · ·V ′(n)

and V (1)→
τ
u(1) ∧ ∀i ∈ [2 . . . n], V ′(i)→

τ
u(i)

⇔ u ∈ K
The problem is now that [Llin] is not a regular language. To get a proper con-
verse of Proposition 3.3 we need to find a rational graph whose trace between
two regular sets is K. However, [Llin] is generable by a context-free grammar Γ
in Greibach normal form, where every production has a single nonterminal (be-
longing to N) on its right hand side. The relation Rτ transforms a word in Llin
from left to right, and therefore G1 can be transformed into G in such a way
that it starts with extended words in Γ that begin with precisely two terminal
letters. Let I be this finite set of words. The transducer generating G will also
apply productions of Γ to obtain more letters of N so that the computation
continues. Consequently, it now follows that K = L(G, I, {ε}). ��

The proof of Proposition 4.10 constructs a graph that may have infinite de-
gree. However, there can only be infinite degree if there are cycles in the trans-
formation τ . It is possible to remove such cycles: for any 2-left-length-preserving
transformation τ , there is an equivalent 2-left-length-preserving transformation
τ ′ which is acyclic. Therefore, it follows that for any cs-language there is a ra-
tional graph of finite, but not necessarily bounded, degree whose trace coincides
with the language.

Proposition 4.11 If K ⊆ A∗ is a cs-language, then there is a rational graph G
of finite degree such that K = L(G, I, F ) where I and F are finite sets of vertices.

Combining Propositions 3.3 and 4.10, we thereby obtain the main result of the
paper.

Theorem 4.12 Traces of rational graphs are all the cs-languages.

5 Conclusion

We have shown that the traces of rational graphs relative to regular initial and
final sets of vertices coincide with the cs-languages. This new characterization
of the cs-languages may offer new insights into these languages. For instance,
an interesting question is: is it possible to define a subfamily of rational graphs
whose traces are the deterministic cs-languages?
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Abstract. Motivated by formal models recently proposed in the context
of XML, we study automata and logics on strings over infinite alphabets.
These are conservative extensions of classical automata and logics defin-
ing the regular languages on finite alphabets. Specifically, we consider
register and pebble automata, and extensions of first-order logic and
monadic second-order logic. For each type of automaton we consider one-
way and two-way variants, as well as deterministic, non-deterministic,
and alternating control. We investigate the expressiveness and complex-
ity of the automata, their connection to the logics, as well as standard
decision problems.

1 Introduction

One of the significant recent developments related to the World Wide Web
(WWW) is the emergence of the Extensible Markup Language (XML) as the
standard for data exchange on the Web [1]. Since XML documents have a tree
structure (usually defined by DTDs), XML queries can be modeled as map-
pings from trees to trees (tree transductions), and schema languages are closely
related to tree automata, automata theory has naturally emerged as a central
tool in formal work on XML [13,14,15,16,17,18,19]. The connection to logic and
automata proved very fruitful in understanding such languages and in the de-
velopment of optimization algorithms and static analysis techniques. However,
these abstractions ignore an important aspect of XML, namely the presence of
data values attached to leaves of trees, and comparison tests performed on them
by XML queries. These data values make a big difference – indeed, in some cases
the difference between decidability and undecidability (e.g., see [3]). It is there-
fore important to extend the automata and logic formalisms to trees with data
values. In this initial investigation we model data values by infinite alphabets,
and consider the simpler case of strings rather than trees. Understanding such
automata on strings is also interesting for the case of trees, as most formalisms
allow reasoning along paths in the tree. In the case of XML, it would be more
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accurate to consider strings labeled by a finite alphabet and attach data val-
ues to positions in the string. However, this would render the formalism more
complicated and has no bearing on the results. Although limited to strings, we
believe that our results provide a useful starting point in investigating the more
general problem. In particular, our lower-bound results will easily be extended
to trees.

We only consider models which accept precisely the regular languages when
restricted to finite alphabets. It is useful to observe that for infinite alphabets
it is no longer sufficient to equip automata with states alone. Indeed, automata
should at least be able to check equality of symbols. There are two main ways
to do this: (1) store a finite set of positions and allow equality tests between
the symbols on these positions; (2) store a finite set of symbols only and al-
low equality tests with these symbols. The first approach, however, leads to
multi-head automata, immediately going beyond regular languages. Therefore,
we instead equip automata with a finite set of pebbles whose use is restricted by
a stack discipline. The automaton can test equality by comparing the pebbled
symbols. In the second approach, we follow Kaminski and Francez [11,10] and
extend finite automata with a finite number of registers that can store alphabet
symbols. When processing a string, an automaton compares the symbol on the
current position with values in the registers; based on this comparison it can
decide to store the current symbol in some register. In addition to automata, we
consider another well-known formalism: monadic second-order logic (MSO). To
be precise, we associate to strings first-order structures in the standard way, and
consider the extensions of MSO and FO denoted by MSO∗ and FO∗, as done by
Grädel and Gurevich in the context of meta-finite models [6].

Our results concern the expressive power of the various models, provide
lower and upper complexity bounds, and consider standard decision problems.
For the above mentioned automata models we consider deterministic (D), non-
deterministic (N), and alternating (A) control, as well as one-way and two-
way variants. We denote these automata models by dC-X where d ∈ {1, 2},
C = {D,N,A}, and X ∈ {RA,PA}. Here, 1 and 2 stand for one- and two-way,
respectively, D, N, and A stand for deterministic, non-deterministic, and alter-
nating, and PA and RA for pebble and register automata. Our main results are
the following (the expressiveness results are also represented in Figure 1).

Registers. We pursue the investigation of register automata initiated by
Kaminski and Francez [11]. In particular, we investigate the connection be-
tween RAs and logic and show that they are essentially incomparable. In-
deed, we show that MSO∗ cannot define 2D-RA. Furthermore, there are
even properties in FO∗ that cannot be expressed by 2A-RAs. Next, we con-
sider the relationship between the various RA models. We separate 1N-RAs,
2D-RAs, 2N-RAs, and 2A-RAs, subject to standard complexity-theoretic
assumptions.

Pebbles. We consider two kinds of PAs: one where every new pebble is placed
on the first position of the string and one where every new pebble is placed on
the position of the current pebble. We refer to them as strong and weak PAs,
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respectively. Clearly, this pebble placement only makes a difference in the
case of one-way PAs. In the one-way case, strong 1D-PA can simulate FO∗

while weak 1N-PA cannot (whence the names). Furthermore, we show that
all pebble automata variants can be defined in MSO∗. Finally, we provide
more evidence that strong PAs are a robust notion by showing that the
power of strong 1D-PA, strong 1N-PA, 2D-PA, and 2N-PA coincide.

Decision Problems. Finally, we consider decision problems for RAs and PAs,
and answer some open questions from Kaminsky and Francez We show that
universality and containment of 1N-RAs and non-emptiness of 2D-RA are
undecidable and that non-emptiness is undecidable even for weak 1D-PAs.

As RAs are orthogonal to logically defined classes one might argue that PAs
are better suited to define the notion of regular languages over infinite alpha-
bets. Indeed, they are reasonably expressive as they lie between FO∗ and MSO∗.
Furthermore, strong PAs form a robust notion. Adding two-wayness and nonde-
terminism does not increase expressiveness and the class of languages is closed
under Boolean operations, concatenation and Kleene star. Capturing exactly
MSO∗ most likely requires significant extensions of PAs, as in MSO∗ one can
express complete problems for every level of the polynomial hierarchy, while
computations of 2A-PAs are in p.

Related work. Kaminski and Francez were the first to consider RAs (which they
called finite-memory automata) to handle strings over infinite alphabets. They
showed that 1N-RAs are closed under union, intersection, concatenation, and
Kleene star. They further showed that non-emptiness is decidable for 1N-RAs
and that containment is decidable for 1N-RAs when the automaton in which
containment has to be tested has only two registers.

When the input is restricted to a finite alphabet, PAs recognize the regular
languages, even in the presence of alternation [14]. We point out that the peb-
bling mechanism we employ is based on the one of Milo, Suciu, and Vianu [14]
and is more liberal than the one used by Globerman and Harel [7]: indeed, in our
case, after a pebble is placed the automaton can still walk over the whole string
and sense the presence of the other pebbles. Globerman and Harel prove certain
lower bounds in the gap of succinctness of the expressibility of their automata.

Overview. This paper is organized as follows. In Section 2, we provide the formal
framework. In Section 3, we study register automata. In Section 4, we examine
pebble automata. In Section 5, we compare the register and pebble models.
In Section 6, we discuss decision problems. We conclude with a discussion in
Section 7. Due to space limitations proofs are only sketched.

2 Definitions

We consider strings over an infinite alphabet D. Formally, a D-string w is a
finite sequence d1 · · ·dn ∈ D∗. As we are often dealing with 2-way automata we
delimit input strings by two special symbols, ✄,✁ for the left and the right end
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of the string, neither of which is in D. I.e., automata always work on strings of
the form w = ✄v✁, where v ∈ D∗. By dom(w) we denote the set {1, . . . , |w|}
with |w| the length of w. For i ∈ dom(w), we also write valw(i) for di.

2.1 Register Automata

Definition 1 ([11,10]). A k-register automaton B is a tuple (Q, q0, F, τ0, P )
where Q is a finite set of states; q0 ∈ Q is the initial state; F ⊆ Q is the set of
final states; τ0 : {1, . . . , k} → D ∪ {✄,✁} is the initial register assignment; and,
P is a finite set of transitions of the forms (i, q)→ (q′, d) or q → (q′, i, d). Here,
i ∈ {1, . . . , k}, q, q′ ∈ Q and d ∈ {stay, left, right}.

Given a string w, a configuration of B on w is a tuple [j, q, τ ] where j ∈
dom(w), q ∈ Q, and τ : {1, . . . , k} → D ∪ {✄,✁}. The initial configuration
is γ0 := [1, q0, τ0]. A configuration [j, q, τ ] with q ∈ F is accepting. Given γ =
[j, q, τ ], the transition (i, p)→ β (respectively, p→ β) applies to γ iff p = q and
valw(j) = τ(i) (respectively, valw(j) 
= τ(i) for all i ∈ {1, . . . , k}).

Given γ = [j, q, τ ] and γ′ = [j′, q′, τ ′], we define the one step transition
relation � on configurations as follows: γ � γ′ iff there is a transition (i, q) →
(q′, d) that applies to γ, τ ′ = τ , and j′ = j, j′ = j − 1, j′ = j + 1 whenever
d = stay, d = left, or d = right, respectively; or there is a transition q → (q′, i, d)
that applies to γ, j′ is as defined in the previous case, and τ ′ is obtained from τ by
setting τ ′(i) to valw(j). We denote the transitive closure of � by �∗. Intuitively,
transitions (i, q) → (q′, d) can only be applied when the value of the current
position is in register i. Transitions q → (q′, i, d) can only be applied when the
value of the current position differs from all the values in the registers. In this
case, the current value is copied into register i.

We require that the initial register assignment contains the symbols ✄ and
✁, so automata can recognize the boundaries of the input. Furthermore, from a
✄ only right-transitions and from a ✁ only left-transitions are allowed.

As usual, a string w is accepted by B, if γ0 �∗ γ, for some accept-
ing configuration γ. The language L(B) accepted by B, is defined as {v |
✄v✁ is accepted by B}.

The automata we defined so far are in general non-deterministic. An au-
tomaton is deterministic, if in each configuration at most one transition applies.
If there are no left-transitions, then the automaton is one-way. Alternating au-
tomata are defined in the usual way. As explained in the introduction, we refer
to these automata as dC-RA where d ∈ {1, 2} and C = {D,N,A}. Clearly, when
the input is restricted to a finite alphabet, RAs accept only regular languages.

2.2 Pebble Automata

We borrow some notation from Milo, Suciu, and Vianu [14].

Definition 2. A k-pebble automaton A over D is a tuple (Q, q0, F, T ) where
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– Q is a finite set of states; q0 ∈ Q is the initial state; F ⊆ Q is the set of final
states; and,

– T is a finite set of transitions of the form α → β, where α is of the form
(i, s, P, V, q) or (i, P, V, q), where i ∈ {1, . . . , k}, s ∈ D ∪ {✄,✁}, P, V ⊆
{1, . . . , i − 1}, and β is of the form (q, d) with q ∈ Q and d ∈ {stay, left,
right, place-new-pebble, lift-current-pebble}.

Given a string w, a configuration of A on w is of the form γ = [i, q, θ] where
i ∈ {1, . . . , k}, q ∈ Q and θ : {1, . . . , i} → dom(w). We call θ a pebble assignment
and i the depth of the configuration (and of the pebble assignment). Sometimes
we denote the depth of a configuration γ (pebble assignment θ) by depth(γ)
(depth(θ)). The initial configuration is γ0 := [1, q0, θ0] where θ0(1) = 1. A con-
figuration [i, q, θ] with q ∈ F is accepting.

A transition (i, s, P, V, p)→ β applies to a configuration γ = [j, q, θ], if

1. i = j, p = q,
2. P = {l < i | valw(θ(l)) = valw(θ(i))},
3. V = {l < i | θ(l) = θ(i)}, and
4. valw(θ(i)) = s.

A transition (i, P, V, q) → β applies to γ if (1)-(3) hold and no transition
(i′, s′, P ′, V ′, q′) → β applies to γ. Intuitively, (i, s, P, V, p) → β applies to a
configuration, if i is the current number of placed pebbles, p is the current
state, P is the set of pebbles that see the same symbol as the top pebble, V
is the set of pebbles that are at the same position as the top pebble, and the
current symbol seen by the top pebble is s. We define the transition relation �
as follows: [i, q, θ] � [i′, q′, θ′] iff there is a transition α→ (p, d) that applies to γ
such that q′ = p and θ′(j) = θ(j), for all j < i, and

– if d = stay, then i′ = i and θ′(i) = θ(i),
– if d = left, then i′ = i and θ′(i) = θ(i)− 1,
– if d = right, then i′ = i and θ′(i) = θ(i) + 1,
– if d = place-new-pebble, then i′ = i+ 1, θ′(i+ 1) = θ′(i) = θ(i),
– if d = lift-current-pebble then i′ = i− 1.

The definitions of the accepted language, deterministic, alternating and one-
way are analogous to the case of register automata. We refer to these automata
as dC-RA where d and C are as before.

In the above definition, new pebbles are placed at the position of the most
recent pebble. An alternative would be to place new pebbles at the beginning
of the string. While the choice makes no difference in the two-way case, it is
significant in the one-way case. We refer to the model as defined above as weak
pebble automata and to the latter as strong pebble automata. Strong pebble
automata are formally defined by setting θ′(i+1) = 1 (and keeping θ′(i) = θ(i))
in the place-new-pebble case of the definition of the transition relation.
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2.3 Logic

We consider first-order and monadic second-order logic over D-strings. The rep-
resentation as well as the logics are special instances of the meta-finite structures
and their logics as defined by Grädel and Gurevich [6]. A string w is represented
by the logical structure with domain dom(w), the natural ordering < on the do-
main, and a function val : dom(w)→ D instantiated by valw. An atomic formula
is of the form x < y, val(x) = val(y), or val(x) = d for d ∈ D, and has the obvious
semantics. The logic FO∗ is obtained by closing the atomic formulas under the
boolean connectives and first-order quantification over dom(w). Hence, no quan-
tification over D is allowed. The logic MSO∗ is obtained by adding quantification
over sets over dom(w); again, no quantification over D is allowed.

2.4 Complexity Classes over Infinite Alphabets

Some of our separating results are relative to complexity-theoretic assumptions.
To this end, we assume the straightforward generalization of standard complexity
classes (like logspace, nlogspace, and ptime) to the case of infinite alphabets
that can be defined, e.g., by using multi-tape Turing machines which are able
to compare and move symbols between the current head positions. It should be
clear that the collapse of two of these generalized classes immediately implies
the collapse of the respective finite alphabet classes.

3 Register Automata

We start by investigating RAs. In particular, we compare them with FO∗ and
MSO∗. Our main conclusion is that RAs are orthogonal to these logics as they
cannot even express all FO∗ properties but can express properties not definable in
MSO∗. Further, we separate the variants of RAs subject to standard complexity-
theoretic assumptions.

3.1 Expressiveness

Theorem 3. MSO∗ cannot define all 2D-RA.

Proof. (sketch) Consider strings of the form u#v where u, v ∈ (D − {#})∗.
Define Nu and Nv as the set of symbols occurring in u and v, respectively.
Denote by nu and nv their cardinalities. We show that there is a 2D-RA A that
accepts u#v iff nu = nv while there is no such MSO∗ sentence.

A 2D-RA can recognize this property by checking that the number of leftmost
occurences of symbols is the same in u and v. To this end it moves back and
forth between leftmost occurences of symbols in u and v. ✷

We next show that RAs cannot capture FO∗, even with alternation. The
proof is based on communication complexity[9].

Theorem 4. 2A-RA cannot express FO∗.
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Proof. We start with some terminology. Let D be a finite or infinite set. A 1-
hyperset over D is a finite subset of D. For i > 1, an i-hyperset over D is a finite
set of (i− 1)-hypersets over D. For clarity, we will often denote i-hypersets with
a superscript i, as in S(i). Let us assume that D contains all natural numbers
and let, for j > 0, Dj be D − {1, . . . , j}. Let j > 0 be fixed. We inductively
define encodings of i-hypersets over Dj . A string w = 1d1d2 · · · dn1 over Dj is
an encoding of the 1-hyperset H(w) = {d1, . . . , dn} over Dj . For each i ≤ j,
and encodings w1, . . . , wn of (i− 1)-hypersets, iw1iw2 · · · iwni is an encoding of
the i-hyperset {H(wi) | i ≤ n}. Define Lm= as the language
{u#v |u and v are encodings of m-hypersets over Dm−{#} and H(u)=H(v)}.
Lemma 5. For each m, Lm= is definable in FO∗.

Next, we show that no 2A-RA can recognize Lm= for m > 4. The idea is that
for large enough m, a 2A-RA simply cannot communicate enough information
between the two sides of the input string to check whether H(u) equals H(v).
Our proof is inspired by a proof of Abiteboul, Herr, and Van den Bussche [2]. To
simulate 2A-RA, however, we need a more powerful protocol where the number
of messages depends on the number of different data values in u and v. This
protocol is defined next. Let exp0(n) := n and expi(n) := 2expi−1(n), for i > 0.

Definition 6. Let P be a binary predicate on i-hypersets over D and let k, l ≥ 0.
We say that P can be computed by a (k, l)-communication protocol between two
parties (denoted by I and II) if there is a polynomial p such that for all i-
hypersets X(i) and Y (i) over a finite set D there is a finite alphabet ∆ of size
at most p(|D|) such that P (X(i), Y (i)) can be computed as follows: I gets X(i)

and II gets Y (i); both know D and ∆; they send k-hypersets over ∆ back and
forth; and, after expl(p(|D|)) rounds of message exchanges, both I and II have
enough information to decide whether P (X(i), Y (i)) holds. We refer to strings of
the form u#v, where u and v do not contain #, as split strings. A communication
protocol computes on such strings by giving u to I and v to II.

Lemma 7. For m > 4, Lm= cannot be computed by a (2,2)-communication pro-
tocol.

Proof. Suppose there is a protocol computing Lm= . For every finite set D
with d elements, the number of different possible messages is the number of 2-
hypersets which is at most exp2(p(d)). Call a complete sequence of exchanged
messages a1b1a2b2 . . . a dialogue. Every dialogue has at most exp2(p(d)) rounds.
Hence, there are at most exp2(2d · exp2(p(d))) different dialogues. However, the
number of different m-hypersets over D is expm(d). Hence, for m > 4 and D
large enough there are m-hypersets X(m) 
= Y (m) such that the protocol gives
the same dialogue for P (X(m), X(m)) and P (Y (m), Y (m)), and therefore also on
P (X(m), Y (m)) and P (Y (m), X(m)). This leads to the desired contradiction. ✷

Lemma 8. On split strings, the language defined by a 2A-RA can be recognized
by a (2,2)-communication protocol.
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Proof. (sketch) Let B be a 2A-RA working on split strings over D. On an
input string w := u#v, [e, q, τ ] is a #-configuration when e is the position of
# in w. Define p(n) := |Q|nk, where Q and k are the set of states and number
of registers of B, respectively. Then the number of #-configurations is |Q|mk

where m is the number of different symbols in w. We assume w.l.o.g. that there
are no transitions possible from final configurations. Further, we assume that
B never changes direction or accepts at the symbol #. Hence, on w, when B
leaves u to the right it enters v and vice versa. In essence, both parties compute
partial runs where they send the #-configurations in which B walks off their
part of the string to the other party. We omit further details. ✷

Theorem 4 now follows from Lemmas 5, 7, and 8. ✷

When restricted to one-way computations, RAs can only express “regular”
properties. The next proposition is easily shown using standard techniques.

Proposition 9. MSO∗ can simulate every 1N-RA.

3.2 Control

On strings of a special shape, RAs can simulate multi-head automata. These
strings are of even length where the odd positions contain pairwise distinct el-
ements and the even positions carry an a or a b. By storing the unique ids
preceding the a’s and b’s, the RA can remember the positions of the heads
of a multi-head automaton. Note that 2D-RAs can check whether the input
string is of the desired form. As deterministic, nondeterministic, and alternat-
ing multi-head automata recognize precisely logspace, nlogspace, and ptime

languages, respectively, membership for 2D-RA, 2N-RA, and 2A-RA is hard for
these classes, respectively [20,12]. Furthermore, it is easy to see that the respec-
tive membership problems also belong to the infinite alphabet variants of these
classes. Thus, we can show the following proposition in which all complexity
classes are over infinite alphabets.

Proposition 10. 1. Membership of 2D-RA is complete for logspace;
2. Membership of 2N-RA is complete for nlogspace; and
3. Membership of 2A-RA is complete for ptime.

The indexing technique above cannot be used for 1N-RAs, because they
cannot check whether the odd positions form a unique index. However, we can
extend (2) to 1N-RAs using a direct reduction from an nlogspace-complete
problem: ordered reachability.

Proposition 11. Membership of 1N-RA is complete for nlogspace.

From Theorem 3 and Proposition 9 we get immediately that the class ac-
cepted by 1N-RA is different from those accepted by 2D-RA and 2N-RA. It
follows from Proposition 11 that all four classes defined by the mentioned au-
tomata models are different unless the corresponding complexity classes collapse.
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4 Pebble Automata

In this section we show that PAs are better behaved than RAs with regard to
the connection to logic. In a sense, PAs are more “regular” than RAs. Indeed, we
show that strong 1D-PAs can simlate FO∗ and that even the most liberal pebble
model, 2A-PA, can be defined in MSO∗. 1D-PAs are clearly more expressive than
FO∗; furthermore, we can separate 2A-RAs from MSO∗ under usual complexity-
theoretic assumptions. Next, we show that weak one-way PAs do not suffice to
capture FO∗. Again, the proof is based on communication complexity. Finally,
we prove that for strong PAs, the one-way, two-way, deterministic and nonde-
terministic variants collapse. Together with the straightforward closure under
Boolean operations, concatenation and Kleene star, these results suggest that
strong PAs define a robust class of languages.

4.1 Expressiveness

Proposition 12. FO∗ is strictly included in strong 1D-PA.

PAs are subsumed by MSO∗. Thus, they behave in a “regular” manner.

Theorem 13. MSO∗ can simulate 2A-PA.

It is open whether the above inclusion is strict. However, we can show the
following.

Proposition 14. For every i ∈ N, there are MSO∗ formulas ϕi and ψi such that
the model checking problem for ϕi and ψi is hard for ΣPi and ΠP

i , respectively.
In contrast, membership for 2A-PAs is PTIME-complete.

Here, the model checking problem for a logical formula consists in determining,
given a string w, whether w |= ϕ. Since the first part of the proposition is already
known for graphs, it suffices to observe that graphs can readily be encoded as
strings. We end this section by considering weak PAs. Recall that this notion
only makes a difference for one-way PAs. Unlike their strong counterparts, we
show that they cannot simulate FO∗, which justifies their name.

Theorem 15. Weak 1N-PA cannot simulate FO∗.

Proof.(sketch) The proof is similar to the proof of Theorem 4. We show by
a communication complexity argument that the FO∗-expressible language L2

=

defined in that proof cannot be recognized by a weak 1N-PA. In the current
proof, however, we use a different kind of communication protocol which better
reflects the behaviour of a weak 1N-PA. We define this protocol next. Again
we use strings of the form u#v where u and v encode 2-hypersets. Let k be
fixed and let S1, S2 be finite sets. The protocol has only one agent which has
arbitrary access to the string u but only limited access to the string v. On u, its
computational power is unlimited. The access to v is restricted as follows. There
is a fixed function f : D∗ ×Dk × S1 → S2 and the agent can evaluate f on all
arguments (v,d, s), where d is a tuple of length k of symbols from u and s ∈ S1.
Based on this information and on u the agent decides whether u#v is accepted.

✷
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4.2 Control

Our next result shows that all variants of strong pebble automata without al-
ternation collapse. Hence, strong PAs provide a robust model of automata.

Theorem 16. The following have the same expressive power: 2N-PA, 2D-PA,
strong 1N-PA and strong 1D-PA.

Proof. We show that, for each 2N-PA A, there is a strong 1D-PA B which
accepts the same language. Actually, B will use the same number k of pebbles
as A. Very briefly, we show by an induction on i that, for all states q and pebble
placements θ, B can compute all states q′ such that [i, q, θ] �∗>i [i, q′, θ], where
the subscript > i indicates that only subcomputations are considered in which,
at every step, more than i pebbles are present. ✷

5 Registers versus Pebbles

The known inclusions between the considered classes are depicted in Figure 1.
The pebble and register models are rather incomparable. From the connection
with logic we can deduce the following. As 2D-RA can already express non-
MSO∗ definable properties, no two-way register model is subsumed by a pebble
model. Conversely, as strong 1D-PAs can already express FO∗, no strong pebble
model is subsumed by any two-way register model. Some open problems about
the relationships between register and pebble automata are given in Section 7.

6 Decision Problems

We briefly discuss the standard decision problems for RAs and PAs. Kaminski
and Francez already showed that non-emptiness of 1N-RAs is decidable and
that it is decidable whether for a 1N-RA A and a 1N-RA B with 2-registers
L(A) ⊆ L(B). We next show that universality (does an automaton accept every
string) of 1N-RAs is undecidable, which implies that containment of arbitry 1N-
RAs is undecidable. Kaminski and Francez further asked whether the decidability
of non-emptiness can be extended to 2D-RAs: we show it cannot. Regarding PAs,
we show that non-emptiness is already undecidable for weak 1D-PAs. This is due
to the fact that, when PAs lift pebble i, the control is transferred to pebble i−1.
Therefore, even weak 1D-PAs can make several left-to-right sweeps of the input
string.

Theorem 17. 1. It is undecidable whether a 1N-RA is universal.
2. Containment of 1N-RAs is undecidable.
3. It is undecidable whether a 2D-RA is non-empty.
4. It is undecidable whether a weak 1D-PA is non-empty.
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7 Discussion

We investigated several models of computations for strings over an infinite al-
phabet. One main goal was to identify a natural notion of regular language
and corresponding automata models. In particular, the extended notion should
agree in the finite alphabet case with the classical notion of regular language. We
considered two plausible automata models: RAs and PAs. Our results tend to
favor PAs as the more natural of the two. Indeed, the expressiveness of PAs lies
between FO∗ and MSO∗. The inclusion of FO∗ provides a reasonable expressive-
ness lower bound, while the MSO∗ upper bound indicates that the languages
defined by PAs remain regular in a natural sense. Moreover, strong PAs are
quite robust: all variants without alternation (one or two-way, deterministic or
non-deterministic) have the same expressive power.

Some of the results in the paper are quite intricate. The proofs bring into play
a variety of techniques at the confluence of communication complexity, language
theory, and logic. Along the way, we answer several questions on RAs left open
by Kaminski and Francez.

Several problems remain open: (i) can weak 1D-PA or weak 1N-PA be simu-
lated by 2D-RAs? (ii) are 1D-RA or 1N-RA subsumed by any pebble model? (We
know that they can be defined in MSO∗. As 1N-RAs are hard for nlogspace

they likely cannot be simulated by 2A-PAs.) (iii) are weak 1N-PAs strictly more
powerful than weak 1D-PAs? (iv) are 2A-PAs strictly more powerful than 2N-
PAs?

1D-RA

1N-RA2D-RA

2N-RA

2A-RA

FO∗

MSO∗

W1D-PA

W2N-PA

2D-PA 2N-PA
S1D-PA S1N-PA

2A-PA

�= �=

�=

�=

�=

�⊆

�=

Fig. 1. Inclusions between the classes under consideration. Solid lines indicate
inclusion (strictness shown as 
=), dotted lines indicate that the classes are incom-
parable. Dashed lines indicate strict inclusion subject to complexity-theoretic
assumptions.
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Abstract. The connection is investigated between two well known no-
tions which deal with languages that show polynomial time behaviour
weaker than membership decidability. One notion is polynomial time bi-
immunity (p-bi-immunity). The other one is polynomial time D-verbose-
ness which captures p-selectivity, p-cheatability, p-verboseness and sim-
ilar notions, where partial information about the characteristic function
is computed. The type of partial information is determined by a family
of sets of bitstrings D.
A full characterization of those D for which there are p-bi-immune poly-
nomially D-verbose languages is given. Results of the same type for spe-
cial cases of polynomial D-verboseness were already given by Goldsmith,
Joseph, Young [GJY93], Beigel [Bei90], and Amir, Gasarch [AG88].

1 Introduction

If a language A is not decidable in polynomial time (A /∈ P), one may ask
whether it nevertheless exhibits some polynomial time behaviour. One then does
not expect the polynomial time algorithm for the language A to actually answer
the question “x ∈ A ?” for all inputs x. Instead one weakens this demand in
different ways. One way of weakening is to look for a special case algorithm.
Such an algorithm decides membership in A not for all input words, but only
for an infinite set of special cases. The existence of such a special case algorithm
implies that A or A, the complement of A, has an infinite polynomial time
decidable subset. Languages for which such polynomial time algorithms do not
exist are called polynomially bi-immune or p-bi-immune [BS85].
Alternatively, one may look for an algorithm which works for all instances

instead of a small (though infinite) part of the instances, but does not completely
solve the membership question. Instead it gives only some partial information on
membership. To allow intermediate levels of information on membership inA, the
algorithm is run on tuples of input words (x1, . . . , xn). To yield partial informa-
tion then means to narrow the range of possibilities for values of χA(x1, . . . , xn)
(where χA is the characteristic function for A ). The algorithm outputs a set
D ⊆ {0, 1}n such that χA(x1, . . . , xn) ∈ D. The sets D which are allowed as pos-
sible outputs of the algorithm specify the type of information that the algorithm
computes.
This approach is not new. Many types of partial information have been stud-

ied, e.g., verboseness (or approximability), cheatability, frequency computations,
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easily countable languages, multiselectivity, sortability etc. (for detailed infor-
mation see [AG88], [ABG90], [BKS95b], [HN93], [BKS95a], [HW97], [HJRW97]).
To get a more unified picture Beigel, Gasarch and Kinber introduced D-verbose-
ness and strong D-verboseness [BGK95], where the type of partial information is
specified by a family D of sets of bitstrings. The definitions for the time bounded
version, namely polynomially D-verbose languages, are given below. Basic prop-
erties of these polynomial D-verboseness classes are presented in [Nic97]. The
facts needed for this paper are given in Section 2.
How do the two approaches of defining “some polynomial time behaviour”

relate? The existence of a special case algorithm does not imply the existence
of a partial information algorithm. To see this, just consider a language A that
is the join of a hard language (one that has no partial information algorithm –
such languages exist) and an infinite easy language (a language in P). Then A
has a special case algorithm, but no partial information algorithm.
For the other direction, the situation is much more intricate. If the partial

information algorithm narrows the range of possible values for χA(x1, . . . , xn)
sufficiently, then there is a special case algorithm, i.e. A is not p-bi-immune.
On the other hand, for weaker types of partial information there are languages
which allow a partial information algorithm and nevertheless are hard almost
everywhere, i.e. any polynomial time decision algorithm decides “x ∈ A?” only
on a finite set of instances. The achievement of this paper is to fully characterize
those D for which languages can be at the same time polynomially D-verbose
and p-bi-immune. This characterization is given in Section 4, Theorem 19. Three
important results (presented in Section 3) had already been obtained for spe-
cial types of polynomial D-verboseness on their relation to p-bi-immunity. Our
theorem fills the gap left open by these results and gives a uniform proof for
them.
The relationship between partial information and special case solutions

can of course also be studied for algorithms without resource bounds. When
Jockusch [Joc66] introduced semirecursive sets, the purpose of this new defini-
tion was to separate many-one reductions from Turing reductions in the recursion
theoretic setting. One of the main steps to reach this goal was to show that there
are semirecursive languages that are bi-immune. On the other hand, if for a given
D the class of strongly D-verbose languages does not contain all semirecursive
languages, then this class only contains recursive languages [Nic97]. Therefore
the relation between strong D-verboseness and bi-immunity is completely solved
(and the solution is easier to state than in the polynomial time case): For a family
D there are bi-immune strongly D-verbose languages iff there are non-recursive
D-verbose languages iff all semirecursive languages are strongly D-verbose.

2 Definitions

Languages are subsets of Σ∗ = {0, 1}∗. The natural numbers (without 0) are
denoted by IN. Let IB := {0, 1}. For a language A the characteristic function
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χA : Σ∗ → IB is defined by χA(x) = 1 ⇔ x ∈ A. We extend χA to tuples of
words by χA(x1, . . . , xn) := χA(x1) · · ·χA(xn).
In the following, elements of {0, 1}∗ for which membership in languages is of

interest are called words, elements of IB∗ which are considered as possible values
of characteristic functions are called bitstrings. For a bitstring b the number of 1’s
in b is denoted #1(b), b[i] is the i-th bit of b, and b[i1, . . . , ij] is the string formed
by the i1-th to the ij-th bit of b; i.e. b[i1, . . . , ij] = b[i1] · · · b[ij]. We extend this
to sets of bitstrings by P [i1, . . . , ij ] := {b[i1, . . . , ij ] | b ∈ P}.
We will first define p-bi-immunity and polynomial D-verboseness.

Definition 1 (p-Bi-immunity). A language A is p-bi-immune if neither A
nor A has an infinite subset B ∈ P.

Definition 2 ( n-Families). Let n ∈ IN and let D = {D1, . . . , Dr} be a set of
sets of bitstrings of length n, i.e. Di ⊆ IBn for each i. We call D an n-family if

1. D covers IBn, i.e.
⋃r
i=1Di = IB

n, and
2. D is closed under subsets, i.e. D ∈ D and D′ ⊆ D implies D′ ∈ D.

Definition 3 (Polynomially D-Verbose). For a given n-family D a lan-
guage A is in P [D] iff there is a polynomially time-bounded deterministic
Turing machine M that on input (x1, . . . , xn) outputs a D ∈ D such that
χA(x1, . . . , xn) ∈ D. Such languages are called polynomially D-verbose.
We now present additional definitions that make it easier to deal with poly-

nomial D-verboseness and then state some known facts which will be applied in
the following. For more details on polynomial D-verboseness see [Nic97], [Nic99].
Definition 4 (Operations on Bitstrings).

1. Let Sn be the group of permutations of {1, . . . , n}. For σ ∈ Sn and b1 · · · bn ∈
IBn we define σ(b1 · · · bn) := bσ(1) · · · bσ(n).

2. Let i ∈ {1, . . . , n} and c ∈ IB. Define projections πci : IB
n → IBn by

πci (b1 · · · bn) := b1 · · · bi−1 c bi+1 · · · bn).
3. Let i, j ∈ {1, . . . , n}. Define a replacement operation ρi,j : IBn → IBn by
ρi,j(b1 · · · bn) := b′1 · · · b′n where b′k = bk for k 
= j and b′j = bi.

We extend such operations ω from bitstrings to sets of bitstrings by ω(D) =
{ω(b) | b ∈ D}. An n-family D is closed under permutations, projections and
replacements iff ω(D) ∈ D for all D ∈ D and for all such operations ω.

Definition 5 (Normal Form). An n-family D is in normal form if it is closed
under permutations, projections and replacements.

Fact 6 (Normal Form). For every n-family D there is a unique n-family D′

in normal form with P [D] = P [D′].

Fact 7 (Class Inclusion Reduces to Family Inclusion). Let D1, D2 be n-
families in normal form. Then P [D1] ⊆ P [D2] iff D1 ⊆ D2.
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Definition 8 (Change of Tuple-Length). For an n-family D define �D�m,
the translation of D to length m, by

�D�m = {D ⊆ IBm | for all i1, . . . , in ∈ {1, . . . ,m} : D[i1, . . . , in] ∈ D}.
Fact 9 (Change of Tuple-Length). For m,n ∈ IN and an n-family D in
normal form, �D�m is in normal form, and P [D] ⊆ P [�D�m].
Moreover, if m ≥ n, then P [D] = P [�D�m].
Fact 10 (Intersection). For n-families D1, D2 in normal form P [D1] ∩
P [D2] = P [D1 ∩D2].

Definition 11 (Generated Family). Let D1, . . . , Dr ⊆ IBn be nonempty
sets of bitstrings. Then 〈D1, . . . , Dr〉 denotes the minimal n-family D in normal
form with {D1, . . . , Dr} ⊆ D. This means that 〈D1, . . . , Dr〉 is the closure of
{D1, . . . , Dr} under permutations, projections and replacements. We say that
〈D1, . . . , Dr〉 is generated by D1, . . . , Dr.

Some n-families are of special interest. We define Seln, k-Sizen, and k-Cardn.

Definition 12 (SEL, SIZE, CARD).

1. Seln := 〈{0i1n−i | 0 ≤ i ≤ n}〉.
2. For 1 ≤ k ≤ 2n: k-Sizen := {D ⊆ IBn | |D| ≤ k}.
3. For 1 ≤ k ≤ (n+ 1): k-Cardn := {D ⊆ IBn | |{#1(b) | b ∈ D}| ≤ k}.
Languages in P [n-Cardn] are called easily countable. The class P [Sel2]

equals the class P-sel of p-selective languages. Languages in P [(2n − 1)-Sizen]
are called n-approximable or non-n-p-superterse or n-p-verbose. Languages in
P [n-Sizen] may be called n-cheatable but the term cheatability is not used in
exactly this sense everywhere in the literature. We state two important facts;
the one on Seln was implicitly shown in [Sel79], the one on k-Sizen in [Bei91]:

Fact 13 (SEL, SIZE).

1. P-sel = P [Sel2] = P [Seln] for n ≥ 2.
2. P [k-Sizek] = P [k-Sizen] for n ≥ k.

3 Previous Results

For polynomial D-verboseness three results connecting it to p-bi-immunity are
known. Goldsmith, Joseph, and Young [GJY87][GJY93] showed that – in their
nomenclature – there are 4-for-3-cheatable sets that are bi-immune (and hence
also p-bi-immune). Inspection of their proof shows that in fact they construct a
p-selective set that is bi-immune. If we rephrase their result we get:

Fact 14 (Goldsmith, Joseph, Young).
P [Sel2] contains bi-immune languages.
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In the same paper, Goldsmith, Joseph, and Young [GJY93] also construct
a language that is 4-for-4-cheatable and p-bi-immune. This result was indepen-
dently obtained by Beigel [Bei90], where the 4-for-4-cheatable languages are
called 2-cheatable. In fact, the constructions of [GJY93] and [Bei90] even yield
a better result. This result, implicit in their proofs, can be stated as follows:

Fact 15 (Beigel; Goldsmith, Joseph, Young).
P [〈{000, 001, 010, 011}〉] contains a p-bi-immune language.

On the other hand Amir and Gasarch [AG88] showed for a polynomial ver-
boseness class that it does not contain p-bi-immune languages. Stated in our
nomenclature they proved:

Fact 16 (Amir, Gasarch).
P [2-Size2] does not contain p-bi-immune languages.

By Fact 15 and 16 the question of p-bi-immunity was settled for P [4-Size4]
and for P [2-Size2], but it was left open for P [3-Size3] (which turns out to con-
tain p-bi-immune languages, see Corollary 20). For tuple-length 2, Fact 14 and
Fact 16 settle the question for seven out of ten non-trivial 2-families. See [Nic97]
for an overview of these families. One of the three families for which the question
was left open was 2-Card2, for which the corresponding class turns out to con-
tain p-bi-immune languages, see Corollary 20. The other two classes P [Top2]
and P [Bottom2], see Definition 17, do not contain p-bi-immune languages, see
Theorem 25.

4 Stating the Main Result

To characterize the classes P [D] that contain p-bi-immune languages, we parti-
tion the set of n-families in normal form into an upper and a lower part. Families
in the upper part, which consists of families above two specific families, yield
classes which contain p-bi-immune languages. The lower part consists of families
which are below (i.e. are subfamilies of) two other specific families. Languages
in P [D] with D from this lower part allow special case solutions (i.e. are not
p-bi-immune).
We first define the two families which will turn out to be maximal for the

lower part. The generating sets of bitstrings for these families express the infor-
mation “at most one input word is outside the language” (respectively “. . . in
the language”).

Definition 17 (TOPn, BOTTOMn). For n ≥ 2, define sets of bitstrings Topn
and Bottomn. Then use these sets of bitstrings to define for every n two n-
families:

1. Topn := {b ∈ IBn | #1(b) ≥ n− 1} and Topn := 〈Topn〉.
2. Bottomn := {b ∈ IBn | #1(b) ≤ 1} and Bottomn := 〈Bottomn〉.
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Now we define sets of bitstrings that generate the minimal families in the
upper part:

Definition 18. For n ≥ 2 define sets of bitstrings Sn, Tn, and Bn as follows:

1. Sn = {000n−2, 010n−2, 110n−2}
2. Tn = {011n−2, 101n−2, 111n−2}
3. Bn = {000n−2, 010n−2, 100n−2}
The notation is meant to remind of selectivity, top and bottom. For n = 2, the

set S2 is a generating set for Sel2, hence 〈S2〉 = Sel2. For the other two sets we
have T2 = Top2 and B2 = Bottom2 and thus 〈T2〉 = Top2, 〈B2〉 = Bottom2,
and 〈T2, B2〉 = 2-Card2. But for n ≥ 3 such equalities do not hold anymore.
Now we are ready to state our main result. It gives a complete characteriza-

tion of the polynomial verboseness classes that contain p-bi-immune languages.

Theorem 19 (Main Theorem). Let D be an n-family in normal form, n ≥ 2.
Then the following five statements are equivalent:

1. P [D] contains p-bi-immune languages.
2. D 
⊆ Bottomn and D 
⊆ Topn.
3. P [D] 
⊆ P [Bottom2] and P [D] 
⊆ P [Top2].
4. 〈Sn〉 ⊆ D or 〈Tn, Bn〉 ⊆ D.
5. P [〈Sn〉] ⊆ P [D] or P [〈Tn, Bn〉] ⊆ P [D].
Proof. We put together several results that are proved subsequently.
The equivalence of the last four statements is treated in Section 5. Statement

2 and 3 are equivalent by Lemma 21. Statement 4 and 5 are equivalent by
Lemma 22 and by Lemma 23. Statement 3 and 5 are equivalent by Theorem 24.
To show that 1 implies 3, we have to prove that P [Top2] and P [Bottom2] do
not contain p-bi-immune languages. This is done in Section 6, see Theorem 25.
To show that 5 implies 1, in Section 6 we prove that P [〈Tn, Bn〉] and P [〈S3〉]
contain p-bi-immune languages, see Theorem 26 and Theorem 27. ��
Specializing the Main Theorem to tuple-length 2 this solves the three open

cases for this length, specializing it to length 3 solves the case 3-Size3, as
〈T3, B3〉 ⊆ 3-Size3.

Corollary 20 (Tuple-Length 2 and 3).

1. P [2-Card2] contains p-bi-immune languages.
2. P [Top2] and P [Bottom2] do not contain p-bi-immune languages.
3. P [3-Size3] contains p-bi-immune languages.

5 Splitting the Set of Families into Two Parts

Lemma 21. For n ≥ 2: P [Bottomn] = P [Bottom2] and P [Topn] =
P [Top2].
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Proof. The class P [Topn] is the complement class of P [Bottomn] and P [Top2]
is the complement class of P [Bottom2]. Therefore it suffices to show that
P [Bottomn] ⊆ P [Bottom2] and P [Bottom2] ⊆ P [Bottomn]. But this can
be seen by applying Fact 9 in both directions. ��
Lemma 22. For n ≥ 3: P [〈Sn〉] = P [〈S3〉].
Proof. For n ≥ 3, we have 〈Sn〉 = Seln∩3-Sizen. By Fact 13, for n ≥ 3 we have
P [Sel3] = P [Seln] and P [3-Size3] = P [3-Sizen]. By applying Fact 10 we get
P [〈Sn〉] = P [Seln∩3-Sizen] = P [Seln]∩P [3-Sizen] = P [Sel3]∩P [3-Sizen] =
P [Sel3 ∩ 3-Sizen] = P [〈S3〉]. ��
The proofs of Lemma 23 and Theorem 24 can be found in [Nic99] and are

omitted due to lack of space. Theorem 24 states that with the families Topn,
Bottomn, 〈Sn〉, and 〈Tn, Bn〉 we really partition the set of all n-families in
normal form.

Lemma 23. For n ≥ 3: P [〈Tn, Bn〉] = P [〈T3, B3〉].
Theorem 24. For n-families D in normal form exactly one of these cases holds:

1. D ⊆ Topn or D ⊆ Bottomn

2. 〈Sn〉 ⊆ D, or 〈Tn, Bn〉 ⊆ D.

6 No p-Bi-immune Languages in the Lower Part

The next theorem also yields that P [Top2] does not contain p-bi-immune lan-
guages because P [Top2] contains the complements of languages in P [Bottom2].

Theorem 25. If A ∈ P [Bottom2], then A is not p-bi-immune.

Proof. We can restrict ourselves to tally languages A. Let A ⊆ {1}∗ be in
P [Bottom2] via a machine MA. Consider the following procedure that step-
wise tries to compute as much information about χA as possible. After step n
the procedure has constructed disjoint sets An, An, Bn1 , . . . , B

n
rn
such that

– An ∪An ∪Bn1 ∪ · · · ∪Bnrn
= {1i | i ≤ n},

– An ⊆ A and An ⊆ A,
– Bnj ⊆ A or Bnj ⊆ A for all j ≤ rn,
– Bnj ⊆ A for at most one j ≤ rn.
Let this construction be already completed up to step n−1. Now we have to add
the word 1n to this structure. Compute MA(x, 1n) for all x ∈ Bn1 ∪ · · · ∪ Bnrn

.
Four cases can occur:

1. MA(x, 1n) ⊆ {01, 11} for some x. This means 1n ∈ A. Let An = An−1∪{1n}.
Leave the other sets unchanged.

2. Not case 1 and MA(x, 1n) ⊆ {10, 11} for some x, say x ∈ Bn−1
j . Then

Bn−1
j ⊆ A. Let An = An−1∪Bn−1

j , An = An−1∪
⋃
i�=j B

n−1
i and Bn1 = {1n}.

This means that for all words up to 1n−1 membership in A is decided.
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3. Neither case 1 nor case 2 andMA(x, 1n) ⊆ {00, 11} for some x, say x ∈ Bn−1
j .

Let Bnj = B
n−1
j ∪ {1n} and leave the other sets unchanged.

4. Neither case 1, 2, nor 3. Then MA(x, 1n) = {00, 01, 10} for all x ∈ Bn−1
j for

all j. Add a new set Bi, i.e. let rn = rn−1+1 and Bnrn
= {1n} and leave the

other sets unchanged.

It is clear, that this construction can be done in time bounded by a polyno-
mial in n. – How can we use this construction to exhibit an infinite polynomial
time decidable subset of A or A? Four different cases can occur:

a. In the procedure case 1 occurs infinitely often. Then infinitely often words 1n

are put into A. We get an infinite polynomial time subset of A.
b. In the procedure case 2 occurs infinitely often. Then infinitely often words 1n

are put into A. We get an infinite polynomial time subset of A.
c. There is an n0 such that after step n0 cases 1 and 2 do not occur anymore.
Suppose the number of Bi produced is finite. Then there is at least one
index i0 such that infinitely often a word is put into Bni0 . The set Bi0 =
{1n | 1n is put into Bni0 , n ≥ n0} then is in P and Bi0 ⊆ A or Bi0 ⊆ A.

d. Neither case a, b, nor c. Then after n0 infinitely many Bi are introduced
during the procedure. Only one of them, say Bi0 , is a subset of A. Therefore⋃
i�=i0,n≥n0

Bni is infinite, is in P and a subset of A. ��

7 Constructing p-Bi-immune Languages

Theorem 26. The class P [〈T3, B3〉] contains a p-bi-immune language.

Proof. We construct a set A ⊆ Σ∗ that is in P [〈T3, B3〉] and p-bi-immune. We
will diagonalize against every Turing machine that could possibly decide an in-
finite subset of A or A. Let 〈Mk〉k∈IN be a standard enumeration of polynomial
time Turing machines such that the running time ofMk is bounded by a polyno-
mial pk, say nlog k+log k. We will ensure that for everyMk that accepts infinitely
many words, there are words w1, w2 ∈ L(Mk) with w1 ∈ A and w2 ∈ A. For
every n ∈ IN we define stepwise approximations to A and to A. For this purpose
we use a sequence of natural numbers 〈nk〉k∈IN that grows fast enough such that
on inputs of length ≥ ni we can simulate all Mj with j ≤ i − 1 on all words
of length ≤ ni−1. It is sufficient to define n0 := 1, ni+1 := 2ni . During the
construction of A and A we keep track of a bunch of parameters. After step n
we will have constructed a partition of Σ≤n into four disjoint sets INn, OUTn,
OLDn and NEWn.
For all n it will hold that INn ⊆ INn+1 and OUTn ⊆ OUTn+1. In the end

we define A =
⋃
n INn, the construction then yields A =

⋃
nOUTn.

The sets OLDn and NEWn contain those words up to length n for which
membership in A or A is not yet decided after step n. We also maintain a
finite list Ln ⊆ IN of indices of Turing machines. An index k enters the list at
construction step nk. It is removed from the list at a later step n only if both
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requirements for Mk are fulfilled, i.e., there are w1 ∈ INn and w2 ∈ OUTn
with Mk(w1) = accept and Mk(w2) = accept.
Which requirements are still unfulfilled after step n is expressed by a func-

tion reqn that maps every k to a subset of {in, out}. For example, reqn(k) = {in}
means that it is still required to put a w1 with Mk(w1) = accept into A at some
later stage, but there already is a w2 ∈ OUTn with Mk(w2) = accept. We also
need a parameter statusn with possible values t and b. If statusn = b then at
most one of the sets OLDn and NEWn will become part of A in a later step,
if statusn = t then at least one of the sets OLDn and NEWn will enter A later
on. As a last parameter we need urgentn ∈ Ln ∪ {∞}. If after a construction
step urgentn = k ∈ Ln, then there is a requirement for Mk that we would like
to fulfill by putting a w ∈ OLDn−1 into A or A, but at the moment we are
hindered to do this by the current value of statusn. Therefore we have to wait
to do so until the status has changed or until the requirement is overruled by a
requirement with higher priority, i.e. by a requirement for a machine Mk′ with
k′ < k. Now let INn−1, OUTn−1, OLDn−1, NEWn−1, Ln−1, reqn−1, statusn−1

and urgentn−1 be already constructed. At step n consider the words of length n.
Check whether n = ni for some i.
Case 1: n 
= ni for all i. Add Σn to the set NEW, leave everything else un-
changed.

INn = INn−1 OUTn = OUTn−1

OLDn = OLDn−1 NEWn = NEWn−1 ∪Σn
Ln = Ln−1 reqn = reqn−1

statusn = statusn−1 urgentn = urgentn−1

Case 2: n = ni for some i. We check wether a requirement can be fulfilled.
If the current status is b, we only fulfill out-requirements, if the status is t we
only fulfill in-requirements. Suppose that statusn−1 = b. (In case statusn−1 =
t we have analogous subcases. See explanation below.) For every k ∈ Ln−1

with k < urgentn−1 and for every x ∈ OLDn−1 compute Mk(x). We check
only requirements with higher priority than k, i.e. k < urgentn−1, because if
urgentn−1 ∈ Ln−1 then there is a word in OLDn−1 that can serve to fulfill an
in-requirement for Murgentn−1

. Three different cases can occur:
Case 2.1: Mk(x) = reject for all k and x. No requirement for k < urgentn−1

can be fulfilled at this stage. On the other hand, there is nothing wrong with
putting OLDn−1 into A. Therefore we add OLDn−1 to OUTn−1, change the
status from b to t and give up the restriction on indices possibly imposed by
urgentn−1.

INn = INn−1 OUTn = OUTn−1 ∪OLDn−1

OLDn = NEWn−1 NEWn = Σn

Ln = Ln−1 ∪ {i} reqn = reqn−1

statusn = t urgentn =∞
Case 2.2: Mk(x) = accept for some k and x. Choose k0 as the minimal k for
which this happens. Let x0 be the smallest word in OLDn−1 with Mk0(x0) =
accept. We distinguish two subcases depending on the value of reqn−1(k0).
Case 2.2.1: out ∈ reqn−1(k0). We can directly fulfill the requirement for k0 by
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putting x0 (and the whole set OLDn−1) into A. If both requirements for k0 are
then fulfilled we remove k0 from the list of machine indices; else we remove the
requirement out from reqn−1(k0). We also change the status to t.

INn = INn−1 OUTn = OUTn−1 ∪OLDn−1

OLDn = NEWn−1 NEWn = Σn

reqn(k0) = reqn−1(k0) \ {out} reqn(k) = reqn−1(k) for k 
= k0
statusn = t urgentn =∞
if reqn−1(k0) = {in, out} then Ln = Ln−1 ∪ {i}
if reqn−1(k0) = {out} then Ln = (Ln−1 \ {k0}) ∪ {i}

Case 2.2.2: reqn−1(k0) = {in}. We would like to put OLDn−1 including x0

into A, but we cannot do this at this stage because then we would have to put
NEWn−1 into A (remember that in status b at most one of the sets OLDn−1

and NEWn−1 may enter A). Maybe we need words from NEWn−1 to fulfill in-
requirements with higher priority. Therefore we only change urgent to k0 without
fulfilling any requirement. We let the sets OLD and NEW change their roles.

INn = INn−1 OUTn = OUTn−1

OLDn = NEWn−1 NEWn = OLDn−1 ∪Σn
Ln = Ln−1 ∪ {i} reqn = reqn−1

statusn = statusn−1 urgentn = k0
How do we deal with case 2 if statusn−1 = t? Essentially the roles of IN and

OUT are exchanged.
Case 2.1: Mk(x) = reject for all k and x. We add OLDn−1 to INn−1, change
status from t to b and put urgentn =∞.
Case 2.2.1: Mk0(x0) = accept and in ∈ reqn−1(k0). Put OLDn−1 into A, set
reqn(k0) = reqn−1(k0)\{in} and change the status. Case 2.2.2:Mk0(x0) = accept
and reqn−1(k0) = {out}. As in the case statusn−1 = b change the role of OLD
and NEW and set urgentn = k0.
This ends the description of the procedure. We now state some properties of

the construction.

Claim 1 Suppose for some n for words x, y we have x ∈ OLDn and y ∈ NEWn.
If statusn = b, then x and y are not both put into A. If statusn = t, then x
and y are not both put into A (i.e. into OUTm for some m).

This claim is easily verified by considering the different cases that can happen
during the procedure after step n.
Claim 2 implies that A =

⋃
nOUTn.

Claim 2 For every n there is a stepm in the construction where Σn enters INm
or OUTm.

The set Σn enters NEW at step n. Suppose ni−1 ≤ n < ni. Then at step ni,
Σn enters OLD. At step ni+1 one of the cases 2.1, 2.2.1 or 2.2.2 occurs. In
case 2.1 and case 2.2.1, Σn is moved to IN or OUT. Suppose case 2.2.2 occurs
and urgent is set to k0. Then together with Σn there is a word x0 in OLD
with Mk0(x0) = accept. Now Σn and x0 can possibly oscillate from OLD to
NEW and back again. But each time Σn and x0 are in NEW it holds that
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urgent < k0. Therefore the open requirement for k0 cannot be fulfilled in a
situation where Σn ⊆ NEW.
How many oscillations can happen without putting Σn into IN or OUT? If

at a step nj the set Σn is in OLDnj−1, then either Σn is put into IN or OUT,
or urgent is changed from ∞ to a k ≤ k0, or urgent is lowered by at least 1,
or a requirement is fulfilled for a k < k0. Therefore after at most k0 · 2(k0 − 1)
oscillations, Σn finally moves to IN or OUT.
Claim 3 implies that A indeed is p-bi-immune:

Claim 3 For each k where L(Mk) is infinite, there is some step of the procedure
where req(k) is empty.

Assume that k0 is the smallest k where L(Mk) is infinite and reqn(k) 
= ∅
for all n. Let m0 be such that for all k < k0 with L(Mk) infinite it holds that
reqm0

(k) = ∅, and for all k < k0 with L(Mk) finite it holds that L(Mk) ⊆
Σ≤m0−1, and m0 > nk0 .
Consider m1 = min{m | 1m ∈ L(Mk),m > m0}. Assume w.l.o.g. that

reqm1
= {in}. If ni−1 ≤ m1 < ni, then in step ni the word 1m1 enters OLD, k0

is in the requirement list and there is no requirement left with higher priority.
This means that in step ni+1 either case 2.2.1 or 2.2.2 occurs. In case 2.2.1 where
status = t the in -requirement is fulfilled which contradicts the assumption. In
case 2.2.2 where status = b urgent is set to k0. Then at step ni+2 case 2.1 occurs
(because there are no k in list Lni+2 with k < urgent). The status is changed
to t, the word 1m1 is in OLD again and at step ni+3 it will be moved to IN
because case 2.2.1 occurs; so again the in-requirement is fulfilled, contradicting
the assumption.

Claim 4 The construction of INn, OUTn, OLDn, NEWn, and statusn can be
done in time polynomial in n.

Claim 5 A is in P [〈T3, B3〉].
Consider an input (x1, x2, x3). If n = maxi |xi|, compute INn, OUTn, OLDn,
NEWn, and statusn. Suppose statusn = b (the case statusn = t is treated anal-
ogously). Suppose that there are i and j, i < j with xi ∈ OLDn and xj ∈
NEWn (or xi ∈ NEWn and xj ∈ OLDn). Because of Claim 1 we know that
χA(x1, x2, x3)[i, j] ∈ {00, 01, 10}. For xl with l 
= i, j different cases can occur.
– If xl ∈ INn then χA(xl) = 1.
– If xl ∈ OUTn then χA(xl) = 0.
– If xl and xi are both in OLDn (or both in NEWn) then χA(xl) = χA(xi).
– If xl and xj are both in NEWn (or both in OLDn) then χA(xl) = χA(xj).

Hence we can apply projections π1
l or π

0
l or replacements ρi,l or ρj,l to deter-

mine the bits of χA(x1, x2, x3)[l] depending on χA(x1, x2, x3)[i, j]. Thus we get
a set D of three bitstrings containing χA(x1, x2, x3) and D ∈ 〈Bn〉. ��
Theorem 27. The class P [〈S3〉] contains a p-bi-immune language.

Proof. The proof is by a priority technique similar to that in the proof of The-
orem 26, and is omitted due to lack of space. ��



584 Arfst Nickelsen

References

[ABG90] A. Amir, R. Beigel, and W. Gasarch. Some connections between bounded
query classes and non-uniform complexity. In Proc. 5th Structure in Com-
plexity Theory, pages 232–242, 1990. 574

[AG88] A. Amir and W. Gasarch. Polynomial terse sets. Information and Com-
putation, 77:27–56, 1988. 573, 574, 577

[Bei90] R. Beigel. Bi-immunity results for cheatable sets. TCS, 73(3):249–263,
1990. 573, 577

[Bei91] R. Beigel. Bounded queries to SAT and the boolean hierarchy. Theoretical
Computer Science, 84(2):199–223, 1991. 576

[BGK95] R. Beigel, W. Gasarch, and E. Kinber. Frequency computation and
bounded queries. In Proc. 10th Structure in Complexity Theory, pages
125–132, 1995. 574

[BKS95a] R. Beigel, M. Kummer, and F. Stephan. Approximable sets. Information
and Computation, 120(2):304–314, 1995. 574

[BKS95b] R. Beigel, M. Kummer, and F. Stephan. Quantifying the amount of ver-
boseness. Information and Computation, 118(1):73–90, 1995. 574
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Abstract. Valiant (SIAM Journal on Computing 8, pages 410–421)
showed that the problem of counting the number of s-t paths in graphs
(both in the case of directed graphs and in the case of undirected
graphs) is complete for #P under polynomial-time one-Turing reduc-
tions (namely, some post-computation is needed to recover the value of
a #P-function). Valiant then asked whether the problem of counting the
number of self-avoiding walks of length n in the two-dimensional grid
is complete for #P1, i.e., the tally-version of #P. This paper offers a
partial answer to the question. It is shown that a number of versions
of the problem of computing the number of self-avoiding walks in two-
dimensional grid graphs (graphs embedded in the two-dimensional grid)
is polynomial-time one-Turing complete for #P.
This paper also studies the problem of counting the number of self-
avoiding walks in graphs embedded in a hypercube. It is shown that
a number of versions of the problem is polynomial-time one-Turing com-
plete for #P, where a hypercube graph is specified by its dimension, a list
of its nodes, and a list of its edges. By scaling up the completeness result
for #P, it is shown that the same variety of problems is polynomial-time
one-Turing complete for #EXP, where the post-computation required
is right bit-shift by exponentially many bits and a hypercube graph is
specified by: its dimension, a boolean circuit that accept its nodes, and
one that accepts its edges.

1 Introduction

Self-avoiding walks are random walks that do not intersect themselves. Com-
puting the exact number of self-avoiding walks of a given length n on the two-
dimensional lattice is well-known for its difficulty and has been studied exten-
sively (see Madras and Slade [MS93] for the details of the problem, and also
� Supported in part by NSF grants CCR-9701911, CCR-9725021, DUE-9980943, INT-
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Welch [Wel93] for its connection to other related problems). No simple recur-
rences are known for the counting problem. The exact number has been cal-
culated only for small lengths n. The largest n for which the exact number is
computed is 51, by Conway and Guttman [CG96].

Valiant [Val79b] is the first to find connections between self-avoiding walks
and computational complexity theory. He showed that the problem of counting
the number of all simple s-t paths in graphs is #P-complete both for the directed
graphs and for the undirected graphs. He then asked whether the exact counting
problem for the two-dimensional grid is complete for #P1, the “tally” version of
#P, provided that the length of walks is specified by a tally string.

While it is very easy to prove the membership of the problem in #P1, set-
tling on the question of its hardness is difficult. The difficulty comes from the
fact that the two-dimensional grid has a very rigid structure. A straightforward
approach for proving the hardness would be to embed the computation of a non-
deterministic Turing machine in the grid, by defining a correspondence between
its configurations and the grid points. However, since every line segment of the
grid can be traversed in either direction and the configuration graph of a non-
deterministic Turing machine is of high dimension, such an embedding seems
impossible.

This observation leads to the question of whether this counting problem is
complete if one is allowed to eliminate some nodes and edges, namely counting
the number of self-avoiding walks in two-dimensional grids, those composed of
the nodes and the edges of the two-dimensional grid. Since elimination of edges
and nodes is dependent on the input, here one should perhaps think of #P-
completeness rather than #P1-completeness of the problem. So, the question
asked is:

Is the problem of computing the number of self-avoiding walks in two-
dimensional grid graphs #P-complete?

This paper provides a positive answer to the question. The problem is #P-
complete under polynomial-time one-Turing reductions if the kind of self-
avoiding walks to be counted is: (1) restricted to those between two specific
nodes, (2) restricted to those starting from a specific node, or (3) totally unre-
stricted. However, it is unknown whether the problem is #P-complete under any
of these restrictions if the length of the walks to be counted is specified. The kind
of one-Turing reduction imposed here is quite simple; the only post-computation
performed is to divide the number by a power of two; i.e., to shift the bits of the
binary representation of the number.

Another question asked in this paper is whether the counting problem is
complete if the dimension of the grid is dependent on the input; i.e., whether it is
#P-complete to count the number of self-avoiding walks in hypercube graphs, the
graphs consisting of nodes and edges of a hypercube. This paper gives a positive
answer to the question, too. The problem is #P-complete under polynomial-
time one-Turing reductions if the kind of self-avoiding walks to be counted is:
(1) restricted to those between two specific nodes, (2) restricted to those starting
from a specific node, and (3) totally unrestricted. Furthermore, the problem is
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complete even when the length of the walks to be counted is specified. When
we reduce a #P-function to the counting problem of self-avoiding walks in a
hypercube, the dimension of the hypercube in which the graph is embedded is
O(log n). It is natural to ask about the complexity of the counting problem when
the dimension of the hypercube graphs increases as a polynomial in the input
size. Since there are 2n nodes in the n-dimensional hypercube, it is stipulated
here that, instead of an enumeration of the nodes and edges, boolean circuits are
used to describe the structure of a hypercube graph, one circuit for the nodes
and the other for the edges. It is shown here that under that stipulation the
counting problem is #EXP-complete, the exponential-time version of #P.

2 Preliminaries

This section sets down some concepts and notation. The reader’s familiarity
with the basic notions in computational complexity theory is assumed; a reader
unfamiliar with the subject may consult [Pap94].

Let M be a nondeterministic Turing. #accM denotes the function that maps
each string x to the number of accepting computation paths of M on input x.
Then #P = {#accM |M is a polynomial-time nondeterministic Turing machine
} and #EXP = {#accM | M is an exponential-time nondeterministic Turing
machine }.1

Let f and g be two functions fromΣ∗ to N. The function f is polynomial-time
one-Turing reducible to g, denoted by f ≤p1-T g, if there is a pair of polynomial-
time computable functions, R1 : Σ∗ → Σ∗ and R2 : Σ∗ ×N → N, such that
for all x, f(x) = R2(x, g(R1(x))). The function f is polynomial-time right-shift
reducible to g, denoted by f ≤pr-shift g, if there is a pair of polynomial-time
computable functions, R1 : Σ∗ → Σ∗ and R2 : Σ∗ → N, such that for all x,
f(x) = g(R1(x)) div 2R2(x), where div is integer division.

3SAT is the problem of testing satisfiability of CNF formulas with exactly
three literals per clause. #SAT is the function that counts the number of satis-
fying assignments of a 3CNF formula. By the standard reduction from nonde-
terministic Turing machine computations to 3CNF formulas, #SAT is complete
for #P [Val79b].

Proposition 1. For every #P function f , there is a polynomial-time com-
putable function R such that for all x, R(x) is a 3CNF formula and satisfies
#SAT(R(x)) = f(x).

Hamilton Path (HP, for short) is the problem of deciding, given a graph G
with two specified nodes s and t, whether there is a Hamilton path from s to t
in G. #HP is the problem of counting, given a graph G and a node pair (s, t),
the number of Hamilton paths from s to t in G.
1 The reader should be cautioned that Valiant defined #EXP as #PEXP in [Val79a].
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3 Reducing #SAT to #HP

#P-completeness of the self-avoiding walk problems is proven based upon a
reduction from #SAT to #HP, where the instances in #HP generated by the
reduction have a low degree. More precisely, for the completeness in grid graphs,
the graphs have to be planar and the maximum degree is ≤ 4, and for the
hypercube graph results, the maximum degree is O(logn).

To meet the requirement, modifications are given to the reduction by Garey,
Johnson, and Tarjan [GJT76], which reduces SAT to HP of planar, 3-regular
graphs (thereby showing that this special case of HP is NP-complete).2 This
reduction is referred to by the term GJT-reduction.

One cannot directly use their reduction to prove #P-completeness of #HP,
because the number of Hamilton paths representing a satisfying assignment de-
pends on how the assignment satisfies each clause. More precisely, let ϕ be a
satisfiable 3CNF formula and (G, s, t) be the instance of HP generated by the
GJT-reduction. Let A be the set of all satisfying assignments of ϕ and P be
the set of all Hamilton paths from s to t in G. The GJT-reduction defines an
onto mapping from P to A so that from each element path in P an element
in A can be recovered in polynomial time. For each a ∈ A, let Pa denote the
set of all Hamilton paths in P that map to a by this onto mapping. Clearly,
‖P‖ =

∑
a∈A ‖Pa‖. It holds that ‖Pa‖ = 2p3q, where p as well as q is a linear

combination of the following three quantities: the number of clauses such that a
satisfies all the three literals, the number of clauses such that a satisfies exactly
two literals, and the number of clauses such that a satisfies exactly one literal.

Not-All-Equal-3-SAT [Sch78] (NAE3SAT, for short) is a special case of 3SAT
in which it is asked to test whether a given CNF formula can be satisfied by an
assignment that dissatisfies at least one literal per clause. Schaefer [Sch78] shows
that NAE3SAT is NP-complete. In this paper the formulas are prohibited to have
clauses with only two literals but permitted to have clauses with only one literal.
The following lemma states that there is a polynomial-time many-one reduction
from 3SAT to NAE3SAT that preserves the number of satisfying assignments
such that for all formulas φ produced by the reduction, for all satisfying assign-
ments a of φ, and for all three-literal clauses C of φ, a dissatisfies at least one
literal of C.

Lemma 2. There is a polynomial-time computable mapping f from the set of
all 3CNF formulas to the set of all CNF formulas consisting of clauses with
either one or three literals such that for every 3CNF formula ϕ, the following
conditions hold for ψ = f(ϕ):

1. The number of variables of ψ is n + 2m and the number of clauses of ψ is
9m, out of which 8m are three-literal clauses and m are single-literal clauses,
where n and m are respectively the number of variables and the number of
clauses of ϕ.

2 Garey, Johnson, and Tarjan reduce 3SAT to the Hamilton Cycle problem. The same
reduction can be used to show the completeness of HP, since for every graph gener-
ated by their reduction, there is an edge e that each Hamilton cycle has to traverse.
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2. #SAT(ϕ) = #SAT(f(ϕ)).
3. Every satisfying assignment a of ψ satisfies all the m single-literal clause of

ψ, exactly two literals for exactly 4m three-literal clauses, and exactly one
literal for exactly 4m three-literal clauses.

Proof. Let a 3CNF formula ϕ = C1 ∧ · · · ∧Cm be given. Let 1 ≤ i ≤ m and let
x, y, z be the literals of Ci. Introduce a new variable ui that is equivalent to x∨y.
The equivalence can be written as a CNF formula: (ui∨x∨y)∧(ui∨x)∧(ui∨y).
Furthermore, introduce another new variable wi that needs to be false by the
clause (wi). Let

C′
i = (ui ∨ x ∨ y) ∧ (ui ∨ x ∨ wi) ∧ (ui ∨ y ∨ wi) ∧ (ui ∨ z ∨ wi)
∧(ui ∨ x ∨ y) ∧ (ui ∨ x ∨ wi) ∧ (ui ∨ y ∨ wi) ∧ (ui ∨ z ∨wi) ∧ (wi).

Then, every satisfying assignment a of C′
i satisfies exactly two literals for four

three-literal clauses and exactly one literal for four three-literal clauses. Let
ψ = C′

1 ∧ . . . ∧ C′
m. Then ψ has n + 2m variables, consists of 8m three-literal

clauses, m single-literal clauses, and has as many satisfying assignment as ϕ.
Furthermore, for every satisfying assignment a of ψ, there are precisely 4m three-
literal clauses such that a dissatisfies exactly one literal and precisely 4m three-
literal clauses such that a dissatisfies exactly two literals. This proves the lemma.

�

Let ϕ be a 3CNF formula for which the number of satisfying assignments
needs to be evaluated. Suppose ϕ is defined over n variables and has m clauses.
Let ψ be the formula generated by applying the transformation in Lemma 2 to
ϕ. The GJT-reduction with slight modifications is applied to ψ.
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Basic components of the construction are the Tutte-gadget (Figure 1 (a)),
the XOR-gadget (Figure 1 (c)), and the OR-gadget (Figure 1 (f)). Here the first
two gadgets are inherited from the GJT-reduction while the OR-gadget is new.
The Tutte-gadget forces branching; to visit c without missing a node, one has
to either enter from a and visit b on its way or enter from b and visit a on
its way. There are four ways to do the former and two ways to do the latter
(see Figure 1 (b)). The XOR-gadget is a ladder built using eight copies of the
Tutte-gadget. In order to go through all the nodes in an XOR-gadget one has to
enter and exit on the same vertical axis. For each of the two vertical axes there
are (4 · 2)4 = 212 Hamilton paths. XOR-gadgets can be crossed without losing
planarity by inflating the number of Hamilton paths (see Figure 1 (b) and (c)).
Let g be an XOR-gadget connecting two vertical lines, α and β, and h be an
XOR-gadget connecting two horizontal lines, σ and π. In order to cross these
two XOR-gadgets, a two-node cycle is inserted in each of the four horizontal
lines of g, the edges of the inserted cycles together with σ and π, and then each
pair is connected by an XOR-gadget. Since four XOR-gadgets are added, the
number of Hamilton paths is increased by a multiplicative factor of 248.

ts

The last single�literal clause

The first variable

ΠΣ

The last variable

The first three�literal clause

Fig. 2. The Two Sequences, Σ and Π

The graph is built upon two vertical sequences of two-node cycles. Each two-
node cycle has the top node and the bottom node and the two nodes are joined by
two edges, the right edge and the left edge. In the two sequences each neighboring
cycle-pair is joined by an edge. The left sequence, called Σ, has 25m cycles, and
the right sequence, called Π , has 2n+4m cycles. The top node of Σ and that of
Π are joined by an edge. There are one source node s and one sink node t. The
bottom of Σ is joined to s by an edge while the bottom of Π is joined to t. The
first 24m cycles of Σ are divided into 8m three-cycle blocks, where for each i,
1 ≤ i ≤ 8m, the ith block corresponds to the ith three-literal clause of ψ, i.e., the
first of the three cycles corresponds to the first literal of the clause, the second
cycle to the second literal, and the third cycle to the third literal (see Figure 2).
The three cycles in each three-cycle block are connected to each other by an
OR-gadget. The remaining m cycles correspond to the m single-literal clauses of
ψ. Each of these m cycles has a node in the middle of the left edge of the cycle.
The sequence Π is divided into n + 2m blocks of cycle-pairs, where for each i,
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1 ≤ i ≤ n+ 2m, the ith pair corresponds to xi, the ith variable. For each pair,
the top cycle corresponds to xi and the bottom to xi. To these sequences add a
number of XOR-gadgets:

– For each i, 1 ≤ i ≤ n + 2m, add an XOR-gadget to connect the right edge
of the top cycle and that of the bottom cycle in the ith cycle-pair in Π .

– For each i, 1 ≤ i ≤ 2(n + 2m), and each position j, 1 ≤ j ≤ 25j, if the ith
cycle of Π and the jth cycle correspond to the same literal, then join them
by an XOR-gadget.

– If two XOR-gadgets connecting Σ and Π need to be crossed, it is done so
by addition of an XOR-gadget as described earlier.

For every i, 1 ≤ i ≤ n + 2m, traversing the XOR-gadget within the ith cycle-
pair in Π from the top cycle corresponds to assigning 1 to xi, since it frees up
the left edge of the bottom cycle; traversing it from the bottom corresponds to
assigning 0 to xi. Then for every i, 1 ≤ i ≤ n+ 2m, from the “free” left edge of
the ith cycle-pair, all the XOR-gadgets satisfied by the assignment correspond
to the “free” left edge must be traversed. So, for every assignment a to ψ, and
for every j, 1 ≤ j ≤ 8m, the number of “free” left edges in the jth cycle-triple in
Σ is the number of literals that a satisfies in the jth three-literal clause of ψ. In
each OR-gadget, the number of ways to traverse all of its nodes is the number of
literals that are satisfied (see Figure 1 (g)). Let Ξ denote the number of crossings
of XOR-gadgets. Then, for every satisfying assignment a of ψ, the number of
Hamilton paths (between s and t) corresponding to a is: 24m · 212(n+29m+4Ξ) =
212n+352m+48Ξ . The maximum degree of the resulting graph is 3, and the graph
is planar. Combining these observations and Proposition 1 and Lemma 2 yields
the following lemma.

Lemma 3. Every #P function is ≤pr-shift-reducible to the problem of computing
the number of Hamilton paths in planar graphs of maximum degree 3.

4 Self-Avoiding Walks in Two-Dimensional Grid Graphs

Let f be an arbitrary #P function. Let x be a string for which f(x) needs to
be evaluated. Let g be the reduction from f to #HP stated in Lemma 3. Let
(G, s, t) = g(x). Let N be the number of nodes in G.

It is known that planar graphs can be embedded in the two-dimensional grid
in polynomial time (for example, see [CP95]). In the case when the maximum
degree is 3, the embedding can be made so that there is no edge contention. Pick
one such method and apply it to G so that s is the origin. Then the resulting
embedding, call it E , is a grid graph. Let α = 8N2 and β = N2. Based on E
construct a new grid graph F as follows:

First, enlarge the embedding by 5α. This is done by moving each corner (a, b)
of the embedding to (5α · a, 5α · b). Then it is possible to allocate to each edge e
of G an area of size α× α that is adjacent to a straight-line segment realizing e
in the embedding so that no two edges share points in the allocated area.
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Second, for each edge of G, attach to the path realizing it a block of β unit-
size rectangles so that the rectangles do not meet with those for another edge.
Such a block of rectangles is considered by S(p, q, r) in Figure 3, where p, q, r ≥ 0.
In short, S(p, q, r) is a path of length p+ r + 2q − 1 with q rectangles attached.
This second step of the conversion replaces each path π realizing an edge of G

p 2q�1 r

q rectangles

...

Fig. 3. S(p, q, r)

by S(p, β, r) for some p, r ≥ 1, such that p + r + 2β − 1 = |π|. Let L be an
integer such that every path in F realizing an edge of G has length at most L.
Then p + r + 2β − 1 ≤ L ≤ N c for some fixed constant c > 0. Call the left
and the right ends of the structure u and v, respectively. For all p, q, r ≥ 1, such
that p + 2q − 1 + r ≤ L, the simple paths within S(p, q, r) have the following
properties:

1. The number of those that connect u and v is 2q.
2. The number of those that touch u but not v is p+1+4(2q+· · ·+2)+2q(r−1) =

2q(r + 7) + p− 7 < L · 2q. Similarly, the number of those that touch v but
not u is less than L · 2q.

3. The number of those that touch neither u nor v is less than L2 · 2q+1. This
can be seen as follows:
– The number of such paths of length zero is at most L+ 2q.
– The number of such paths of length one is at most L+ 3q.
– The number of paths within the rectangles of length two is 4q.
– The number of paths within the rectangles of length three is 4q.
– The number of paths π such that either the left end of π is a point

between u and the leftmost rectangle or the right end of π is a point
between v and the rightmost rectangle is less than 2(p · r · 2q) < L22q.

– All the paths that are yet to be counted sit between the leftmost rectangle
and the rightmost rectangle. For every i, 2 ≤ i ≤ q, the number of such
paths that touch precisely i rectangles is less than 72 · 2i−2. The sum of
the quantity for all i, 2 ≤ i ≤ q, is less than 49 · 2q−1.

The grand total is less than 2L+13q+L22q+49·2q−1. This is less than L2·2q+1

for all but finitely many L.

In the final step of the conversion, add two new nodes s′ and t′ and join s
and s′ by S(7, 2β, 1) and join t and t′ by S(7, 2β, 1). For each simple path π in G,
let M(π) denote the set of all simple paths σ = [v1, . . . , vk] such that eliminating
from σ all the nodes not corresponding to the nodes of G produces π. Also, for
each simple path π in G, let µ(π) denote the size of M(π). Let B = 2(N+3)β+6.
The value of µ(π) is evaluated as follows:
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(Case 1) π is a Hamilton path: µ(π) = 2β(N−1)(8 · 22β)2 = 2(N+3)β+6.
(Case 2) π is nonempty, non-Hamiltonian, and connects s and t: Here 1 ≤
|π| ≤ N − 2. So, µ(π) = 2β|π|(8 · 22β)2 ≤ 2(N+2)β+6.

(Case 3) π touches exactly one of s and t: Here 1 ≤ |π| ≤ N − 2. There are at
most two edges attached to the end node of π that is neither s nor t. By (2)
in the above, there are 2L ·2β paths that can grow out of the end points of π
along each of the two edge, so µ(π) ≤ 2|π|β ·(8 ·22β) ·(2L ·2β) < 16L ·2β(N+1).

(Case 4) π touches neither s nor t: Here 1 ≤ |π| ≤ N − 3. There are at most
two edges attached to each end node of π. So, µ(π) ≤ 2|π|β · (2L · 2β)2 <
4L2 · 2β(N−1).

(Case 5) π is empty: Since G has maximum degree 3. There are at most 3N/2
edges in N . By (3) in the above, µ(π) < L22β+1.

Note that the largest of the upper bounds in Cases 2 through 5 is 2(N+2)β+6.
The number of non-Hamiltonian paths in G is bounded by 3N · (2N−2 +2N−3 +
· · ·+1) < 3N ·2N−1. This is because there are N choices for one end point, there
are at most three possible directions for the first edge, there are at most two
possibilities there after, and the length may vary from 1 to N−2. Thus, the sum
of µ(π) for all non-Hamiltonian paths is less than 3N · 2N−1 · 2(N+2)β+6 < B.
So:

Claim. The number of simple paths in F is #HP(G, s, t) ·B+R, where 0 ≤ R ≤
B − 1.

Let B′ = 2(N+1)β+3. By an analysis similar to the above the following fact
can be proven.

Claim. The number of simple paths in F starting from the origin (the image
of s) is #HP(G, s, t) ·B′ +R, where 0 ≤ R ≤ B′ − 1.

Also, let B′′ = 2(N−1)β. By an analysis similar to the above, the following
fact holds.

Claim. The number of simple paths in F between s′ and t′ is #HP(G, s, t) ·B′′+
R, where 0 ≤ R ≤ B′′ − 1.

Hence, the following theorem has been proven.

Theorem 4. The problem of counting the number of self-avoiding walks in two-
dimensional grid graphs is #P-complete under ≤pr-shift-reductions in each of the
three possible definitions of the counting problem:

– the number of self-avoiding walks between two specified nodes needs to be
counted;

– the number of self-avoiding walks from a specified node needs to be counted;
– the number of all self-avoiding walks needs to be counted.



594 Mitsunori Ogihara and Seinosuke Toda

5 Self-Avoiding Walks in Hypercube Graphs

5.1 #P-Completeness

Let f be an arbitrary #P function. Let x be a string for which f(x) needs to be
evaluated. Let g be the reduction from f to the #HP as stated in Lemma 3. Let
(G, s, t) = g(x). Let α = 8N2 and β = N2 as in the previous proof. Construct
from G a graphH by replacing each edge by S(1, β, α−2β) and attach S(1, 2β, 7)
to s and t. Call the end of the two copies of S(1, 2β, 7) by s′ and t′. Let L = α.
This graph H is still planar and has maximum degree 3. Exactly the same
analysis that holds for the two-dimensional grid graph can be applied to H . In
particualr, the three claims for F hold with H in place of F . Furthermore, let
Λ = 2α(N − 1) + 2(8 + 2β). Then the number of paths in H having length Λ is
equal to the number of Hamilton paths in G. Since the maximum degree of the
graph is 3, H can be embedded as a hypercube graph E of dimension O(logN)
so that all paths realizing an edge of G have length d, where d = 2e for some
integer e. Let H be the resulting embedding. Since d = O(logN), the analysis is
not affected much. The three facts hold with H in place of F . Also, the following
fact holds.

Claim. The total number of simple paths in H having length Λ is #HP(G, s, t).

Thus, the following theorem has been proven.

Theorem 5. The problem of counting the number of self-avoiding walks in hy-
percube graphs is #P-complete under ≤pr-shift-reductions in each of the following
four cases:

– the number of self-avoiding walks of a specified length needs to counted;
– the number of self-avoiding walks between two specified nodes needs to be

counted;
– the number of self-avoiding walks from a specified node needs to be counted;
– the number of all self-avoiding walks needs to be counted.

Now it remains to show that the embedding is indeed possible.

Lemma 6. Let d ≥ 1 be an integer. There exists a polynomial-time computable
embedding E and a pair of polynomial-time computable functions s, 4 : N → N
such that the following properties hold:

1. s(n) = O(log n) and 4(n) = O(log log n).
2. For every n ≥ 1, and every undirected graph G = (V,E) of n nodes hav-

ing maximum degree d, E(G) is an embedding of G in the s(n)-dimensional
hypercube HC(s(n)) such that
– for all u �= v in G, µ(u) �= µ(v), and
– for every edge e = (u, v) in G, ν(e) has dilation 2�(n) and visits no µ(w)

between µ(u) and µ(v).
Here µ and ν are respectively the embedding of nodes and the embedding of
edges specified by E(G).
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Proof. Let d, n,m ≥ 1 be integers. Let G be a degree d graph with n nodes
and m edges. Note that m < n2/2. Identify the nodes in G with the set of
integers from 0 to n − 1 and identify the edges in G with the set of integers
from 0 to m− 1. For each node u of G, fix an enumeration of its neighbors. For
every edge (u, v) of G, let Iu(v) denote the order of v in the enumeration of the
neighbors of u. Let q be the smallest integer such that 3q + 4 is a power of 2
and such that q ≥ �logn�. Let s = 6q + d + 2. Let H denote the s-dimensional
hypercube. Each node of G will be viewed as a q-bit binary number and each
edge of G as a 2q-bit binary number. For a binary string u, let u denote the
string constructed from u by flipping all of its bits.

The s-bit representation of a node in H is divided into the following five
components.

– The Node Part: This part has length 2q. Here for each node u = u1 · · ·uq
of G, uu encodes u. Note that this encoding has exactly q many 1s in it.

– The Edge Part: This part has length 4q and is used to encode the edge to
be traversed. Here each edge e = e1 · · · e2q is encoded as ee.

– The Neighbor Part: This part has length d and is used to encode the value
of Iu(v) or the value of Iv(u) when the edge (u, v) is traversed.

– The Switch Part: This part has length 2.

Let u, v, w, y be binary strings of length 2q, 4q, d, and 2, respectively. Then,
〈u, v, w, y 〉 denotes the node uvwy in HC(s).

The embedding E(G) = (µ, ν) is defined as follows: For each node u =
u1 · · ·uq,

µ(u) = 〈uu, 02q, 0d, 000 〉.
As for ν, let e = (u, v) be an edge in G such that u < v. Let A = a1 · · ·a2q = uu,
B = b1 · · · b2q = vv, C = c1 · · · c4q = ee, W1 = 0Iu(v)−110d−Iu(v), and W2 =
0Iv(u)−110d−Iv(u). Let i1, . . . , iq be the enumeration of all the positions at
which A has a bit 1 in increasing order. Let j1, . . . , jq be the enumeration of
all the positions at which B has a bit 1 in increasing order. Let k1, . . . , k2q be
the enumeration of all the positions at which C has a bit 1 in increasing or-
der. For each t, 1 ≤ t ≤ q, let At = 0itait+1 · · · a2q and Bt = 0jtbjt+1 · · · b2q.
Also, for each t, 1 ≤ t ≤ 2q, let Ct = c1 · · · ckt04q−kt . Note that Aq = Bq = 0q

and C2q = C. The edge e is represented by a path from 〈A, 04q, 0d, 00 〉 to
〈 0q, C, 0d, 11 〉 and a path 〈B, 04q, 0d, 00 〉 to 〈 0q, C, 0d, 11 〉, each of length 3q+4.
The first path is defined by:

〈A, 04q, 0d, 00 〉, 〈A, 04q,W1, 00 〉, 〈A, 04q,W1, 10 〉, 〈A,C1,W1, 10 〉, · · · ,
〈A,C2q ,W1, 10 〉, 〈A1, C,W1, 10 〉, · · · , 〈Aq, C,W1, 10 〉, 〈 0q, C, 0d, 10 〉,

〈 0q, C, 0d, 11 〉.
The second path is defined with B in place of A. The total length of the join
of the two paths is 6q + 8 and this is a power of 2 by assumption. Note that
every node in the entire path contains one of the following: (i) C in the edge
part, (ii) A in the node part and W1 in the neighbor part, or (iii) B in the node
part and W2 in the neighbor part. So, no two edges share internal nodes in their
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path representation. It is not hard to see that the embedding can be computed
in logarithmic space. This proves the lemma. ✷

5.2 Scaling Up to Exponential Time

Let f be a function belonging to #EXP. Then there is a one-tape nondeter-
ministic exponential-time machine M such that f = #accM . It can be assumed
that there is a polynomial p such that for all strings x, M on input x halts at
step 2p(|x|). By applying the tableau method to the computation of M and then
by reducing the number of occurrences of each variable by introducing its copies,
it can be shown that the computation of f can be transformed to #SAT by a
polynomial-time local computation.

Lemma 7. There is a reduction R from the evaluation problem of f to #SAT
that satisfies the following conditions.

1. For every string x, R(x) is a 3CNF formula.
2. For every string x, f(x) = #SAT(R(x)).
3. For every string x, R(x) can be locally computed in polynomial time in the

following sense:
(a) For each variable y of R(x), y or y appears in exactly three clauses.
(b) For each string x, let ν(x) denote the number of variables in R(x). Then

ν is polynomial-time computable.
(c) For each string x, let µ(x) denote the number of variables in R(x). Then

ν is polynomial-time computable.
(d) For each string x and each i, 1 ≤ i ≤ µ(x), let C(x, i) be the ith clause

in R(x). Then C is polynomial-time computable.
(e) For each string x and each i, 1 ≤ i ≤ ν(x), let S(x, i) be the set of

all indices j such that the ith variable appears in C(x, j). Then S is
polynomial-time computable.

Proof. Due to the space limitation the proof of the lemma is omitted. ✷

Now apply conversion of Lemma 2 to each formula generated by R. Denote
the resulting transformation from the set of strings to NAE3SAT by R′. Since R
is locally polynomial-time computable, so is R′. Modify the construction for
Lemma 3 so that crossing of XOR-gadgets is allowed. Then the maximum degree
remains three and the scaling factor becomes 212n+352m. The connectivity of the
gadgets in the graph essentially depends only on the occurrences of corresponding
variables, so the mapping can be computed locally in polynomial time. Now apply
the embedding described above. Denote the resulting transformation from the
set of strings to the set of hypercube graphs by H . The length of the path is
proportional to the logarithm of the number of nodes, so they are polynomially
bounded. For each string x, let d(x) be the dimension of H(x), N(x) denote the
set of all strings of length d(x) that encode a node in H(x), and E(x) denote the
set of all strings ww′ having length 2d(x) such that (w,w′) is an edge of H(x).
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Lemma 8. d is polynomial-time computable. There are polynomial-time com-
putable functions CN and CE such that CN (x) and CE(x) are both polynomial-
size boolean circuits and accept N(x) and E(x), respectively.

This lemma gives the following theorem.

Theorem 9. The problem of counting the number of simple paths in hypercube
graphs is #EXP-complete under ≤pr-shift-reductions if the graphs are specified
by circuits.
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Abstract. We describe an explicit simulation of 2-way nondeterministic
automata by 1-way alternating automata with quadratic blow-up. We
first describe the construction for automata on finite words, and extend
it to automata on infinite words.

1 Introduction

The theory of finite automata is one of the fundamental building blocks of theo-
retical computer science. As the basic theory of finite-state systems, this theory
is covered in numerous textbooks and in any basic undergraduate curriculum in
computer science. Since its introduction in the 1950’s, the theory had numerous
applications in practically all branches of computer science, from the construc-
tion of electrical circuits [Koh70], to the design of lexical analyzers [JPAR68],
and to the automated verification of hardware and software designs [VW86].

From its very inception, one fundamental theme in automata theory is the
quest for understanding the relative power of the various constructs of the the-
ory. Perhaps the most fundamental result of automata theory is the robustness of
the class of regular languages, the class of languages definable by means of finite
automata. Rabin and Scott showed in their classical paper that neither nondeter-
minism nor bidirectionality changes the expressive power of finite automata; that
is, nondeterministic 2-way automata and deterministic 1-way automata have the
same expressive power [RS59]. This robustness was later extended to alternat-
ing automata, which can switch back and forth between existential and universal
modes (nondeterminism is an existential mode) [BL80, CKS81, LLS84].

In view of this robustness, the concept of relative expressive power was ex-
tended to cover also succinctness of description. For example, it is known that
nondeterministic automata and two-way automata are exponentially more suc-
cinct than deterministic automata. The language Ln = {uv : u, v ∈ {0, 1}n and
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u �= v} can be expressed using a 1-way nondeterministic automaton or a 2-
way deterministic automaton of size polynomial in n, but a 1-way deterministic
automaton accepting Ln must be of exponential size (cf. [SS78]). Alternating
automata, in turn, are doubly exponentially more succinct than deterministic
automata [BL80, CKS81].

Consequently, a major line of research in automata theory is establishing tight
simulation results between different types of automata. For example, given a 2-
way automaton with n states, Shepherdson showed how to construct an equiva-
lent 1-way automaton with 2O(n log(n)) states [She59]. Birget showed how to con-
struct an equivalent 1-way automaton with 23n states [Bir93] (see also [GH96]).
Vardi constructed the complementary automaton, an automaton accepting the
words rejected by the 2-way automaton, with 22n states [Var89]. Birget also
showed, via a chain of reductions, that a 2-way nondeterministic automaton can
be converted to a 1-way alternating automaton with quadratic blow-up [Bir93].
As the converse efficient simulation is impossible [LLS84], alternation is more
powerfull than bidirectionality.

Our focus in this paper is on simulation of bidirectionality by alternation.
The interest in bidirectionality and alternation in not merely theoretical. Both
constructs have been shown to be useful in automated reasoning. For example,
reasoning about modal µ-calculus with past temporal connectives requires alter-
nation and bidirectionality [Str82, Var88, Var98]. Recently, model checking of
specifications in µ-calculus on context-free and prefix-recognizable systems has
been reduced to questions about 2-way automata [KV00]. In a different field
of research, 2-way automata were used in query processing over semistructured
data [CdGLV00].

We found Birget’s construction, simulating bidirectionality by alternation
with quadratic blow-up, unsatisfactory. As noted, his construction is indirect,
using a chain of reductions. In particular, it uses the reverse language and, con-
sequently, can not be extended to automata on infinite words. The theory of
finite automata on infinite objects was established in the 1960s by Büchi, Mc-
Naughton and Rabin [Büc62, McN66, Rab69]. They were motivated by decision
problems in mathematical logic. More recently, automata on infinite words have
shown to be useful in computer-aided verification [Kur94, VW86]. We note that
bidirectionality does not add expressive power also in the context of automata
on infinite words. Vardi has already shown that given a 2-way nondeterministic
Büchi automaton with n states one can construct an equivalent 1-way nondeter-
ministic Büchi with 2O(n2) states [Var88].

Our main result in this paper is a direct quadratic simulation of bidirection-
ality by alternation. Given a 2-way nondeterministic automaton with n states,
we construct an equivalent 1-way alternating automaton with O(n2) states. Un-
like Birget’s construction, our construction is explicit. This has two advantages.
First, one can see exactly how alternation can efficiently simulate bidirection-
ality. (In order to convert the nondeterministic automaton into an alternating
automaton we use the fact that the run of the 2-way nondeterministic automa-
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ton looks like a tree of “zigzags” 1. We analyze the form such a tree can take
and recognize, using an alternating automaton, when such a tree exists.) Second,
the explicitness of the construction enables us to extend it to Büchi automata.
(In the full version we also give a construction for 2-way nondeterministic Rabin
and parity automata.) Since it is known how to simulate alternating Büchi au-
tomata by nondeterministic Büchi automata with exponential blow-up [MH84],
our construction provides another proof of the result that a 2-way nondeterminis-
tic Büchi automaton with n states can be simulated by a 1-way nondeterministic
Büchi with 2O(n2) states [Var88].

2 Preliminaries

We consider finite or infinite sequences of symbols from some finite alphabet Σ.
Given a word w, an element in Σ∗ ∪ Σω, we denote by wi the ith letter of the
word w. The length of w is denoted by |w| and is defined to be ω for infinite
words.

A 2-way nondeterministic automaton is A = 〈Σ,S, S0, ρ, F 〉, where Σ is the
finite alphabet, S is the finite set of states, S0 ⊆ S is the set of initial states,
ρ : S ×Σ → 2S×{−1,0,1} is the transition function, and F is the acceptance set.
We can run A either on finite words (2-way nondeterministic finite automaton or
2NFA for short) or on infinite words (2-way nondeterministic Büchi automaton
or 2NBW for short). In the full version we show that we can restrict our attention
to automata whose transition function is of the form ρ : S ×Σ → 2S×{−1,1}.

A run on a finite word w = w0, ..., wl is a finite sequence of states and loca-
tions (q0, i0), (q1, i1), ..., (qm, im) ∈ (S×{0, ..., l+1})∗. The pair (qj , ij) represents
the automaton is in state qj reading letter ij. Formally, q0 = s0 and i0 = 0, and
for all 0 ≤ j < m, we have ij ∈ {0, ..., l} and im ∈ {0, ..., l + 1}. Finally, for all
0 ≤ j < m, we have (qj+1, ij+1− ij) ∈ δ(qj , wij ). A run is accepting if im = l+1
and qm ∈ F .

A run on an infinite word w = w0, w1, ... is defined similarly as an infinite
sequence. The restriction on the locations is removed (for all j, the location ij
can be every number in IIN ). In 2NBW, a run is accepting if it visits F × IIN
infinitely often. A word w is accepted by A if it has an accepting run over w.
The language of A is the set of words accepted by A, denoted by L(A).

In the finite case we are only interested in runs in which the same state in
the same position do no repeat twice during the run. In the infinite case we
minimize the amount of repetition to the unavoidable minimum. A run r =
(s0, 0), (s1, i1), (s2, i2), ..., (sm, im) on a finite word is simple if for all j and k
such that j < k, either sj �= sk or ij �= ik. A run r = (s0, 0), (s1, i1), (s2, i2), ...
on an infinite word is simple if one of the following holds (1) For all j < k,
either sj �= sk or ij �= ik. (2) There exists l,m ∈ IIN such that for all j < k <
l + m, either sj �= sk or ij �= ik, and for all j ≥ l, sj = sj+m and ij = ij+m.

1 The analysis of the form of the “zigzags” is similar to the analysis of runs of
pushdown-automata done in [Ruz80, Ven91].
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In the full version we show that there exists an accepting run iff there exists a
simple accepting run. Hence, it is enough to consider simple accepting runs.

Given a set S we first define the set B+(S) as the set of all positive formulas
over the set S with ‘true’ and ‘false’ (i.e., for all s ∈ S, s is a formula and if f1

and f2 are formulas, so are f1 ∧ f2 and f1 ∨ f2). We say that a subset S′ ⊆ S
satisfies a formula ϕ ∈ B+(S) (denoted S′ |= ϕ) if by assigning ‘true’ to all
members of S′ and ‘false’ to all members of S \ S′ the formula ϕ evaluates to
‘true’. Clearly ‘true’ is satisfied by the empty set and ‘false’ cannot be satisfied.

A tree is a set T ⊆ IIN ∗ such that if x · c ∈ T where x ∈ IIN ∗ and c ∈ IIN ,
then also x ∈ T . The elements of T are called nodes, and the empty word ε is
the root of T . For every x ∈ T , the nodes x · c where c ∈ IIN are the successors
of x. A node is a leaf if it has no successors. A path π of a tree T is a set π ⊆ T
such that ε ∈ π and for every x ∈ π, either x is a leaf or there exists a unique
c ∈ IIN such that x · c ∈ π. Given an alphabet Σ, a Σ-labeled tree is a pair (T, V )
where T is a tree and V : T → Σ maps each node of T to a letter in Σ.

A 1-way alternating automaton is B = 〈Σ,Q, s0, ∆, F 〉 where Σ, Q and F are
like in nondeterministic automata. s0 is a unique initial state and ∆ : S ×Σ →
B+(Q) is the transition function. Again we may run A on finite words (1-way
alternating automata on finite words or 1AFA for short) or on infinite words
(1-way alternating Büchi automata or 1ABW for short).

A run of A on a finite word w = w0...wl is a labeled tree (T, r) where
r : T → Q. The maximal depth in the tree is l + 1. A node x labeled by s
describes a copy of the automaton in state s reading letter w|x|. The labels
of a node and its successors have to satisfy the transition function ∆. Formally,
r(ε) = s0 and for all nodes x with r(x) = s and ∆(s, w|x|) = ϕ there is a (possibly
empty) set {s1, ..., sn} |= ϕ such that the successors of x, {x · 0, . . . , x · (n− 1)}
are labeled by {s1, . . . , sn}. The run is accepting if all the leaves in depth l + 1
are labeled by states from F .

A run of A on an infinite word w = w0w1... is defined similarly as a (possibly)
infinite labeled tree. A run of a 1ABW is accepting if every infinite path visits
the accepting set infinitely often. As before, a word w is accepted by A if it has
an accepting run over the word. We similarly define the language of A, L(A).

3 Automata on Finite Words

We start by transforming 2NFA to 1AFA. We analyze the possible form of an
accepting run of a 2NFA and using a 1AFA check when such a run exists over a
word.

Theorem 1. For every 2NFA A = 〈Σ,S, s0, ρ, F 〉 with n states, there exists an
1AFA B = 〈Σ,Q, s0, ∆, F 〉 with O(n2) states such that L(B) = L(A).

Given a 2NFA A = 〈Σ,S, s0, δ, F 〉, let B = 〈Σ,Q, s0, ∆, F 〉 denote its equiv-
alent 1AFA. Note that B uses the acceptance set and the initial state of A.

Recall that a run of A is a sequence r = (s0, 0), (s1, i1), (s2, i2), ..., (sm, im)
of pairs of states and locations, where sj is the state and ij is the location of
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the automaton in the word w. We refer to each state as a forward or backward
state according to its predecessor in the run. If it resulted from a backward
movement it is a backward state and if from a forward movement it is a forward
state. Formally, (sj , ij) is a forward state if ij = ij−1 + 1 and backward state
if ij = ij−1 − 1. The first state (s0, 0) is defined to be a forward state.

Given the 2NFA A our goal is to construct the 1AFA B recognizing the
same language. In Figure 1a we see that a run of A takes the form of a tree of
‘zigzags’. Our one-way automaton reads words moving forward and accepts if
such a tree exists. In Figure 1a we see that there are two transitions using a1.
The first (s2, 1) ∈ δ(s1, a1) and the second (s4, 1) ∈ δ(s3, a1). In the one-way
sweep we would like to make sure that s3 indeed resulted from s2 and that the
run continuing from s3 to s4 and further is accepting. Hence when in state s1

reading letter a1 we guess that there is a part of the run coming from the future
and spawn two processes. The first checks that s1 indeed results in s3 and the
second ensures that the part s3, s4, ... of the run is accepting.

Hence the state set of the alternating automaton is Q = S ∪ (S × S). A
singleton state s ∈ Q represents a part of the run that is only looking forward (s4

in Figure 1a). In fact, we use singleton states to represent only the last forward
state in the run of A that visits a letter. A pair state (s1, s3) ∈ Q represents a
part of the run that consists of a forward moving state and a backward moving
state (s1 and s3 in Figure 1a). Such a pair ensures that there is a run segment
linking the forward state to the backward state. We introduce one modification,
since s3 is a backward state (i.e. (s3,−1) ∈ δ(s2, a2)) it makes sense to associate
it with a2 and not with a1. As the alternating automaton reads a1 (when in
state s1), it guesses that s3 comes from the future and changes direction. The
alternating automaton then spawns two processes: the first, s4 and the second,
(s2, s3), and both read a2 as their next letter. Then it is easier to check that
(s3,−1) ∈ δ(s2, a2).

a0 a1 a2 a3

s0
s1

s2

s3

s4

s5

t

s1

s2

s3

t0

t1

t2

t3

Fig. 1. (a) A zigzag run (b) The transition at the singleton state t
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3.1 The Construction

The Transition at a Singleton State We define the transitions of B in
two stages. First we define transitions from a singleton state. When in a sin-
gleton state t ∈ Q reading letter aj (See Figure 1b) the alternating automaton
guesses that there are going to be k more visits to letter aj in the rest of the
run (as the run is simple k is bounded by the number of states of the 2NFA A).
We refer to the states reading letter aj according to the order they appear in
the run as s1, ..., sk. We assume that all states that read letters prior to aj
have already been taken care of, hence s1, ..., sk themselves are backward states
(i.e. (si,−1) ∈ δ(pi, aj+1) for some pi). They read the letter aj and move for-
ward (there exists some ti such that (ti, 1) ∈ δ(si, aj)). Denote the successors
of s1, ..., sk by t1, ..., tk. The alternating automaton verifies that there is a run
segment connecting the successor of t (denoted before aj have been taken care
of, this run segment should not go back to letters before aj). Similarly the alter-
nating automaton verifies that a run segment connects t1 to s2, etc. In general
the alternating automaton checks that there is a part of the run connecting ti
to si+1. Finally, from tk the run has to read the rest of the word and reach
location |w| in an accepting state.

Given a state t and an alphabet letter a, consider the set Rt
a of all possible

sequences of states of length at most 2n−1 where no two states in an even place
(forward states) are equal and no two states in an odd place (backward states)
are equal. We further demand that the first state in the sequence be a successor
of t ((t0, 1) ∈ δ(t, a)) and similarly that ti be a successor of si ((ti, 1) ∈ δ(si, a)).
Formally

Rt
a =




〈t0, s1, t1, ..., sk, tk〉

∣∣∣∣∣∣∣∣

0 ≤ k < n
(t0, 1) ∈ δ(t, a)
∀i < j, si �= sj and ti �= tj
∀i, (ti, 1) ∈ δ(si, a)





The transition of B chooses one of these sequences and ensures that all
promises are kept, i.e. there exists a run segment connecting ti−1 to si.

∆(t, a) =
∨

〈t0,...,tk〉∈Rt
a

(t0, s1) ∧ (t1, s2) ∧ ... ∧ (tk−1, sk) ∧ tk

The Transition at a Pair State When the alternating automaton is in a pair
state (t, s) reading letter aj it tries to find a run segment connecting t to s using
only the suffix aj ...a|w|−1. We view t as a forward state reading aj and s as a
backward state reading aj−1 (Again (s,−1) ∈ δ(p, aj)). As shown in Figure 2a,
the run segment connecting t to s might visit letter aj but should not visit aj−1.

Figure 2b provides a detailed example. The automaton in state (t, s) guesses
that the run segment linking t to s visits a2 twice and that the states reading
letter a2 are s1 and s2. The automaton further guesses that the predecessor of s
is s3 ((s,−1) ∈ δ(s3, a2)) and that the successors of t, s1 and s2 are t0, t1 and t2
respectively. The alternating automaton spawns three processes: (t0, s1), (t1, s2)
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a1 a2a0 a3

t

s

s

t

t

s1

s2

s3s

t0

t1

t2

The word

The run

Fig. 2. (a) Different connecting segments (b) The transition at the pair state
(t, s)

and (t2, s3) all reading letter aj+1. Each of these pair states has to find a run
segment connecting the two states.

We now define the transition from a state in S × S. Given a state (t, s)
and an alphabet letter a, we define the set R

(t,s)
a of all possible sequences of

states of length at most 2n where no two states in an even position (forward
states) are equal and no two states in an odd position (backward states) are
equal. We further demand that the first state in the sequence be a successor
of t ((t0, 1) ∈ δ(t, a)), that the last state in the sequence be a predecessor of s
((s,−1) ∈ δ(sk+1, a)) and similarly that ti be a successor of si ((ti, 1) ∈ δ(si, a)).

R(t,s)
a =






〈t0, s1, t1, ..., sk, tk, sk+1〉

∣∣∣∣∣∣∣∣∣∣

0 ≤ k < n
(t0, 1) ∈ δ(t, a)
(s,−1) ∈ δ(sk+1, a)
∀i < j, si �= sj and ti �= tj
∀i, (ti, 1) ∈ δ(si, a)






The transition of B chooses one sequence and ensures that all pairs meet:

∆((t, s), a) =





true If (s,−1) ∈
δ(t, a)

∨

〈t0,...,sk+1〉∈R(t,s)
a

(t0, s1) ∧ (t1, s2) ∧ ... ∧ (tk, sk+1) Otherwise

Claim. L(A) = L(B)

Proof. Given an accepting simple run of A on a word w of the form (s0, 0),
(s1, i1), . . . , (sm, im), we annotate each pair by the place it took in the run of A.
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Thus the run takes the form (s0, 0, 0), (s1, i1, 1), . . . , (sm, im,m). We build a run
tree (T, V ) of B by induction. In addition to the labeling V : T → S ∪ S × S,
we attach a single tag to a singleton state and a pair of tags to a pair state. The
tags are triplets from the annotated run of A. For example the root of the run
tree of B is labeled by s0 and tagged by (s0, 0, 0). The labeling and the tagging
conforms to the following:

– Given a node x labeled by state s tagged by (s′, i, j) from the run of A we
build the tree so that s = s′, i = |x| and furthermore all triplets in the
run of A whose third element is larger than j have their second element at
least i.

– Given a node x labeled by state (t, s) tagged by (t′, i1, j1) and (s′, i2, j2) in
the run of A we build the tree so that t = t′, s = s′, i1 = i2+1 = |x|, j1 < j2
and that all triplets in the run of A whose third element is between j1 and j2
have their second element be at least i1.

We start with the root labeling it by s0 and tagging it by (s0, 0, 0). Obviously
this conforms to our demands.

Given a node x labeled by t, tagged by (t, i, j), and adhering to our demands
(see state t in Figure 1b). If (t, i, j) has no successor in the run of A, it must
be the case that i = |w| and that t ∈ F . Otherwise we denote the triplets in
the run of A whose third element is larger than j and whose second element
is i by (s1, i, j1), ..., (sk, i, jk). By assumption there is no point in the run of A
beyond j visiting a letter before i. Since the run is simple, k < n. Denote by
(t0, i + 1, j + 1) the successor of (t, i, j) and by (t1, i + 1, j1 + 1), ..., (tk, i +
1, jk + 1) the successors of s1, ..., sk. We add k + 1 successors to x, label them
(t0, s1), (t1, s2), ..., (tk−1, sk), tk, to a successor of x labeled by (tl−1, sl) we add
the tags (tl−1, i+ 1, jl + 1) and (sl, i, jl), and to the successor of x labeled by tk
we add the tag (tk, i+1, jk+1). We now show that the new nodes added to the
tree conform to our demands. By assumption there are no visits beyond the jth

step in the run of A to letters before ai and s1, ..., sk are all the visits to ai after
the jth step of A.

Let y be the successor of x labeled tk (tagged (tk, i+ 1, jk + 1)). Since |x| =
i, we conclude |y| = i + 1. All the triplets in the run of A appearing after
(tk, i+ 1, jk + 1) do not visit letters before ai+1 (We collected all visits to ai).

Let y be a successor of x labeled by (tl, sl+1) (tagged (tl, i + 1, jl + 1) and
(sl+1, i, jl+1)). We know that i = |x| hence i+1 = |y|, jl+1 < jl+1 and between
the jl + 1 element in the run of A and the jl+1 element letters before ai+1 are
not visited.

We turn to continuing the tree below a node labeled by a pair state. Given
a node x labeled by (t, s) tagged (t, i, j) and and (s, i − 1, k). By assumption
there are no visits to ai−1 in the run of A between the jthtriplet and kth triplet.
If k = j + 1 then we are done and we leave this node as a leaf. Otherwise we
denote the triplets in the run of A whose third element is between j and k and
whose second element is i by (s1, i, j1), ..., (sm, i, jm) (see Figure 2b). Denote
by (t1, i + 1, j1 + 1), ..., (tm, i + 1, jm + 1) their successors, by (t0, i + 1, j + 1)
the successor of t and by (sk+1, i, k − 1) the predecessor of s. We add k + 1
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successors to x and label them (t0, s1), (t1, s2), ..., (tk, sk+1). To a successor of x
labeled by (tl−1, sl) we add the tags (tl−1, i+1, jl−1+1) and (sl, i, jl). As in the
previous case when we combine the assumption with the way we chose t0, ...tk
and s1, ..., sk+1, we conclude that the new nodes conform to the demands.

Clearly, all pair-labeled paths terminate with ’true’ before reading the whole
word w and the path labeled by singleton states reaches the end of w with an
accepting state.

In the other direction we stretch the tree run of B into a linear run of A. In
the full version, we give a recursive algorithm that starts from the root of the
run tree and constructs a run of A. When first reaching a node x labeled by
pair-state (s, t), we add s to the run of A. Then we handle recursively the sons
of x. When we return to x we add t to the run of A. When reaching a node x
labeled by a singleton state s we simply add s to the run of A and handle the
sons of x recursively.

��

4 Automata on Infinite Words

We may try to run the 1AFA from Section 3 on infinite words. We demand that
pair-labeled paths be finite and that the infinite singleton-labeled path visit F
infinitely often. Although an accepting run of A visited F infinitely often we
cannot ensure infinitely many visits to F on the infinite path. The visits may be
reflected in the run of B in the pair-labeled paths. Another problem is when the
run ends in a loop.

Theorem 2. For every 2NBW A = 〈Σ,S, s0, ρ, F 〉 with n states, there exists
an 1ABWs B = 〈Σ,Q, s′0, ∆, F ′〉 with O(n2) states such that L(B) = L(A).

We have to record hidden visits to F . This is done by doubling the set of
states. While in the finite case the state set is S ∪ S × S, this time we also
annotate the states by ⊥ and �. Hence Q = (S ∪ S × S)× {⊥,�}. A pair state
labeled by � is a promise to visit the acceptance set. The state (s, t,�) means
that in the run segment linking s to (s,�) is displaying a visit to F in the zigzags
connecting s to the previous singleton state. The initial state is s′0 = (s0,⊥).

With the same notation we solve the problem of a loop. We allow a transition
from a singleton state to a sequence of pair states. One of the pairs promises a
visit to F . The acceptance set is F ′ = (S ×{�}) and the transition function ∆
is defined as follows.

The Transition at a Singleton State Just like in the finite case we consider
all possible sequences of states of length at most 2n− 1 with same demands.

Rt
a =




〈t0, s1, t1, ..., sk, tk〉

∣∣∣∣∣∣∣∣

0 ≤ k < n
(t0, 1) ∈ δ(t, a)
∀i < j, si �= sj and ti �= tj
∀i, (ti, 1) ∈ δ(si, a)




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Recall that a sequence (t0, s1), (t1, s2), ..., (tk−1, sk), tk checks that there is a
zigzag run segment linking t0 to tk. We mentioned that tk is annotated with � in
case this run segment has a visit to F . If tk is annotated with �, at least one of
the pairs has to be annotated with �. Although more than one pair might visit F
we annotate all other pairs by ⊥. Hence for a sequence 〈t0, s1, t1, ..., sk, tk〉 we
consider the sequences of ⊥ and � of length k + 1 in which if the last is � so is
another one. Otherwise all are ⊥.

αRk =
{
〈α0, ..., αk〉 ∈ {⊥,�}k+1

∣∣∣∣
If αk=� then ∃!i s.t. 0 ≤ i < k and αi=�
If αk=⊥ then ∀ 0 ≤ i < k, αi=⊥

}

This is, however, not enough. We have to consider also the case of a loop. The
automaton has to guess that the run terminates with a loop when it reads the
first letter of w that is read inside the loop. The only states reading this letter
inside the loop are backward states. We consider pairs of sequences of at most
2n states, where the last state in the two sequences is equal. This repetition
closes the loop. In both sequences no two states in an even/odd position are
equal. For example, in Figure 3, we see that in state t reading letter a1, the
alternating automaton guesses the sequence (t0, s1), (t1, s2) and the sequence
(t2, s3), (t3, s2). The last state in both sequences is s2.

a1 a2a0 a3

t
t0

s1
t1

s2
t2

s3
t3

s2

Fig. 3. A loop

More formally, we demand that the first state in the first sequence be a
successor of t ((t10, 1) ∈ δ(t, a)), that the first state in the second sequence be a
successor of the last state in the first sequence ((t20, 1) ∈ δ(s1

k+1, a)), that tpi be
a successor of spi for p ∈ {1, 2} ((tpi , 1) ∈ δ(spi , a)) and that the last state in the
first sequence be equal to the last state in the second sequence (s1

k+1 = s2
l+1).
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Lta =






〈 〈t10, s1
1, t

1
1, ..., s

1
k, t

1
k, s

1
k+1〉,

〈t20, s2
1, t

2
1, ..., s

2
l , t

2
l , s

2
l+1〉

〉

∣∣∣∣∣∣∣∣∣∣∣∣

0 ≤ k < n, 0 ≤ l < n
(t10, 1) ∈ δ(t, a), (t20, 1) ∈ δ(s1

k+1, a)
∀i < j, s1

i �= s1
j and t1i �= t1j

∀i < j, s2
i �= s2

j and t2i �= t2j
∀i, ∀p, (tpi , 1) ∈ δ(spi , a)
s1
k+1 = s2

l+1






It is obvious that a visit to F has to occur within the loop. Hence we have
to make sure that the run segment connecting one of the pairs in the second
sequence visits F . Hence we annotate one of the pairs (t20, s

2
1), ..., (t

2
l , s

2
l+1) with

�. One visit to F is enough hence all other pairs are annotated by ⊥.
αLl = {〈α0, ..., αl〉 ∈ {⊥,�}l+1 | ∃!i s.t. αi = �}

The transition of B chooses a sequence in Rt
a ∪ Lta and a sequence of ⊥ and

�.

∆((t,⊥), a) = ∆((t,�), a) =
∨

∨
Rt

a,α
R
k

(t0, s1, α0)∧ ... ∧(tk−1, sk, αk−1)∧(tk, αk)

∨
Lt

a,α
L
l

(
(t10, s

1
1,⊥) ∧ ... ∧ (t1k, s1

k+1,⊥)∧
(t20, s

2
1, α0) ∧ ... ∧ (t2l , s2

l+1, αl)

)

The Transition at a Pair State In this case the only difference is the addition
of ⊥ and �. The set R

(t,s)
a is equal to the finite case.

R(t,s)
a =





〈t0, s1, t1, ..., sk, tk, sk+1〉

∣∣∣∣∣∣∣∣∣∣

0 ≤ k < n
(t0, 1) ∈ δ(t, a)
(s,−1) ∈ δ(sk+1, a)
∀i < j, si �= sj and ti �= tj
∀i, (ti, 1) ∈ δ(si, a)





In the transition of ‘top’ states we have to make sure that a visit to F indeed
occurs. If the visit occured in this stage the promise (�) can be removed (⊥).
Otherwise the promise must be passed to one of the successors.

αRs,t,k =
{
〈α0, ..., αk〉 ∈ {⊥,�}k+1

∣∣∣∣
If s /∈ F and t /∈ F then ∃!i s.t. αi = �
Otherwise ∀ 0 ≤ i ≤ k, αi = ⊥

}

The transition of B chooses a sequence of states and a sequence of ⊥ and �.

∆((t, s,⊥), a) =




true If (s,−1) ∈ δ(t, a)∨

R
(t,s)
a

(t0, s1,⊥) ∧ ... ∧ (tk, sk+1,⊥) Otherwise

∆((t, s,�), a) =






true If (s,−1) ∈ δ(t, a)
and (s ∈ Fort ∈ F )∨

R
(t,s)
a ,αR

s,t,k

(t0, s1, α0) ∧ ... ∧ (tk, sk+1, αk) Otherwise
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Claim. L(A)=L(B)

The proof is just an elaboration on the proof of the finite case.
Remark: In both the finite and the infinite cases, we get a 1-way alternating
automaton with O(n2) states and transitions of exponential size. Birget’s con-
struction also results in exponential-sized transitions [Bir93]. Globerman and
Harel use 0-steps in order to reduce the transition to polynomial size [GH96].
Their construction uses the reverse language and can not be applied to infinite
words. If we use 0-steps, it is quite simple to change our construction so that it
uses only polynomial-sized transitions. We note that the transition size does not
effect the conversion from 1ABW to 1NBW.
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Abstract. A classical construction assigns to any language its (ordered)
syntactic monoid. Recently the author defined the so-called syntactic
semiring of a language. We discuss here the relationships between those
two structures. Pin’s refinement of Eilenberg theorem gives a one-to-one
correspondence between positive varieties of rational languages and pseu-
dovarieties of ordered monoids. The author’s modification uses so-called
conjunctive varieties of rational languages and pseudovarieties of idem-
potent semirings. We present here also several examples of our varieties
of languages.

Keywords: syntactic semiring, rational languages

1 Introduction

The syntactic monoid is a monoid canonically attached to each language. Certain
classes of rational languages can be characterized by the syntactic monoids of
their members. The book [3] and the survey [5] by Pin are devoted to a systematic
study of this correspondence. One also speaks about the algebraic theory of finite
automata.

Recently the author defined in [6] the so-called syntactic semiring of a lan-
guage. Basic definitions and properties are stated in Sect. 2. In Sect. 3 we recall
the main result of [6]. It is an Eilenberg-type theorem relating the so-called
conjunctive varieties of rational languages and pseudovarieties of idempotent
semirings.

Section 4 is devoted to examples. The first two varieties of languages arise
when considering identities satisfied by syntactic semirings. Certain operators
on classes of languages yield further examples.

The relationships between the (ordered) syntactic monoid and the syntactic
semiring of a given language are studied in Sect. 5 and the last section presents
a method for computing the syntactic semiring of a given language.
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All the background needed is thoroughly explored in above quoted Pin’s
sources or in Almeida’s book [1]. Our contribution is meant as an extended
abstract, we present full proofs only in Sect. 5.

2 Ordered Syntactic Monoid and Syntactic Semiring

A structure (O, ·,≤) is called an ordered monoid if

(i) (O, ·) is a monoid with the neutral element 1,
(ii) (O,≤) is an ordered set,
(iii) a, b, c ∈ O, a ≤ b implies ac ≤ bc and ca ≤ cb.

A structure (S, ·,∨) is called a semilattice-ordered monoid if

(i) (S, ·) is a monoid,
(ii) (S,∨) is a semilattice,
(iii) a, b, c ∈ S implies a(b ∨ c) = ab ∨ ac and (a ∨ b)c = ac ∨ bc.

An alternative name is an idempotent semiring which we will prefer here. A
semilattice (S,∨) becomes an ordered set with respect to the relation ≤ defined
by a ≤ b ⇔ a∨b = b, a, b ∈ S. Moreover, in this view, any idempotent semiring
is an ordered monoid. For an ordered set (O,≤), a subset H of O is hereditary
if a ∈ H, b ∈ O, b ≤ a implies b ∈ H .

We also denote

2B the set of all subsets of a set B,
F (B) the set of all non-empty finite subsets of a set B,
∆B = {(b, b) | b ∈ B} the diagonal relation on a set B,
(B] = {a ∈ O | a ≤ b for some b ∈ B} the hereditary subset of (O,≤) generated

by a given B ⊆ O,
H (O,≤) the set of all non-empty finitely generated hereditary subsets of an

ordered set (O,≤),
c (u) the set of all letters of A in a word u ∈ A∗.

Recall that an ideal of a semilattice (S,∨) is a hereditary subset closed with
respect to the operation ∨. Morphisms of monoids are semigroup homomor-
phisms with 1 
→ 1 and morphisms of ordered monoids (idempotent semirings)
are isotone monoid morphisms (monoid morphisms which respect also the oper-
ation ∨).

We say that a monoid (M, ·) divides a monoid (N, ·) if (M, ·) is a morphic
image of a submonoid of (N, ·); similarly for ordered monoids and semirings.

A hereditary subset H of an ordered monoid (O, ·,≤) defines a relation ≈H
on O by

a ≈H b if and only if ( ∀ p, q ∈ O ) ( paq ∈ H ⇔ pbq ∈ H ) .

This relation is a congruence of (O, ·) and the corresponding factor-structure is
called the syntactic monoid of H in (O, ·,≤). It is ordered by

a ≈H ≤ b ≈H if and only if ( ∀ p, q ∈ O ) ( pbq ∈ H ⇒ paq ∈ H )
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and we speak about the ordered syntactic monoid . We also write a �H b instead
of a ≈H ≤ b ≈H . Let σH denote the mapping a 
→ a ≈H , a ∈ O. It is a
surjective ordered monoid morphism.

Similarly, an ideal I of an idempotent semiring (S, ·,∨) defines a relation ∼I
on the set S by

a ∼I b if and only if ( ∀ p, q ∈ S ) ( paq ∈ I ⇔ pbq ∈ I ) .

This relation is a congruence of (S, ·,∨) and the corresponding factor-structure
is called the syntactic semiring of I in (S, ·,∨). Let ρI denote the mapping
a 
→ a ∼I , a ∈ S. It is a surjective semiring morphism.

Any language L over A is a hereditary subset of the trivially ordered monoid
(A∗, ·,=) and the set F (L) is an ideal of (F (A∗), ·,∪) where

U · V = {u · v | u ∈ U, v ∈ V } .

The above constructions gives the ordered syntactic monoid and syntactic semir-
ing of the language L; we denote them by O (L) and S (L). We also put o (L) =
σL(L) and s (L) = ρF (L)(F (L)).

For L ⊆ A∗, the congruence ∼F (L) can be also expressed as

{u1, . . . , uk} ∼F (L) {v1, . . . , vl} if and only if

( ∀ x, y ∈ A∗ ) ( xu1y, ..., xuky ∈ L ⇔ xv1y, ..., xvly ∈ L ) .

Notice that (A∗, ·) is a free monoid over the set A and that (F (A∗), ·,∪) is
a free idempotent semiring over A. Further, any ideal of (F (A∗), ·,∪) is of the
form F (L) for L ⊆ A∗.

A language L ⊆ A∗ is recognizable by a monoid (M, ·) with respect to its
subset B (by an ordered monoid (O, ·,≤) with respect to its hereditary subset H ,
by an idempotent semiring (S, ·,∨) with respect to its ideal I) if there exists a
monoid morphism α : A∗ → M such that L = α−1(B) (α : A∗ → O such that
L = α−1(H), α : A∗ → S such that L = α−1(I)).

Clearly, the last notion can be rephrased as follows: A language L ⊆ A∗ is
recognizable by an idempotent semiring (S, ·,∨) with respect to its ideal I if there
exists a semiring morphism β : (F (A∗), ·,∪)→ (S, ·,∨) such that F (L) = β−1(I).

We say that a language L is recognizable by a monoid (M, ·) (by an ordered
monoid (O, ·,≤), by an idempotent semiring (S, ·,∨)) if it is recognizable with
respect to some subset (hereditary subset, ideal). Clearly, the recognizability by
(M, ·) gives the recognizability by (M, ·,=) and conversely the recognizability
by (M, ·,≤) yields the recognizability by (M, ·). Furthermore, the recognizability
means the recognizability by a finite monoid.

Proposition 1. Let (O, ·,≤) be an ordered monoid. Then (H (O,≤), ◦,∪), where
H ◦K = { c ∈ O | there exist a ∈ H, b ∈ K such that c ≤ a · b } ,

is an idempotent semiring and the mapping ι : a 
→ (a], a ∈ O, is an injective
monoid morphism of (O, ·,≤) to (H (O,≤), ◦,∪) satisfying a ≤ b if and only if
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ι(a) ⊆ ι(b), a, b ∈ O. Moreover, the latter structure is a free idempotent semiring
over (O, ·,≤) with respect to ι, that is, for any idempotent semiring (S, ·,∨) and
an ordered monoid morphism

α : (O, ·,≤)→ (S, ·,∨)
there exists exactly one semiring morphism

β : (H (O,≤), ◦,∪)→ (S, ·,∨)
such that β ◦ ι = α.

Proof. Obviously d ∈ (H ◦K) ◦ L iff there exist a ∈ H, b ∈ K, c ∈ L such that
d ≤ abc and the same holds for H ◦ (K ◦L). Also the validity of the distributive
laws is immediate. Further, a ≤ b iff (a] ⊆ (b] (in particular, ι is injective) and
(ab] = (a] · (b] for any a, b ∈ O.

Given (S, ·,∨) and α, define β((a1, . . . , ak]) = α(a1)∨ . . .∨α(ak) which yields
the rest of the proposition. ��
Proposition 2. A language L ⊆ A∗ is recognizable by a finite idempotent semi-
ring if and only if it is recognizable.

Proof. If L is recognizable by a finite ordered monoid (O, ·,≤) with respect to
its hereditary subset H then L is also recognizable by the idempotent semiring
(H (O,≤), ◦,∪) with respect to its ideal (H ] of all hereditary subsets of H .

The opposite implication is trivial. ��
The following result is classical (see [5]).

Proposition 3. (i) Let A be a finite set, let (O, ·,≤) be an ordered monoid, H
its hereditary subset, α : (A∗, ·)→ (O, ·) a surjective monoid morphism, and let
L = α−1(H). Then

((O, ·)/ ≈H ,≤) is isomorphic to (O (L), ·,≤), o (L) being the image of σH(H)

and �o (L) = ≤ on O (L) .

(ii) A language L over a finite set is recognizable by a finite ordered monoid
(O, ·,≤) if and only if (O (L), ·,≤) divides (O, ·,≤). ��

An analogy of the last result follows.

Proposition 4. (i) Let A be a finite set, let (S, ·,∨) be an idempotent semiring,
I its ideal, β : (F (A∗), ·,∪)→ (S, ·,∨) a surjective semiring morphism, and let

L = { u ∈ A∗ | {u} ∈ β−1(I) } .

Then

(S, ·,∨)/ ∼I is isomorphic to (S (L), ·,∨), s (L) being the image of ρI(I)

and ∼s (L) = ∆S (L) on S (L) .

(ii) A language L over a finite set is recognizable by a finite idempotent
semiring (S, ·,∨) if and only if (S (L), ·,∨) divides (S, ·,∨).
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Proof. (i) Here {u1, . . . , uk} ∼F (L) 
→ β({u1, . . . , uk}) ∼I is the desired iso-
morphism and the second part is in Lemma 2 of [6]. The item (ii) is Lemma 10
of [6]. ��

3 Eilenberg-Type Theorems

For languages K,L ⊆ A∗ we define

K · L = { uv | u ∈ K, v ∈ L }, K∗ = { u1 · . . . · uk | k ≥ 0, u1, . . . , uk ∈ K } .

Recall that the set of all rational languages over a finite alphabet A is the
smallest family of subsets of A∗ containing the empty set, all singletons {u}, u ∈
A∗, closed with respect to binary unions and the operations · and ∗.

As well-known, the rational languages are exactly the recognizable ones.
A class of finite monoids (ordered monoids, idempotent semirings) is called a

pseudovariety of monoids (ordered monoids, idempotent semirings) if it is closed
under forming of products of finite families, substructures and morphic images.

For sets A and B, a semiring morphism

ψ : (F (A∗), ·,∪)→ (F (B∗), ·,∪)

and L ⊆ B∗ we define

ψ[−1](L) = { u ∈ A∗ | ψ({u}) ⊆ L } and

ψ(−1)(L) = { u ∈ A∗ | ψ({u}) ∩ L �= ∅ } .

A class of rational languages is an operator L assigning to every finite set A
a set L(A) of rational languages over the alphabet A containing both ∅ and A∗.

Conditions which such a class of languages can satisfy follow.

(∩) : for every A, the set L(A) is closed with respect to finite intersections,
(∪) : for every A, the set L(A) is closed with respect to finite unions,
(Q) : for every A, a ∈ A and L ∈ L(A) we have a−1L, La−1 ∈ L(A),
(−1) : for every sets A and B, a monoid morphism φ : A∗ → B∗ and L ∈ L(B)

we have φ−1(L) ∈ L(A),
([−1]) : for every sets A and B, a semiring morphism ψ : (F (A∗), ·,∪) →

(F (B∗), ·,∪) and L ∈ L(B) we have ψ[−1](L) ∈ L(A),
((−1)) : for every sets A and B, a semiring morphism ψ : (F (A∗), ·,∪) →

(F (B∗), ·,∪) and L ∈ L(B) we have ψ(−1)(L) ∈ L(A),
(C) : for every A, the set L(A) is closed with respect to complements.

For a class L of languages we define its complement Lc by

Lc(A) = { A∗ \ L | L ∈ L(A) } for every finite set A .
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Clearly, L satisfies the condition (∩) if and only if Lc satisfies (∪). Similarly, L
satisfies the condition ([−1]) if and only if Lc satisfies ((−1)). Further, either of
the conditions ([−1]) and ((−1)) implies (−1).

A class L is called a conjunctive variety of languages if it satisfies the condi-
tions (∩), ([−1]) and (Q). Similarly, it is called a disjunctive variety of languages
if it satisfies (∪), ((−1)) and (Q).

Further, L is called a positive variety of languages if it satisfies the conditions
(∩), (∪), (−1), (Q) and such a variety is called a boolean variety of languages if
it satisfies in addition the condition (C).

We can assign to any class of languages L the pseudovarieties

M (L) = 〈{ (O (L), ·) | A a finite set, L ∈ L(A) }〉M ,

O (L) = 〈{ (O (L), ·,≤) | A a finite set, L ∈ L(A) }〉O ,

S (L) = 〈{ (S (L), ·,∨) | A a finite set, L ∈ L(A) }〉S
of monoids (ordered monoids, idempotent semirings) generated by all syn-

tactic monoids (ordered syntactic monoids, syntactic semirings) of members of
L.

Conversely, for pseudovarietiesM of monoids, P of ordered monoids and V
of idempotent semirings and a finite set A, we put

(L (M))(A) = { L ⊆ A∗ | (O (L), ·) ∈M } ,

(L (P))(A) = { L ⊆ A∗ | (O (L), ·,≤) ∈ P } ,

(L (V))(A) = { L ⊆ A∗ | (S (L), ·,∨) ∈ V } .

Theorem 5 (Eilenberg [2], Pin [4], Polák [6]). (i) The operators M and L
are mutually inverse bijections between boolean varieties of languages and pseu-
dovarieties of monoids.
(ii) The operators O and L are mutually inverse bijections between positive va-
rieties of languages and pseudovarieties of ordered monoids.
(iii) The operators S and L are mutually inverse bijections between conjunctive
varieties of languages and pseudovarieties of idempotent semirings.

4 Examples

Let X = {x1, x2, . . .} be the set of variables. Any identity of idempotent semi-
rings is of the form

f1 ∨ . . . ∨ fk = g1 ∨ . . . ∨ gl where f1, . . . , fk, g1, . . . , gl ∈ X∗ .

It is equivalent to the inequalities

f1 ∨ . . . ∨ fk ≥ g1 ∨ . . . ∨ gl, f1 ∨ . . . ∨ fk ≤ g1 ∨ . . . ∨ gl .

The last inequality is equivalent to k inequalities

fi ≤ g1 ∨ . . . ∨ gl, i = 1, . . . , k .
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Thus when dealing with varieties of idempotent semirings, it is enough to
consider identities of the form

f ≤ g1 ∨ . . . ∨ gl .

Notice that identities of the form f ≤ g are not sufficient since, for instance, the
identity xy ≤ x ∨ yz is not equivalent to any set of identities of the previous
form. In fact, the variety (pseudovariety) of all (finite) idempotent semirings
(S, ·,∨) such that also (S, ·) is a semilattice has precisely three proper non-
trivial subvarieties (subpseudovarieties). These are given by additional identities
x ≤ 1, 1 ≤ x and xy ≤ x ∨ yz, respectively.

For idempotent semirings the identities x2 ≤ x and xy ≤ x∨y are equivalent.
The syntactic semiring of a language L over an alphabet A satisfies the identity
xy ≤ x ∨ y if and only if all its quotients p−1Lq−1 (p, q ∈ A∗) satisfy

u, v ∈ p−1Lq−1 implies u · v ∈ p−1Lq−1 .

This can be generalized to the identities of the form

(Ik) x1y1 . . . xkyk ≤ x1 . . . xk ∨ y1 . . . yk .

Now the syntactic semiring of a language L satisfies (Ik) if and only if every
quotient K of L satisfies

u1 . . . uk, v1 . . . vk ∈ K implies u1v1 . . . ukvk ∈ K .

Recall that the shuffle of words u, v ∈ A∗ is the set u � v =

{ u1v1 . . . ukvk |k ∈ IN, u=u1 . . . uk, v=v1 . . . vk, u1, . . . , uk, v1, . . . , vk ∈ A∗ } .
Thus the system of all (Ik), k ∈ IN characterizes languages all quotients of which
are shuffle-closed.

Consider now the identity x ≤ 1∨xy. The syntactic semiring of a language L
satisfies this identity if and only if every quotient K of L satisfies

1, uv ∈ K implies u ∈ K .

It is equivalent to the following condition on right quotients Lq−1 of L: if a
deterministic automaton for Lq−1 accepts a word p and does not accept pa for a
letter a, it does not need to continue reading of the input since any par (r ∈ A∗)
is not accepted.

In certain aspects the disjunctive varieties of languages are more natural than
the conjunctive ones. For languagesK and L over the alphabet A we define their
shuffle product by

K � L =
⋃

u∈K,v∈L
u � v .

Let L(A) consist of finite unions of
{v} � C∗, vA∗ � C∗, A∗vA∗ � C∗, A∗v � C∗, where v ∈ A∗, C ⊆ A .
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One can show that L is a disjunctive variety of languages. L is not a positive
variety since, for instance, the language aA∗ ∩ A∗b over A = {a, b} is not from
L(A).

Another method for obtaining a disjunctive variety of languages is to close a
positive variety of languages first with respect to ((−1)) and then to finite unions.
On the other hand, starting from a disjunctive variety L of languages one gets
a positive one closing every L(A) with respect to finite intersections.

5 Relationships between Syntactic Ordered Monoid and
Syntactic Semiring of a Language

Proposition 6 ([6], Lemma 7). Let L be a language over an alphabet A. The
mapping

ι : u ≈L 
→ {u} ∼F (L), u ∈ A∗

is an injective monoid morphism of (O (L), ·,≤) into (S (L), ·,∨) satisfying a ≤ b
if and only if ι(a) ≤ ι(b), a, b ∈ O (L). Moreover, ι(o (L)) = s (L)∩ ι(O (L)) and
ι(O (L)) contains all join-irreducible elements of (S (L),∨).
Proposition 7. Let L be a recognizable language over a finite alphabet A. Then

(S (L), ·,∨) is isomorphic to (H (O (L),≤), ◦,∪)/ ∼(o (L)] .

Proof. This is a consequence of Prop. 4 (i) since, as mentioned in the proof of
Prop. 2, the idempotent semiring (H (O (L),≤), ◦,∪) recognizes L with respect
to (o (L)]. ��
Proposition 8. Let (S, ·,∨) be a finite idempotent semiring and let I be its
ideal such that ∼I = ∆S. Let O be a submonoid of (S, ·) containing all join-
irreducible elements of (S,∨). Then there exists a recognizable language L over
a finite set A such that

(O (L), ·,≤) is isomorphic to (O, ·,≤) and (S (L), ·,∨) is isomorphic to (S, ·,∨) .

In particular, it is the case for O = S.

Proof. Let a, b ∈ O. We show that

a �O∩I b if and only if a ∨ b = b in (S,∨) .

Really, a �O∩I b if and only if

( ∀ p, q ∈ O )( pbq ∈ O ∩ I ⇒ paq ∈ O ∩ I ) ,

that is, iff ( ∀ p, q ∈ O )( pbq ∈ I ⇒ paq ∈ I ) ,

that is, iff ( ∀ p, q ∈ S )( pbq ∈ I ⇒ paq ∈ I ) ,
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(since O generates (S,∨)) that is, iff

( ∀ p, q ∈ S )( p(a ∨ b)q ∈ I ⇔ pbq ∈ I ) ,

that is, iff a ∨ b ≈I b.
Let α : (A∗, ·) → (O, ·) be a surjective monoid homomorphism (for an ap-

propriate finite set A). By Prop. 3 (i), (O, ·,≤) is isomorphic to the ordered
syntactic monoid of L = α−1(O ∩ I).

By Prop. 1, the inclusion O ⊆ S extends to a semiring morphism

β : (H (O,≤), ◦,∪)→ (S, ·,∨), (a1, . . . , ak] 
→ a1 ∨ . . . ∨ ak .

We show that the kernel of β is ∼(O∩I].
Really,

(a1, . . . , ak] ∼(O∩I] (b1, . . . , bl]

if and only if

( ∀ p, q ∈ O )( pa1q, . . . , pakq ∈ O ∩ I ⇔ pb1q, . . . , pblq ∈ O ∩ I ) ,

that is, iff ( ∀ p, q ∈ O )( pa1q, . . . , pakq ∈ I ⇔ pb1q, . . . , pblq ∈ I ) ,

that is, iff ( ∀ p, q ∈ O )( p(a1 ∨ . . . ∨ ak)q ∈ I ⇔ p(b1 ∨ . . . ∨ bl)q ∈ I ) ,

which is equivalent to ( ∀ p, q ∈ S )( p(a1∨. . .∨ak)q ∈ I ⇔ p(b1∨. . .∨bl)q ∈ I )

since every element of S is a join of elements of O.
Thus, by Prop. 6, (S, ·,∨) is isomorphic to the syntactic semiring of L. ��
Consider the language L = {u ∈ A∗ | c (u) �= A} over a finite set A.
The ordered syntactic monoid of L is isomorphic to (2A,∪,⊆). Direct calcu-

lations yield that the syntactic semiring of L is isomorphic to (H (2A,⊆), ◦,∪).
Denote these structures by (On, ·,≤) and by (Sn, ·,∨) in the case of an n-element
alphabet A (n ∈ IN). Clearly, any (On, ·,≤) generates the pseudovariety J−

1 .
Note that J−

1 is given by the identities x2 = x, xy = yx, 1 ≤ x and that
it is an atom in the lattice of pseudovarieties of finite ordered monoids. One
can calculate that (Sn, ·,∨) generates the variety of idempotent semirings given
by xn+1 = xn, xy = yx, 1 ≤ x.

Using Prop. 7, we can get languages with their ordered syntactic monoids
outside of J−

1 having some of (Sn, ·,∨) as syntactic semiring. For instance, takeK
consisting of all words over A = {a, b, c} having none of ab, ac, ba, bc, ca, cb, cc as
a segment has the syntactic semiring isomorphic to (S2, ·,∨).

We can comment the situation as follows: the ordered syntactic monoid and
the syntactic semiring of a language are equationally independent.
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6 A Construction of the Syntactic Semiring

We extend here a well-known construction of the syntactic monoid of a rational
language to the case of the syntactic semiring.

Let a rational language L over a finite alphabet A be given. Classically one
assigns to L its minimal automaton A using left quotients; namely

Q = { u−1 · L | u ∈ A∗ } is the (finite) set of states,
a ∈ A acts on u−1L by (u−1L) · a = a−1 · (u−1L),
q0 = L is the initial state and u−1L is a final state if and only if u ∈ L.
Now (O (L), ·) is the transition monoid of A.
The order on O (L) is given by

f ≤ g if and only if for every q ∈ Q we have q · f ⊇ q · g .

We extend the set of states to

Q = { q1 ∩ . . . ∩ qm | m ∈ IN, q1, . . . , qm ∈ Q } .

The action of a letter a ∈ A is now given by

(q1 ∩ . . . ∩ qm) · a = q1 · a ∩ . . . ∩ qm · a .

It can be extended to transitions induced by non-empty finite sets of words by

q · {u1, ..., uk} = q · u1 ∩ . . . ∩ q · uk for q ∈ Q, u1, ..., uk ∈ A∗ .

It can be shown that this transition monoid with ∨ being the union is the
syntactic semiring of the language L.

To make the computation finite, one considers instead of words from A∗

their representatives in O (L). Moreover, it suffices to take only the actions of
hereditary subsets of (O (L),≤). At present stage we are far from a concrete
implementation.
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NP-Pairs
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Prague, Czech Republic

Abstract. We consider some problems about pairs of disjoint NP sets.
The theory of these sets with a natural concept of reducibility is, on the
one hand, closely related to the theory of proof systems for propositional
calculus, and, on the other, it resembles the theory of NP completeness.
Furthermore, such pairs are important in cryptography. Among others,
we prove that the Broken Mosquito Screen pair of disjoint NP -sets can
be polynomially reduced to Clique-Coloring pair and thus is polynomi-
ally separable and we show that the pair of disjoint NP-sets canonically
associated with the Resolution proof system is symmetric.

1 Introduction

The subject of study of this paper is the concept of pairs of disjoint NP -sets.
Thus instead of studying sets (or in other words, languages), the most common
object in complexity theory, we study pairs of sets and we require, moreover, that
they are disjoint and that they belong to NP . The research of such pairs was
initiated by Razborov in [13]. He studied them in connection with some formal
systems, in particular, proof systems for propositional calculus and systems of
bounded arithmetic.

There is a natural concept of polynomial reducibility between pairs of disjoint
sets. We say that a pair (A,B) is polynomially reducible to (C,D) if there is a
polynomial time computable function f defined on all strings such that f maps A
into C and B into D. (Note that polynomial reducibility does not imply that the
corresponding sets are polynomially (Karp) reducible.) We say that a pair (A,B)
is polynomially separable, if there exists a function f computable in polynomial
time time such that f is 0 on A and it is 1 on B.

A related concept is the concept of a propositional proof system. A general
propositional proof system, as defined by Cook and Reckhow [5], is simply a
nondeterministic algorithm for the set of propositional tautologies. There are
several well-studied concrete systems, coming from logic, automated reasoning
and others. Proof systems can be compared using the relation of polynomial
simulation (see Section 3 for definitions). It has been conjectured that there is
no strongest propositional proof system.
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Razborov [13] associated a pair of disjoint NP sets in a natural way to each
proof system: roughly speaking, one set is the set of tautologies that have short
proofs in the given system, the other is the set of non-tautologies. This relation
gives a reason to believe that in the lattice of the degrees of pairs there is no
biggest element. It seems that the lattice of degrees of pairs reflects the strength
of the systems, hence there should not be the biggest degree of a pair (unless
we define it as the degree of pairs that are not disjoint), but we are not able to
derive this statement from the standard complexity theoretical conjectures such
as P �= NP . Most people believe that P �= NP ∩ coNP , which implies that
that there are pairs of disjoint NP sets that are not polynomially separable.
The only concrete sets in NP ∩ coNP that are conjectured not to belong to P
come from cryptography. (In cryptography one assumes even more, namely, that
there exists a set A ∈ NP ∩ coNP such that a random element of A cannot be
distinguished from a random non-element of A using a probabilistic algorithm
with probability significantly larger than 1/2.)

In this paper we show that a pair called Broken Mosquito Screen, introduced
by A. Haken [4] is polynomially separable. Pairs similar to BMS have been
proposed for bit commitment schemas in cryptography. The polynomial separa-
bility implies that such schemas are not secure. Furthermore, we show simple
monotone reductions between BMS and the Clique-Coloring pair. Hence one can
deduce exponential lower bounds on monotone boolean circuits for BMS [4] and
Clique-Coloring [12] one from the other. Note that all lower bounds on monotone
computation models, with the exception of Andrejev’s, are in fact lower bounds
on devices separating two NP sets.

In section 3 we consider some basic relations between proof systems and
disjoint NP -pairs. This section contains some new observations, but mostly it is
a survey of simple basic facts. It is mainly intended as a brief introduction into
the subject for those who are not experts in it.

In section 4 we shall show a symmetry property of the pair associated to
the Resolution proof system. This is not a surprising result, as such properties
have been already established in Razborov’s original paper for stronger systems.
The reason for presenting the reduction explicitly is that Resolution is relatively
weak, so it does not share all good properties of strong systems. Furthermore, we
would like to understand this pair and, possibly, to find a simpler combinatorial
characterization of its degree.

2 The Broken Mosquito Screen Pair

Definition 1. The BMS pair is a pair of sets of graphs (BMS0, BMS1) such
that

– BMS0 is the set of graphs such that for some k > 2 the graph has k2 − 2
vertices and contains k disjoint cliques with k − 1 cliques of size k and one
of size k − 2,



On Reducibility and Symmetry of Disjoint NP-Pairs 623

– and BMS1 is the set of graphs such that for some k > 2 the graph has k2−2
vertices and contains k disjoint independent sets with k−1 independent sets
of size k and one of size k − 2.

ClearlyBMS0, BMS1 ∈ NP . To prove that the two sets are disjoint, suppose
that a graph G satisfies both conditions at the same time. Each independent set
of size k must contain a vertex that is not contained in any of the cliques of size k,
since there are only k− 1 such cliques and an independent set can have at most
one vertex in common with a clique. But then we get k−1 vertices outside of the
k−1 cliques of size k, so the graph has at least (k−1)k+k−1 > k2−1 vertices,
which is a contradiction. Thus BMS0 ∩ BMS1 = ∅. This pair was introduced
by A. Haken along with his new method for proving exponential lower bounds
on the size of monotone boolean circuits. Then, in a joint paper with Cook [4],
it was used to prove an exponential lower bound on the size of cutting planes
proofs. We define a modification of the pair, denoted by BMS′, by relaxing the
conditions a little. In the BMS′ pair (BMS′

0, BMS′
1) we ask for only k − 1

cliques of size k, respectively, k− 1 independent sets of size k. A very important
pair is the following Clique-Coloring pair.

Definition 2. The CC pair is a pair of sets (CC0, CC1) such that CC0 and
CC1 are sets of pairs (G, k) with G a graph and k ≥ 2 an integer such that

– CC0 is the set of pairs (G, k) such that G contains a clique of size k
– and CC1 is the set of pairs (G, k) such that G can be colored by k−1 colors.

It is well-known that the CC pair is polynomially separable; the function that
separates CC is the famous θ function of Lovász [10]. We will show a reduction
of BMS′ to CC, hence BMS′ and BMS are also polynomially separable.

Proposition 3. BMS′ is polynomially reducible to CC.

Proof. Let G = (V,E) be a graph on k2 − 2 vertices. We assign a graph H to G
as follows. The vertices of H are (i, v), 1 ≤ i ≤ k − 1, v ∈ V ; ((i, v), (j, u)) is an
edge in H , if i = j and (v, u) ∈ E, or i �= j and v �= u. If G contains k−1 disjoint
cliques of size k, we can take one such clique in each copy, different cliques in
different copies, and thus get a clique of size k2−k in H . Now suppose G contains
k− 1 disjoint independent sets of size k. Let X be the union of these sets. Thus
the graph induced on X by G can be colored by k−1 colors and the size of X is
k(k − 1). Hence we can color the vertices [1, k − 1]×X of H by (k − 1)2 colors.
The remaining vertices can be colored by |V \ X | = k − 2 colors (by coloring
(i, v) by v). Thus we need only (k − 1)2 + k − 2 = k2 − k − 1 colors. Hence
G �→ (H, k2 − k) is a reduction of BMS′ to CC.

Corollary 4. The BMS pair is polynomially separable.

If a pair is polynomially separable, then, trivially, it can be polynomially
reduced to any other pair. The algorithm for separation of the CC pair is,
however, highly nontrivial, therefore the next proposition gives us additional
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information. Recall that a function f is a projection, if for every fixed input
size n, the output size is a fixed number m and each bit of f(x) is either constant
or depends on only one bit of x. In other words, f(x) is computed by depth 0
circuit. So far it was irrelevant in what form we represent the integers in the
pairs. In the following we shall need that they are represented in unary.

Proposition 5. CC is reducible to BMS′ using a polynomial time computable
projection.

Proof. Let (G, k) be given, let G = (V,E), n = |V |. We can assume w.l.o.g.
that n is even n ≥ 4 and k = n/2. We construct a graph H from 2k − 2 copies
of G and some additional vertices. The edges connecting the copies and the edges
connecting the additional vertices do not depend on G. Thus H is defined as a
projection of G. The set of vertices of H is {0, 1} × [1, k − 1] × V plus a set U
of n elements and a set W of n− 2 elements. A pair ((i, r, v), (j, s, u)) is an edge
in H , if either i = j and r = s and (v, u) ∈ E, or i = j and r �= s and v = u,
or i �= j. On U we put a matching and W will be an independent set. Every
vertex of {0, 1}× [1, k− 1]×V will be connected with every vertex of U and W ,
and there will be no edges between U and W . The number of vertices of H is
2(k − 1)n+ n+ n− 2 = 2(n/2− 1)n+ n+ n− 2 = n2 − 2.

Assume that G has a clique K of size k. Then H has k − 1 = n/2 − 1
disjoint cliques of size 2k = n of the form {0, 1}× {r} ×K. Furthermore we get
n−k = n/2 disjoint cliques of size n by taking {0, 1}× [1, k−1]×{v}, v ∈ V \K
together with a pair from U . Thus H contains n− 1 disjoint cliques of size n.

Assume that χ(G) ≤ k − 1. Then we can cover each of the two sets {i} ×
[1, k− 1]×V by k− 1 independent sets of size n by uniting the independent sets
diagonally. Thus we get 2(k− 1) = n− 2 disjoint independent sets of size n. On
U ∪W we have another independent set of size n/2 + n− 2 ≥ n.

Note that the reduction of BMS′ to CC presented above is also projection,
thus the two pairs are very close to each other. We believe, though we do not
have a proof yet, that a refinement of the proof will give the same for the original
BMS. Furthermore, these projections are monotone (hence computable by linear
size monotone circuits), thus one can get exponential lower bounds on the size
monotone boolean circuits for one pair from the other.

What are the pairs that we still believe that they are not polynomially sepa-
rable? As noted above, the most likely inseparable pairs are from cryptography.
Any bit commitment schema that we believe is secure gives such a pair. For
instance, the encryption schema RSA can be used to encode a single bit by
using the parity of the encoded number. Thus one set is the set of codes of
odd numbers and the other consists of the codes of even numbers. Every one-
way permutation can be used to define a inseparable pair. All these pairs are
based on number theory. Pairs based on pure combinatorics are rather scarce. A
somewhat combinatorial pair of disjoint NP sets is implicit in the lower bound
on monotone span programs of [2]. This pair is based on bipartite graphs with
special properties. There are two known constructions of such graphs. The first
construction uses deep results from commutative algebra, the second uses deep
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results from number theory. We do not know a polynomial time separation algo-
rithm for these pairs, but also we do not have any particular reasons to believe
that they are not separable. Here is another pair that we do not know how to
separate.

Definition 6. The MMMT (Monotone-Min-Max-Term) pair is the pair of sets
(MMMT0,MMMT1) in which both sets are sets of some pairs (C, k), C a
monotone circuit and k a number and

– MMMT0 is the set of pairs such that C has k + 1 disjoint minterms,
– MMMT1 is the set of pairs such that C has a maxterm of size k.

We suspect, however, that MMMT can be reduced to CC, since to prove
the disjointness of the sets in the pair, essentially, only the pigeon hole principle
is needed.

3 Propositional Proof Systems

In 1970’s Cook initiated systematic study of the complexity of propositional
proofs. In a joint paper with Reckhow [5] they defined a general concept of a
propositional proof system: a propositional proof system is a polynomial time
computable function S mapping all strings in a finite alphabet onto the set
of all tautologies TAUT . To be precise one has to specify in what language the
tautologies are. In this paper we will need only tautologies in DNF. The meaning
of the definition is: x is a proof of S(x). The fact that every string is a proof
seems strange at first glance, but, clearly, it is only a technicality. The crucial
property is that one can test in polynomial time whether a given string is a proof
of a given formula.

Propositional proof systems are quasi-ordered by the relation of polynomial
simulation. We say that P polynomially simulates S, if there exists a polynomial
time computable function f such that P (f(x)) = S(x) for all x. Thus given an S
proof x of a formula φ (i.e. φ = S(x)), f finds a P proof f(x) of this formula
(i.e. φ = P (f(x))).

As in the next section we will consider the resolution proof system, which is
a refutation system, we shall often talk about refutations, i.e., proofs of contra-
diction from a given formula, rather than direct proofs. Again, this is only façon
de parler.

Disjoint NP pairs are closely related to propositional proof systems. Follow-
ing [13] we define, for a proof system S, REF (S) to be the set of pairs (φ, 1m),
where φ is a CNF formula that has a refutation of length ≤ m in S and 1m is
a string of 1’s of length m. Furthermore, SAT ∗ is the set of pairs (φ, 1m) where
φ is a satisfiable CNF. We say that (REF (S), SAT ∗) is the canonical NP -pair
for the proof system S.

The polynomial reducibility quasi-ordering of canonical pairs reflects the
polynomial simulation quasi-ordering of proof systems.
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Proposition 7. If P polynomially simulates S, then the canonical pair of S is
polynomially reducible to the canonical pair of P .

Proof. The reduction is given by (φ, 1m) �→ (φ, 1p(m)), where p is a polynomial
bound such that |f(x)| ≤ p(|x|) for all x.

It is possible, however, to give an example of two systems that are not equiv-
alent with respect to polynomial simulation, but still have canonical pairs mu-
tually polynomially reducible. We will give the example a few lines below.

The main problem about canonical pairs is, how hard it is to distinguish
elements of one of the sets from the elements of the other set, in particular,
is the pair polynomially separable? This question is related to the so called
automatizability of a proof system. A proof system S is automatizable, if there
exists a polynomial time algorithm that for a given formula φ and a number m
finds a refutation of φ in time polynomial in m, provided a refutation of length
at most m exists. The following is trivial:

Lemma 8. If S is automatizable, then the canonical pair of S polynomially
separable.

The converse may be not true, but a the following weaker statement is true.

Lemma 9. If the canonical pair of S polynomially separable, then there exists
a proof system S′ which polynomially simulates S and which is automatizable.

Proof. Let f be a polynomial time computable function that is 0 on REF (S)
and 1 on SAT ∗. In the proof system S′ a refutation of φ is a sequence 1m such
that f(φ, 1m) = 0. Formally, we define S′ by S′(w) = φ, if w = (φ, 1m) and
f(φ, 1m) = 0; S′(w) = x1 ∨ ¬x1 otherwise. A polynomial simulation of S by S′

is the function w �→ (S(w), 1|w|).

Corollary 10. The canonical pair of a proof system S is polynomially separable
iff there exists an automatizable proof system S′ that polynomially simulates S.

The last corollary shows that from the point of view of proof search the
problem of the polynomial separation of the canonical pair is more important
than automatizability. For example, assuming a reasonable complexity theoreti-
cal conjecture, it has been established that Resolution is not automatizable [1].
But this does not exclude the possibility that an extension of Resolution is au-
tomatizable. To show that the latter possibility is excluded means to prove that
the canonical pair of Resolution is not polynomially separable. (Thus the relation
of these two concepts is similar to undecidability and essential undecidability of
first order theories in logic.)

We shall mention two more concepts that are connected with disjoint NP -
pairs. The first is the feasible interpolation property. We say that a system S
has the feasible interpolation property if, given a proof of a formula

φ(x̄, ȳ) ∨ ψ(x̄, z̄), (1)
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in which x̄, ȳ, z̄ are strings of distinct propositional variables, one can construct
in polynomial time a boolean circuit C with the property

C(x̄) = 0⇒ φ(x̄, ȳ) and C(x̄) = 1⇒ φ(x̄, z̄).

The meaning of this is that the sets {x̄ ; ∃ȳ¬φ(x̄, ȳ)} and {x̄ ; ∃z̄¬ψ(x̄, z̄)},
which have polynomial size nondeterministic boolean circuits, can be separated
by a polynomial size (deterministic) circuit. If we had a sequence of formulas of
the form above given uniformly in polynomial time and also their proofs given
in this way, we would get, from the feasible interpolation property, a pair of
disjoint NP -sets and a polynomial time separation algorithm for them. On the
other hand, given an NP set A, we can construct (in fact, generate uniformly
in polynomial time) a sequence of formulas αn such that for |x̄| = n, x̄ ∈ A iff
∃ȳ αn(x̄, ȳ). So the statement that two NP sets are disjoint can be expresses as
a sequence of formulas of the form 1.

Consequently: feasible interpolation means that whenever we have short proofs
that two NP sets are disjoint, then they can be polynomially separated.

Now we sketch the promised example of the two nonequivalent proof systems
with essentially the same canonical pair. In [11] we have shown (using the feasible
interpolation property) that in the cutting planes proof system CP the tautology
expressing the disjointness of sets of the pair CC has only exponentially long
proofs. Note that the disjointness of the CC pair is based on the pigeon hole
principle: it is not possible to color a k-clique by k − 1-colors. This may seem
paradoxical, as the pigeon hole principle has polynomial size proofs in CP . The
explanation is that in order to use the pigeon hole principle we need to define
a mapping and the mapping from the clique to the colors cannot be defined
using the restricted means of CP . In CP one can use only linear inequalities
with propositional variables. To define the mapping we need quadratic terms,
namely, terms of the form xiyj for xi coding a vertex of the clique and yj
coding a color. So let us define an extension of CP , denoted by CP 2 that allows
quadratic terms. What it means precisely is the following. Given a formula with
variables x1, . . . , xn we allow in its proofs inequalities with terms of the form xi
and xixj for i < j (and, of course, constants). On top of the axioms and rules of
CP the proofs of CP 2 may use the following axioms about the quadratic terms:

0 ≤ xixj ≤ 1, xixj ≤ xi, xixj ≤ xj , xi + xj ≤ xixj + 1.

One can show that in this system the CC tautology has polynomial size proofs.
To prove that the canonical pair of CP 2 is polynomially reducible to the one
of CP , use the following mapping: (φ, 1m) �→ (φ′, 1p(m)) with φ′ expressing
that the above axioms for quadratic terms imply φ. Since CP is a refutation
system, we can think of φ as a set of inequalities from which we want to derive a
contradictory inequality and then φ′ is the union of this set with the inequalities
for the quadratic terms. p(m) is a suitable polynomial overhead.1

1 Note for Experts. The Lovász-Schrijver system combined with CP that we considered
in [11] seems not to be strong enough to polynomially simulate CP 2, as it does not
allow to apply the rounding up rule to quadratic inequalities.
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The last property of proof systems that we mention in this paper is the
feasible reflection. We say that a system S has the feasible reflection property if
the formulas

¬πS,n,m(x̄, ȳ) ∨ ¬σn(x̄, z̄)
have polynomial size proofs, where πS,n,m(x̄, ȳ) is a propositional encoding of
‘y is an S refutation of length m of formula x of length n’ and σn(x̄, z̄) is an
encoding of ‘z is a satisfying assignment of formula x of length n’. Furthermore,
we will assume that the proofs of these formulas are given uniformly by a polyno-
mial time algorithm. The meaning of the formulas, actually tautologies, is that
either the formula x has no refutation of length m or it is not satisfiable. Thus
feasible reflection of S means that we can generate in polynomial time proofs of
propositional instances of the statement REF (S) ∩ SAT ∗ = ∅.
Proposition 11. If a proof system has both feasible interpolation and feasible
reflection properties, then its canonical pair is polynomially separable.

Proof. Feasible reflection means that one can efficiently generate proofs of the
tautologies expressing the disjointness of the canonical pair. Feasible interpo-
lation property means that any NP -pair that has such proofs is polynomially
separable. Hence the canonical pair is polynomially separable.

We know of strong systems that have feasible reflection property (see [6]
Thms 9.1.5 and 9.3.4),2 we also know of weak systems that have feasible in-
terpolation property, but we have no example of a proof system that has both
properties. In fact we do not know of any natural proof system the canonical
pair of which is polynomially separable. Let us conclude by noting that the last
proposition can be refined. Thus to prove polynomial separation of the canonical
pair of a system S we only need to have short P proofs of the reflection principle
for S in some, possibly stronger, system P that has the feasible interpolation
property.

4 The NP-Pair of Resolution

We shall consider the canonical pair of the Resolution proof system. Resolution
uses only formulas that are disjunctions of variables and negated variables (called
literals); these formulas are called clauses. The only rule of Resolution is the cut
in which we combine two clauses with a complementary literal into one, omitting
the complementary literal. A proof is a sequence of clauses such that at the
beginning we have the clauses that we want to refute and then a sequence of
clauses follows such that each of these clauses follows by an application of the
resolution rule from two clauses before it. In general, the length of a proof is the
2 For a logician this may look surprising, since reflection principles for first order

theories are stronger than consistency and even the latter is unprovable by Gödel
theorem. Furthermore, reflection for strong enough propositional proof systems is
equivalent to their consistency [6].
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length of a binary sequence that encodes the proof. In Resolution the size of each
step of the proof, which is a clause, is bounded by the number of propositional
variables that appear in the clauses to be refuted. Hence we can assume w.l.o.g.
that the length is simply the number of clauses in the proof.

To get more information on the pair (REF (R), SAT ∗), where R stands for
the resolution proof system, we prove the following symmetry property of it.

Definition 12. A pair (A,B) is symmetric, if (A,B) is polynomially reducible
to (B,A).

This property has been shown for some stronger systems using first order
theories associated to the proof systems [13]. The symmetry of the canonical
pairs of such systems can also be derived from the feasible reflection property.
Resolution is weaker than such systems, in particular it is unlikely that it pos-
sesses the feasible reflection property. Therefore we give a direct proof of the
symmetry of the canonical pair of Resolution. The idea of the proof is to show
a property that is a little weaker than feasible reflection.

Theorem 13. The canonical pair of Resolution is symmetric.

Proof. We need, for a given CNF φ and a number m, to construct in polynomial
time a CNF ψ such that if φ is refutable by a resolution refutation of length m
then ψ is satisfiable and if φ is satisfiable, then ψ is refutable by a refutation
with length polynomial in m. Let φ be the conjunction of clauses C1, . . . , Cr, let
the variables in the clauses be x1, . . . , xn. We shall represent a refutation of φ of
length m by a 2n×m matrix, plus some additional information. The columns of
the matrix will encode the clauses of the refutation. The additional information
will specify for each clause that is not an assumption, from which two clauses it
has been derived. Furthermore we shall specify the variable that was resolved in
this step of the refutation.

It will be clear from the construction of ψ that the formula is a correct
description of the refutation, ie., if a refutation exists, then ψ is satisfiable. Thus
the assignment (φ, 1m) �→ (ψ, 1m

′
) maps REF (R) into SAT ∗, (whatever m′ we

choose).
The nontrivial part is to show that if φ is satisfiable, then there is a resolution

refutation of ψ that is polynomial in the size of φ and m (the size of this proof
will determine the m′ and then we get that SAT ∗ is mapped to REF (R)). This
will be proved as follows. We take a satisfying assignment and derive gradually,
for each j = r, r+1, . . . ,m, the clause that says that the j-th clause of the proof
agrees with the satisfying assignment at least in one literal. The contradiction is
obtained by using the clauses of ψ that express that the last clause Cm should
be empty (clauses (1) below). Here is a detailed proof.

Variables ye,i,j , e = 0, 1, i = 1, . . . , n, j = 1, . . . ,m encode clauses. Namely,
y0,i,j (resp. y1,i,j) means that ¬xi (resp. xi) is present in the clause Cj . Vari-
ables pj,k (resp. qj,k) 1 ≤ j < k, r < k ≤ m say that Ck was obtained from Cj
and Cj contains negated (resp. positively) the resolved variable. Finally, vari-
ables vi,j determine that Cj was obtained by resolving variable xi. The following
are the clauses of ψ.
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(0) y0,i,j or y1,i,j for all i and all j ≤ r, according to which literal occurs
in Cj (recall that for j ≤ r the clauses are given by φ);

(1) ¬ye,i,m, for all e, i (the last clause is empty);
(2) ¬y0,i,j ∨ ¬y1,i,j , for all i, j (Cj does not contain xi and ¬xi at the same

time);
(3a)

∨
j<k pj,k, (3b)

∨
j<k qj,k, for k > r;

(4) ¬pj,k ∨ ¬qj,k, for j < k, r < k;
(5) ¬pj,k ∨ ¬pj′,k, ¬qj,k ∨ ¬qj′,k for j, j′ < k, j �= j′, r < k ((3-5) say that

there are exactly two clauses that are assigned to Ck);
(6a) ¬pj,k ∨ ¬vi,k ∨ y0,i,j (the Cj assigned to Ck contains literal ¬xi);
(6b) ¬qj,k ∨ ¬vi,k ∨ y1,i,j (the Cj assigned to Ck contains literal xi);
(7a) ¬pj,k ∨ vi,k ∨ ¬ye,i,j ∨ ye,i,k (Ck contains Cj except for ¬xi);
(7b) ¬qj,k ∨ vi,k ∨ ¬ye,i,j ∨ ye,i,k (Ck contains Cj except for ¬xi);
(8a)

∨
i vi,k for r < k;

(8b) ¬vi,k ∨ ¬vi′,k for i �= i′, r < k (the resolution variable xi is uniquely
assigned to Ck).

This finishes the description of the ψ that is assigned to (φ, 1m). Now, given a
satisfying assignment (e1, . . . , en) for C1, . . . , Cr we construct a polynomial size
refutation from (0)-(8). We shall use the weakening rule, which is superfluous,
but it simplifies notation. Put

Dk := ye1,1,k ∨ . . . ∨ yen,n,k.

We shall gradually derive clausesD1, . . . , Dm. Once we haveDm, a contradiction
follows immediately using clauses (1).

Clauses D1, . . . , Dr follow immediately from (0) using weakening. To de-
rive Dk, assuming Dj for j < k, we first derive clauses

(9) ¬pj,k ∨ ¬ql,k ∨Dk

for j �= l, j, l < k. Fix i and l and assume w.l.o.g. ei = 0. From (6b) and (2) we
get ¬ql,k ∨ ¬vi,k ∨ ¬y0,i,l. Resolving with Dl we get

(10) ¬ql,k ∨ ¬vi,k ∨ (Dl \ {y0,i,l}).
From (7b) and (8b) we get

(11) ¬ql,k ∨ ¬vi,k ∨ ¬yei′ ,i′,l ∨ ¬yei′ ,i′,k,
for all i′ �= i. Resolving (10) with clauses in (11) we get ¬ql,k ∨ ¬vi,k ∨ (Dk \
{y0,i,k}). Using weakening we get

(12) ¬pj,k ∨ ¬ql,k ∨ ¬vi,k ∨Dk.
Having these for all i, we can resolve with (8a) and get (9). To get Dk from (9),
first resolve with (3a) to get ¬pl,k ∨ ¬ql,k ∨ Dk. Then resolve with (4) to get
¬ql,k ∨Dk. Finally resolve with (3b) and get Dk.

We have shown that if φ is satisfiable, then there exists a proof of ψ the size
of which is polynomial in the size of φ and m. Let m′ be the polynomial bound
on this proof; we can compute this bound without having the proof of ψ. Thus,
if we define the reduction by (φ, 1m) �→ (ψ, 1m

′
), the set SAT ∗ will be mapped

into REF (R).
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The following operation on pairs, clearly, defines the the meet in the lattice
of degrees of pairs,

(A,B) ∧ (C,D) = (A× C,B ×D).

Given a pair (A,B) we can thus form a symmetric pair by taking (A,B) ∧
(B,A). This symmetrization satisfies the following stronger property: there exists
a polynomial time computable isomorphism that transposes the sets in the pair.
An example of a concrete pair that has this property is BMS. We observe
that the symmetry of a pair implies that there is an equivalent pair, namely
(A,B) ∧ (B,A), with the stronger property.

Proposition 14. If (A,B) is symmetric, then (A,B) and (A,B) ∧ (B,A) are
polynomially equivalent.

Proof. (A,B) ∧ (B,A) is always reducible to (A,B) by the projection on the
first coordinate. Let f be a polynomial reduction of (A,B) to (B,A). Then
x �→ (x, f(x)) is a polynomial reduction of (A,B) to (A,B) ∧ (B,A).

Consequently, there is a pair of disjoint NP sets that has this stronger sym-
metry property and that is polynomially equivalent to the canonical pair of
Resolution.

5 Open Problems and Further Research Topics

Our first result shows that seemingly different pairs may be in fact equivalent.
Our second result shows that the canonical pair of Resolution is equivalent to a
very symmetric pair. This gives some hope that a nice combinatorial character-
ization of the degree of the canonical pair of Resolution and other systems may
be found. If the systems are natural and robust, there should be simple combi-
natorial principles on which they are based. Ideally, we would like to prove that
some canonical pair is polynomially equivalent to some combinatorially defined
pair. At present we only have reductions of cryptographic pairs to canonical
pairs of proof systems [8,3], but we do not have converse reductions. We do not
have any reductions from canonical pairs to pairs defined in another way.

An important problem is to decide if the canonical pairs of weak systems are
polynomially separable. In particular, prove or disprove (using plausible com-
plexity theoretical assumptions) that the canonical pair of Resolution is poly-
nomially separable. If it were polynomially separable, it might have practical
consequences for automated theorem proving (see Lemma 9).

In this paper we have considered a concept of reduction between pairs that
corresponds to many one reductions between sets. One can define also the con-
cept corresponding to Turing reductions:

Definition 15. (A,B) is polynomially Turing reducible to (C,D), if there exists
a polynomial time oracle Turing machine M such that MA separates (A,B) for
every oracle A that separates (C,D).
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With this definition of reduction, it should be possible to show the equivalence
of more pairs. Eg., every (A,B) is polynomially Turing equivalent to (B,A).
Furthermore, given a pair (A,B), define PA,B

0 , PA,B
1 by (x1, . . . , xn) ∈ PA,B

i

iff x1, . . . , xn ∈ A ∪ B and the parity of the number of xj ’s such that xj ∈ Aj
is i. It is an easy exercise to show that this pair is polynomially Turing equivalent
to (A,B).

It would be interesting to learn more about the lattice of degrees of disjoint
NP pairs. We know about this structure even less than we know about the
degrees of proof systems. Does there exist the biggest element in it? How is this
question related to the same question about the degrees of proof systems? Etc.
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7. J. Kraj́ıček and P. Pudlák, Propositional proof systems, the consistency of first
order theories and the complexity of computations, J. of Symbolic Logic, 54(3),
1063-1079.
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Abstract. A real number x is called h-monotonically computable (h-
mc), for some function h, if there is a computable sequence (xs)s∈N of
rational numbers such that h(n)|x − xn| ≥ |x − xm| for any m ≥ n. x is
called ω-monotonically computable (ω-mc) if it is h-mc for some recursive
function h and, for any c ∈ R, x is c-mc if it is h-mc for the constant
function h ≡ c. In this paper we discuss the properties of c-mc and ω-mc
real numbers. Among others we will show a hierarchy theorem of c-mc
real numbers that, for any constants c2 > c1 ≥ 1, there is a c2-mc real
number which is not c1-mc and that there is an ω-mc real number which
is not c-mc for any c ∈ R. Furthermore, the class of all ω-mc real numbers
is incomparable with the class of weakly computable real numbers which
is the arithmetical closure of semi-computable real numbers.

1 Introduction

The effectiveness of a real number x are usually described by a computable
sequence (xs)s∈N of rational numbers which converges to x with some further
restrictions on the error-estimation of the approximation. The optimal situation
is that we have full control over errors of the approximation. Namely, there is
an unbounded recursive function e : N → N such that |x − xs| ≤ 2−e(s) for
any s ∈ N, or equivalently, there is a computable sequence (xs)s∈N of rational
numbers which converges to x effectively in the sense that |xn − xm| ≤ 2−n if
n ≤ m. Such real numbers are called by A. Turing [16] computable. The class of all
computable real numbers is denoted by E. There are a lot of equivalent ways to
characterize this class E. In fact, corresponding to any classical definition of real
numbers in mathematics there is an effectivization which induces an equivalent
definition of the computable real numbers (see [9,8,17]). Typically, besides the
fast converging Cauchy sequence definition mentioned above, computable real
numbers can also be described by effective version of Dedekind cuts, binary or
decimal expansions, and so on.
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The optimal error-estimation of an approximation to some real number is
not always available. E. Specker [15] has found an easy example of such real
numbers. Let (As)s∈N be an effective enumeration of a non-recursive r.e. set
A ⊆ N. That is, (As)s∈N is a computable sequence of finite sets of natural
numbers such that As ⊂ As+1 and A =

⋃
s∈N

As. Define xA :=
∑

i∈A 2−(i+1)

and xs :=
∑

i∈As
2−(i+1). Then (xs)s∈N is a computable sequence of rational

numbers which converges to xA. But an effective error-estimation for this ap-
proximation is impossible, because xA is not a computable real number (it has
a non-computable binary expansion). Namely, the sequence (xs)s∈N converges
to x non-effectively. On the other hand, since (xs)s∈N is an increasing sequence,
we get always better and better approximations xs to x with increasing index s.
Such kind of real numbers have the effectiveness only weaker than that of the
computable real numbers and thay are called left computable1. The class of all
left computable real numbers is denoted by LC. The class LC has been widely
discussed in literature (see e.g., [1,2,3,12,13,18]). Unlike the case of computable
real numbers, effectivizations of classical definitions of real numbers (to the level
of recursive enumerabiliy) do not induce always the same notions of left com-
putability. Let’s say that x ∈ N has a r.e. binary expansion if there is a r.e. set
A ⊆ N such that x = xA. Then, C.G. Jockush (cf. [12]) pointed out that the
real number2 xA⊕Ā has a r.e. Dedekind cut but it has no r.e. binary expansion,
if A ⊆ N is a non-recursive r.e. set, since A⊕ Ā is not r.e. In fact, as shown by
Specker [15], the effectivizations of classical definitions of real numbers to the
level of primitive recursiveness are also not equivalent.

Left computable real numbers are not equally difficult (or easy) to be com-
puted. Solovay [14] introduced a “domination relation” on the class LC to com-
pare them. For any x, y ∈ LC, x dominates y if for any computable increasing
sequence (ys)s∈N of rational numbers which converges to y, there is a computable
increasing sequence (xs)s∈N of rational numbers which converges to x such that
the sequence (xs)s∈N dominates (ys)s∈N in the sense that c(x− xs) ≥ y− ys for
some constant c and all s ∈ N. Intuitively, if x dominates y, then it is not more
difficult to approximate y than x, thus x contains at least so much information
as y. If a left computable x dominates all y ∈ LC, then x is called Ω-like by
Solovay. Solovay shows that the Chaitin Ω numbers (i.e., the halting probability
of a universal self-delimiting Turing machine, cf [5]) are in fact Ω-like. That is,
the Chaitin Ω numbers are, in some sense, the most complicated left computable
real numbers. This is also confirmed by a nice result, which is proved in stages
by Chaitin [5], Solovay [14], Calude, Hertling, Khoussainov and Wang [3] and
Slaman [10] (see also [2] for a good survey), that a real number x is Ω-like iff it is
a Chaitin Ω number and iff it is a left computable random real number, where x
is random means that its binary expansion is a random sequence of {0, 1}ω in
the sense of Martin-Löf [6].

1 Some authors call these real numbers effectively enumerable or computably enumer-
able. See e.g. [2,3,12,13]

2 A ⊕ B := {2n : n ∈ A} ∪ {2n + 1 : n ∈ B} is the join of the sets A and B and Ā is
the complement of set A.
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The arithmetical closure of the left computable real number class LC (under
the operations +,−,×,÷) is denoted by WC, the class of so-called weakly com-
putable real numbers. Interestingly, Weihrauch and Zheng [18] shown that x is
weakly computable iff there is a computable sequence (xs)s∈N of rational num-
bers which converges to x weakly effectively in the sense that the sum of the
jumps

∑
s∈N
|xs − xs+1| is finite. The class WC is strictly between LC and the

class RA of recursively approximable real numbers which are simply the limits
of some computable sequences of rational numbers.

Symmetrically, we define also the class RC of right computable real numbers
by the limits of computable decreasing sequences of rational numbers. Left and
right computable real numbers are all called semi-computable whose class is
denoted by SC := LC ∪RC. The semi-computability can also be characterized
by the monotone convergence of the computable sequences (see [7]). A sequence
(xs)s∈N converges to x monotonically means that |x − xn| ≥ |x − xm| holds
for any m ≥ n. Then, x is semi-computable iff there is a computable sequence
(xs)s∈N of rational numbers which converges to x monotonically. Notice that,
if a sequence converges monotonically, then a later element of the sequence is
always a better approximation to the limit. However, since the improvement of
the approximation changes during the procedure, it is still impossible to give an
exact error estimation.

More generally, Calude and Hertling [4] discussed c-monotone convergence
for any positive constant c in the sense of c|x − xn| ≥ |x − xm| for any m ≥ n.
They have shown that, although there are computable sequences of rational
numbers which converge to computable real numbers very slowly, c-convergent
computable sequences converge always fast, if their limits are computable. It is
easy to see that, for different constants c, c-monotonically convergent sequences
converge in different speeds. More precisely, if (xs)s∈N and (ys)s∈N converge c1-
and c2-monotonically, for c1 < c2, to x and y, respectively, then, (xs)s∈N seems
to be a better approximation to x than (ys)s∈N to y. Let’s call a real number x
c-monotonically computable (c-mc for short) if there is a computable sequence
of rational numbers which converges to x c-monotonically and denote by c-MC
the class of all c-mc real numbers. It is not difficult to see that 1-MC = SC,
c-MC = E if c < 1 and c1-MC ⊆ c2-MC if c1 ≤ c2. Furthermore, it is also shown
in [7] that c-mc real numbers are weakly computable for any constant c, but there
is a weakly computable real number which is not c-mc for any constant c, i.e.,⋃
c∈R+ c-MC � WC. To separate the different c-mc classes, only a very rough

hierarchy theorem was shown in [7] that, for any constant c1, there is a c2 > c1
such that c1-MC �= c2-MC. However, it remains open in [7] whether c1-MC �=
c2-MC holds for any different c1 and c2. A positive answer will be given in this
paper (Theorem 7).

For any n ∈ N and any sequence (xs)s∈N which converges c-monotonically
to x, we know that the error of the approximation xm, for any m ≥ n, is always
bounded by c|x−xn|. Although we do not know exactly the current error |x−xn|
itself, we do know that later errors are bounded by the current error some how.
This requirement can be further weakened in the way that the constant c is
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replaced by a function h whose value depends on the index n. Namely we can
define the h-monotone convergence of the sequence (xs)s∈N to x by the condition
that h(n)|x − xn| ≥ |x − xm| for any m ≥ n and define the h-mc real numbers
accordingly. Especially we call a real number x ω-mc if it is h-mc for some
recursive function h. The class of ω-mc real numbers is denoted by ω-MC. Of
course, all c-mc real numbers are ω-mc. But we will show that there is an ω-
mc real number which is not c-mc for any constant c. In fact we can prove
that the classes ω-MC and WC are incomparable. Hence ω-MC is not covered
completely by WC while all c-MC are contained in WC.

Notice that, the classes E,LC,RC,WC and RA can be defined by the exis-
tence of some computable sequences of rational numbers with some special prop-
erties which do not relate directly to their limits. These definitions are purely
procedural. The classes c-MC and ω-MC, on the other hand, are defined in a
different way. For example, the property that a sequence (xs)s∈N converges c-
monoconically to x involves inevitably the limit x itself. These definitions are
called abstract. Some classes, e.g. E and SC, can be defined either by proce-
dural or abstract definitions. Classes ω-MC and WC supply a first example of
incomparable classes which are defined by procedural and abstract definitions
respectively.

The outline of this paper is as follows. In the next section we will explain
notion and notation we need and recall some related known results. The hierarchy
theorem about c-mc classes is proved in Section 3. The last section discusses the
relationship between the classes ω-MC and WC.

2 Preliminaries

In this section we explain some notions and notations which are needed for later
sections and recall some related results. We suppose that the reader know the
very basic notions and results of classic computability theory. But no knowledge
from computable analysis is assumed.

We denote by N,Q and R the sets of all natural, rational and real numbers,
respectively. For any sets A and B, f :⊆ A → B is a partial function with
dom(f) ⊆ A and range(f) ⊆ B. If f is a total function, i.e., dom(f) = A, then
it is denoted by f : A → B. The computability notions like computable (or
recursive) function, recursive and r.e. (recursively enumerable) set, etc., on N

are well defined and developed in classic computability theory. For example, the
pairing function 〈·, ·〉 : N2 → N defined by 〈m,n〉 := (n+m)(n+m+ 1)/2 +m
is a computable function. Let π1, π2 : N → N be its inverse functions, i.e.,
π1 〈n,m〉 = n and π2 〈n,m〉 = m for any n,m ∈ N. Then π1 and π2 are obviously
computable too. Let σ : N → Q be a coding function of Q using N defined by
σ(〈n,m〉) := n/(m + 1). By this coding, the computability notions on N can
be easily transferred to that of Q. For example, a function f :⊆ N → Q is
computable if there is a computable function g :⊆ N → N such that f(n) =
σ(g(n)) for any n ∈ dom(f), A ⊆ Q is recursive if {n ∈ N : σ(n) ∈ A} is
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recursive, a sequence (xn)n∈N of rational numbers is computable if there is a
computable total function f : N→ Q such that xn = f(n) for all n, and so on.

Frequently, we would like to diagonalize against all computable sequences
of rational numbers or some subset of such sequences. In this case, an effective
enumeration of all computable sequences of rational numbers would be useful.
Unfortunately, the set of computable total functions are not effectively enumer-
able and hence there is no effective enumeration of computable sequences of
rational numbers. Instead we consider simply the effective enumeration (ϕe)e∈N

of all computable partial functions ϕe :⊆ N → Q. Of course, all computable
sequences of rational numbers (i.e., total computable functions f : N→ Q, more
precisely) appear in this enumeration. Thus it suffices to carry out our diagonal-
ization against this enumeration. Concretely, the enumeration (ϕe)e∈N can be
defined from some effective enumeration (Me)e∈N of Turing machines. Namely,
ϕe :⊆ N → Q is the function computed by the Turing machine Me. Further-
more, let ϕe,s be the approximation of ϕe computed by Me until the stage s.
Then (ϕe,s)e,s∈N is an uniformly effective approximation of (ϕe)e∈N such that
{(e, s, n, r) : ϕe,s(n) ↓= r} is a recursive set and ϕe,t(n) ↓= ϕe,s(n) = ϕe(n) for
any t ≥ s, if ϕe,s(n) ↓= r, where ϕe,s(n) ↓= r means that ϕe,s(n) is defined and
it has the value r.

In the last section we have introduced the classes E,LC,RC,SC, WC and
RA of real numbers. Some important properties about these classes are sum-
marized again in the following theorem.

Theorem 1 (Weihrauch and Zheng [18]).
1. The classes E,LC,RC,SC,WC and RA are all different and have the

following relationships E = LC ∩RC � SC = LC ∪RC � WC � RA;
2. x ∈ WC iff there is a computable sequence (xs)s∈N of rational numbers

such that the sum
∑
s∈N
|xs − xs+1| is finite; and

3. The classes E,WC and RA are algebraic fields. That is, they are closed
under the arithmetic operations +,−,× and ÷.

Now let’s give a precise definition of c-monotonically computable real num-
bers.

Definition 2 (Rettinger, Zheng, Gengler and von Braunmühl [7]). Let
x be any real number and c ∈ R a positive constant.

1. A sequence (xn)n∈N of real numbers converges to x c-monotonically if the
sequence converges to x and satisfies the following condition

∀n,m ∈ N (m ≥ n =⇒ c · |xn − x| ≥ |xm − x|). (1)

2. The real number x is called c-monotonically computable (c-mc, for short)
if there is a computable sequence (xn)n∈N of rational numbers which converges
to x c-monotonically. The classes of all c-mc real numbers is denoted by c-MC.
Furthermore, we denote also the union

⋃
c∈R+ c-MC by ∗-MC.

The next proposition follows easily from the definition.



638 Robert Rettinger and Xizhong Zheng

Proposition 3. Let x be any real number and c1, c2, c positive constants. Then
1. If c1 ≤ c2 and x is c1-mc, then it is c2-mc too, i.e., c1-MC ⊆ c2-MC;
2. For any c < 1, x is c-mc iff it is computable, i.e, c-MC = E; and
3. x is 1-mc iff it is semi-computable. Thus, SC = 1-MC.

Some further results about c-mc real numbers are summarized in the next
theorem.

Theorem 4 (Rettinger, Zheng, Gengler and von Braunmühl [7]).
1. A c-mc real number is also weakly computable for any constant c. But there

is a weakly computable real number which is not c-mc for any constant c. That
is, ∗-MC � WC.

2. For any constant c1, there is a constant c2 > c1 such that c1-MC �

c2-MC. Therefore there is an infinite hierarchy of the class ∗-MC.

Notice that, for any class C ⊆ R discussed in this paper, x ∈ C iff x±n ∈ C
for any x ∈ R and n ∈ N. Therefore we can assume, without loss of generality,
that any real number and corresponding sequence of rational numbers discussed
in this paper is usually in the interval [0; 1] except for being pointed out explicitly
otherwise.

Here are some further notations: For any alphabet Σ, let Σ∗ and Σω be the
sets of all finite strings and infinite sequences of Σ, respectively. For u, v ∈ Σ∗,
denote by uv the concatenation of v after u. If w ∈ Σ∗ ∪Σω, then w[n] denotes
its n-th element. Thus, w = w[0]w[1] · · ·w[n − 1], if |w|, the length of w, is n,
and w = w[0]w[1]w[2] · · ·, if |w| = ∞. The unique string of length 0 is always
denoted by λ (so-called empty string). For any finite string w ∈ {0; 1}∗, and
number n < |w|, the restriction w � n is defined by (w � n)[i] := w[i] if i < n
and (w � n)[i] := ↑, otherwise.

3 A Hierarchy Theorem of c-MC Real Numbers

From Theorem 4 of last section we know that there is an infinite hierarchy on
the c-mc real numbers. Unfortunately, this hierarchy shown in [7] is very rough.
In fact, it is only shown that, for any c1 ≥ 1, there is a, say, c2 := (c1 +8)2 such
that c1-MC �= c2-MC. In this section we will prove a dense hierarchy theorem
on c-mc real numbers that c1-MC �= c2-MC for any real numbers c2 > c1 ≥ 1.
To this end we need the following technical lemmas.

Lemma 5. For any rational numbers c1, c2, a and b with 1 < c1 < c2 and a < b,
there are positive rational numbers ε, δ1 and δ2 with ε ≤ min{δ1, δ2} such that

1. δ1 + δ2 + 5ε ≤ b− a;
2. c1(δ1 + 2ε) < δ1 + δ2 + ε
3. δ1 + δ2 + 3ε ≤ c2δ1; and
4. δ2 + 2ε ≤ c2δ2.
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Lemma 6. Let c1, c2, a, b ∈ Q be any rational numbers with 1 < c1 < c2 & a < b
and ε, δ1, δ2 ∈ Q satisfy the conditions 1. – 4. of Lemma 5. Then the interval
[a; b] can be divided into seven subintervals Ii := [ai; ai+1], for i < 7, by

a0 := a a2 := a1 + ε a4 := a3 + ε a6 := a5 + ε
a1 := a+ ε a3 := a2 + δ1 a5 := a4 + δ2 a7 := b

(2)

such that the following hold

x ∈ I1 & x1 ∈ I3 & x2 ∈ I5 =⇒ c1 · |x− x1| < |x− x2|, and (3)

(x ∈ I1 & x1 ∈ I3 & x2 ∈ I5)
or (x ∈ I1 & x1, x2 ∈ I3)
or (x ∈ I1 & x1, x2 ∈ I5)
or (x ∈ I5 & x1, x2 ∈ I3)





=⇒ c2 · |x− x1| ≥ |x− x2|. (4)

Now we prove our hierarchy theorem at first for the case of rational con-
stants c1 and c2. The reason is, that we have to divide some interval I into
subintervals according to Lemma 6. To make sure this procedure effective, the
interval I and numbers ai, hence also the numbers c1, c2, a, b, should be rational.

Theorem 7. For any rational numbers c1, c2 with 1 < c1 < c2, there is a c2-mc
real number x which is not c1-mc. Thus, c1-MC � c2-MC.

Proof. (sketch) Let c1, c2 be any rational numbers such that 1 ≤ c1 < c2, (ϕi)i∈N

an effective enumeration of all computable functions ϕi :⊆ N→ Q and (ϕi,s)s∈N

the uniformly effective approximation of ϕi. We will construct a computable
sequence (xs)s∈N of rational numbers which satisfies, for any e ∈ N, the following
requirements:

N : (xs)s∈N converges c2-monotonically to some x, and
Re : (ϕe(n))n∈N converges c1-monotonically to ye =⇒ x �= ye.

The strategy to satisfy a single requirement Re is an application of Lemma 6.
Let a := 0, b := 1. We fix at first three rational numbers ε, δ1, δ2 which satisfy
the conditions 1. – 4. of Lemma 5. Furthermore, for i < 7, let ai be defined by
(2) and Ii := [ai; ai+1] whose length is denoted by li := ai+1 − ai. We denote
by Io the open interval which consists of all inner points of I for any interval
I ⊆ R.

We take the interval (0; 1) as our base interval and will try to find out a
so-called witness interval Iw ⊆ (0; 1) such that any x ∈ Iw satisfies the require-
ment Re. Let Io3 be our first (default) candidate of the witness interval. If no
element of the sequence (ϕe(n))n∈N appears in this interval, then it is automati-
cally a correct witness interval, since the limit limn→∞ ϕe(n), if exists, will not be
in this interval. Otherwise, if there are some s1, n1 ∈ N such that ϕe,s1 (n1) ∈ Io3 ,
then we choose Io5 as our new candidate of witness interval. In this case we de-
note n1 by ce(s1). Again, if there is no n2 > n1 such that ϕe(n2) comes into this
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interval, then any element from this interval witnesses the requirement Re. Oth-
erwise, if ϕe,s2 (n2) ∈ Io5 for some s2 > s1 and some ce(s2) := n2 > n1 = ce(s1),
then we choose the interval Io1 as the new candidate of the witness interval. By
the implication (3) of Lemma 6, this interval turns out to be really a correct
witness interval, since c1|x − ϕe(n1)| < |x − ϕe(n2)|, for any x ∈ Io1 , and hence
(ϕe(n))n∈N does not converge to x c1-monotonically.

To satisfy all requirementsRe simultaneously, we implement the above strate-
gies for different requirements Re on different base intervals. More precisely, we
need a tree of intervals on which the above strategy can be implemented. Let I

be the set of all rational subintervals of [0; 1] and Σ7 := {0, 1, · · · , 6}. We define
a tree I on I as a function I : Σ∗

7 → I such that, for all w ∈ Σ∗
7 , I(w) := [aw; bw]

for aw, bw ∈ [0; 1] defined inductively by (aλ := 0, awi := aw + ai · lw) and
(bλ := 1, bwi := aw + ai+1 · lw), where ai is defined by (2) and lw is the length of
interval I(w) and can be defined inductively by lλ := 1 and lwi := lw · li. Notice
that we do not distinguish ai for i ∈ Σ7 from ai for i ∈ Σ∗

7 with |i| = 1, because
their value are simply the same.

Now for any w ∈ Σ∗
7 of length e, the intervals Io(w) are reserved exclusively

for the base intervals of the requirement Re. Suppose that Io(w) is a current
base interval for Re. We will try to find some subinterval Io(wi) ⊂ Io(w), for
some i ∈ {1, 3, 5}, as a witness interval for Re such that any real number of this
interval witnesses the requirement Re. More precisely, the limit limn→∞ ϕe(n), if
exists, will not be in the interval I(wi), if the sequence (ϕe(n))n∈N converges c1-
monotonically. At the same time we take this witness interval Io(wi) of Re as
our current base interval for the requirement Re+1 and will try to find out a
subinterval Io(wij) ⊂ Io(wi) for j ∈ {1, 3, 5} as a witness interval of Re+1,
and so on. This means that, if Io(w1) and Io(w2) are witness intervals for Ri1
and Ri2 , respectively, and i1 > i2, then Io(wi2 ) ⊂ Io(wi1 ). Thus, the sequence of
all witness intervals for all requirements form a nested interval sequence whose
common point x satisfies all requirements Re for e ∈ N.

Of course, the choices of base and witness intervals have to be corrected con-
tinuously according to the behaviors of the sequences (ϕe,s(n))n∈N for different
s ∈ N. The choice of the witness intervals for the requirements R0, R1, · · · , Re−1

corresponds to a string w ∈ {1, 3, 5}∗ of length e. Namely, for any e < |w|,
the interval Io(w � (e + 1)) is the base interval for Re+1 and at the same
time the witness interval of requirement Re. We denote by ws our choice of
such string at stage s, which seems correct at least for the s-th approxima-
tion sequences (ϕe,s(n))n∈N instead of (ϕe(n))n∈N for all e < |ws|. As the
limit, w := lims→∞ ws ∈ Σω describes a correct sequence of witness intervals
(I(w � e))e∈N for all requirements (Re)e∈N, i.e., xw is not c1-mc. Let xs := aws3

for any s ∈ N. Then lims→∞ xs = xw. By 2.–3. of the Lemma 5 and the condition
(4), the sequence (xs)s∈N converges in fact c2-monotonically to xw.

By the density of Q in R, our hierarchy theorem for the real constants c1
and c2 follows immediately from Theorem 7
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Corollary 8 (Hierarchy Theorem). For any real numbers c1, c2 with 1 ≤
c1 < c2, there is a c2-mc real number which is not c1-mc. Therefore c1-MC �

c2-MC.

4 ω-Monotone Computability and Weak Computability

In this section we will extend the c-monotone computability of real numbers to
a more general one, namely, ω-monotone computability. We discuss the relation-
ships between this computability and the weak computability discussed in [1]
and show that they are in fact incomparable in the sense that ω-MC �⊆ WC
and WC �⊆ ω-MC.

Definition 9. Let h : N→ Q be any total function.
1. A sequence (xs)s∈N of real numbers converges to x h-monotonically if the

sequence converges to x and the following condition holds

∀n ∀m ≥ n (h(n)|x− xn| ≥ |x− xm|). (5)

2. A real number x is called h-monotonically computable (h-mc, for short)
if there is a computable sequence of rational numbers which converges to x h-
monotonically. The class of all h-mc real numbers is denoted by h-MC.

3. A real number x is called ω-monotonically computable (ω-mc, for short)
if it is h-monotonically computable for some recursive function h. The class of
all ω-mc real numbers is denoted by ω-MC.

By definition, a c-mc real number is h-mc for the constant function h ≡ c.
Therefore c-mc real numbers are also ω-mc. But we will see that not every ω-mc
real number is a c-mc for some constants c.

From Theorem 4, we know that not every weakly computable real number
is a c-mc real number for some constant c. Next theorem shows that even the
class of ω-mc real numbers does not cover the class of weakly computable real
numbers.

Theorem 10. There is a weakly computable real number x which is not ω-mc.

Proof. (sketch) Let (ϕi)i∈N be an effective enumeration of computable functions
ϕi :⊆ N → Q . (ϕi,s)s∈N is the uniformly effective approximation of ϕi. We will
construct effectively a computable sequence (xs)s∈N of rational numbers which
converges to x such that

∑
n∈N
|xn − xn+1| ≤ c, for some c ∈ N, and x satisfies,

for all e := 〈i, j〉 ∈ N, the following requirements

Re :
ϕi, ϕj are total, lim

n→∞ϕi(n) = yi exists and

∀n∀m ≥ n (ϕj(n) · |yi − ϕi(n)| ≥ |yi − ϕi(m)|)

}
=⇒ x �= yi (6)

The strategy for satisfying a single requirement Re is as follows. Fix a
nonempty interval (a, b) as default “witness” interval and wait for t1, t2 ∈ N

with t1 < t2 and s ∈ N such that ϕi,s(t1) ↓:= ϕi(t1) and ϕi,s(t2) ↓:= ϕi(t2)
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are both defined and different such that ϕi(t1), ϕi(t2) ∈ (a, b) (Re requires
attention). Then define (a′; b′) := (ϕi(t1) − δ; ϕi(t1) + δ) ⊂ (a; b) for δ :=
min{|ϕi(t1)−ϕi(t2)|/(ϕj(t1)+1), |a−ϕi(t1)|/2, |b−ϕi(t1)|/2} (Re receives atten-
tion). In this case, for any x ∈ (a′; b′), the sequence (ϕi(t))t∈N does not converge
ϕj-monotonically to x, since ϕj(t1) · |x − ϕi(t1)| ≥ |x − ϕi(t2)|. Namely, any
x ∈ (a′; b′) witnesses the requirement R〈i,j〉 and the interval (a′; b′) will be called
a (correct) witness interval of R〈i,j〉. Otherwise, if there are no such s, t1 and t2,
then the limit yi := limn→∞ ϕi(n), if it exists, cannot be in the interval (a, b).
Thus the interval (a; b) is itself a witness interval of the requirement R〈i,j〉. Note
that, although this strategy always succeeds, we have no effective way to decide
which of the above two possible approaches will be eventually applied.

To satisfy all requirements simultaneously, we will try to construct a nested
rational interval sequences ((ae; be))e∈N such that (ae+1; be+1) ⊂ (ae; be) and
the interval (ae; be) is a witness interval of Re for any e ∈ N. In this case,
any real number x ∈ ⋂e∈N

(ae; be) satisfies all requirement Re. Unfortunately,
as pointed above, it is not uniformly effectively to define the witness intervals
for all requirements. Therefore we construct its approximation ((ae,s; be,s))s∈N

instead. Namely, at any stage s, we define finite many intervals (ae,s; be,s) for
e ≤ ds, where ds is some natural number such that lims→∞ ds = ∞. These
intervals should be nested in the sense that (ae+1,s; be+1,s) ⊂ (ae,s; be,s). As
witness interval for Re, (ae,s; be,s) seems “correct” at least for the approximation
sequences (ϕi,s(n))n∈N (e = 〈i, j〉) instead of the sequence (ϕi(n))n∈N itself. Of
course we have to correct continuously our approximations according to the
behaviors of (ϕi,s(n))n∈N. To this end, a priority argument is applied.

We say that Re has a higher priority than Re1 if e < e1. If several require-
ments require attention at the same stage, then only the requirement of highest
priority receives attention. If Re receives attention at some stage, then a new
witness interval for Re will be defined according to above strategy. In this case,
all (possible) old witness intervals for Re′ may be destroyed (set to be unde-
fined) for e′ > e, i.e., the requirement Re′ is injured at this stage. The witness
intervals for Re′ has to be redefined at a later stage again. On the other hand,
if some correct witness interval I for Re is defined by the above strategy, then I
witnesses the requirement Re and we don’t need to do anything more for Re
unless it is destroyed again. To avoid any unnecessary multiple action, we will
set the requirement Re into the state of “satisfied” if it receives attention. If
it is injuried, then set it back to the state “unsatisfied”. Only the requirement
of state “unsatisfied” can receive attention. In this way we guarantee that any
requirement Re can be injured at most 2e − 1 times and can receive attention
at most 2e times. This means also that the limit (ae; be) := lims→∞(ae,s; be,s)
exists and it is a correct witness interval for Re.

At any stage s, we define xs to be the middle point of the smallest witness
interval defined at stage s. This guarantees that xs locates in all current defined
witness intervals. On the other hand, we choose the interval (ae,s; be,s) small
enough that its length not longer as, say, 2−2e. Then we have also that be−ae ≤
2−2e, hence the nested interval sequence ((ae; be))e∈N has a unique common
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point x which is in fact the limit lims→∞ xs. The limit x satisfies all require-
ment Re, hence it is not ω-mc. Furthermore, by the construction, we have
|xs − xs+1| ≤ 2−2e if Re receives attention at stage s + 1, because xs, xs+1 ∈
(ae,s; be,s). This implies that

∑
s∈N
|xs − xs+1| ≤

∑
e∈N

2−2e · 2e ≤ 2 since Re
receives attention at most 2e times. This means that x is weakly computable.

By Theorem 4, any c-monotonically computable real number is also weakly
computable. Next theorem shows that this is not the case any more for ω-mc
real number.

Theorem 11. There is an ω-mc real number which is not weakly computable.

Proof. (sketch) Let (ϕi)i∈N be an effective enumeration of computable partial
functions ϕi :⊆ N→ Q and (ϕi,s)s∈N its uniform approximation. We will define
a computable sequence (xs)s∈N of rational numbers and a recursive function
h : N→ N such that the limit x := lims→∞ xs exists and satisfies, for all i ∈ N,
the following requirements

N : (xs)s∈N converges to x h-monotonuically, and

Ri :
∑

s∈N

|ϕi(s)− ϕi(s+ 1)| ≤ i & yi := lim
s∈N

ϕi(s) =⇒ yi �= x.

Since every sequence (ϕi(s))s∈N have infinitely many different indices i by the
Padding Lemma, the real number x can’t be weakly computable, if all require-
ments Ri are satisfied. The strategy to satisfy a single requirement Ri is quite
straightforward. We take the interval [0; 1] as the base interval and define at
first x0 := 1/7. If there is some m1 and s1 such that ϕi,s1 (m1) ≤ 3/7, then
define xs1 := 5/7. Again, at stage s2 > s1, if there is an m2 > m1 such that
ϕi,s2(m2) ≥ 4/7, then define xs2 := 1/7, and so on. Otherwise, xs+1 takes sim-
ply the same value as xs. Now, if

∑
s∈N
|ϕi(s) − ϕi(s + 1)| ≤ i, then xs can

be redefined at most 7 · i times (suppose that ϕi(s) ∈ [0; 1]) and the last value
x := lims→∞ xs has at least the distant 1/7 from yi := lims→∞ ϕi(s), if this
limit exists.

Of coures the sequence (xs)s∈N defined in this way does not satisfy the re-
quirement N , because some elements xs of the sequence are simply equal to the
limit x which destroies the monotone convergence. Fourtunately, this problem
disappears if we implement a stragegy to satisfy all requirement Ri simultan-
uously. In this case, we need an interval tree I : Σ∗

7 → I which is defined by
I(w) := [aw; bw], where aw :=

∑
i<|w| w[i] · 7−(i+1) and bw := aw + 7−|w|, for

all w ∈ Σ∗
7 . The interval I(w) for w ∈ Σ∗

7 of length i is reserved for the re-
quirement Ri. We will define xs := aw1 or xs := aw5 in order to guarantee that
the limit yi := lims→∞ ϕi(s), if exists, has at least the distant 7−(i+1) from xs,
hence the limit lims→∞ xs is also different from yi. On the other hand, this con-
struction guarantees also that the element xs defined at stage s for satisfying Ri
has at least a distant 7−(i+2) from the limit lims→∞ xs. Therefore the sequence
(xs)s∈N converges h-monotonically for h(s) := 7(i+2).
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Since every c-mc real number is weakly computable, the Theorem 11 implies
that there is an ω-mc real number which is not c-mc for any constant c, i.e.,
∗-MC � ω-MC. Besides, Theorem 11 and Theorem 10 implies directly the
following corollary.

Corollary 12. The classes of weakly computable and ω-monotonically com-
putable real numbers are incomparable, i.e., WC �⊆ ω-MC & ω-MC �⊆WC.
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On the Equational Definition of the Least
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Abstract. We show how to axiomatize by equations the least prefixed
point of an order preserving function and discuss the domain of ap-
plication of the proposed method. Thus, we generalize the well known
equational axiomatization of Propositional Dynamic Logic to a complete
equational axiomatization of the Boolean Modal µ-Calculus. We show on
the other hand that the existence of a term which does not preserve the
order is an essential condition for the least prefixed point to be definable
by equations.

Introduction

The least and the greatest fixed points of an order preserving function have
shown to be basic ingredients of logics of programs. In several cases adding a
fixed point constructor to a logic increases its expressive power without turning
its model checking into an intractable problem. This observation is among the
motivations behind the intensive study of equational properties of fixed points,
leading to the framework of iteration theories and their models [6,7]. However, if
we focus on canonical fixed points, we observe that a natural way to axiomatize
them is by means of equational implications. For example the least fixed point
g(y) of a function f(x,y), order preserving in the variable x, has the natural
axiomatization

f(g(y),y) ≤ g(y) (1)
f(z,y) ≤ z ⇒ g(y) ≤ z (2)

stating that g(y) is the least prefixed point of f(x,y). The second clause, usually
called Park induction rule [9,17], is an equational implication if the order relation
is expressible by equations between terms. The main aim of this paper is to
understand when this equational implication can be eliminated in favor of an
axiomatization that uses only equations. Equivalently we want to understand
when equational logic is a complete tool to reason about programs.
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We present here a method to substitute Park induction rule by an equation.
This method applies as soon as a host theory has an order preserving binary term
x⊗ y with a unit 1 and a right adjoint x� z. In order to apply the method we
should be interested in axiomatizing the least prefixed point of f(x,y)⊗z as well,
and not just that of f(x,y). Then, for every theory which extends one among: the
theory of groups, the theory of Boolean algebras, the theory of Heyting algebras,
the theory of Girard quantales or of implicative quantales (that is, Classical or
Intuitionistic Linear Logic), the least fixed point of an order preserving function
turns out to be definable by equations.

As a corollary of our considerations we show that the well known equational
axiomatization of Propositional Dynamic Logic [13,19,23] can be generalized to a
complete axiomatization of the Boolean Modal µ-Calculus. We provide a simple
list of equations forming an equational base for the theory and develop some
considerations from the point of view of universal algebra: we argue that it is
not possible to find finite bases (i.e. both a finite signature and a finite equational
base) for the µ-Calculus. The fact that the Boolean Modal µ-Calculus has an
equational axiomatization has the consequence that its algebraic models are very
well behaved: they form a variety of algebras, in the usual sense of universal
algebra [10], or an exact category [3]. The main characteristic of these models is
that quotients are in a bijective correspondence with congruences. From a logical
point of view, what arises as a surprising fact from our considerations is that the
µ-Calculus, a powerful logic with quantifier-like operators µ, ν, can be reduced
to the realm of equational logic. This implies that Kozen’s axiomatization of
the µ-Calculus [12] can be given purely in term of axiom schemes and does not
require additional inference rules for those two operators.

In the last section of this paper we give a partial converse to our definability
by equations theorem. The main feature of a right adjoint to a covariant binary
operator is its contravariancy in one of its two variables, that is, it reverses the
order. We consider a theory extending the theory of bounded lattices and show
that if the theory contains only order preserving operators, then the least prefixed
point of an order preserving function cannot be axiomatized by equations, unless
an equation stating that the least prefixed point is at a finite distance from the
bottom of the lattice holds in the theory.

1 Equationally Definable Least Prefixed Points

A signatureΩ is a collection of pairwise disjoint sets {Ωn}n≥0. By writing f ∈ Ωn
we mean that f is a function symbol of arity n from the signature. Terms over Ω
are generated from a countable set of variables {x1, . . . , xn, . . .} by substitution
of previously defined terms as argument of the function symbols. By T (Ω,X)
we shall denote the set of terms over Ω whose free variables are contained in the
finite subset of variables X .
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We shall restrict our attention to Horn theories T of the form 〈Ω, I〉 where
Ω is a signature and I is a set of equational implications of the form

∧

i=1,...,k

si = ti ⇒ s0 = t0 ,

with si, ti ∈ T (Ω,X), X being some finite subset of variables. We allow k to be
equal to 0 in which case such an implication is simply an equation. The notions
of a model of the theory and of a homomorphism of models are standard from
model theory and we let M(T) denote the category of models of T. By I(T)
we shall denote the set of equational implications holding in every model of T
and by E(T) the set of equations holding in every model of T. We say that an
equational implication (resp. an equation) holds if it is in I(T) (resp. in E(T)).
We shall use the notations x,y, . . . l,m, . . . to range over vectors of variables
and of elements respectively.

Definition 1. A theory T = 〈Ω, I〉 is equational if every implication in I is an
equation and it is algebraic if M(T) is equivalent to a category M(T′) for an
equational theory T′.

Definition 2. A theory T is ordered if it comes with two terms f(x, y) and
g(x, y) such that the relation ≤, defined as l ≤ m if and only if f(l,m) = g(l,m),
is a partial order in every model of the theory.

The theory of lattices is the main example of an ordered theory. If the theory T
is ordered, the equations of the theory are determined by relations of the form
s ≤ t and vice-versa so that we shall refer to those relations simply as equations.
We shall say that a term f(x, z) is covariant in x – or that x occurs positive in
it – if the implication

x ≤ y ⇒ f(x, z) ≤ f(y, z)

holds. Similarly, we shall say that a term f(x, z) is contravariant in x – or that x
occurs negative in it – if the implication obtained from the previous one by
exchanging x and y on the left holds. We shall say that a term g(y) is the least
prefixed point of a term f(x,y), covariant in x, if an instance of the fixed point
equation (1) at page 645 belongs to E(T) and an instance of the Park induction
rule (2) belongs to I(T).

Theorem 3. Suppose that in the ordered theory T we can find a binary term
x ⊗ y, covariant in x and y, with a right adjoint x � z, that is, such that the
relation

x⊗ y ≤ z iff y ≤ x� z

holds. Let f(x,y) be a term covariant in x. A term g(y, z), covariant in z, is
the least prefixed point of the term f(x,y)⊗ z - parameterized in y and z- if and
only if the equations

f(g(y, z),y) ⊗ z ≤ g(y, z) (3)
g(y, f(x,y) � x) ≤ x (4)
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hold. In this case, if x ⊗ 1 = x holds for some term 1, then g(y, 1) is the least
prefixed point of f(x,y).

Proof. Suppose that for each y and z g(y, z) is the desired least prefixed point.
Then equation (3) is simply stating that g(y, z) is a prefixed point and equation
(4) follows from the relation f(x,y)⊗ (f(x,y) � x) ≤ x and the Park induction
rule. On the other hand, if the above relations hold, then g(y, z) is a prefixed
point and if f(x,y) ⊗ z ≤ x, then z ≤ f(x,y) � x and

g(y, z) ≤ g(y, f(x,y) � x) ≤ x .

The last claim follows since f(x,y) ≤ x if and only if f(x,y) ⊗ 1 ≤ x. 
�
Remark 4. Observe that the adjointness condition is equational since it is equiv-
alent to the two equations x⊗(x� y) ≤ y and y ≤ x� (x⊗y). The equational
characterization of the transitive closure in Action Logic [18] has suggested to
use adjoints (or residuation) to axiomatize the least prefixed point. We can use
theorem 3 to provide an alternative axiomatization of the transitive closure as
well as a general method to axiomatize the least prefixed point. This method has
an “inconvenience” which we exemplify now. Suppose that we want to axiom-
atize the operator p Until q of temporal logic, which is the least fixed point of
h(x, q, p) = q∨(p∧♦x). It might be asked whether it is possible to do this without
introducing an additional operator p Untilz q, axiomatized as the least prefixed
point of h(x, q, p) ∧ z, and by imposing the equation p Until q = p Until� q.
The answer is positive since in this case it is possible to axiomatize the least
prefixed point of p ∧ ♦(q ∨ x) and deduce the existence of a least prefixed point
of q∨ (p∧♦x). However this idea is not generally available and similar questions
remain open.

2 µ-Theories, µ-Algebras and the Modal µ-Calculus

The goal of this section is to present a complete equational axiomatization of the
Boolean Modal µ-Calculus, illustrating in this way the domain of application of
theorem 3. We do this by introducing µ-theories of algebraic theories, a syntactic
counterpart of the µ-algebras defined in [15]. Even if the role of the syntax is
explicit also there, we are interested here in discussing the possibility that some
operator of theory is not order preserving; moreover, we need to represent µ-
terms as terms constructible from a signature by substitution.

Henceforth, we shall fix an algebraic theory T = 〈Ω,E〉 and make the follow-
ing assumptions on it. We shall assume that T extends the theory of bounded
lattices, which means that it comes with given terms ⊥, x∨y,�, x∧y so that the
group of equations (1) in figure 1 belong to E(T). Such a theory is then ordered
by the lattice theoretic order. We shall also assume that each function symbol
f ∈ Ωn induces an order preserving function

f : Ll × (Lop)k −→ L ,
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for every model L of T, where l + k = n: f is order preserving in its first l
variables and order reversing in its second set of variables. We shall write in this
case f ∈ Ωl,k.

As if we were working with a two sorted theory, we construct now a polarized
signature {µΩl,k}l≥0,k≥0 and sets of polarized terms µT (X,Y ) representing µ-
terms. A polarized term comes with two disjoint sets of free variables X,Y ⊆
{x1, . . . , xn, . . .} reminding us which variable occurs positive and which variable
occurs negative. In forming terms, we always suppose that X,Y are disjoint and
apply rules whenever this property is preserved.

Definition 5. The polarized signature µΩ and the sets of polarized terms
µT (X,Y ) are defined by induction as follows:

1. If f ∈ Ωl,k, then f ∈ µΩl,k.
2. For each x ∈ X, x ∈ µT (X,Y ).
3. If f ∈ µΩl,k, ti ∈ µT (X,Y ) for i = 1, . . . , l and ti ∈ µT (Y,X) for i =
l + 1, . . . , n, then f(t1, . . . , tn) ∈ µT (X,Y ).

4. If t ∈ µT (X,Y ) and x ∈ X, then µx.t, νx.t ∈ µΩl,k, where l is the cardinality
of X \ {x} and k is the cardinality of Y .

The single sorted signature µΩ is defined by letting µΩn be the disjoint union
of the µΩl,k with l+ k = n.

Definition 6. The µ-theory of T is the Horn theory 〈µΩ, I〉 where I contains
the equations of T and for each t ∈ µT (X,Y ) and x ∈ X the equations

t[µx.t(z,y)/x, z,y] ≤ µx.t(z,y)
t[νx.t(z,y)/x, z,y] ≤ µx.t(z,y) ,

as well as the Park induction rules

t[x, z,y] ≤ x⇒ µx.t(z,y) ≤ x
x ≤ t[x, z,y] ⇒ x ≤ νx.t(z,y) ,

where z is the sorted list of variables in X \ {x} and y is the sorted list of
variables in Y .

The reader should be aware that the one given above is just a representation
of µ-terms. For example, given usual µ-terms µx.t1 and t2 with the only free
variable y �= x, the equation (µx.t1)[t2/y] = µx.(t1[t2/y]) is an actual equality,
where if we are working with their representation this is only a derivable equal-
ity of the theory. The above discussion has shown that ideas related to µ-calculi
can be casted in the framework of Horn theories. In the following we shall make
informal use of µ-terms, for example by writing µx.t(x,y) even if, in our rep-
resentation of µ-terms, the variable x is not strictly speaking a subterm of this
term.

Example 7. If T is the theory of lattices, then the models of the µ-theory of T
are the µ-lattices studied in [21,22].
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Example 8. A theory T is said to be distributive if E(T) contains equation (2) of
figure 1. If T is the theory of distributive lattices, then a model of the µ-theory
is simply a distributive lattice. This follows from the fact that the equations

µx.(a ∨ (b ∧ x)) = a ,
µx.(a ∧ (b ∨ x)) = a ∧ b ,

and their dual hold in any µ-lattice and that any term f(x) of the theory of
distributive lattices is equivalent to one of the form a ∨ (b ∧ x). This is essen-
tially Kozen’s observation [12] that every formula of the µ-Calculus is equivalent
to a guarded one and tells that in order to obtain an interesting µ-theory a
distributive theory T should properly extend the theory of distributive lattices.

Example 9. Let T be the distributive theory 〈Ω,E〉 where Ω contains the lat-
tice operators �,∧,⊥,∨ as well as the modal operators {〈a〉, [a] }a∈A and E
contains also the axiom schemes (3) of figure 1. Following [1,11], we call a model
of the µ-theory of T a modal µ-algebra. We say that a modal µ-algebra is a
Boolean modal µ-algebra if its underlying distributive lattice is a boolean alge-
bra. Boolean modal µ-algebras are the models of the µ-theory of T′, where T′

is obtained from the previous T by adding to Ω a complement operator ¬ and
the axioms (4) of figure 1.

Boolean modal µ-algebras are the algebraic models of the Boolean Modal
µ-Calculus. According to theorem 3 the µ-Calculus has the equational axioma-
tization of figure 1: we let x ⊗ y be x ∧ y, 1 be �, x � y be ¬x ∨ y, and use
dual operators to axiomatize the greatest postfixed point. This axiomatization
is complete with respect to Kripke structures because it is equivalent to Kozen’s
axiomatization [12] and because of Walukiewicz theorem [24]. We add some com-
ments on the group of axioms (5). The last two axioms are the equations (3) and
(4) of theorem 3. We need the second axiom in order to turn the least prefixed
point of f(x,y) ∧ z into a term covariant in z: if we let g(y, z) be this least
prefixed point, then this axiom has the form g(y, z1) ≤ g(y, z1 ∨ z2). Observe
that we cannot argue that µx.t1 ≤ µx.t2 from t1 ≤ t2 since this is not a law
of equational logic. This inference will be deducible as soon as we deduce the
Park induction rule, along the lines of 3. For a similar reason we cannot infer
µx.f(x,y) = µx.(f(x,y) ∧ �) from f(x,y) = f(x,y) ∧ � and this explains why
we need the first axiom.

Definition 10. A theory T is finitely based if there exists a theory T′ = 〈Ω, I〉
such that M(T) and M(T′) are equivalent concrete categories and moreover the
disjoint sum of the Ωn is a finite set.

As a consequence of the strictness of the alternation hierarchy of the µ-Calculus,
the theory of modal µ-algebras is not finitely based. According to [16], we let
Σ0 = Π0 be the closure under substitution of modal and boolean operators;
we let Σn+1 be the closure of Σn ∪ Πn under substitution and the operation
of taking the least prefixed point, and let Πn+1 be the closure of the same set
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(1) Lattice axioms:

x ∨ ⊥ = x
x ∨ y = y ∨ x

(x ∨ y) ∨ z = x ∨ (y ∨ z)
x ∨ x = x

x ∨ (x ∧ y) = x

x ∧ � = x
x ∧ y = y ∧ x

(x ∧ y) ∧ z = x ∧ (y ∧ z)
x ∧ x = x

x ∧ (x ∨ y) = x
(2) Distributive lattice axiom:

x ∧ (y ∨ z) = (x ∧ y) ∨ (x ∧ z)

(3) Modal axiom schemes:

〈a〉⊥ = ⊥
〈a〉x ∨ 〈a〉y = 〈a〉(x ∨ y)
〈a〉x ∧ [a]y ≤ 〈a〉(x ∧ y)

[a]� = �
[a]a ∧ [a]y = [a](x ∧ y)
[a](x ∨ y) ≤ [a]x ∨ 〈a〉y

(4) Boolean algebra axioms:

¬x ∨ x = � ¬x ∧ x = ⊥
(5) Fixed point axiom schemes:

µx.f(x, y) = µx.(f(x,y) ∧ �)
µx.(f(x,y) ∧ z1) ≤ µx.(f(x,y) ∧ (z1 ∨ z2))

f(µx.(f(x,y) ∧ z),y) ∧ z ≤ µx.(f(x,y) ∧ z)
µx.(f(x,y) ∧ (¬f(u,y) ∨ u)) ≤ u

νx.f(x,y) = νx.(f(x,y) ∨ ⊥)
νx.(f(x,y) ∨ z1) ≤ νx.(f(x,y) ∨ (z1 ∨ z2))
νx.(f(x,y) ∨ z) ≤ f(νx.(f(x,y) ∨ z),y) ∨ z

u ≤ νx.(f(x,y) ∨ (¬f(u, y) ∧ u))

Fig. 1. (1)–(5) Boolean modal µ-algebra axioms

under substitution and the greatest postfixed point operation. The inclusions
Σn∪Πn ⊆ Σn+1∩Πn+1 are shown to be strict in the semantics: for each n ≥ 0,
we can find a boolean modal µ-algebra L and a term t ∈ Σn+1 ∩ Πn+1 the
interpretation of which, as a function of its free variables, is different from the
interpretation of every term t′ ∈ Σn ∪Πn [2,8,14]. Suppose that we can find a
finite signature Ω that is equivalent to the infinite signature µΩ. Henceforth, we
can find an integer k ≥ 0 such that every function symbol of Ω is expressible
as a term from Σk ∩ Πk. Similarly, every µ-term is equivalent to a term built
up from the signature Ω. It follows that every term is equivalent to a term from
Σk ∩Πk since this class is closed under substitution. For related considerations
see also [4].

Definition 11. An algebraic theory T is equationally finitely based if there
exists a theory T′ = 〈Ω,E〉 such that M(T) and M(T′) are equivalent concrete
categories and E is a finite set of equations.

If a theory is not finitely based, then it might be expected that it is not
equationally finitely based. We can argue that the theory of Boolean modal µ-
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algebras is not equationally finitely based as follows. Suppose that a presentation
of the theory, say 〈µΩ,E〉 where E is a finite set of equations, is available.
Let f1, . . . , fn, . . . be an enumeration of the symbols of µΩ and find an integer
k ≥ 0 such that all the equations in E involve terms constructed from the
function symbols f1, . . . , fk. Choose a term t in the class Πm such that µx.t, as
a function symbol of the signature µΩ, has the form fl with l > k and moreover
µx.t, as a term of the class Σm+1, is hard: this means that we can find a model L
such that the interpretation of µx.t is different from the interpretation of any
term in Σm∪Πm. We transform L into a model L′ of 〈µΩ,E〉 such that at least
one of the relations axiomatizing fl as a canonical fixed point of t – the relations
of group (5) in figure 1 – does not hold. The underlying set of L′ is the same
as the one of L. The interpretation of the function symbols is the same as in L
apart from the fact that we interpret µx.t as the greatest postfixed point of t.
Since the interpretation of f1, . . . , fk is as in L, all the equations from E hold
in L′. If all the four axioms (5) in figure 1 for µx.t hold, then µx.t is determined
as the least prefixed point of t and the new model L′ coincides the old model L.
But this means that the interpretation of µx.t in L is equal to the interpretation
of the term νx.t which belongs to the class Πm, since Πm is closed under the
greatest postfixed point. This contradicts the choice of the term t.

The argument can be generalized so that it does not depend on the choice
of the signature µΩ. Observe that we have done essential use of the strictness
of the alternation hierarchy of the µ-Calculus while it can be conjectured that
analogous results of non existence of finite bases hold for the theory determined
by the µ-terms in the class Σ1.

3 Equationally Undefinable Least Prefixed Points

In this section we prove a partial converse to theorem 3. There we have implicitly
used the fact that the term x� y is not order preserving in x.

Definition 12. An ordered theory T is positive if for each term f ∈ T (Ω,x)
the implication

n∧

i=1

xi ≤ yi ⇒ f(x) ≤ f(y)

belongs to I(T).

In the following we let f (0)(⊥,y) = ⊥ and f (n+1)(⊥,y) = f(f (n)(⊥,y),y).

Theorem 13. Let T be a positive algebraic theory which extends the theory of
bounded lattices. Suppose that we can find a pair of terms f(x,y) and g(y) such
that, for each T-model L and m ∈ Ly, g(m) is the least prefixed point of the
order preserving function x �−→ f(x,m). Then an equation of the form

g(y) = f (n)(⊥,y)

holds.
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Example 14. Let T be the theory of distributive lattices and consider its µ-
theory, as discussed in example 8. This theory is positive and moreover it is
algebraic since we have seen that its category of models is exactly the category
of distributive lattices. It is easily seen that the equation

µx.f(x,y) = f(⊥,y)

holds in 2, the distributive lattice with two elements. We can argue that this
equation holds in every distributive lattice since such a lattice is a sublattice of
a power of 2.

From now on our goal is to prove theorem 13. We shall consider a positive
Horn theory T = 〈Ω, I〉 which extends the theory of lattices and which comes
with terms f(x,y) and g(y), so that g(y) is the least prefixed point of f(x,y).

Definition 15. Let L be a T-model, a congruence on L is an equivalence rela-
tion ∼⊆ L × L such that, for all f ∈ T (Ω,X) and l,m ∈ LX , if l(x) ∼ m(x)
for all x ∈ X, then also f(l) ∼ f(m).

Given a T-model L and a congruence ∼ on L, we can construct the quotient
L/ ∼. Its elements are equivalence classes under ∼; if l ∈ LX we shall denote
by [l] the vector of classes of l under the equivalence relation ∼. The quotient
L/ ∼ is a T-algebra, meaning that we can define f( [ l ] ) = [ f( l ) ] so that all
the equations of E(T) holds. Observe that L/ ∼ need not to be a T-model, since
some equational implication in I(T) could be false in L/ ∼. However, it is a
poset where [l] ≤ [m] if and only if l ∨m ∼ m.

Definition 16. An order congruence on L is a preorder �⊆ L×L which extends
the partial order of L and such that for all f ∈ T (Ω,X), l,m ∈ LX , if l � m,
then f(l) � f(m).

The above concept, which we will need for calculations, was introduced in [5]
for varieties of ordered algebras. The following lemma shows that if the theory
T extends the theory of lattices, then the point of view of varieties of ordered
algebras coincides with the usual one of universal algebra.

Lemma 17. There is a bijection between congruences and order congruences on
a T-model L.

Proof. The bijection maps an order congruence to its antisymmetric closure. On
the other hand, if ∼ is a congruence on L, then we obtain an preorder � by
saying that l � m if and only if l ∨ m ∼ m. This is an order congruence: let
f ∈ T (Ω,X) and l,m ∈ LX , and suppose that l ∨ m ∼ m; by usual lattice
theoretic reasoning it follows that l ∧ m ∼ l, so that

f(l) ∨ f(m) ∼ f(l ∧ m) ∨ f(m) = f(m) ,

using the fact that f is order preserving. 
�
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We shall freely use both representations. Even if g(l) is the least prefixed point of
the correspondence x �−→ f(x, l), g([l]) need not to be the least prefixed point of
the order preserving function [x] �−→ f( [x, l] ); this would certainly be true if T
were algebraic, by Birkhoff’s theorem on varieties of algebras. We are motivated
to give the following definition:

Definition 18. Let L be a model of T and let ∼ be a congruence on L. We say
that ∼ is (f, g)-effective if for every l ∈ Ly, [ g( l ) ] is the least prefixed point of
the order preserving function

[x ] �−→ [ f(x, l ) ] .

The following is an equivalent formulation of theorem 13.

Theorem 19. Suppose we can find a model L of T, l ∈ Ly such that the chain

⊥ ≤ f (1)(⊥, l) ≤ . . . ≤ f (n)(⊥, l) ≤ . . .
is strict. Then there exists a model Lω of T and a congruence on Lω which is
not (f, g)-effective. Hence the theory T is not algebraic.

Proof. Consider such a T-model L and form its power LN. Being the prod-
uct

∏
n≥0 L, LN is a T-model. Its elements are sequences of the form {ln}n≥0,

where ln ∈ L. If l ∈ LN, then ln shall denote the n-th element of the sequence.
Hence, for a term f ∈ T (Ω,X), f(l) is calculated by the formula f(l)n = f(ln).
Proof of the following two lemmas can be found in [5].

Lemma 20. Let Lω ⊆ LN be the subset of weakly increasing sequences {ln}, i.e.
such that if n ≤ m then ln ≤ lm: this set is a sub-T-model of LN.

Lemma 21. Define the relation �⊆ Lω × Lω by saying that l � m if and only
if for all n ≥ 0 there exists k(n) ≥ 0 such that ln ≤ mk(n): the relation � is an
order congruence on Lω.

We claim that the congruence ∼ on Lω arising from the order congruence
� defined above is not (f, g)-effective. For each y ∈ y, let ∆l(y) ∈ Lω be the
constant sequence such that ∆l(y)n = l(y). Let ψ be the sequence such that
ψn = f (n)(⊥, l) and L(ψ) be the sequence L(ψ)n = ψn+1. Observe that L(ψ) � ψ
and therefore [ψ] = [L(ψ)]. Moreover

f(ψ,∆l)n = f(ψn, ∆ln) = f(fn(⊥, l), l) = ψn+1 = L(ψ)n .

Therefore [ψ] is a fixed point of f(x, [∆l]):

f([ψ], [∆l]) = [f(ψ,∆l)] = [L(ψ)] = [ψ] .

However g([∆l]) �≤ [ψ]: suppose on the contrary that for all n ≥ 0 there exists
k(n) ≥ 0 such that g(∆l)n ≤ ψk(n). Let n = 0, so that g(l) ≤ ψk(0), we obtain

ψk(0)+1 ≤ g(l) ≤ ψk(0)

which contradicts the assumption that the ascending chain is strict. This com-
pletes the proof of theorem 19. 
�
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Corollary 22. The theory of µ-lattices is not algebraic. The theory of modal
µ-algebras is not algebraic.

Proof. The polynomial

ψ(x) = a ∧ (b ∨ (c ∧ (a ∨ (b ∧ (c ∨ x)))))

has no fixed point in the free lattice on three generators {a, b, c}, cf. [25], and this
lattice embeds in the free µ-lattice over three generators, cf. [21]. Also, a Kripke
frame such that the polynomial [a]x does not converge in a finite number of steps
is easily constructed. Other polynomials with similar properties are constructed
using results on the alternation hierarchy [2,8,14,20]. 
�
Proposition 23. Let L be a countable T-model, then the T-algebra Lω/ ∼ de-
fined above is order isomorphic to the set of all directed ideals of L.

Proof. Let l ∈ Lω, we associate to l the ideal
⋃
n≥0 ↓ ln, where ↓ ln is the

principal ideal generated by ln. The correspondence is well defined from Lω/ ∼,
since if l � m, then

⋃
n≥0 ↓ ln ⊆ ⋃n≥0 ↓ mn. The correspondence is easily seen to

be an embedding, since the relation
⋃
n≥0 ↓ ln ⊆ ⋃n≥0 ↓ mn states exactly that

l � m. Eventually the correspondence is surjective: let I be a directed ideal of L
– which we can suppose not to be principal, otherwise the result is obvious – and
let i0, i1, . . . , in, . . . be an enumeration of its elements. We define an ascending
chain of elements of I in this way: let k0 = 0 and define kn+1 to be the least
index for which ij < ikn+1 for all j = 0, . . . , kn. Such an index exists since I is
a non principal filtered ideal. By construction we have kn < kn+1, ikn < ikn+1 ,
and eventually

I ⊆
⋃

n≥0

↓ ikn

since if i ∈ I, then i = ih for some h, so that h < kn for some n, and there-
fore ih ∈↓ ikn+1. The reverse inclusion is obvious. 
�

The above proposition can be used to show that, whenever L is countable, the
set of ideals of L carries a canonical structure of a T-algebra. For our purposes,
we observe that if L is a countable µ-lattice, then the set of its ideals belongs to
the equational hull of the category of µ-lattices in two different ways. Indeed, it
carries this structure as a quotient of a µ-lattice, as shown in lemmas 20 and 21,
and, on the other hand, it is a µ-lattice since it is a complete lattice. We conclude
with the following interesting fact:

Corollary 24. The underlying order of an object in the equational hull of the
category of µ-lattices does not determine the algebraic structure of the object.
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On the Periods of Partial Words

Arseny M. Shur� and Yulia V. Konovalova

Dept. of Algebra and Discrete Math., Ural State University
Ekaterinburg, Russia
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Abstract. In [1], partial words were defined to be partial mappings of
a set {1, ..., n} to a finite alphabet. We continue the research of periodic
partial words started in that paper. The main goal is to clarify the in-
teraction of different periods of a word. In particular, we exhibit some
propeties of periodic partial words, which are quite similar to classical
Theorem of Fine and Wilf.

Keywords: formal languages, combinatorics of words.

1 Introduction

Partial words appear in a very natural way in the fields of both pure mathematics
and computer science. In mathematics they are the result of generalizing of usual,
“total”, words to partial ones, while for computer science they allow to simulate
data whose valuable part is lost or unknown; such situations are common in
studying genes in biology, in data communication, and so on.

In the paper [1], a partial word is defined as a partial mapping W from
the set {1, . . . , n} for some n to a finite alphabet A. If the mapping is defined
everywhere, then it corresponds to a usual word. Instead of the partial word W
over the alphabet A one can consider its companion, that is a usual word U over
an alphabet A ∪ {�}, defined as follows:

U(i) =
{

W (i), if exists,
� otherwise.

The expression U(i) always stands for the i-th symbol of a word U (total or
partial). Throughout the paper partial words are always represented by their
companions, and so “partial word” means a finite string of symbols from the
set A ∪ {�}, which are placed in positions numbered starting with 1. In [1], the
symbol � was called a hole. We find that its role is better expressed by the
term joker, used here. We also use the term “letter” for an alphabetical symbol,
different from the joker.

We recall that a positive integer p is called a period of a (usual) word W , if
W (i) = W (i + p) for i = 1, . . . , |W | − p, where |W | stands for the length of W .
Any long enough word with two given periods p and q must also have the period
gcd(p, q) according to the classical Theorem of Fine and Wilf.
� supported by the INTAS grant no.99-1224
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Theorem I ([2]). Let p and q be positive integers. Then every word of length
at least p + q − gcd(p, q) with periods p and q has the period gcd(p, q).

In particular, the theorem claims that a word with two coprime periods p
and q having the length at least p+ q−1 must be unary, and thus, is completely
determined by its periods. The following generalisation of this fact was derived
in [3] as a corollary from the proof of the above theorem.

Corollary I ([3]). Let p, q, r be positive integers, gcd(p, q) = 1, 1 ≤ r ≤ q < p.
Then every word of length at least p + q − r with periods p and q has at most r
different letters.

Now it is natural to ask whether partial words behave similarly to usual ones
from the periodicity standpoint. Namely, given a generalisation of the notion
of a period to partial words, some conditions similar to that shown above have
to be found. There are two reasonable generalisations of this notion to partial
words (see [1]). A positive integer p is called

– a period of a partial word U , if U(i)=U(j) for all i, j such that 1≤i, j≤|U |,
U(i) �= �, U(j) �= �, and i ≡ j (mod p);

– a local period of a partial word U , if U(i) = U(j) for all i, j such that
1 ≤ i, j ≤ |U |, U(i) �= �, U(j) �= �, and |i− j| = p.

So, if p is a period of a partial word U , then jokers in U can be replaced with
letters such that p is a period of the resulted (usual) word. The notion of a local
period is weaker; for example, the partial word ab�bc has the local period 2, but
has no period 2 provided a �= c.

In [1], a variant of Fine-Wilf’s theorem for partial words with one joker was
proved.

Theorem II ([1]). Let p and q be positive integers. Then every partial word
of length at least p + q with one joker and local periods p and q has the period
gcd(p, q).

It is quite easy to see that there exist partial words of any length, with
given local periods p and q, but without the (local) period gcd(p, q) (where
gcd(p, q) < min(p, q)). Moreover, such an example can be constructed with only
2 jokers. Suppose U has local periods p, q and U(q + 1) = U(p + 1) = �. Now
we can change the letter U(1) to obtain U(1) �= U(gcd(p, q)+ 1). Since the local
periods p and q do not depend on the value of U(1), any such word gives the
desired example.

So, to obtain results analogous to Theorem of Fine and Wilf for a wide class
of partial words, one should impose restrictions on periods of partial words,
while conditions on local periods seem to be useless. The general problem we are
interested in can be formulated as follows. Given positive integers p, q, k, and L,
where L is strictly greater then the others, find a maximal possible number of
different letters in a partial word of length L with k jokers and periods p and q.
The aim of this paper is to find some conditions under which this number is equal
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to gcd(p, q). The following observation shows why we may restrict ourselves to
the case of coprime p and q.

Observation ([1]). If gcd(p, q) = d > 1, replace U with a set of d partial
words U1, . . . , Ud, where Ui = U(i)U(d+i)U(2d+i) . . .. Each of these words have
periods p/d, q/d, which are coprime. Thus, the word U will have the period d
provided each word Ui has the period 1.

2 Relations and Graphs

In our proofs we use a technique based on graphs of binary relations. Let a partial
word U of length L have k jokers in positions i1, . . . , ik and periods p1, p2. We as-
sociate with this word a binary relation R on the set D = {1, . . . , L}\{i1, . . . , ik}.
The relation consists of all pairs (s, t), where s ≡ t (mod pj) for some j = 1, 2
and there is no number n between s and t such that n ∈ D and s ≡ n (mod pj).
As is easily seen, R is symmetric and so the pair (D, R) can be considered as
an undirected graph. Let us consider the equivalence relation R∗, which is the
reflexive and transitive closure of R. Then, positions with equivalent numbers
are occupied with equal letters in U . Thus, the number of equivalence classes
(or the number of connected components in corresponding graph) is just the
maximal possible number of different letters in U .

Example. Let n = 9, k = 3, i1 = 2, i2 = 4, i3 = 6, p1 = 3, p2 = 5. Then
U = a1�a3�a5�a7a8a9. The graph of a usual word with such periods and the
graph of U look as follows:

a) b)
Fig. 1 Examples of graphs of usual (a) and partial (b) words

So, U can have at most 2 different letters, which correspond to connected
components {1, 7} and {3, 5, 8, 9}.
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3 Fine-Wilf’s Type Theorem for Partial Words

Throughout this section we suppose that 2≤q<p and gcd(p, q)=1.

Theorem 3. Let the partial word U with periods p and q have k jokers. Then
U has the period 1 whenever |U | ≥ p+(k+1)q−1. This bound is sharp provided
q = 2 and p divides k; otherwise it can be improved.

Remark 1. It follows from Theorem 1 that a partial word of length p+(k+1)q−2
with periods p and q, but without the period 1, exists for any k �= 2t, t ≥ 0, and
suitable p and q. Namely, k has an odd divisor in this case, which can be taken
as p together with q = 2.

Remark 2. For usual words (k = 0) Theorem 1 gives the same bound that
Theorem of Fine and Wilf for coprime periods.

To prove the first statement of the theorem we need two lemmas.

Lemma 1. Let a partial word U of length p+ q have periods p and q, a joker in
exactly one of the positions 1, . . . , q, p + 1, . . . , p + q, and any number of jokers
in positions q + 1, . . . , p. Then U has the period 1.

Proof. Let us construct the graph of the word U . First, consider a word of length
p+ q− 1 with periods p, q and without jokers. It has the period 1 by Fine-Wilf’s
Theorem; thus, its graph is connected. What vertices are adjacent in this graph
to the vertex t? Since the length of the word is p + q − 1, we find the following
possibilities: 1)t+ q, t+ p; 2)t+ q; 3)t+ q, t− q; 4)t− q; 5)t− q, t− p. The cases
2) and 4) correspond to the vertices q and p respectively; any other vertex has
two adjacent ones. Since the graph is connected, it is a chain.

Let us add the vertex (p+ q). It is adjacent only to p and q. This means that
the obtained graph is a simple cycle.

Now we place jokers into our word. When we place joker to the position t,
q + 1 ≤ t ≤ p, the graph changes as follows: the vertex t and the edges (t− q, t)
and (t, t+q) disappear, but instead, the vertices t−q and t+q become adjacent.
As a result, the obtained graph is again a simple cycle, and so it is after placing
any number of jokers to the positions q + 1, . . . , p. Finally, we place a joker into
the initial or final segment of length q of our word. For the graph it means just
a deletion of a vertex, because no new edges can appear. Therefore the resulted
graph, i.e. the graph of U , is a chain. Thus it is connected; therefore U is a unary
word, and hence has the period 1.

Corollary 2. A partial word U with one joker and periods p, q has the period 1
whenever |U | ≥ p + q. This bound is sharp.

Proof. The given bound immediately follows from Lemma 1. To prove that it is
sharp, consider in a similar way the procedure of placing jokers into the word of
length p + q − 1 (whose graph is a chain, as we know). A joker in any position
of 1, . . . , q − 1, p + 1, . . . , p + q − 1 will break this chain into two pieces.
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From now on, we call a joker essential to a word U of length p + q with
periods p, q, if it is situated in the initial or final segment of length q of U .

Lemma 2. If a partial word U with periods p and q has a segment of length
p + q with at most one essential joker, then U has the period 1.

Proof. Let such a segment be situated in U in positions t + 1, . . . , t + p + q. By
Lemma 1, all letters among U(t + 1), . . . , U(t + p + q) are equal; denote this
letter by a. It suffices to show that any other letter in U is equal to a. Take a
position s which is not in the chosen segment and mark all the positions equal
to s modulo q. Then one of the positions t+1, . . . , t+ q and one of the positions
t+ p+1, . . . , t+ p+ q get marked. At most one of them is occupied with a joker
by the condition of the lemma; hence one of them is surely occupied with the
letter a. However, all letters in the marked positions are equal. Hence U(s) = a.

Proof (of Theorem 1). Let us prove that a partial word, satisfying the conditions
of the theorem but without the period 1, is shorter that the given bound. By
Lemma 2, it has to contain at least two essential jokers in every segment of length
p + q. Since there are 2q positions for essential jokers in each such segment, any
joker can be essential for at most 2q segments. Further, the first joker in the
word cannot occupy the last position in the segment with two essential jokers;
hence, it can be essential only for 2q − 1 segments. Symmetrically, the same is
true for the last joker in the word.

Since two essential jokers are needed for any segment of length p + q, the
number of such segments in our word does not exceed (2qk − 2)/2, i.e. qk − 1.
On the other hand, the word of length L contains L− p− q + 1 such segments.
So we have

L− p− q + 1 ≤ qk − 1,

and hence L ≤ p + (k + 1)q − 2. Therefore, a partial word of length at least
p + (k + 1)q − 1 has the period 1. The first statement of the theorem is proved.

Now verify the second statement. If k = 1 then the bound can be decreased
to p+q by Corollary 1. So, let k ≥ 2. First, we prove that the bound can be sharp
only if q = 2. Suppose the contrary: q ≥ 3 and there exists a partial word W
with k jokers, periods p and q, length p+(k+1)q− 2, but without the period 1.

Let us examine the segments of length p + q in W . Note that each segment
should contain exactly 2 essential jokers. In addition, any joker in W should be
essential for maximal possible number of such segments. In particular, the first
joker should be essential for 2q − 1 segments. Hence, this joker occupies second
from the right position in the initial segment of length p + q of W ; and the last
position of this segment is also occupied by a joker. So, the first two jokers stay
in the positions p + q − 1 and p + q in W .

One can imagine that we look at the word W through a window which is
p + q symbols wide and is divided into three parts, which are q, p − q and q
symbols wide respectively (see Figure 2a,b). At the beginning the window shows
the initial segment of W . Further, the window shifts to the right step by step,
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one position each time. On every step there are exactly two jokers in the lateral
parts of the window.

The first two jokers in the word are initially located in two right positions
of the window and move to the left as we move the window to the right. The
third joker will appear in the window at the moment when the first one moves
to the central part of the window (Figure 2a). Therefore, the 3rd and 4th jokers
occupy positions p+2q−1,p+2q in W . Note that these positions exist, because
k ≥ 2, and hence |W | ≥ p + 3q − 2. Furthermore, we see now that k ≥ 4, and
hence |W | ≥ p + 5q − 2, and so on. This way we can show that all positions
in the consideration below are in W . Note also, that there is at least one letter
between the 2nd and 3rd jokers, because q ≥ 3.

While the first joker moves through the central part of the window, the
situation above can repeat several times: when the current pair of jokers moves
to the central part, another pair appears in the right with the positions greater
by q than the ones of the current pair.

a)

b)
Fig. 2 Considering a partial word through a “window”

At the moment when the first pair of jokers enter the left part of the window,
another pair should move to the central part (Figure 2b). Denote the word
the window shows at that moment by V . On the one hand, V has jokers in
positions q, q+1 and p, p+1. On the other hand, the distance between the first
jokers of these pairs is a multiple of q. Hence q divides p− q, which contradicts
the assumption gcd(p, q) = 1.

Now let q = 2 and use our window again. The first two jokers occupy the
positions p+1 and p+2. In the previous case pairs of jokers in W were separated
by one or more letters. But now the right part of the window holds only two
symbols; thus, the 3rd joker appears immediately after the 2nd one. Moreover,
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it is not hard to see that W contains p consequent jokers in the positions p +
1, . . . , 2p. They are followed by p letters, another p jokers, and so on, until the
end of W . Thus, if k = sp for some s, then the length of W can be equal to
(2s+1)p, which coincides with the desired bound p+(k +1)q− 2. On the other
hand, if k �= sp, then the symbol, following the kth joker in W , should also be a
joker. So, this symbol does not exist, and hence, the last symbol in W is a joker.
This joker is essential for only one segment of length p + q, instead of 2q− 1, as
is required. Therefore, in this case |W | < p + (k + 1)q − 2.

Up to this moment we verified only necessary conditions and find that these
conditions are satisfied only if q = 2 and k = sp for some s. Now we have to show
that the partial word W of length (2s + 1)p with sp jokers placed as above and
periods 2 and p actually can have at least two different letters. As we proved,
the jokers in W should be placed as follows:

W = a1a2 . . . ap �� . . . �︸ ︷︷ ︸
p

a2p+1 . . . a(2s−1)p �� . . . �︸ ︷︷ ︸
p

a2sp+1a2sp+2 . . . a(2s+1)p.

Recall that an edge in its graph can connect only vertices equal modulo 2 or
modulo p. Any two positions in W , which are different by p, contain one letter
and one joker. Thus, the vertices in its graph, equal modulo p, are also equal
modulo 2p. It means that the graph has two connected components, consisting
from odd and even numbers respectively. Hence, W can have two different letters.
The theorem is proved.

As it follows from Remark 1, for 2t jokers the maximal length of a nonunary
word with two given coprime periods is less than the theorem shows. Of course,
the case of two jokers is most interesting. In the following statement we find the
sharp bound for the length of nonunary words which have coprime periods and
contain two jokers. Remind that if we consider local periods instead of periods,
then there is no finite bound in this case at all.

Proposition 1. Let a partial word U with periods p and q contain 2 jokers.
Then U has the period 1 whenever |U | ≥ p + 2q − 1. This bound is sharp for
any p and q.

Proof. Prove the first statement. Suppose first, that U has a joker in one of the
positions q+1, . . . , p, p+ q+1, . . . , p+2q−1. Then the initial segment of length
p + q in U contains at most one essential joker. Symmetrically, there is at most
one essential joker in the final segment of U , if a joker is located in one of the
positions 1, . . . , q − 1, 2q, . . . , p + q − 1. Applying Lemma 2 to these cases we
obtain that U has the period 1.

Further, suppose that U has a joker in a position t with p + 1 ≤ t < 2q (this
case is impossible if p + 1 ≥ 2q). Then for the segment of length p + q in U ,
starting in the position t− p + 1, this joker is not essential, as is located in pth
position. Again, by Lemma 2, we obtain the period 1 for U .

Only one possibility remains: when the jokers occupy the qth and (p+q)th
positions. Prove that in this case the graph of U is connected. Recall that the
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graph of a usual word of length p+ q with periods p and q is a simple cycle (see
the proof of Lemma 1). The vertices q and p + q are adjacent in this graph. So,
if we remove these vertices from the graph (placing jokers in the positions q and
p + q), the graph will remain connected. Thus, the graph of the initial segment
from U of length p + q is connected. By symmetric argument, so is the graph of
the final segment. These segments have p + 1 common symbols and hence have
at least one common letter. This implies that the graph of U is connected.

Now prove the second statement. Take a word W of length p + 2q − 2 with
periods p and q and two jokers in positions q−1,q. The graph of such a word for
q = 5 and p = 7 is presented on Figure 3b. The length p + 2q − 1 is equal to 16
here; removing of the vertex 16 splits the graph into two components.

On the Figure 3a one may see how the graph of a usual word with the same
periods looks like. A graph with 24 vertices is presented in order to show the
cyclic structure of such graphs.

a) b)
Fig. 3 Graphs of words with periods 5 and 7: usual word (a), unary partial word (b)

In the general case, the graph of the initial segment of length p + q from W
is obtained from a simple cycle by removing two nonadjacent vertices. So, it
consists of two disconnected chains. Now begin to add next vertices. The vertex
p + q + 1 is adjacent to vertices p + 1 and q + 1. These vertices are adjacent
to the vertex 1; therefore they are already in the same component, and the
obtained graph still have two components. By similar argument, adding the
vertices p + q + 2, . . . , p + 2q − 2 does not make the graph connected. Thus, the
graph of W is disconnected, and W may be nonunary (namely, binary). Note
then the vertex p + 2q − 1 will connect the vertices p + q − 1 and 2q − 1, which
were not connected since W (q − 1) = �.

We conclude the paper with a few words about the computational aspect of
our results. First, by Theorem 1, there are only finitely many nonunary partial
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words with k jokers and given periods q and p over a fixed finite alphabet.
Moreover, the number of such words is not too big, since the bound in Theorem
1 is linearly dependent on each of parameters.

Second, the maximal possible number of different letters in a partial word of
length L with given periods and positions of jokers can be found effectively using
graphs (namely, in the O(L) time). Let us prove this. Constructing the graph
of a usual word with the same length and periods requires O(L) operations: we
have to verify for each vertex t whether the vertices t−p,t−q,t+q,t+p belong
to the graph (see Figure 3a for example of such graph). After this we remove
vertices corresponding to the positions of jokers. Removing one such vertex takes
a constant time. Hence, the graph of a partial word with given parameters can
be constructed in a linear time. The connected components in a graph with m
edges can be determined in O(m) operations. In our case m < 2L, so, we again
obtain the bound O(L).
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Abstract. We describe a class of simple transitive semiautomata that
exhibit full exponential blow-up during deterministic simulation. For ar-
bitrary semiautomata we show that it is PSPACE-complete to decide
whether the size of the accessible part of their power automata exceeds
a given bound. We comment on the application of these results to the
study of cellular automata.

1 Motivation

Consider the following semiautomaton A = 〈[n], Σ, δ〉 where [n] = {1, . . . , n},
Σ = {a, b, c} and the transition function is given by

δa a cyclic shift on [n],
δb the transposition that interchanges 1 and 2,
δc sends 1 and 2 to 2, identity elsewhere.

It is well-known that A has a transition semigroup of maximal size nn, see [13].
In other words, every function f : [n] → [n] is already of the form δw for some
word w. Note that δa, δb can be replaced by any other pair of generators for the
symmetric group on n points, and δc can be replaced by any function whose range
has cardinality n− 1. It was shown by Vorobev and Salomaa that, for a three-
letter alphabet Σ, those are the only choices that produce a maximal transition
semigroup, see [15,16,20]. If we think of the transition function as operating on
sets of states, it follows that for all A,B ⊆ [n] such that |A| ≥ |B| ≥ 1, there is
a word w such that δw(A) = B.

Now suppose we reverse all transitions in A. In rev(A), for any B ⊆ [n], there
is a word w such that δw({1}) = B. Indeed, if we augment the semiautomaton
rev(A) by selecting 1 as initial and final state, the corresponding power automa-
ton has size 2n, see [19,3,24], and this power automaton turns out to be reduced.
The same is true if we select all states to be initial and final. However, the
semiautomaton rev(A) is transitive (i.e., the underlying digraph is strongly con-
nected), whereas its power automaton has 3 strongly connected components: [n],
∅ and the remaining subsets of [n]. The question arises whether there are tran-
sitive nondeterministic semiautomata on n states whose corresponding power
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automata have size 2n, and where deletion of the sink ∅ produces a transitive
machine. Equivalently, can we find a semiautomaton 〈Q,Σ, δ〉 such that for all
∅ �= A,B ⊆ Q there is a word w such that δw(A) = B? As is customary, we
assume that the set of initial states as well as final states of a semiautomaton is
the whole state set.

Let us fix some notation. For a nondeterministic automaton A (with or with-
out initial and final states), we write pow(A) for the accessible part of the full
power automaton of A, π(A) for the size of pow(A), and µ(A) for the size of the
minimal automaton of A. Hence, we have the obvious bounds

1 ≤ µ(A) ≤ π(A) ≤ 2n

Also, µ(A) can be computed in polynomial time from pow(A). But can π(A) be
computed efficiently, without having to construct pow(A) first? When are µ(A)
and π(A) equal to or close to the upper bound? In particular, what happens for
semiautomata, and for transitive semiautomata? When is the sink-free version
of pow(A) again transitive?

These questions are originally motivated by the study of discrete dynamical
systems, see [12,1] for details and references on the topic. Briefly, let Σ be an
alphabet, and denote by Σ∞ the collection of all biinfinite words over Σ, usually
referred to as configurations in this context. We can associate every configura-
tion X with its cover cov(X) ⊆ Σ∗, the set of all finite factors of X . For a set X
of configurations define its cover cov(X ) to be the union of all the covers cov(X)
where X ∈ X . A shift space is a subset X of Σ∞ that is topologically closed and
invariant under the shift map σ: σ(X)i = Xi+1. By compactness, a shift space
can be reconstructed from its cover: a configuration X is in X iff it is the limit of a
sequence of words in the cover. Of particular interest are sofic systems, subshifts
X where cov(X ) is a regular language. A notable subclass of all sofic systems are
the subshifts of finite type: shifts whose cover is a finite complement language:
there is a finite set F of words over Σ∗ such that cov(X ) = Σ∗ − Σ∗FΣ∗, see
Weiss [21].

The proper morphisms for shift spaces are given by continuous maps that
commute with the shift. By the Curtis-Lyndon-Hedlund theorem [9], these maps
are precisely the global maps of one-dimensional cellular automata. For our pur-
poses, a (one-dimensional) cellular automaton is simply a local map ρ : Σw → Σ .
The local map naturally extends to a global map Σ∞ → Σ∞ that we also denote
by ρ: ρ(X)i = ρ(Xi−w+1 . . . Xi). Weiss [21] showed that every sofic system is the
homomorphic image of a subshift of finite type.

By repeatedly applying the global map ρ to the full shift Σ∞, we obtain a
descending sequence of sofic shifts. Let Lt = cov(ρt(Σ∞)) denote the correspond-
ing regular cover languages. Clearly, all these languages are factorial, extensible
and transitive (i.e., uv ∈ L =⇒ u, v ∈ L, u ∈ L =⇒ ∃a, b ∈ Σ(aub ∈ L),
and u, v ∈ L =⇒ ∃x(uxv ∈ L)). For languages of this type there is an alterna-
tive notion of minimal automaton, first introduced by Fischer [5] and discovered
independently by Beauquier [2] in the form of the 0-minimal ideal in the syntac-
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tic semigroup of L. A Fischer automaton is a deterministic transitive semiau-
tomaton. For each factorial, extensible and transitive language there is a unique
Fischer automaton with the minimal number of states. Actually, the minimal
Fischer automaton naturally embeds into the ordinary minimal DFA, see [17].

Each cellular automaton ρ : Σw+1 → Σ is associated with a natural semiau-
tomaton B(ρ) whose underlying digraph is a de Bruijn graph B(Σ,w) = 〈Σw, E〉
where E = { (ax, xb) ∣∣ a, b ∈ Σ, x ∈ Σw−1 } If one labels edge (ax, xb) by ρ(axb)
one obtains a semiautomaton that accepts cov(ρ(Σ∞)). We will write µ(ρ)
[µF (ρ), π(ρ)] for the size of the minimal DFA [minimal Fischer automaton, power
automaton of B(ρ), respectively] for cov(ρ(Σ∞)). In the mid eighties, Wolfram
performed extensive calculations in a effort to understand the behavior of the
sequence (µ(ρt))t, see [23]. In [22] he posed the question whether these sequences
are generally increasing, and what can be said about the complexity of the limit
set L∞ =

⋂
Lt. It appears that for automata in Wolfram’s classes III and IV ,

the sequence grows exponentially. For the lower classes the µ sequence appears
to be bounded (and therefore eventually constant), or grow polynomially. The
limit languages may be undecidable, though they are trivially co-recursively
enumerable [10]. Surprisingly, there are examples of computationally universal
cellular automata whose limit languages are regular [7], so one should not expect
a simple answer to Wolfram’s questions.

Recent work in computational mechanics also focuses on finite state machines
as a tool to describe interesting behavior of cellular automata, see [8] for fur-
ther references. One of the main objectives here is to find so-called domains,
extensible, factorial, transitive, regular languages L ⊆ Σ∗ that are invariant or
periodic under ρ (with cyclic boundary conditions). There are several examples
where the typical dynamics of a cellular automaton can be described concisely
on these domains, but not on the space of all configurations. In the reference,
the authors use heuristic methods to construct candidate machines for domains.
In general, one would expect a careful analysis of the Fischer automaton of the
cellular automaton to provide a more systematic approach to the construction
of domains.

Unfortunately, gathering computational data for the parameters µ(ρ) and
µF (ρ) is rather difficult. For the sake of simplicity, let us only consider binary
cellular automata, i.e., cellular automata over a two-symbol alphabet. The only
obvious bounds are

µF (ρ) ≤ µ(ρ) ≤ π(ρ) ≤ 22w−1

where w is the width of the local map of ρ. Hence, even for elementary cellular
automata (w = 3), the computations for the iterates easily get out of hand since
ρt has width t(w − 1) + 1.

We will first show some examples that demonstrate that full or nearly full
exponential blow-up occurs quite often. In section 3, we prove that it is in gen-
eral PSPACE-hard to determine even the size of the power automaton of a
given semiautomaton. Our argument does not directly apply to the automata
one encounters in the context of cellular automata, but it is not clear how the
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hardness obstruction could be avoided. Lastly, in section 4 we comment on some
more related results in the study of cellular automata.

2 1-Permutation Automata and Blow-Up

2.1 Near Permutation Automata

The example given in the introduction shows that a transitive semiautomaton on
a three-letter alphabet and n states may have a minimal automaton of size 2n. In
the following, we will limit our discussion to automata on two-letter alphabets.
A permutation automaton is an automaton where each symbol s = a, b induces
a permutation δs of the state set. In other words, both the automaton and its
reverse are deterministic. It is clear that the underlying graph of a permutation
automaton has to be (2, 2)-regular: every node has indegree 2 as well as outdegree
2. On the other hand, any (2, 2)-regular graph admits labelings that produce a
permutation automaton.

The following simple construction produces semiautomata with full blow-up.
Start with a permutation automaton, and switch the label of one transition.
These machines will be called 1-permutation automata to indicate that the
labeling has Hamming distance 1 to a permutation labeling. If the switched
label is in particular a self-loop, we refer to the semiautomaton as a loop-1-
permutation automaton. We have the following result, see [17] for a proof.

Theorem 1. Let A be a loop-1-permutation automaton of size n. Then the cor-
responding power automaton has 2n states. Moreover, the power automaton is
already reduced.

The result applies in particular to cellular automata, since B(ρ) is based on a
de Bruijn graph. In fact, permutation automata are a standard way to construct
cellular automata that have global maps that are open (in the sense of the usual
product topology) and therefore surjective, but fail to be injective, see [9,18]. The
one-bit change moves the cover from being trivial, to having maximum possible
complexity as a regular language.

It is shown in [17] that the minimal Fischer automaton of any factorial, ex-
tensible and transitive language L can be described as the uniquely determined
strongly connected component of the minimal automaton of L that has transi-
tions only to the sink. Minimal Fischer automata are synchronizing: there is a
word w such that δw(Q) = {p} for any state p. Hence, in the case where L is
given by a 1-permutation automaton A for which pow(A) is reduced, the con-
struction of the minimal Fischer automaton can be construed as yet another
power automaton problem: the minimal Fischer automaton is (isomorphic to)
the kernel automaton pow(S, {p}) (the power automaton obtained by selecting
{p} as set of initial states), except for the sink. As we will see, this observation
often provides a better way to compute the minimal Fischer automaton.
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2.2 The Zig-zag Decomposition

To construct a permutation automaton start with an arbitrary transitive (2, 2)-
regular graph G. A zig-zag in G is an alternating cycle of the form

x1 → x2 ← x3 → . . .← xs−1 → xs ← x1

where all edges are distinct, but the vertices x1, . . . , xn need not be distinct.
A k-zig-zag is a zig-zag containing 2k edges, and therefore between k and 2k
vertices, depending on the number of self-loops in the zig-zag. Since every edge
belongs to exactly one zig-zag we can form a zig-zag decomposition of the graph.
We denote by ζ(G) the number of zig-zags in G. For example, for binary de Bruijn
graphs, all the zig-zags have size 4. Hence, ζ(B(2, w)) = 2w−1.

Our interest in zig-zags comes from the fact that in a permutation automaton,
the label of a single edge on a zig-zag determines the labels of all the other edges.
Hence, for any (2, 2)-regular graph G there are 2ζ(G) permutation automata
based on G. Note, though, that many of these automata may be isomorphic.

To produce a 1-permutation automaton A we select one of the 2ζ(G) per-
mutation automata on G, choose an edge in one zig-zag, and flip the label of
that edge. This will usually produce a nondeterministic machine, but there is
one exception: when the selected edge belongs to a 1-zig-zag x→ y ← x. In this
case, we effectively remove the edge whose label was flipped, so that, say, δa is
still a permutation, but δb is now a partial function. It follows that |δw(A)| ≤ |A|
for any word w and A ⊆ Q. The power automaton of A can not be transitive in
this case, even after removal of the sink.

Before we establish full blow-up for a number of 1-permutation automata
in the next section, we briefly comment on 2-permutation automata, automata
whose labeling has Hamming distance 2 from the nearest permutation automa-
ton.

Lemma 2. Let A be a 2-permutation automaton, based on some (2, 2)-regular
graph of size n. Then the power automaton of A has size strictly less than 2n.

The proof of the lemma shows that indeed π(A) < c · 2n for some constant
c < 1 in all cases except the one commented on earlier: the switched labels
belong to 1-zig-zags.

2.3 Circulants

In contrast to the last lemma, we will now exhibit a class of 1-permutation
automata that do exhibit full blow-up. Obvious candidates are machines based
on circulant graphs since the latter are vertex-transitive. Recall that the circulant
graph C(n; d1, d2) has vertex set {0, 1, . . . , n− 1} and edges (i, i + ds mod n),
s = 1, 2. We will insist that gcd(n, d1, d2) = 1 so that the graphs are always
strongly connected and we can obtain a transitive semiautomaton, say, over the



The Size of Power Automata 671

alphabet {a, b}, by attaching a label to each edge. It is easy to see that the
number of zig-zags is

ζ(C(n; d1, d2)) = gcd(n, d1 − d2)

and they are all isomorphic as subgraphs of the circulant. Thus, there are
2gcd(n,d1−d2) permutation automata based on a circulant graph, though many
of them will be isomorphic.

In the following we will study a number of 1-permutation automata based
on circulants C(n; d1, d2) and compute their π, µ and µF values. We may safely
assume that 0 ≤ d1 ≤ d2 < n. Suppose e and n are coprime. Then C(n; d1, d2) is
isomorphic to C(n; ed1 mod n, ed2 mod n), so we can cover a great many cases
focusing on d1 = 0 and d1 = 1. E.g., for n prime all circulants are isomorphic to
one of those two types.

One can establish the following results.

Lemma 3. Let S be a 1-permutation automaton based on the circulant graph
C(n; 0, 1), n ≥ 2, where the switched edge is a self-loop. Then π(S) = µ(S) = 2n

and µF (S) = 2n − 1.

Lemma 4. Let S be a 1-permutation automaton based on the circulant graph
C(n; 0, 1), n ≥ 2, where the switched edge lies on the main cycle. Then π(S) =
µ(S) = 3 · 2n−2 and µF (S) = n.

Lemma 5. Let S be a 1-permutation automaton based on the circulant graph
C(n; 1, 1), n ≥ 2. Then π(S) = µ(S) = 2n and µF (S) = n.

Lemma 6. Let S be a 1-permutation automaton based on a bi-cycle where one
of the secondary edges has been switched to label a. Then π(S) = µ(S) = 2n, and
µF (S) = m(2n/m − 1) where m = gcd(n, d− 1).

We briefly indicate how to prove these lemmata. To avoid confusion, we refer
to the states of the semiautomaton as points, and denote the set of all points
by Q. In the following, we write the transition function as a right action P ′ = P ·x
of Σ∗ on the semimodule pow(Q). State then always refers to a state in the power
automaton, i.e., a set P ⊆ Q of points. P ′ is reachable from P ⊆ Q if there is
some word x ∈ Σ∗ such that P ′ = P · x. State P is reachable if P is reachable
from Q, in which case a word x such that Q · x = P is a witness for P . See [16]
for on overview of results concerning the lengths of such witnesses in the special
case where P has cardinality 1, and the automaton is deterministic.

Thus pow(A) consists of all reachable states and is natural to consider rep-
resentable operators, maps f : P(Q)→ P(Q) , such that for each subset P of Q,
there is a word x such that Pf = P · x. Every word w gives rise to a repre-
sentable operator [w] where P [w] = P ·w. Representable operators are obviously
closed under composition and thus form a monoid that acts naturally on P(Q);
the state set of pow(A) is the orbit of Q under this monoid. In some cases one
can show that the monoid of representable operators contains certain shift and
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delete operators that are sufficient to generate the whole power set of Q. If only
a part of the full power set can be generated, one may succeed in giving simple
membership conditions, which provide a count of the reachable states.

As an example, suppose that S is obtained from the permutation automaton
on C(n; 0, 1) by switching the label at a loop, say, the loop at node 0. We adopt
the convention that the nodes are numbered 0, 1, . . . , n−1, and will assume that
mods are taken whenever necessary. Thus, −1 is an alternative notation for node
n− 1, and so forth. The following operators σ and κ0 are representable:

Pσ = { i+ 1 mod n
∣∣ i ∈ P },

Pκ0 = P − {0}.

Here, σ is a cyclic shift and κ0 corresponds to deletion of point 0. To see that
both are representable, note that Pσ = P · a if 0 /∈ P or −1 ∈ P . Otherwise,
Pσ = P · ab. And Pκ0 = P · b for all P . By a sequence of shift and delete
operations we can generate an arbitrary set P ⊆ Q from Q. More precisely,
consider an arbitrary state P ⊆ Q and define the representable operator

f = σ ◦ τ−1 ◦σ ◦ τ−2 ◦ . . . ◦σ ◦ τ1 ◦σ ◦ τ0.

Here τi is κ0 if i /∈ P , and the identity operator otherwise. It is easy to check
that Qf = P .

Thus, π(S) = 2n. Moreover, µ(S) must also be equal to 2n. For suppose
p /∈ P ⊆ Q. Then there is a representable operator f similar to the one just
used such that pf �= ∅ but Pf = ∅: rotate and successively delete all the states
in P . But then any two different states P, P ′ ⊆ Q in pow(S) must have distinct
behavior and it follows that pow(S) is the minimal automaton.

It remains to determine the minimal Fischer automaton. We claim that
pow(S) has exactly two strongly connected components: the sink ∅ and the
Fischer automaton. To see that other than ∅ there is only one component, note
that the “sticky shift” operator σ0 is representable:

Pσ0 =
{
Pσ if 0 /∈ P ,
Pσ ∪ {0} otherwise.

It follows immediately that Pσ2n
0 = Q for any P �= ∅.

Summarizing, we have established lemma 3 above. What happens if we switch
the label of an edge belonging to the big cycle of length n in C(n; 0, 1)? Without
loss of generality, we may assume that the label of edge (−1, 0) is switched to b.
Then symbol a induces the operator σκ0 but symbol b induces a new operator

P−1α0 =
{
P if −1 /∈ P ,
P ∪ {0} otherwise.

Thus, −1α0 adds point 0 to P provided that P contains point −1. As a conse-
quence, the modified shift operator

Pσ′ =
{
Pσ if −2 ∈ P ,
Pσκ0 otherwise,
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is representable. This suffices to apply the argument from the previous case
and show that all states P can be reached from Q as long as −1 ∈ P or 0 /∈
P . On the other hand, it is easy to see that the property “−1 /∈ P & 0 ∈
P” is preserved under all representable operators. Hence π(S) = 2n − 2n−2 =
3 · 2n−2. As in the previous case, we can show that all states in the power
automaton have distinct behavior, so that µ(S) = 3 ·2n−2. However, the minimal
Fischer automaton is now smaller: its state set has cardinality n and has the form
{{−1}, {−1, 0}, {1}, {2}, . . .}. Thus, lemma 4 describes one of the cases where the
minimal Fischer automaton can be generated cheaply.

3 The Hardness Argument

We now turn to the Power Automaton Size problem, or PAS for short. More
precisely, given a nondeterministic automaton A, we wish to determine the size
π(A) of the accessible part of the power automaton associated with A. To see
that counting the number of states in pow(A) can be done in nondeterministic
linear space, it is best to consider a slightly more general problem: the succinct
version of the Weak Connected Component Size problem. In the ordinary version
of the problem, we are given a digraph G and a source node s, and we have to
determine the size of the weakly connected component of s. In other words, we
have to count the number of nodes of G reachable from s by some path. By the
celebrated Immerman-Szelepsényi theorem, the Weak Connected Component
Size problem is in NLOG. The corresponding reachability problem, where we
are given an additional target node t and we have to decide if t is reachable
from s, is NLOG-complete, see [6].

In the succinct version of the problem, the graph in question has N = 2n

nodes and the adjacencies between the nodes are not given by a standard data
structure, such as adjacency lists, but by a boolean circuit A. The circuit has 2n
inputs and A(x1, . . . , xn, y1, . . . , yn) = 1 iff there is an edge from node x1 . . . xn
to node y1 . . . yn. The counting problem is now solvable in NSPACE(n), and
the corresponding reachability problem is PSPACE-complete.

But PAS is clearly a special case of Weak Connected Component Size in its
succinct form: the graph has as vertex set the full power set of Q, the source
vertex is I ⊆ Q, the set of initial states of the nondeterministic machine, and
the adjacencies are given by the condition

(P, P ′) ∈ E ⇐⇒ ∃ a ∈ Σ(P · a = P ′).

The latter condition is easily expressed as a boolean circuit of size O(kn) which
codes the transition relation of the nondeterministic automaton.

To establish hardness, it is convenient to consider a decision version of PAS.
For the next theorem we have chosen PAS≥ where the input is a nondeterministic
semiautomaton A together with a positive bound B, and one has to determine
if π(A) ≥ B. Note that since NSPACE(n) is closed under complementation
by Immerman-Szelepsényi, it does not matter whether the query is phrased as



674 Klaus Sutner

“π(A) ≥ m”, “π(A) < m”, or “π(A) = m”; the problem always remains in
NSPACE(n).

Theorem 7. PAS≥, the problem of determining whether the size of the power
automaton of a given nondeterministic semiautomaton exceeds a given bound, is
PSPACE-complete.

Proof. To establish PSPACE-hardness of the problem, we use Kozen’s result
that it is PSPACE-hard to determine whether a given collection of DFAs de-
termines an empty intersection language, see [11] or [6]. The construction in the
first reference produces machines with unique final states.

So suppose we have a list A1, . . . ,Ar of DFAs over some alphabet Σ. We
assume that a, b, c are three new symbols not occurring in Σ, and set Γ =
Σ ∪{a, b, c}. Let ni be the size of machine Ai. We may safely assume that r ≥ 4
and that ni ≤ ni+1. Let pi be the least prime larger than 7, r, ni and pi−1, for
i = 1, . . . , r .

Construct new machines A′
i by attaching a cycle of length pi to Ai. The

transitions on the cycle are all labeled by b. Furthermore, at each node of the
cycle except for one, there is a self-loop labeled by the new symbol c. The one
node without a self-loop will be called the base-point of the cycle. There are
transitions labeled b from the unique final state of Ai to all the points on the
cycle Ci. Lastly, we attach a self-loop labeled a to the initial state of A.

The semiautomaton A also contains an auxiliary cycle C of length m = 7.
Again, the cycle edges are labeled b. There are self-loops at all nodes of C labeled
by all symbols in Σ as well as c. Furthermore, the loop at a selected base-point q0
is in addition labeled a. There are no transitions from or to C from any other
part of A.

Hence, A =
⊕A′

i⊕C is the disjoint union of all the DFAs with their attached
cycles plus the auxiliary cycle C. We have to count the number of states in
pow(A) that are reachable from Q =

⋃
Qi∪

⋃
Ci ∪C, the state set of A. Again,

we will refer to the states of A as points, so that state from now on always refers
to pow(A), i.e., a set of points. We will write Q′ for

⋃
Qi and C′ for

⋃
Ci.

Let us say that an input string of the form w = uaxbv is proper, where
u, x ∈ Σ∗ and v ∈ Γ ∗. Correspondingly, all states obtained from proper inputs
are proper. First consider the case u = v = ε. After the first symbol a, all the
Kozen automata are in their respective initial states and the base-point on C is
also active. Let

A(x) = { i ∈ [r]
∣∣ Ai accepts x }.

The next input symbol b will then generate the state
⋃
i∈A(x) Ci plus one point on

the auxiliary cycle C. As there is no self-loop at the base-points of the cycles Ci,
the symbol c induces a delete operation on these cycles (delete all base-points).
Symbol b, on the other hand, induces a cyclic shift. Since the lengths of these
cycles as well as the auxiliary cycle C are relatively prime, it follows from the
Chinese remainder theorem that we can generate mα(A(x)) states from Q ·axb.
Here for any subset A of [r]: α(A) =

∏
i∈A 2pi . Hence, from any proper input

uaxbv we can generate at least mα(A(x)) states.
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Improper inputs are somewhat more tedious to deal with. First, we have
the reachable states Q and ∅. Then, there are at most

∏
i∈[r] 2

ni states due
to inputs of the form Σ∗, and at most α([r]) states due to inputs of the form
Σ∗(b + c)(Γ − a)∗. Either of these states contain C as a subset. Then there
are m states due to inputs of the form Σ∗(b + c)(Γ − a)∗aΓ ∗, namely all the
single points on C. Lastly, inputs of the form Σ∗aΓ ∗ which fail to be proper can
produce at most an additional

∏
i∈[r](pi +1) states, consisting of the base-point

in C and at most one point in Qi.
Since ni ≤ pi and p1 + 1 ≤ 2pi , the number of states reachable from Q is

bounded from above by

K = 3α([r]) + m
(
1 +

∑

x

α(A(x))
)
,

where the summation is over suitably chosen factors x ∈ Σ∗ in proper inputs.
On the other hand, the number of reachable states is bounded from below by

m
∑

x

α(A(x)).

Now consider the bound B = m · α([r]).
First suppose that the acceptance languages of the Kozen automata have

non-empty intersection. Then there is some input x ∈ Σ∗ such that all DFAs are
in their accepting state after scanning x. Hence, at least B states are reachable,
as required.

On the other hand, suppose that the intersection language of the Kozen
automata is empty. Then A(x) has cardinality at most r − 1 and we have

K/B ≤ 3α([r]) + m(1 +
∑

x α(A(x)))
m · α([r])

= 3/m+
∑

x

α(A(x))/α([r]) + 1/α([r])

< 1/2 +
∑

i

2−pi + 2−
P
pi < 1.

Thus, K < B, and we are done. ��
A minor modification of the last argument also shows that it is hard to deter-

mine the size of the kernel automaton. Recall that the (full) kernel automaton of
a semiautomatonA = 〈Q,Σ, τ〉 is the subautomaton of the full power automaton
of A that is induced by the singleton states {p} for p ∈ Q.

Corollary 8. The problem of determining whether the size of the kernel au-
tomaton of a given nondeterministic semiautomaton exceeds a given bound, is
PSPACE-complete.
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Proof. Modify the machine A from the last theorem by attaching a new state q0
and transitions labeled a from q0 to the initial states of the Kozen automata as
well as to the base point of the auxiliary cycle. The old self-loops labeled a are
removed. The argument then proceeds almost verbatim as in the last proof. ��

4 Conclusion

It was pointed out by Ravikumar [14] that the uniqueness of the final states in
the Kozen automata implies that the related State Reachability Problem for the
power automaton of a nondeterministic machine is also PSPACE-complete. The
input for State Reachability is a nondeterministic machine with initial states,
say, I ⊆ Q, a target set P ⊆ Q, and one has to determine whether P = I · x
for some input x. It is not hard to modify the last construction in order to show
that State Reachability is hard even for semiautomata.

The semiautomaton A in the proof of the the theorem is of course nowhere
near transitive. We do not know if PAS remains hard for transitive semiau-
tomata, but it appears likely that even for this restricted class of machines there
is essentially no other way to determine π(A) than to construct the accessible
part of the power automaton. In fact, we do not know how to compute π(A)
efficiently even if A is a 1-permutation automaton based on a circulant, or on a
de Bruijn graph.

With respect to cellular automata, theorem 1 can be strengthened to show
that any loop-1-permutation automaton of size n whose underlying graph is a de
Bruijn graph, has a minimal Fischer automaton of size 2n−1. However, this result
is only the tip of an iceberg. For binary cellular automata of width w ≥ 2, there
are 2w−2 zig-zags and 2w · 22w−2

1-permutation automata. The following table
shows the frequencies of the differences 216 − π(A) for all binary 1-permutation
automata of width 5.

∆ 0 1 2 4 8 16 32 64
freq. 4096 512 896 480 240 208 328 352
∆ 124 128 170 256 512 1024 1052 2048
freq. 8 296 8 224 160 120 8 256

Another automata construct that is of importance in symbolic dynamics is
the kernel automaton. Surjectivity of a cellular automaton ρ is equivalent to B(ρ)
being unambiguous. As a consequence, for a surjective cellular automaton, the
states of maximal size in the kernel automaton of B(ρ) form a subautomaton,
the so-called Welch automaton. The size of the states in this subautomaton is
an important parameter, e.g., one can show that this so-called Welch index is a
homomorphism from the monoid of all epimorphisms of Σ∞ to the multiplicative
monoid of the positive natural numbers, see [9]. As we have seen, determining
the size of the kernel automaton of a semiautomaton is also PSPACE-hard.
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Bulletin EATCS, (68):134–150, June 1999. 666, 671
17. K. Sutner. Linear cellular automata and Fischer automata. Parallel Computing,

23(11):1613–1634, 1997. 668, 669
18. K. Sutner. Linear Cellular Automata and De Bruijn Automata, pages 303–320.

Volume 460 of Mathematics and Its Applications [4], 1999. 669
19. R. A. Trakhtenbrot and Y. M. Barzdin. Finite Automata: Behavior and Sythesis.

North-Holland, 1973. 666
20. N. Vorobev. On symmetric associative systems. Leningrad Gos. Ped. Inst., Uch.

Zap., 89:161–166, 1953. 666
21. B. Weiss. Subshifts of finite type and sofic systems. Monatshefte für Mathematik,

77:462–474, 1973. 667
22. S. Wolfram. Twenty problems in the theory of cellular automata. Physica Scripta,

T9:170–183, 1985. 668
23. S. Wolfram. Theory and Applications of Cellular Automata. World Scientific, 1986.

668
24. Sheng Yu. Regular languages. In G. Rozenberg and A. Salomaa, editors, Handbook

of Formal Languages, volume 1, chapter 2. Springer Verlag, 1997. 666



On the Approximability of the Steiner Tree

Problem

Martin Thimm �

Humboldt Universität zu Berlin, Institut für Informatik
Lehrstuhl für Algorithmen und Komplexität

D-10099 Berlin
thimm@informatik.hu-berlin.de

Abstract. We show that it is not possible to approximate the minimum
Steiner tree problem within 136

135
unless co−RP = NP . This improves the

currently best known lower bound by about a factor of 3. The reduction
is from H̊astad’s nonapproximability result for maximum satisfiability of
linear equation modulo 2. The improvement on the nonapproximability
ratio is mainly based on the fact that our reduction does not use variable
gadgets. This idea was introduced by Papadimitriou and Vempala.
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Lower bounds.

1 Introduction

Suppose that we are given a graph G = (V,E), a metric given by edge weights
c : E → R, and a set of required vertices T ⊂ V , the terminals. The minimum
Steiner tree problem consists of finding a subtree of G of minimum weight that
spans all vertices in T .
The Steiner tree problem appears in many different kinds of applications.

Examples are the computation of phylogenetic trees in biology or the routing
phase in VLSI-design.
The Steiner tree problem is well known to be NP -complete even in the very

special cases of Euclidian or rectilinear metric. Arora [1] has shown that Euclid-
ian and rectilinear Steiner tree problems admit a polynomial time approximation
scheme, i.e. they can be approximated in polynomial time up to a factor of 1+ ε
for any constant ε > 0. In contrast to these two special cases the Steiner tree
problems is known to be APX-complete [2,5] which means that unless P = NP
there does not exist a polynomial time approximation scheme for this problem.
During the last ten years a lot of work has been done on designing approxi-

mation algorithms for the Steiner tree problem [16,4,14,10,9]. The currently best
approximation ratio is 1.550 and is due to Robins and Zelikovsky [15]. For more
details on approximation algorithms for the Steiner tree problem see [7].
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But very little is known about lower bounds. The presently best known lower
bound is 1.0025 and follows from a nonapproximability result for V ERTEX-
COV ER in graphs of bounded degree [3]. We improve this bound by about a
factor of 3.
The improvement on the nonapproximability ratio is mainly based on the fact

that our reduction does not use variable gadgets. This idea was introduced by
Papadimitriou and Vempala [13]. They prove that the (symmetric) traveling
salesman problem cannot be approximated within 129

128 , unless P = NP .
We reduce from H̊astad’s nonapproximability result for maximum satisfiabil-

ity of linear equations modulo 2 with three variables per equation, MAX-E3-
LIN -2, [8]. Our construction uses two types of gadgets. There is one “equation
gadgets” for each equation in the MAX-E3-LIN -2 instance. We also have “edge
gadgets” which connect the nodes of the equation gadgets corresponding to lit-
erals x and x̄ in a special way that is induced by some d-regular bipartite graph.
We prove that if this graph is an expander then every optimal Steiner tree for this
instance has a special structure which allows us to derive a legal truth assignment
for the MAX-E3-LIN -2 instance (without relying on variable gadgets).
Our nonapproximability ratio heavily depends on the parameters of the above

mentioned expanders, namely the degree d and the expansion coefficient c. In [17]
the existence of such graphs is proved by counting arguments. We adapt the proof
of Sarnak’s result [17] for our purpose.
The rest of the paper is organized as follows: In Section 2 we describe the

reduction in detail and in Section 3 we prove our main theorem. The existence
of the expander graphs needed in the reduction is proved in Section 4. In the last
Section we shortly discuss some ideas how to possibly improve our main result.

2 The Reduction

2.1 The Graph

We reduce from H̊astad’s nonapproximability result for maximum satisfiability
of linear equations modulo 2 with three variables per equation, MAX-E3-LIN -
2, [8].
As already mentioned in [13] we can state H̊astad’s result [8] as follows:

Theorem 1. [8] For every ε > 0 there is an integer k such that it is NP -hard to
tell whether a set of n linear equations modulo 2 with three variables per equation
and with 2k occurences of each variable has an assignment that satisfies n(1− ε)
equations, or has no assignment that satisfies more than n(1

2 + ε) equations.

We start with such an instance of MAX-E3-LIN -2, namely a set of n linear
equations modulo 2, where each equation has exactly three literals and with
exactly 2k occurences of each variable. We may also assume that each variable
appears exactly k times negated and k times unnegated and also that all equa-
tions are of the form x + y + z = 1. The latter condition can be enforced by
flipping some literals, the former by adding three copies of each equation with
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all possible pairs of literals negated. (e.g. x + y + z = 0 may be transformed to
x+ y + z̄ = 1 and we add x̄+ ȳ + z̄ = 1, x̄+ y + z = 1 and x+ ȳ + z = 1.)
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(b) The edge gadget for
the edge labeled x

Fig. 1. The gadgets

We construct an instance for the Steiner tree problem as follows:
The graph consists of several gadgets. For each equation there is an equation

gadget (see Figure 1(a)). The nodes drawn as boxes are terminals. All equation
gadgets share the node 0. The bold edges labeled with x, y and z correspond to
the variables in an equation of the form x + y + z = 1 and are not really edges
of the graph but represent whole substructures as shown in Figure 1(b). (The
edge weights and the value of d in the edge gadget will be specified later.)
As in [13] we do not use “variable gadgets” to assure a correct assignment of

the literals and its opposite. The construction will enforce this implicitly. By as-
sumption each variable appears exactly k times negated and k times unnegated.
Consider one variable, say x. In our graph we then have k edge gadgets that
correspond to the occurences of x and k edge gadgets for the occurences of x̄.
We now connect these edge gadgets in the following way: Suppose we are given a
bipartite d-regular graphH = (A∪B,E), |A| = |B| = k. Now identify a terminal
in the i-th edge gadget corresponding to an occurence of x with a terminal in
the j-th edge gadget corresponding to a occurence of x̄ iff the i-th vertex in A
is connected to the j-th vertex in B (1 ≤ i, j ≤ k) (see Figure 2).
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Fig. 2. Edge gadgets of variable x after identification of the terminals

We will see in what follows that the only thing we need to know about H is
that it is an expander, i.e. with V (H) = A ∪B, |A| = |B| = k we have that for
all S ⊂ A with |S| ≤ k

2 : |Γ (S)| ≥ c|S| for some c > 1 (where Γ (s) denotes the
set of neighbours of S).
If we now define the edge weights appropriately, our graph will have some

useful properties. First, a truth assignment for our MAX-E3-LIN -2 instance
directly yields a solution for the Steiner tree instance which has a “nice” struc-
ture: All subtrees of the resulting Steiner tree which correspond to satisfied equa-
tions have the same length ls and a special structure. Also the subtrees which
correspond to the equations that are not satisfied have some special structure
and the same length lns. Additionally we have that lns = ls+ const. By this the
length of the Steiner tree reflects the number of equations that are not satisfied.
Second, we will see that we always may assume that an optimal Steiner tree

has a simple special structure which makes it easy to define the corresponding
truth assignment.

2.2 The Edge Weights

We have already defined the graph for the Steiner tree instance. Let us now
define the edge weights. First, we want to guarantee that in any optimal Steiner
tree all the terminals in the edge gadgets have degree 1. We define the weight
of any edge in any edge gadget which is incident to a terminal to be b. Then it
suffices to have that the weight of a path (0, u•, v•) and (v•, w•, t•) is at most b.
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(Whenever we write u•, w• etc. this always means ux, wx etc. for all variables x.
To indicate that the variables should be distict we write c(t•, t�) etc. for c(tx, ty)
for all varaibles x and y with x �= y.)
Suppose now we are given a truth assignment to our MAX-E3-LIN -2 in-

stance. We define the corresponding Steiner tree as follows: Consider the nodes v•
in the edge gadgets corresponding to variables with assigned truth value 1 and
connect them to all their adjacent terminals. Now connect all these vertices v• to
the remaining nodes in the equation gadgets to get a Steiner tree in the cheap-
est possible way. If we consider an equation gadget there are four possible cases:
None, one, two or three of the nodes v• have to be connected to the tree. The
cases with one or three of these nodes correspond to equations that are satis-
fied. We want them to have partial solutions (subtrees of the equation gadgets)
of the same weight ls. If none or two nodes have to be connected to the tree,
the corresponding equations were not satisfied. The subtrees in these equation
gadgets should also have the same weight, lns.
For technical reasons which will become clear during the proof of the main

theorem we add up the edge weights of the edge gadgets and those of the equation
gadgets separatly. If we now define c(0, u•) = a, c(u•, v•) = b− a, c(v•, w•) = 0
and c(w•, t•) = b we have fullfilled the above mentioned condition. Furthermore,
connecting a vertex v• to the tree always costs b and without loss of generality
we may assume that connecting v• to the tree is the same as connecting u• to
the tree (that is to pay a in the equation gadget and b− a in the edge gadget).
Let us now define the remaining edge weights: c(0, t•) = f , where f = 2a + b,
c(s, t•) = e where e = 2

3 (a+ b) and c(t•, t�) = f (see Figure 3).
It is easy to find the optimal partial solution in all the four cases. They are

displayed in Figure 4. The subtrees corresponding to satisfied equations (one or
three variables have truth value 1) have weight 3a + 3b (Figure 4, right hand
side), those corresponding to equations that are not satisfied have weight 4a+3b
(Figure 4, left hand side). Remember that we count the weights in the edge
gadgets separatly.
The way these numbers a and b are related will become clear at the end of

the proof of the main theorem. We will also see how d, the number of terminals
in the edge gadgets, has to be chosen.
We have now fully described our Steiner tree instance and prove our main

theorem.

3 Proof of the Main Theorem

Theorem 2. No polynomial time approximation algorithm for the minimum
Steiner tree problem can have a peformance ratio below 1.0074, unless co−RP =
NP .

Proof. Given a truth assignment to our MAX-E3-LIN -2 instance. We have
already seen in the last Section how to define the corresponding Steiner tree.
The weight of this Steiner tree consists of the weight of the edge gadgets and
the weight of the equation gadgets.
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There are 3n edge gadgets, half of them correspond to literals with truth
value 1 (since each variable appears the same number of times and also the
same number of times negated and unnegated). The weight of an edge gadget is
b− a+ db so that the total weight of all edge gadgets sums up to 3

2n(b− a+ db).
The subtrees in the equation gadgets corresponding to satisfied equations have

weight 3a+3b, those corresponding to unsatisfied equations have weight 4a+3b.
Suppose the truth assignment satisfies all but M equations. Then the Steiner

tree constructed above has weight 3
2n(b− a+ db) + n(3a+ 3b) +Ma.

We call such a tree standard (for this assignment), i.e. for the collection of edge
gadget of any variable, say x, it is true that either all the nodes vx corresponing to
the occurences of the literal x are Steiner nodes or all the nodes vx̄ corresponing
to the occurences of the literal x̄ are of that kind.
To prove the theorem we have to show that an optimal Steiner tree is standard

(for some assignment). This is done in Lemma 3.
Now we use H̊astad’s result: for every ε > 0 it is NP -hard to decide whether

a set of n linear equations modulo 2 with three variables per equation has an
assignment that satisfies n(1 − ε) equations, or has no assignment that satisfies
more than n(1

2+ε) equations. By our reduction the same is true for standard trees
of length n(3

2 (db+(b−a))+(3a+3b)−ε) and n(3
2 (db+(b−a))+(3a+3b)+ 1

2a+ε).
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We get an nonapproximability ratio of

r =
3
2n(db + (b− a)) + n(3a+ 3b) + 1

2na
3
2n(db + (b− a)) + n(3a+ 3b)

.

If we set a = tb and cancel n and b, this reads as

r =
3
2 (d+ 1− t) + 3(1 + t) + 1

2 t
3
2 (d+ 1− t) + 3(1 + t)

.

With a = tb and c = b+a
b−a (see Lemma 3 below), we also get c = 1+t

1−t (t ≤ 1
3 ,

since t = c−1
c+1 and c ≤ 2). Plugging this in, we finally get

r =
3
2 (d+ 1− c−1

c+1 ) + 3(1 + c−1
c+1 ) +

1
2
c−1
c+1

3
2 (d+ 1− c−1

c+1 ) + 3(1 + c−1
c+1 )

= 1 +
c−1
c+1

3(d+ 3 + c−1
c+1 )

. (1)

With d = 6 and c = 1.5144 the theorem follows (see Lemma 4). �

Lemma 3. Every optimal Steiner tree can be transformed into a standard tree
without increasing the weight.

Proof. Given an optimal Steiner tree. Remember that we may assume that all
terminals in the edge gadgets have degree 1.
Consider all edge gadgets corresponding to one variable, say x and x̄ and the

graph Hx which shows the identification of the terminals of the edge gadgets.
We partition the node set V (Hx) into three classes Ax, Tx and Bx̄ (see Figure 5).
We then partition Ax into C1, which are the nodes in Ax that are Steiner nodes
of the tree, and U1, all other nodes in Ax. In the same way we partition Bx̄ into
C2 and U2 (see Figure 5).
Without loss of generality let |U1| ≤ |U2|. Consider the following modification

of the Steiner tree: (see Figure 5) All nodes in Ax and none in Bx̄ are Steiner
nodes after this step, all terminals in the edge gadgets are linked to these Steiner
nodes. The subtrees of those equation gadgets which contain the nodes lying in
U1 and C2 are changed. We construct them according to the new conditions
(number of vertices v• to be connected to the tree) completely new (in the
cheapest possible way).
We claim that if we modify the Steiner tree in this way , the weight of the

resulting new tree does not increase. It is easy to see that if we have done this
for all variables, one after another, the result is a tree in standard form.
It remains to show that this modification does not increase the weight of the

tree. Consider Hx. In order to connect the Steiner nodes v• in Hx to the tree we
have to pay a weight of b for each of them. So the cost to do this in the old tree
is b(|C1| + |C2|). In the new tree we only need kb with k = |U1|+ |C1|, hence
we gain b(|C2| − |U1|).
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Fig. 5. Modification of the edges of the Steiner tree in the edge gadgets

On the other hand we have to look at the newly constructed subtrees of the
equation gadgets, which contain nodes out of U1 and C2. Since the number of
nodes v• which have to be connected to the subtrees has changed, in each such
case we may have to pay an extra cost of a (see Figure 4). So the total extra
cost can be bounded by a(|U1|+ |C2|).
We are done if we can show that

(|C2| − |U1|)b ≥ (|U1|+ |C2|)a .

This inequality can be rearranged to stand as

|C2| ≥ b+ a

b− a
|U1| . (2)

Let Γ (U1) be the set of nodes in Bx̄ which are reachable from U1 by paths of
length 2. We get that Γ (U1) ⊂ C2. If we can show that

Γ (U1) ≥ b+ a

b− a
|U1|, (3)

we have proven (2).
But if we consider Hx as a bipartite graph with node sets Ax and Bx̄ and

recall that |U1| ≤ k
2 , (3) is just a typical expander condition with expansion

constant c = b+a
b−a .

It is known that such bipartite regular expanders exist, as well as how to con-
struct them probabilistically. The following Section will deal with this question
in detail. To get our nonapproximability result we use 6-regular expanders with
c = 1.5144 (see Lemma 4). �
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4 Expanders

Let G = (I ∪ O,E) a bipartite d-regular graph, d ≥ 3, |I| = |O| = n. We call G
a (n, d, c)-expander, if for all A ⊂ I, |A| ≤ n

2 and some 2 ≥ c > 1

Γ (A) ≥ c|A|. (4)

Explicit constructions of such expanders seem to be very hard. This was first
done by Margulis in [12]. He could prove that the constant c arising in his con-
struction is bounded away from 1. In [6] such a constant was explicitly calculated
by Gabber and Galil, before Lubotzky, Philips and Sarnak [11] came up with a
different construction and a better constant c.
Compared to this it is quite easy to prove the existence of linear expanders

by counting arguments.
Following the ideas of [17] we will do this in greater detail. The main result

of this Section is

Lemma 4. For sufficiently large n there exist (n, d, c)-expanders for

d > max
{
c+

3
2
,

2
2− c

,
c
2 ln(

c
2 ) + (1 − c

2 ) ln(1− c
2 )− ln(2)

c
2 ln(c)− c−1

2 ln(c− 1)− ln(2)

}
. (5)

Sketch of the proof. Let I = O = {1, 2, . . . , n} and X be a bipartite graph with
V (X) = I ∪ O. Consider d permutations π1, π2, . . . , πd of I and connect each
j ∈ I with all πr(j) ∈ O, 1 ≤ r ≤ d. We get a bipartite d-regular (multi)graph.
Let us call π = (π1, π2, . . . , πd) bad, if there is a set A ⊂ I, |A| ≤ n

2 and a set
B ⊂ O, |B| = c|A| such that πj(A) ⊂ B for all j = 1, 2, . . . , d.
We will bound the number of bad π′s from above. For some given A and B,
|A| = t ≤ n

2 , |B| = ct, the number of bad π′s is

(ct(ct− 1)(ct− 2) . . . (ct− t+ 1)(n− t)!)d =
( (ct)!(n− t)!

(ct− t)!

)d
.

So the total number of bad π′s, BAD, over all A and B is given by

BAD =
∑

t≤n
2

(
n

t

)(
n

ct

)((ct)!(n− t)!
(ct− t)!

)d
. (6)

Since there are (n!)d π′s in total, we are interested in the function

R(t) =
(
n

t

)(
n

ct

)( (ct)!(n− t)!
(ct− t)!n!

)d
, 1 ≤ t ≤ n

2
, (7)

especially for n→∞.
R(t) → 0 for n → ∞ means that if we pick a π randomly to construct our

graph X , we will get a (n, d, c)-expander with very high probability.
We proceed as follows: To analyse the function R(t) we consider its continuous

version and its first derivative. We show that R′(t) ≈ R(t) ln(f(t)) for some
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function f . By looking at f we can prove that R(t) decreases in the interval
1 ≤ t ≤ α for some α that only depends on c and d and inreases for all other
values of t up to n

2 . We bound the values of R(1), R(
√
n) and R(n2 ) to give upper

bounds on (6) by
√
nR(1) + αnR(

√
n) + n

2R(
n
2 ).

�

5 Discussion

Table 1 may help to see the numbers hidden in (5). The general form (1) of
our main result – the nonapproximability ratio is just a function of c and d –
immediately gives better results if better expanders are found. For example, an
(n, 5, 7

4 )-expander would give a ratio of 1.011.
We believe that using this method a nonapproximability ratio of about 1.01

is within reach.

Table 1. Some values for c and d in (5)

d 3 4 5 6 7 8 10 15 50 100

c 1.162 1.310 1.425 1.514 1.583 1.637 1.716 1.821 1.954 1.978
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7. C. Gröpl, S. Hougardy, T. Nierhoff, H. J. Prömel, Approximation algorithms
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Abstract. The primary structure of a ribonucleic acid (RNA) molecule
can be represented as a sequence of nucleotides (bases) over the four-
letter alphabet {A, C, G, U}. The RNA secondary and tertiary structures
can be represented as a set of nested base pairs and a set of crossing base
pairs, respectively. These base pairs form bonds between A− U , C −G,
and G − U .
This paper considers alignment with affine gap penalty between two RNA
molecule structures. In general this problem is Max SNP-hard for tertiary
structures. We present an algorithm for the case where aligned base pairs
are non-crossing. Experimental results show that this algorithm can be
used for practical application of RNA structure alignment.

1 Introduction

Ribonucleic Acid (RNA) is an important molecule which performs a wide range
of functions in biological systems. In particular it is RNA (not DNA) that con-
tains genetic information of viruses such as HIV and therefore regulates the
functions of such viruses. RNA has recently become the center of much attention
because of its catalytic properties, leading to an increased interest in obtaining
structural information.
It is well known that secondary and tertiary structural features of RNAs

are important in the molecular mechanism involving their functions. The pre-
sumption, of course, is that to a preserved function there corresponds a preserved
molecular conformation and, therefore, a preserved secondary and tertiary struc-
ture. Hence the ability to compare RNA structures is useful [8,16,6,9,1,5]. In
many problems involving RNAs [3,13], it is actually required to have an align-
ment between RNA structures in addition to a similarity measure [14].
RNA secondary and tertiary structures are represented as a set of bonded

pairs of bases. A bonded pair of bases (base pair) is usually represented as an
edge between the two complementary bases involved in the bond. It is assumed
that any base participates in at most one such pair. If there is no crossing in the
set of edges representing a structure, the structure is considered as secondary
structure. Otherwise, the structure is considered as tertiary structure.
� Research supported partially by the Natural Sciences and Engineering Research
Council of Canada under Grant No. OGP0046373.
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In [16], edit distance, a similarity measure, between RNA structures is pro-
posed. This measure takes into account the primary, the secondary and the
tertiary information of RNA structures. This measure treats a base pair as a
unit and does not allow it to match to two unpaired bases. In general this is
a reasonable model since in RNA structures when one base of a pair changes,
we usually find that its partner also changes so as to conserve that base pair.
Computing edit distance for tertiary structures is proved to be NP-hard [16].
An efficient algorithm has also been developed to compute edit distance when

at least one of the structures involved is a secondary structure [16]. In [4], a
method was proposed to deal with the practical problem of comparing RNA
tertiary structures. The edit distance between two RNA structures corresponds
to an optimal mapping between them: in fact, this mapping induces an alignment
between RNA structures. The problem with this induced alignment is that it may
contain some small gaps. In general, if possible, longer gaps are preferred. The
reason is that it is hard to delete the first element, but after that to continue
deleting is much easier. A better alignment can be achieved by introducing a gap
opening penalty. This kind of affine gap penalty has long been used in sequence
alignment [7]. In this paper we consider RNA structural alignment with affine
gap penalty.
Another line of works are primary structure based where the comparison is

basically done on the primary structure while trying to incorporate secondary
structure data [1,5]. The weakness of this approach is that it does not treat a
base-pair as a whole entity. For example, in the comparison of two RNAs, a base
pair from one RNA can have one nucleotide deleted while the other nucleotide
matched to a nucleotide (unpaired or even paired) in the other RNA. Our method
treats base-pairs as units, and is closer to the spirit of the comparative analysis
method currently being used in the analysis of RNA secondary structures either
manually or automatically.
Recently an improved edit distance model was proposed [10] to measure the

similarity between RNA structures. Unfortunately, even for secondary structures,
optimal solution exists only for special scoring schemes. Therefore this paper is
based on the model defined in [16].
Results
We show that computing alignment between RNA tertiary structures is Max
SNP-hard. This means that there is no polynomial time approximation scheme
(PTAS) for this problem unless P=NP. We present an algorithm for the case
where aligned base pairs are non-crossing. With experiments on real RNA data,
we then show that this algorithm can be used to compute alignment between
RNA tertiary structures in practical applications.

2 RNA Structural Alignment

An RNA structure is represented by R(P ), where R is a sequence of nucleotides
with r[i] representing the ith nucleotide, and P ⊂ {1, 2, · · · , |R|}2 is a set of
pairs of which each element (i, j), i < j, represents a base pair (r[i], r[j]) in R.
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We use R[i, j] to represent the subsequence of nucleotides from r[i] to r[j]. We
assume that base pairs in R(P ) do not share participating bases. Formally for
any (i1, j1) and (i2, j2) in P , j1 �= i2, i1 �= j2, and i1 = i2 if and only if j1 = j2.
Let s = r[k] be an unpaired base and p = (r[i], r[j]) be a base pair in R(P ).

We define the relation between s and p as follows. We say s is before p if k < i.
We say s is inside p if i < k < j. We say s is after p if j < k.
Let s = (r[i], r[j]) and t = (r[k], r[l]) be two base pairs in R(P ), we define

the relation between s and t as follows. We say s is before t if j < k. We say s
is inside t if k < i and j < l. We say s and t are crossing if i < k < j < l or
k < i < l < j.
For an RNA R(P ), we define pr( ) as follows.

pr(i) =
{
i if r[i] is an unpaired base
j if (r[i], r[j]) or (r[j], r[i]) is a base pair in P

By this definition pr(i) �= i if and only if r[i] is a base in a base pair of R(P )
and pr(i) = i if and only if r[i] is an unpaired base ofR(P ). If pr(i) �= i, then pr(i)
is the base paired with base i. When there is no confusion, we use R, instead
of R(P ), to represent an RNA structure assuming that there is an associated
function pr( ).
Following the tradition in sequence comparison [11,15], we define three edit

operations, substitute, delete, and insert, on RNA structures. For a given RNA
structure R, each operation can be applied to either a base pair or an unpaired
base. To substitute a base pair is to replace one base pair with another. This
means that at the sequence level, two bases may be changed at the same time.
To delete a base pair is to remove the base pair. At the sequence level, this
means to delete two bases at the same time. To insert a base pair is to insert a
new base pair. At the sequence level, this means to insert two bases at the same
time. Note that there is no relabel operation that can change a base pair to an
unpaired base or vice versa.
We represent an edit operation as a→ b, where a and b are either λ, the null

label, or labels of base pairs from {A,C,G,U}×{A,C,G,U}, or unpaired bases
from {A,C,G,U}.

A A A G A A U A A U U U A C G G G A C C C U A U A A A

C G A G A U A A C A U U A C G G G A U A A A

base pair match base pair deletion

base insertion base matchgap

base pair substitution

base substitution

Fig. 1. An RNA structural alignment and the edit operations
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We call a→ b a substitute operation if a �= λ and b �= λ; a delete operation if
b = λ; and an insert operation if a = λ. (see Figure 1 as a simple illustration). Let
Γ be a cost function which assigns to each edit operation a → b a nonnegative
real number Γ (a→ b). We constrain Γ to be a distance metric.
Given two RNA structures R1 and R2, a structural alignment of R1 and R2

is represented by (R′
1, R

′
2) satisfying the following conditions.

1) R′
1 is R1 with some new symbols ′−′ inserted and R′

2 is R2 with some new
symbols ′−′ inserted such that |R′

1| = |R′
2|.

2) If r′1[i] is an unpaired base in R
′
1, then either r

′
2[i] is an unpaired base in R

′
2

or r′2[i] =
′−′. If r′2[i] is an unpaired base in R

′
2, then either r

′
1[i] is an

unpaired base in R′
1 or r

′
1[i] =

′−′.
3) If (r′1[i], r

′
1[j]) is a base pair in R

′
1, then either (r

′
2[i], r

′
2[j]) is a base pair

in R′
2 or r′2[i] = r′2[j] = ′−′. If (r′2[i], r′2[j]) is a base pair in R′

2, then either
(r′1[i], r

′
1[j]) is a base pair in R

′
1 or r

′
1[i] = r

′
1[j] =

′−′.

From this definition, it is clear that alignments preserve the order of unpaired
bases and the topological relationship between base pairs.
A gap in an alignment (R′

1, R
′
2) is a consecutive subsequence of

′−′ in ei-
ther R′

1 or R′
2 with maximal length. More formally [i · · · j] is a gap in (R′

1, R
′
2) if

either r′1[k] =
′−′ for i ≤ k ≤ j, r′1[i−1] �= ′−′, and r′1[j+1] �= ′−′, or r′2[k] =

′−′

for i ≤ k ≤ j, r′2[i− 1] �= ′−′, and r′2[j +1] �= ′−′. For each gap in an alignment,
in addition to the insertion/deletion costs, we will assign a constant, gap cost,
as the gap cost. This means that longer gaps are preferred since for a longer gap
the additional cost distributed to each base is relatively small.
Given an alignment (R′

1, R
′
2), we define single base match SM , single base

deletion SD, single base insertion SI, base pair match PM , base pair deletion
PD, and base pair deletion PI, as follows.

SM = { i | r′1[i] and r′2[i] are unpaired bases in R1 and R2}.
SD = { i | r′1[i] is an unpaired base in R1 and r′2[i] =

′−′}.
SI = { i | r′2[i] is an unpaired base in R2 and r′1[i] = ′−′}.
PM = { (i, j) | (r′1[i], r′1[j]) and (r′2[i], r′2[j]) are base pairs in R1 and R2}.
PD = { (i, j) | (r′1[i], r′1[j]) is a base pair in R1 and r′2[i] = r

′
2[j] =

′−′}.
P I = { (i, j) | (r′2[i], r′2[j]) is a base pair in R2 and r′1[i] = r

′
1[j] =

′−′}.
The cost of an alignment (R′

1, R
′
2) is defined as follows, where #gap is the

number of gaps in (R′
1, R

′
2).

cost((R′
1, R

′
2)) = gap cost×#gap

+
∑

i∈SM Γ (r
′
1[i]→ r′2[i]) +

∑
i∈SD Γ (r

′
1[i]→ λ) +

∑
i∈SI Γ (λ→ r′2[i])

+
∑

(i,j)∈PM Γ ((r
′
1[i], r′1[j])→ (r′2[i], r′2[j])) +

∑
(i,j)∈PD Γ ((r

′
1[i], r′1[j])→ λ)

+
∑

(i,j)∈PI Γ (λ→ (r′2[i], r
′
2[j]))

Given two RNA structures R1 and R2, our goal is to find the alignment with
minimum cost:

A(R1, R2) = min
(R′

1,R′
2)
{cost((R′

1, R
′
2))}.
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When gap cost = 0, this measure is the same as the edit distance between RNA
structures proposed in [16].

3 Max-SNP Hard Result

We now consider the problem of alignment between RNA structures with affine
gap penalty where both structures are tertiary structures. We show that this is
in general Max-SNP hard.
We L-reduce the problem Max-Cut to this problem. Max-Cut is Max-SNP

hard even when the degrees of the vertices in the graph are bounded by 3 [12].
Since by attaching a small constant size graph to the nodes with degree 1 or
2, we can make them to be degree 3, it is easy to see that Max-Cut problem is
still Max-SNP hard when the degrees of the vertices are exactly 3. Suppose that
we are given such a graph G = 〈V,E〉, where |V | = {v1, v2, . . . , vn}, |E| = m,
deg(v) = 3 for any v ∈ V , and K is the value of maximum cut of G.
For any vi ∈ V , construct two structures pi and qi as in Figure 2. pini consists

of the three inner most base pairs and the five bases inside these base pairs. pout
i

consists of these base pairs enclosing pini and the number of base pairs in pout
i is

a fixed constant. qout
i is identical to pout

i and qin1
i and qin2

i are identical to pini .
qin1
i is the left piece and qin2

i is the right piece.

out
out

a a a g a g a g u u u
in1q i

in2
i

p
i

p
i

q

q

i
in

i

i
p

q
a ... a u ... u a ... a u ... ua a a g a g a g u u u a a a g a g a g u u u

Fig. 2. pi and qi

Let S1 and S2 be the following structures.

S1 = p1 p2 · · · pn S2 = q1 q2 · · · qn.

For any e = 〈vi, vj〉 ∈ E, we arbitrarily choose an unpaired g from each
of pini and pinj and pair them up. At the same positions where we choose g
from pi and pj , we pair the two g of qin1

i with qin2
j , and pair the two g of qin2

i

with qin1
j . Figure 3 illustrates the case. Note that we use (g, g) for convenience,

for real RNAs we can use (c, g).
We use the following cost function: gap cost = 1, Γ ((a, u) → λ) = 1,

Γ ((g, g)→ λ) = 1, Γ ((a, u)→ (g, g)) = 2, and Γ (a→ λ) = 2.
Lemma 1. Given an alignment between S1 and S2, we can construct in poly-
nomial time another alignment having equal or smaller cost with the following
properties:
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a ... a u ... ua a a g a g a g u u u a ... a u ... ua a a g a g a g u u u

p p
ji

a ... a u ... ua a a g a g a g u u u a ... a u ... ua a a g a g a g u u ua a a g a g a g u u u a a a g a g a g u u u

q q ji

. . . . . .

. . . . . .

Fig. 3. The construction corresponding the edge 〈vi, vj〉

1. All (a, u) pairs in S1 are aligned with (a, u) pairs in S2,
2. pini is aligned to either qin1

i or qin2
i ,

3. If pini and pinj are aligned to qin1
i and qin2

j or qin2
i and qin1

j , then any (g, g)
pair between pi and pj is aligned with a (g, g) pair.

Proof (sketch). When the number of base pairs in pout
i is sufficiently large (≥

15), one can prove that it is better to align pout
i to qout

i . Then it is easy to show
that it is better to align pini to either qin1

i or qin2
i . By the construction of S2, see

Figure 3, there is no edge between qin1
i and qin1

j or qin2
i and qin2

j . Therefore only
when pini and pinj are aligned to qin1

i and qin2
j or qin2

i and qin1
j , any (g, g) pair

between pi and pj can be aligned with (g, g) pair between qin1
i and qin2

j or qin2
i

and qin1
j . ��

Lemma 2. Let A be an alignment satisfying properties in Lemma 1 and let V ′

contain the vi’s such that pini is aligned to qin1
i and V ′′ contain the vi’s such

that pini is aligned to qin2
i . Then cost(A) = 8n+7m− 6k, where k is the number

of edges between V ′ and V ′′.

Proof (sketch). Since only one of qin1
i and qin2

i is aligned, we need to delete 3n
(a, u) pairs and 2n a bases from S2. There are also n gap costs. The total cost
is 3n+4n+n = 8n. There are m (g, g) pairs in S1 and there are 2m (g, g) pairs
in S2. All (g, g) pairs corresponding to edges between V ′ and V ′′ are aligned.
And only these (g, g) pairs can be aligned. Therefore we need to delete m − k
(g, g) pairs from S1 with a cost of 3(m− k), m− k for deleting these pairs and
2(m− k) for gap cost. We also need to delete 2m− k (g, g) pairs from S2 with a
cost of 2m− k+2(m− k), 2m− k for deleting these pairs and 2(m− k) for gap
cost. Hence cost(A) = 8n+ 7m− 6k. ��
From Lemma 1 and 2, it is clear that A(S1, S2) = 8n+ 7m− 6K.
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Theorem 3. The problem of calculating A(R1, R2) is Max-SNP hard, for an
arbitrary non-trivial affine score scheme.

Proof. Since K ≥ n/2 and m = 3n/2, we have dopt = 8n+ 7m− 6K = 37n/2−
6K ≤ 31K.
Given an alignment with cost d, we construct, in polynomial time, a new

alignment with cost 8n+7m− 6k ≤ d. And this new alignment gives us a cut of
the graph G with value k. Therefore we have, d− dopt ≥ 8n+ 7m− 6k − (8n+
7m− 6K) = 6(K − k).
Since we L-reduced Max-CUT to the alignment of RNA structures, the prob-

lem of calculating A(R1, R2) is Max-SNP hard. ��

4 Algorithms

Since aligning crossing base pairs is difficult, we add one more condition in
defining the structural alignment.

4) If (r′1[i], r′1[j]) and (r′1[k], r′1[l]) are base pairs in R′
1 and (r′2[i], r′2[j]) and

(r′2[k], r
′
2[l]) are base pairs in R

′
2, then (r

′
1[i], r

′
1[j]) and (r

′
1[k], r

′
1[l]) are non-

crossing in R′
1 and (r

′
2[i], r

′
2[j]) and (r

′
2[k], r

′
2[l]) are non-crossing in R

′
2.

Therefore even though the input RNA structures may have crossing base
pairs, the aligned base pairs are non-crossing. We present an algorithm which
computes the optimal alignment based on this new alignment definition. We
show that our algorithm can be used for aligning tertiary structures in practical
application, though the alignment may not be the optimal one according to the
original definition.
In extending techniques of Gotoh [7] from sequence alignment to structural

alignment, the main difficulty is that with the deletion of a base pair two gaps
might be created simultaneously.
We use a bottom up dynamic programming algorithm to find the optimal

alignment between R1 and R2. We consider the smaller substructures first and
eventually consider the whole structures R1 and R2.

4.1 Property of Optimal Alignments

Consider two RNA structures R1 and R2, we use Γ ( ) to define γ(i, j) for 0 ≤
i ≤ |R1| and 0 ≤ j ≤ |R2|.

γ(i, 0) = Γ (r1[i]→ λ) if i = pr1(i),
γ(0, i) = Γ (λ→ r2[i]) if i = pr2(i),
γ(i, j) = Γ (r1[i]→ r2[j]) if i = pr1(i) and j = pr2(j),
γ(i, 0) = γ(j, 0) = Γ ((r1[i], r1[j])→ λ)/2 if i = pr1(j) < j,
γ(0, i) = γ(0, j) = Γ (λ→ (r2[i], r2[j]))/2 if i = pr2(j) < j,
γ(i, j) = Γ ((r1[i1], r1[i])→ (r2[j1], r2[j])) if i1 = pr1(i)<i and j1 = pr2(j)<j.
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From this definition, if r1[i] is a single base, then γ(i, 0) is the cost of deleting
this base and if r1[i] is a base of a base pair, then γ(i, 0) is half of the cost of
deleting this base pair. Therefore we distribute evenly the deletion cost of a base
pair to its two bases. The meaning of γ(0, i) is similar. When i > 0 and j > 0,
γ(i, j) is the cost of aligning base pairs (r1[i1], r1[i]) and (r2[j1], r2[j]).
We now consider the optimal alignment between R1[i1, i2] and R2[j1, j2]. We

use A(i1, i2 ; j1, j2) to represent the optimal alignment cost between R1[i1, i2]
and R2[j1, j2]. We use D(i1, i2 ; j1, j2) to represent the optimal alignment cost
such that r1[i2] is aligned to ′−′. If i1 ≤ pr1(i2) < i2, then by the definition
of alignment, in the optimal alignment of D(i1, i2 ; j1, j2), r1[pr1(i2)] has to
be aligned to ′−′. We use I(i1, i2 ; j1, j2) to represent the optimal alignment
cost such that r2[j2] is aligned to ′−′. If j1 ≤ pr2(j2) < j2, then in the optimal
alignment of I(i1, i2 ; j1, j2), r2[pr2(j2)] has to be aligned to ′−′.
In computing A(i1, i2 ; j1, j2), D(i1, i2 ; j1, j2) and I(i1, i2 ; j1, j2), for

any i1 ≤ i ≤ i2, if pr1(i) < i1 or i2 < pr1(i), then r1[i] will be forced to be
aligned to ′−′; for any j1 ≤ j ≤ j2, if pr2(j) < j1 or j2 < pr2(j), then r2[j] will
be forced to be aligned to ′−′. It will be clear (see Lemma 6, 7 and 8) that this
is used to deal with two situations: aligning one base pair among crossing base
pairs and deleting a base pair.
We can now consider how to compute the optimal alignment between

R1[i1, i2] and R2[j1, j2]. The first two lemmas are trivial, so we omit their proofs.

Lemma 4.
A(∅ ; ∅) = 0
D(∅ ; ∅) = gap cost
I(∅ ; ∅) = gap cost

Lemma 5. For i1 ≤ i ≤ i2 and j1 ≤ j ≤ j2,
D(i1, i ; ∅) = D(i1, i− 1 ; ∅) + γ(i, 0) I(∅ ; j1, j) = I(∅ ; j1, j − 1) + γ(0, j)
A(i1, i ; ∅) = D(i1, i ; ∅) A(∅ ; j1, j) = I(∅ ; j1, j)
I(i1, i ; ∅) = D(i1, i ; ∅) + gap cost D(∅ ; j1, j) = I(∅ ; j1, j) + gap cost

Lemma 6. For i1 ≤ i ≤ i2 and j1 ≤ j ≤ j2,

D(i1, i ; j1, j) = min
{
D(i1, i− 1 ; j1, j) + γ(i, 0)
A(i1, i− 1 ; j1, j) + γ(i, 0) + gap cost

Proof. If D(i1, i ; j1, j) is from D(i1, i − 1 ; j1, j), then aligning r1[i] to ′−′

does not open a gap. Therefore there is no gap penalty. If D(i1, i ; j1, j) is from
either I(i1, i − 1 ; j1, j) or an alignment such that r1[i] aligned to r2[j], then
aligning r1[i] to ′−′ opens a gap. Therefore there is a gap penalty.
Notice that if i1 ≤ pr1(i) < i, then aligning r1[i] to ′−′ means align-

ing r1[pr1(i)] to ′−′. Therefore with the deletion of a base pair, two gaps
may be opened. However aligning r1[pr1(i)] to ′−′ is indeed true in both
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D(i1, i − 1 ; j1, j) and A(i1, i − 1 ; j1, j). The reason for this is that for the
base pair (r1[pr1(i)], r1[i]), one base, r1[pr1(i)], is inside the interval [i1, i − 1]
and one base, r1[i], is outside the interval [i1, i − 1]. This means that r1[pr1(i)]
is forced to be aligned to ′−′. ��
Lemma 7. For i1 ≤ i ≤ i2 and j1 ≤ j ≤ j2,

I(i1, i ; j1, j) = min
{
I(i1, i ; j1, j − 1) + γ(0, j)
A(i1, i ; j1, j − 1) + γ(0, j) + gap cost

Proof. Similar to Lemma 6. ��
Lemma 8. For i1 ≤ i ≤ i2 and j1 ≤ j ≤ j2,
if i = pr1(i) and j = pr2(j), then

A(i1, i ; j1, j) = min





D(i1, i ; j1, j)
I(i1, i ; j1, j)
A(i1, i− 1 ; j1, j − 1) + γ(i, j)

if i1 ≤ pr1(i) < i and j1 ≤ pr2(j) < j, then

A(i1, i ; j1, j) = min





D(i1, i ; j1, j)
I(i1, i ; j1, j)
A(i1, pr1(i)− 1 ; j1, pr2(j)− 1)+
+A(pr1(i) + 1, i− 1 ; pr2(j) + 1, j − 1) + γ(i, j)

otherwise,

A(i1, i ; j1, j) = min
{
D(i1, i ; j1, j)
I(i1, i ; j1, j)

Proof. Consider the optimal alignment between R1[i1, i] and R2[j1, j]. There are
three cases: 1. i = pr1(i) and j = pr2(j), 2. i1 ≤ pr1(i) < i and j1 ≤ pr2(j) < j,
and 3. all the other cases.
For case 1, since i = pr1(i) and j = pr2(j), both r1[i] and r2[j] are unpaired

bases. In the optimal alignment, r1[i] may be aligned to ′−′, r2[j] may be aligned
to ′−′, or r1[i] may be aligned to r2[j]. Therefore we take the minimum of the
three cases.
For case 2, since i1 ≤ pr1(i) < i and j1 ≤ pr2(j) < j, both (r1[pr1(i)], r1[i])

and (r2[pr2(j)], r2[j]) are base pairs. In the optimal alignment, (r1[pr1(i)], r1[i])
may be aligned to (′−′, ′−′), (r2[pr2(j)], r2[j]) may be aligned to (′−′, ′−′), or
(r1[pr1(i)], r1[i]) may be aligned to (r2[pr2(j)], r2[j]).
If (r1[pr1(i)], r1[i]) is aligned to (′−′, ′−′), then A(i1, i ; j1, j) = D(i1, i ; j1, j).

If (r2[pr2(j)], r2[j]) is aligned to (′−′, ′−′) then A(i1, i ; j1, j) = I(i1, i ; j1, j).
If (r1[pr1(i)], r1[i]) is aligned to (r2[pr2(j)], r2[j]), then the optimal align-

ment between R1[i1, i] and R2[j1, j] is divided into three parts: 1. the opti-
mal alignment between R1[i1, pr1(i) − 1] and R2[j1, pr2(j)] − 1], 2. the opti-
mal alignment between R1[pr1(i) + 1, i − 1] and R2[pr2(j)] + 1, j − 1], and 3.
the alignment of (r1[pr1(i)], r1[i]) to (r2[pr2(j)], r2[j]). This is true since any
base pair across (r1[pr1(i)], r1[i]) or (r2[pr2(j)], r2[j]) should be aligned to ′−′

and the cost of such an alignment has already been included in part 1 and
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part 2. Hence we have A(i1, i ; j1, j) = A(i1, pr1(i) − 1 ; j1, pr2(j) − 1)+
A(pr1(i) + 1, i− 1 ; pr2(j) + 1, j − 1)+ γ(i, j).
In case 3, we consider all the other possibilities in which we cannot align r1[i]

to r2[j]. We examine several sub-cases involving base pairs.

- sub-case 1: pr1(i) > i. This means that r1[pr1(i)] is outside the interval [i1, i]
and we have to align r1[i] to ′−′.

- sub-case 2: pr2(j) > j. This is similar to sub-case 1. Together with sub-case
1, this implies that when pr1(i) > i and pr2(j) > j, even if r1[i]=r2[j], we
cannot align them to each other.

- sub-case 3: pr1(i) < i1. This is similar to sub-case 1. Together with sub-case
1, we know that if a base pair is across an aligned base pair, then it has to
be aligned to ′−′.

- sub-case 4: pr2(j) < j1. This is similar to sub-case 3. ��

4.2 Basic Algorithm

From the above lemmas, we can compute A(R1, R2)=A(1, |R1| ; 1, |R2|) using
a bottom up approach. Moreover, it is clear that we do not need to compute all
A(i1, i2 ; j1, j2). From Lemma 8, we only need to compute those A(i1, i2 ; j1, j2)
such that (r1[i1 − 1], r1[i2 + 1]) is a base pair in R1 and (r2[j1 − 1], r2[j2 + 1]) is
a base pair in R2.
Given R1 and R2, we can first compute sorted base pair lists L1 for R1 and L2

for R2. This sorted order is in fact a bottom up order since, for two base pairs s
and t, if s is before or inside t, then s is before t in the sorted list. For each
pair of base pairs L1[i] = (i1, i2) and L2[j] = (j1, j2), we use Lemma 4 through
Lemma 8 to compute A(i1 + 1, i2 − 1 ; j1 + 1, j2 − 1).
LetR1 andR2 be the two given RNA structures and P1 and P2 be the number

of base pairs in R1 and R2 respectively. The time to compute A(i1, i2 ; j1, j2) is
O((i2 − i1)(j2 − j1)) which is bounded by O(|R1| × |R2|). The time complexity
of the algorithm in worst case is O(P1 × P2 × |R1| × |R2|). We can improve
our algorithm so that the worst case running time is O(S1S2|R1||R2|) where S1

and S2 are the number of stems, i.e. stacked pairs, in R1 and R2 respectively.
The space complexity of the algorithm is O(|R1| × |R2|).
Notice that when one of the RNAs is a secondary structure, this algorithm

computes the optimal solution of the problem. Also, since the number of tertiary
interactions is relatively small compared with the number of secondary interac-
tions, we can use this algorithm to compute the alignment between RNA tertiary
structures. Essentially the algorithm tries to find the best sets of non-crossing
base pairs to align and delete tertiary interactions. Although this is not an opti-
mal solution, in practice it would produce a reasonable result by aligning most
of the base pairs [4].
We can add another step to align tertiary base pairs if they are not in conflict

with the base pairs already aligned by our algorithm. This can be considered as
a constrained alignment problem where our goal is to find the optimal alignment
using these aligned base pairs as the constraints. Due to the page limitation, we
omit the details of the constrained alignment.
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5 Experimental Results

We performed extensive experiments of our alignment algorithm on real RNA
structures. The results show that our algorithm can be used to produce high
quality alignments between RNA tertiary structures.
In our experiments, we compute alignments between RNA tertiary structures.

Figure 4 shows a 2-D drawing of two RNA structures where secondary bondings
are represented by a dash or a dot between two bases and tertiary bondings are
represented by a solid line between distant bases.
These RNA structures are taken from the RNase P Database [2]. Ribonu-

clease P is the ribonucleoprotein endonuclease that cleaves transfer RNA pre-
cursors, removing 5’ precursor sequences and generating the mature 5’ terminus
of the tRNA. Alcaligenes eutrophus is from the beta purple bacteria group and
Streptomyces bikiniensis is from the high G+C gram positive group. Notice that
both RNAs are tertiary structures.

Fig. 4. Alcaligenes eutrophus and Streptomyces bikiniensis from the RNase P
database. These images are taken from http://www.mbio.ncsu.edu/RNaseP/

We deal with tertiary structures in the following way. Given two RNA tertiary
structures, we first apply our alignment algorithm to produce an alignment where
aligned base pairs are non-crossing and then, using constrained alignment, we
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align tertiary base pairs if they are not in conflict with the base pairs already
aligned. The reason for this two step procedure is that in real RNA data, the
number of tertiary base pairs is relatively small compared with the number of
secondary base pairs. Therefore the first step will handle the majority secondary
base pairs and the second step will handle the minority tertiary base pairs.
In our experiment we compare the alignment produced by our procedure with

the alignment induced by edit distance mapping defined in [16] using Alcaligenes
eutrophus and Streptomyces bikiniensis. Figure 5 shows the two alignments. The
top one is produced by using the optimal mapping from the edit distance between
two RNAs [16]. The bottom one is produced by our alignment algorithm. It is
clear that our alignment is better. Our alignment reduces the number of small
gaps and can align tertiary base pairs. In addition, it also corrected some wrong
alignments of unpaired bases, i.e. these aligned unpaired bases scattered in the
second and third rows of the first alignment (marked by * in Figure 5).
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Alcaligenes eutrophus, Streptomyces bikiniensis: edit distance, gap_cost=0, score= 203.0
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Abstract. We prove that the class of context-free languages with poly-
nomially bounded ambiguity (PCFL) is the closure of the class of un-
ambiguous languages (UCFL) under projections which deletes Parikh
bounded symbols only. A symbol a is Parikh bounded in a language L
if there is a constant c such that no word of L contains more than c oc-
currences of a. Furthermore PCFL is closed under the formally stronger
operation of Parikh bounded substitution, i.e., a substitution which is
the identity for non Parikh bounded symbols. Finally we prove that the
closure of UCFL under union and concatenation is a proper subset of
PCFL.

1 Introduction

A context-free (for short cf) grammar is unambiguous if each word has at most
one derivation tree. Otherwise it is ambiguous. There are cf languages which
cannot be generated by unambiguous cf grammars [8]. These languages are called
(inherently) ambiguous. A cf grammar has a k-bounded ambiguity if no word
has more than k derivation trees. It is k-ambiguous if it is k-bounded but not
(k−1)-bounded. A language L is ambiguous of degree k if it is generated by a k-
ambiguous grammar, but it cannot be generated by a (k−1)-bounded grammar.
There are examples for k-ambiguous languages for each k ∈ N [6]. But even
languages with infinite degree of ambiguity exist [3]. We can distinguish these
languages by the asymptotic behavior of their ambiguity with respect to the
length of the words. The ambiguity function of a cf grammar is a monotonous
function which yields the maximal number of derivation trees for words up to
a given length. By an undecidable criterion which is related to the Pumping
Lemma it can be shown that each cycle-free cf grammar is either exponentially
ambiguous or its ambiguity is bounded by a polynomial [10,11]. Consequently
there is a gap between polynomial and exponential ambiguity. We introduce
(inherent) asymptotic ambiguity for languages similarly as above. There are
cf languages with exponential ambiguity and with Θ(nk) ambiguity for each
k ∈ N [7]. Even a linear cf language with logarithmic ambiguity is known [12].

A symbol a is Parikh bounded in a language L if there is a constant c such
that no word of L contains more than c occurrences of a. Thus c is an upper
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c© Springer-Verlag Berlin Heidelberg 2001



704 Klaus Wich

bound for the corresponding component in the Parikh mapping. A substitution
is called Parikh bounded if it is the identity for non Parikh bounded symbols. It
is easily seen that PCFL is closed under Parikh bounded substitution. We prove
that PCFL is the closure of unambiguous context-free languages (UCFL) under
Parikh bounded projection, i.e., a substitution which deletes Parikh bounded
symbols only. The construction is effective and can be computed in polynomial
time. Note that Parikh bounded projection is a special case of Parikh bounded
substitution for UCFL languages since singletons are unambiguous. Finally we
prove that the closure of UCFL under union and concatenation (UCFL[·,∪])
is a proper subset of PCFL. This class is interesting since each language in
UCFL[·,∪] is generated by a cf grammar with quadratic Earley parsing time.

2 Preliminaries

Let Σ be a finite alphabet. Let u = a1 · · · an ∈ Σ∗ be a word over Σ, where ai ∈
Σ for 1 ≤ i ≤ n. The length of u is |u| := n. For 1 ≤ i ≤ n we define u[i] = ai.
The empty word is denoted by ε. Formal languages and their concatenation are
defined as usual [1]. Let Σ and Γ be two alphabets. A substitution σ is the
homomorphic extension of a mapping σ : Σ → 2Γ

∗
. For a ∈ Σ, L ⊆ Σ∗, and

L̃ ⊆ Γ ∗, the single symbol substitution defined by σ(a) = L̃ and σ(b) = {b} for
each b ∈ Σ \ {a} is denoted [a/L̃]. We write L[a/L̃] for [a/L̃](L). For L ⊆ Σ∗

and a substitution σ we define σ(L) := {u | u ∈ σ(w) for some w ∈ L}. For
Γ ⊆ Σ the projection πΓ is the homomorphism given by πΓ (b) = b for all b ∈ Γ
and πΓ (b) = ε for b ∈ Σ \ Γ . For each w ∈ Σ∗, a ∈ Σ, and Γ ⊆ Σ we define
|w|Γ := |πΓ (w)| and |w|a := |w|{a}.

A context-free grammar is a triple G = (V, P, S), where V is a finite alphabet,
P ⊆ V × V ∗ is a finite set of productions, and S ∈ V is the start symbol.
NG := {A ∈ V | A×V ∗∩P �= ∅} is called the set of nonterminals. ΣG := V \NG

is the set of terminals. A production p = (A,α) is denoted by A → α or (A → α).
The left-, and right-hand sides of p are �(p) := A, and r(p) := α, respectively.
We call p an ε-production if r(p) = ε.

The usual way to introduce the ambiguity of a word w over ΣG is by the
number of its leftmost derivations, which are in one to one correspondence with
the derivation trees for w. This correspondence does not hold for trees which
contain nonterminals in their frontier. But in our consideration trees with this
property, especially so called pumping trees, play a crucial rule. On the other
hand we do not need the full term rewriting formalism to handle derivation trees.
Therefore we use an intermediate formalism.

Let X ∈ V ∪P and τ ∈ (V ∪P )∗. The root of Xτ is X if X ∈ V and �(X) if
X ∈ P . The root of Xτ is denoted by ↑Xτ . The projection πV (τ) is the yield of
τ denoted by ↓τ . A derivation tree ρ is either an element of V ∪{p r(p) | p ∈ P}
or it can be decomposed as ρ = τ1ρ

′τ2 such that ρ′ and τ1 (↑ρ′) τ2 are derivation
trees. The set of derivation trees of G is denoted by�(G). If ρ is a derivation tree
then the interface of ρ is the pair �ρ := (↑ρ, ↓ρ). An element from {1, . . . , |ρ|} is
said to be a node of ρ. A node ν is an internal node if ρ[ν] ∈ P and we say that



Characterization of Context-Free Languages 705

the P -label of ν is ρ[ν]. The node ν is a leaf if ρ[ν] ∈ V . The label of ν is ρ[ν] if
ν is a leaf and it is �(ρ[ν]) if ν is an internal node. Note that |↓ρ|Γ = |ρ|Γ holds
for each Γ ⊆ V . Thus |ρ|Γ is the number of leaves in ρ labeled with an element
of Γ . A node µ is an ancestor of ν if ρ = τ1 · · · τ5, µ = |τ1|+1, ν = |τ1τ2|+1, and
τ2τ3τ4, τ3 ∈ �(G) for some τ1, . . . , τ5 ∈ (V ∪P )∗. The node ν is a descendant of
µ if µ is an ancestor of ν .The node µ is a proper ancestor (descendant) of ν if µ
is an ancestor (a descendant) such that µ �= ν. Let P be a property of nodes. The
node µ is the first ancestor of ν with property P if no proper descendant of µ
which satisfies P is an ancestor of ν. The first common ancestor of two nodes ν1

and ν2 is the first ancestor of ν1 which is an ancestor of ν2. A node ν is a son of
a node µ if µ is the first proper ancestor of ν. A tree format ∆ is a mapping that
assigns to each cf grammarG a subset of�(G). The tree format defined by�(G)
for each cf grammar G is �. The set of compressed derivation trees is defined by
comp(�(G)) := {πV ∪P (ρ) | ρ ∈ �(G)}. Note that πV ∪P restricted to �(G) is
a bijection from �(G) to comp(�(G)). If ↓ρ ∈ Σ∗ then πV ∪P (ρ) coincides with
the well known left-parse. The standard derivation tree format �SΣ is defined
by �SΣ(G) := {ρ ∈ �(G) | �ρ ∈ {S} × Σ∗

G}. The language generated by G is
L(G) := {↓ρ | ρ ∈ �SΣ(G)}. The set of sentential forms is ζ(G) := {↓ρ | ρ ∈
�(G)}. In the sequel the notions language and grammar represent context-free
languages and context-free grammars, respectively. A grammar G = (V, P, S) is
cycle-free if ↑ρ = ↓ρ implies ρ ∈ V . It is reduced if either for each p ∈ P there is
a ρ ∈ �SΣ(G), such that p appears in ρ, or P = {S → S} in case L(G) = ∅. A
reduced grammar G = (V, P, S) is strongly reduced if either L((V, P,A)) �= {ε}
for each A ∈ NG or P = {S → ε} in case L(G) = {ε}. For each grammar G
there is an equivalent strongly reduced grammar which is not larger than G.
If G is a grammar, then its canonical strongly reduced equivalent grammar is
denoted by red(G). If not stated otherwise G = (V, P, S) is an implicitly “for
all” quantified cycle-free strongly reduced grammar and N = NG, Σ = ΣG,
A,B ∈ N ; a, b, c ∈ Σ; X,Y ∈ V . The ambiguity function amG : N0 → N0 is
defined by amG(n) := max

{|{ρ ∈ �SΣ(G)|↓ρ = w}|∣∣w ∈ Σ∗ ∧ |w| ≤ n
}
. The

grammar G is unambiguous if amG(n) ≤ 1 for each n ∈ N, it is of polynomially
bounded ambiguity if amG(n) = O(nk) for some k ∈ N, and it is exponentially
ambiguous if amG(n) = 2Ω(n). The set of grammars with the corresponding
asymptotic ambiguities are denoted by UCFG, PCFG, and ECFG, respectively.
The class of languages generated by unambiguous grammars, and grammars
with polynomially bounded ambiguity are called UCFL, and PCFL, respectively.
The class of languages which require an exponentially ambiguous grammar to
be generated is called ECFL. If X is a set of languages or grammars then X
denotes the set of cycle-free strongly reduced cf grammars or cf languages which
do not belong to X . Let ∆ be a tree format. The set ∆(G) is unambiguous if for
all ρ1, ρ2 ∈ ∆(G) we have �ρ1 = �ρ2 ⇒ ρ1 = ρ2. The set of grammars which are
unambiguous w.r.t.∆ is defined by U(∆) = {G cycle-free and strongly reduced |
∆(G) is unambiguous}. Note that U(�) = UCFG = U(�SΣ).
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3 Closure Properties of PCFL

Lemma 1. PCFL is not closed under length preserving homomorphisms.

Proof. Let L := ({ai$bi−1cj | i, j ≥ 1} ∪ {aibj−1$cj | i, j ≥ 1})∗ and h :
{a, b, c, $}∗ → {a, b, c}∗ be defined by h(x) = x for x �= $ and h($) = b. It
is easily seen that L ∈ UCFL. But h(L) = {aibjck | i = j ∨ j = k}∗ is an
inherently exponentially ambiguous language [7].

Definition 2. We extend N to a complete lattice by adding a maximal element
ω. Thus each subset of N ∪ {ω} has a supremum. Let L be a language over Σ.
Let Γ ⊆ Σ. The Parikh supremum is defined by Ψsup : 2Σ

∗ → (2Σ → N ∪ {ω})
where Ψsup(L)(Γ ) := sup{|w|Γ | w ∈ L}. For each grammar G = (V, P, S)
and each Γ ⊆ V , the set Γ is called Parikh bounded (Pb) if Ψsup(G)(Γ ) :=
Ψsup(ζ(G))(Γ ) < ω. A symbol X ∈ V is Pb if {X} is Pb.

The Parikh supremum is the maximum number of Γ symbols which can occur in
a word of L. We write Ψsup(L)(a) for Ψsup(L)({a}). Ψsup(L)(a) can be considered
as the supremum of the corresponding component over all Parikh vectors for L.
See [9] for the definition of Parikh vectors.

Definition 3. Let Σ and Γ be finite alphabets. A substitution σ : Σ∗ → 2Γ
∗

is
Parikh bounded for a language L ⊆ Σ∗ if for each a ∈ Σ which is not Parikh
bounded σ(a) = {a} holds. The projection πΓ (L) is a Parikh bounded projection
if Σ \ Γ contains Parikh bounded symbols only.

Lemma 4. The language class PCFL is closed under Parikh bounded substitu-
tion, Parikh bounded projection, concatenation and union.

Proof. Let L1, L2 ∈ PCFL generated by G1, G2 ∈ PCFG with disjoint sets of
nonterminals. Let a be a Parikh bounded symbol in L1 with the Parikh supre-
mum k. We can construct a grammar for L1[a/L2] by replacing each occurrence
of an a by the start symbol of G2. Then each word of L1[a/L2] consists of a word
from L1, where all occurrences of a in w (at most k many) have been replaced
by words of L2. Each inserted word is specified by the positions where it starts
and ends. Therefore the number of possible factorizations is bounded by O(n2k).
Since ambiguity functions are monotonous the ambiguity of a word of length n
in L1[a/L2] is bounded by O(amG1(n) · (amG2(n))k ·n2k), which is polynomially
bounded. Each Parikh bounded substitution can be written as a sequence of
single symbol substitutions. For the Parikh bounded projection πΣG1\{a}(L1),
concatenation, and union we obtain the better upper bounds O(amG1(n) · nk),
O(amG1(n) · amG2(n) · n), and O(amG1(n) + amG2(n)), respectively. ��

4 Types of Symbols, Productions, Trees and Tree
Formats

Definition 5. We say A derives B, denoted by A � B, if there exists ρ ∈ �(G)
such that ↑ρ = A and |ρ|B > 0. We define an equivalence relation ≡ by: A ≡ B
if A � B ∧ B � A. The equivalence class of A is denoted by [A].
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Lemma 6. Let X ∈ V , ΓX = {A ∈ N | A � X} and Ψ := Ψsup((V, P, S)). Then
Ψ(ΓX) = Ψ(X).

Proof. Since each Element of ΓX can generate at least one occurrence of X , we
obtain Ψ(ΓX) ≤ Ψ(X). On the other hand X ∈ ΓX . Therefore Ψ(X) ∈ Ψ(ΓX).
Thus the claim follows. ��
Definition 7. A production (A → α) ∈ P is called

– pumping production if |α|[A] > 0.
– descending production if it is not a pumping production.
– bounded production if it is descending and A is Parikh bounded.
– unbounded production if it is not bounded.

The sets of pumping, descending, bounded, and unbounded productions are de-
noted by, P=, P<, P<ω, and Pω, respectively.

On a path from a leaf to the root a pumping production can occur arbitrarily
often, while a descending production can occur only once. Hence the maximal
number of occurrences of a descending production in an arbitrary derivation tree
is bounded by the Parikh supremum of its left-hand side. Bounded productions
will play a particularly crucial role in the sequel.

Definition 8. A derivation tree ρ ∈ �(G) is a pumping tree if |ρ|↑ρ > 0, it is
a partial pumping tree if |ρ|[↑ρ] > 0, and it is an unbounded production tree if
it doesn’t contain a bounded production, i.e., |ρ|P<ω = 0. The set of pumping,
partial pumping,and unbounded production trees, are denoted by �(G), �[ ] (G),
and �ω (G), respectively. The corresponding tree formats are �, �[ ] , and �ω . For
an arbitrary tree format ∆ the tree formats ∆ω and ∆<ω are defined by the
restriction of ∆ to trees with non Parikh bounded and Parikh bounded roots,
respectively.

Note that each tree obtained from a pumping tree by cutting off some subtrees
is a partial pumping tree.

Definition 9. A symbol X is pumpable, if there is a ρ ∈ �(G) such that |ρ|X >
|↑ρ|X .

Lemma 10. A symbol X is pumpable if and only if it is not Parikh bounded.

Proof. IfX is pumpable then by definition we have a pumping tree, which pumps
occurrences of X . Hence X is not Parikh bounded. If X is not Parikh bounded,
we choose a word with sufficiently many occurrences of X . We mark them ac-
cording to Ogden’s iteration Lemma [1] for context-free grammars, and obtain
a pumping tree which is appropriate to show the pumpability of X . ��

In the sequel we will use the notion pumpable symbol synonymous for non
Parikh bounded symbols, without explicitly referencing the previous lemma.
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5 Computation of Parikh Suprema

There is a polynomial time algorithm which takes a pair, consisting of a reduced
grammar G = (V, P, S) and an alphabet Γ ⊆ V (in a binary encoding), as
the input and computes Ψsup(G)(Γ ). The algorithm works as follows: First we
compute directlyPumpable := {X | ∃p ∈ P= : |r(p)|X > |�(p)|X}. Then we
compute Pumpable := {Y | X ∈ directlyPumpable ∧ X � Y }. It is easily seen
that Pumpable is the set of pumpable symbols. The set Γ ⊆ V is not Parikh
bounded if and only if at least one X ∈ Γ is not Parikh bounded. Hence we can
determine by the algorithm above whether Γ is Parikh bounded or not. If Γ is
not Parikh bounded then Ψsup(G)(Γ ) = ∞. Otherwise we proceed as follows:
First we construct G′ by erasing all productions p where �(p) is a pumpable
symbol and by erasing all occurrences of pumpable symbols in right-hand sides
of productions. By Lemma 6 no Parikh bounded symbol can ever be generated by
a pumpable symbol. Hence G′ is reduced. Again by Lemma 6 the Parikh bound is
an invariant w.r.t. the equivalence ≡. Hence we can replace each occurrence of a
symbol by its equivalence class and obtain grammar G′′. The remaining pumping
productions all have the form [X ] → [X ] and can be eliminated to obtain G′′′.
It is easily seen that Ψsup(G)(Γ ) = Ψsup(G′′′)(Γ ′) for Γ ′ := {[X ] | X ∈ Γ}. Since
the grammar G′′′ has descending productions only �(G′′′) is finite. Obviously
we can explore all the trees in �(G′′′) to compute the Parikh supremum in
exponential time. But we can use dynamic programming methods to compute
the Parikh bound efficiently. Let G′′′ = (V, P, S). We can allow productions as
start symbols with the semantic that this production has to be the first one in
each derivation tree. Obviously this definition does not increase the generative
power of cf grammars. We compute for each µ ∈ P ∪V the Parikh supremum of
Γ ′ in the grammar (V, P, µ). For µ ∈ ΣG′′′ the task is trivial. Starting with the
terminals we compute Ψsup(G′′′)(Γ ′) bottom up by the use of the equation:

Ψsup((V, P,X))(Γ ′) =
{
max{Ψsup((V, P, ν))(Γ ′) | ν ∈ P ∩X × V ∗} if X ∈ V∑k

i=1 Ψsup((V, P,Xk))(Γ ′) if X = A → X1 · · ·Xk ∈ P

6 Characterization of PCFL

Theorem 11 ([11]). U(�) ⊆ ECFG.

The idea of the proof is as follows. If G /∈ U(�) then there exist two different
pumping trees ρ1, ρ2 with a common interface. Thus we can construct trees
which contain chains of n such pumping trees. Their interfaces do not depend
on the chosen pumping trees at an arbitrary position in the chain. Hence we
have at least 2n ways to construct derivation trees of that kind, all having the
same interface. To be sure that this idea yields exponential ambiguity we need
the fact that the grammar is cycle-free and strongly reduced. Even U(�) ⊆
PCFG and the undecidability of U(�) have been proved in [11]. But we will use
Theorem 11 only. Included in our final result we will get an alternative proof for
U(�) ⊆ PCFG . As an immediate consequence of the definitions we obtain the
following Lemma:



Characterization of Context-Free Languages 709

Lemma 12. Let ∆1 and ∆2 be tree formats. Then (∀G : ∆1(G) ⊆ ∆2(G)) ⇒
U(∆2) ⊆ U(∆1).

Lemma 13. Let ∆, ∆1, and ∆2 be tree formats such that: ∀G : ∆(G) ⊆ ∆1(G)∪
∆2(G) and {�ρ | ρ ∈ ∆1(G)} ∩ {�ρ | ρ ∈ ∆2(G)} = ∅. Then U(∆1) ∩ U(∆2) ⊆
U(∆).

Proof. Let G ∈ U(∆1) ∩ U(∆2) and ρ1, ρ2 ∈ ∆(G) such that �ρ1 = �ρ2. In case
ρ1 ∈ ∆1(G), the assumption ρ2 ∈ ∆2(G) would lead to a nonempty intersection
of the interfaces of ∆1(G) and ∆2(G), contradicting our requirements. Hence
ρ2 ∈ ∆1(G) too. Thus ρ1 = ρ2 follows from G ∈ U(∆1). The assumption ρ1 ∈
∆2(G) yields in an analogous manner ρ1 = ρ2. Hence G ∈ U(∆). ��
Lemma 14. U(�) = U(�[ ] ).
Proof. Since �(G) ⊆ �[ ] (G) for each grammar G the inclusion U(�[ ] ) ⊆ U(�)
is a consequence of Lemma 12. Let G ∈ U(�). Choose arbitrary ρ1, ρ2 ∈ �[ ] (G)
such that �ρ1 = �ρ2. We have to show that this implies ρ1 = ρ2. By definition
of �[ ] there is a B ∈ N such that B is contained in the yield and ↑ρ1 ≡ B. By
definition of ≡ this implies that there is a derivation tree ρ = τ1(↑ρ1)τ2 ∈ �(G)
such that ↑ρ = B. Then we obtain that τ1ρ1τ2 and τ1ρ2τ2 are pumping trees
with a common interface. Since G ∈ U(�) this implies τ1ρ1τ2 = τ1ρ2τ2. By left-
and right cancellation we obtain ρ1 = ρ2. Thus G ∈ U(�[ ] ). ��
Lemma 15. U(�) ⊆ U(�ω).
Proof. Let G ∈ U(�). Choose arbitrary ρ1, ρ2 ∈ �ω(G) such that �ρ1 = �ρ2.
Then X := ↑ρ1 is pumpable. Hence by definition there is a derivation tree
ρ = τ1Xτ2 ∈ �(G), such that |ρ|X − |↑ρ|X > 0. Now either X = ↑ρ then
|τ1τ2|↑ρ = |τ1(↑ρ)τ2|↑ρ − |↑ρ|↑ρ = |ρ|X − |↑ρ|X > 0 or ↑ρ �= X then |τ1τ2|↑ρ =
|τ1Xτ2|↑ρ = |ρ|↑ρ > 0 since ρ ∈ �(G). Hence in both cases |τ1τ2|↑ρ > 0. This
implies τ1ρ1τ2, τ1ρ2τ2 ∈ �(G). Now G ∈ U(�) implies τ1ρ1τ2 = τ1ρ2τ2. By left-
and right cancellation we obtain ρ1 = ρ2. Hence G ∈ U(�ω). ��
Lemma 16. Let ρ ∈ �(G). If ρ contains a node ν labeled with a Pb symbol A
then each ancestor of ν is labeled with a Pb symbol.

Proof. If ν′ is an ancestor of ν labeled with B then B generates A (i.e. B � A).
Thus by Lemma 6 we have Ψsup(B) ≤ Ψsup(A). Hence B is a Pb symbol. ��
Lemma 17. Let ρ ∈ �(G). Let ν1 and ν2 be two nodes labeled with a Pb sym-
bol where neither one is an ancestor of the other. Then there is a node ν <
min{ν1, ν2} such that the P -label of ν is a bounded production.

Proof. Let ν be the first common ancestor of ν1 and ν2. Then ν ≤ min{ν1, ν2}.
Since neither one is an ancestor of the other ν < min{ν1, ν2}. By Lemma 16 the
node ν and two distinct sons of ν are labeled with Pb symbols. But among the
descendants of a pumping production there is at most one Pb symbol. Therefore
the P -label of ν must be a descending production. Thus we obtain that the P -
label of ν is a bounded production. ��
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Corollary 18. Let ρ ∈ �(G). If ρ contains more than one leaf labeled with a
Pb symbol then ρ /∈ �ω (G).

Proof. Let ν1, ν2 be two distinct leaves of ρ labeled with a Pb symbol . Obviously
neither is an ancestor of the other. Hence by Lemma 17 the tree ρ contains a
bounded production. ��
Lemma 19. Let ρ ∈ �<ω(G). If |ρ|[↑ρ] = 0 then ρ /∈ �ω (G).

Proof. By definition ↑ρ is a Pb symbol. Hence ρ contains a node ν, labeled
with a symbol in [↑ρ], which has no descendants in [↑ρ]. If |ρ|[↑ρ] = 0 then this
node cannot be a leaf, i.e., there is a production p which is the P -label of ν.
This production is descending by the choice of ν. Moreover �(p) ∈ [↑ρ] is Parikh
bounded. Thus p is a bounded production, which implies ρ /∈ �ω (G). ��
Immediately by Corollary 18 and Lemma 19 we obtain:

Lemma 20. If ρ ∈ �ω<ω(G) then ρ contains exactly one leaf labeled with a
Pb symbol and this symbol is in [↑ρ].
Lemma 21. �ω<ω(G) = �[ ]<ω(G).

Proof. The inclusion �ω<ω(G) ⊆ �[ ]<ω(G) is an immediate consequence of
Lemma 20. Let ρ be an arbitrary element of �[ ]<ω(G). Then ρ contains a leaf
ν labeled with a symbol A ∈ [↑ρ]. Since ↑ρ is Pb it suffices to show that an
arbitrary internal node µ of ρ must not have a bounded production as its P -
label. First assume µ is an ancestor of ν labeled B. Then ↑ρ � B � A � ↑ρ since
A ∈ [↑ρ]. Hence B ∈ [↑ρ]. But then the first ancestor of ν which is a son of µ
is in [↑ρ] as well. This implies that the P -label of µ is a pumping production p.
Thus p is not bounded. Now assume µ is no ancestor of ν, then the first common
ancestor of µ and ν is a pumping production capable to pump the label of µ and
again the P -label of µ must not be a bounded production. ��
Theorem 22. PCFG ⊆ U(�) ⊆ U(�ω ).
Proof. PCFG ⊆T11 U(�) ⊆L14 U(�[ ] ) ⊆L12 U(�[ ]<ω). MoreoverU(�) ⊆L15 U(�ω).
Hence U(�) ⊆ U(�ω) ∩U(�[ ]<ω). Obviously {�ρ | ρ ∈ �ω} ∩ {�ρ | ρ ∈ �[ ]<ω} = ∅
and �ω (G) ⊆ �ω(G) ∪ �ω<ω(G) ⊆L21 �ω(G) ∪ �[ ]<ω(G). Thus by Lemma 13 we
obtain U(�ω) ∩ U(�[ ]<ω) ⊆ U(�ω ). ��

Obviously U(�ω ) and U(�ω ) are closed under deletion and insertion of termi-
nals in bounded productions. Now Theorem 22 states that for the generation
of polynomially bounded ambiguity, bounded productions must be essential. If
we insert sufficiently many markers in bounded productions to destroy their ca-
pacity to cause ambiguity then the resulting grammar should be unambiguous.
This is exactly what we are about to do. Note that we will use productions of
the original grammar as marker symbols in the constructed grammar.
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Lemma 23. Each ρ ∈ (�<ω(G) ∩ (�(G) \ �ω (G))) has a unique decomposition
ρ = ξpτχ where p ∈ P<ω is a bounded production, such that pτ ∈ �(G), and
ξ �(p)χ ∈ �ω<ω.
Proof. Let ρ be an element of (�<ω(G)∩(�(G)\�ω (G))). Then ρ contains at least
on bounded production. For each internal node µ in ρ there is a uniquely defined
decomposition ρ = ξpτχ such that |ξ| = µ− 1 and pτ, ξ�(p)χ ∈ �(G). Our task
is to find the appropriate µ. Since ξ must not contain a bounded production
but p is a bounded production, the only possible candidate for µ is the smallest
integer i such that ρ[i] is a bounded production. Now we choose the uniquely
defined ξ ∈ (V ∪Pω)∗, τ, χ ∈ (V ∪P )∗, and p ∈ P<ω with the property ρ = ξpτχ
and ρ′ := ξ�(p)χ, pτ ∈ �(G). Now assume that there is a node µ′ in the χ
portion of ρ′ which is P -labeled by a bounded production. Since µ < µ′ the node
µ′ cannot be an ancestor of µ. On the other hand µ is a leaf and is therefore no
ancestor of µ′. Thus by Lemma 17 there is a node ν < µ which is P -labeled by a
bounded production, which is a contradiction to our choice of µ. That implies χ
does not contain bounded productions. Therefore ξ�(p)χ ∈ �ω (G). Finally, since
�(p) is Pb, Lemma 16 implies that ξ�(p)χ ∈ �ω<ω(G). ��
Definition 24. Let hG : (N ∪P )∗ → (N ∪ (N × (V ∪P<ω)∗))∗ be the homomor-
phism defined by hG(X) := X for X ∈ N ∪ Pω and hG(p) := (A → pu0A1 · · ·
puk−1Akpuk) for p = (A → u0A1 · · ·uk−1Akuk) ∈ P<ω. The skeleton grammar
for G = (V, P, S) is defined by s(G) := (V ∪ P<ω, P

′, S) where P ′ := {hG(p) |
p ∈ P}.
Note that restricted to compressed derivation trees the mapping hG is a bijection
from comp(�(G)) to comp(�(s(G))).

Lemma 25. G ∈ U(�ω ) ⇒ s(G) ∈ UCFG.

Proof. Observe that p ∈ P is an unbounded production of G if and only if hG(p)
is an unbounded production of s(G). Moreover Pω = P ′

ω which implies �ω (G) =
�ω (s(G)). For G ∈ U(�ω ) we must show that arbitrary ρ1, ρ2 ∈ �(s(G)) have
common interfaces only if ρ1 = ρ2. We prove this by induction on |ρ1|P<ω . The
basis is that ρ1 ∈ �ω (s(G)). Now ↓ρ1 does not contain any symbols in P<ω.
Since each production in h(P<ω) generates symbols in P<ω and �ρ1 = �ρ2 we
obtain that ρ2 is in�ω (s(G)) too. By the observation above ρ1, ρ2 ∈ �ω (G). Hence
G ∈ U(�ω ) implies ρ1 = ρ2. Assume the claim has been proved for all ρ ∈ �(s(G))
with at most n bounded productions. Let ρ1 contain n+1 bounded productions.
By Lemma 23 for i ∈ {1, 2} we can uniquely decompose ρi = ξi h(pi) τiχi
such that ρ′i := ξil(h(pi))χi ∈ �ω (s(G)), h(pi) ∈ P

′
<ω, and h(pi)τi ∈ �(s(G)).

Since all bounded productions happen to occur in h(pi)τi it follows that p1 and p2

generate the leftmost and rightmost occurrences of symbols from P<ω in ↓ρ1 and
↓ρ2, respectively. By �ρ1 = �ρ2 this implies p := p1 = p2 and �ρ′1 = �ρ′2. Now
ρ′1, ρ′2 ∈ �ω (s(G)) implies ρ′1, ρ′2 ∈ �ω (G). Since G ∈ U(�ω ) this implies ρ′1 = ρ′2.
Now p is both a terminal of s(G) and a bounded production of G. Thus h(p) =
(A → pu0A1pu1 · · ·Akpuk) for some k ∈ N, and for each j ∈ {1, . . . , k} we have
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A,Aj ∈ N and uj ∈ Σ∗. Then τi = τi,1 · · · τi,k has, for each i ∈ {1, 2}, a unique
decomposition in k derivation trees τi,1, . . . , τi,k ∈ �(s(G)) such that Aj = ↑τi,j .
Since h(p) is a descending production it cannot occur in any τi,j . Hence their
yields cannot contain a p. Therefore we can uniquely retrieve the yield of each τi,j
from ↓ρi, i.e., for each j ∈ {1, . . . , k} we have ↓τ1,j = ↓τ2,j . Hence �τ1,j = �τ2,j
for each j ∈ {1, . . . , k}. But since they must not contain h(p) they contain at
most n bounded productions. Therefore by the inductive hypothesis τ1,j = τ2,j
for each j ∈ {1, . . . , k}. This finally implies ρ1 = ρ2. ��
By elementary combinatorial considerations we obtain:

Lemma 26. s(G) ∈ UCFG ⇒ amG(n) = O(nk), where k = ψ(s(G))(P<ω).

Lemma 27. PCFG = U(�) = U(�[ ] ) = U(�ω ).
Proof. PCFG ⊆T11 U(�) ⊆L22 U(�ω ). By Lemma 14 we have U(�) = U(�[ ] ).
Finally let G ∈ U(�ω ) then s(G) ∈ UCFG by Lemma 25. Thus G ∈PCFG by
Lemma 26. ��
Theorem 28. amG = 2⊗(n) or amG = O(nk), where k = ψ(s(G))(P<ω).

Proof. If G ∈ U(�) then G ∈ECFG by Theorem 11, i.e., amG = 2⊗(n). If G ∈
U(�) then G ∈ U(�ω ) follows by Lemma 27. Thus s(G) ∈UCFG by Lemma 25
and by Lemma 26 we obtain amG(n) = O(nk). ��
Note that the value of k in the theorem above can be computed in polynomial
time w.r.t. the size of the grammar.

Theorem 29. The closure of UCFL under Parikh bounded projection coincides
with PCFL

Proof. By Lemma 4 the closure of UCFL under Parikh bounded projection
is a subset of PCFL. Let L ∈PCFL and let G = (V, P, S) ∈PCFG such
that L = L(G). Then G ∈ U(�ω ) by Lemma 27. By Lemma 25 this implies
L(s(G)) ∈UCFL. Obviously L = πV (L(s(G))). Finally we observe that πV is
Parikh bounded for L(s(G)). ��
Corollary 30. A grammar G = (V, P, S) is in PCFG if and only if (V, Pω , S)
is in U(�).

Proof. Obviously �((V, Pω , S)) = �ω (G). Hence by Theorem 27 the claim fol-
lows. ��
In general PCFG is undecidable, which has been shown in [11]. But in special
cases Corollary 30 can help us to decide whether G belongs to PCFG since there
are fewer derivation trees to consider. Furthermore the constructed grammar is
not necessarily reduced. This can be used to break it into a bunch of grammars
which are likely to be much smaller and easier to handle than the original one:

Corollary 31. Let G = (V, P, S) be a grammar and Nr := {B ∈ N | ∃p ∈
P<ω : |r(p)|B > 0}∪{S}. Then G ∈ PCFG if and only if for all A ∈ Nr we have
red((V ∪ ÑG, Pω ∪P ′, A)) ∈ UCFG, where ÑG := {X̃ | X ∈ N} is a copy of the
nonterminals disjoint from V , and P ′ := {A→ Ã | A ∈ ÑG}.
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7 The Semiring Closure of UCFL

Definition 32. If X is a language class then X [∪] and X [·] denote the closure
of X under union and concatenation, respectively. X [·,∪] denotes the closure
under union and concatenation. X [·,∪] is called the semiring closure of X.

Lemma 33. Each language in UCFL[·,∪] can be parsed by the Earley algorithm
in O(n2).

The previous lemma can be proved analogously to the proof for the quadratic
parsing time of metalinear languages [4].

Definition 34. We define Lp := {u ∈ {b, c}∗ | u = uR}, where uR is the
reversal of u. Thus Lp is the set of palindromes. Now we define L
 := {w ∈
{a, b, c,#}∗ | ∃i ∈ N : ∃u, v ∈ Lp : w = ai#uv#ai}.
Lemma 35. L
 ∈ PCFL.

Proof. Let L1 := {ai#$$#ai | i ∈ N}. Obviously L1, Lp ∈ UCFL and the
substitution [$/Lp] is Pb. By Lemma 4 this implies L
 = L1[$/Lp] ∈ PCFL. ��
Lemma 36. L
 /∈ UCFL[∪, ·].
Proof. Assume L
 ∈ UCFL[∪, ·]. By the distributive laws this is equiva-
lent to L
 ∈ UCFL[·][∪]. Thus for some k, � ∈ N, U1, . . . , U� ∈ UCFL,
and L1, . . . , Lk ∈ UCFL[·]\UCFL we have L
 = (∪�i=1Ui) ∪ (∪ki=1Li). Let us
consider Li for an arbitrary i ∈ {1, . . . , k}. Now for some minimal m ∈ N

we can write Li = Ũ1 · · · Ũm where Ũ1, . . . , Ũm ∈ UCFL. Since Li is ambigu-
ous we have m > 1. Each word in L
 contains exactly two #’s. Therefore
∀j ∈ {1, . . . ,m} : ∀u, v ∈ Ũj : |u|# = |v|#. Assume the words in Ũ1 do
not contain a # then Ũ1 only contains words of the form a∗. Recall that for
each w ∈ Li = Ũ1 · · · Ũm the number of a’s to the left of the first # must
match the number of a’s to the right of the second #. Therefore Ũ1 must be
a singleton. But then Ũ1 · Ũ2 is unambiguous contradicting the minimal choice
of m. Thus each word in Ũ1 must contain the first #. Similarly we obtain that
each word in Ũm must contain the second #. This implies that the words in
Ũ1 and Ũm consist of words of the forms a∗#{b, c}∗ and {b, c}∗#a∗, respec-
tively. Again, if the number of a’s would not be fixed we could compose words
with non matching “a” blocks. Hence Li ⊆ ani#{b, c}∗#ani for some ni ∈ N.
We define n = max{ni | i ∈ {1, . . . , k}} + 1. Let R := an#{b, c}∗#an.
Then L
 ∩ R = ((∪�i=1Ui) ∪ (∪ki=1Li)) ∩ R = ((∪�i=1Ui) ∩ R) ∪ ((∪ki=1Li) ∩ R)
= (∪�i=1Ui) ∩R = ∪�i=1(Ui ∩R). Since unambiguous languages are closed under
intersection with regular sets [5], this implies L
 ∩ R ∈ UCFL[∪]. Moreover,
unambiguous languages are closed under cancellation of singletons [5]. By can-
cellation of an# from the left-hand side and #an from the right-hand side, we
obtain LpLp ∈ UCFL[∪]. But this is false since in [3] it is proved that LpLp has
infinite ambiguity. Therefore L
 /∈ UCFL[∪, ·]. ��

As an immediate consequence of Lemmas 4, 35 and 36 we obtain:

Theorem 37. UCFL[∪, ·] � PCFL.
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8 Conclusion

We have shown that PCFL is the closure of unambiguous languages under Parikh
bounded projection. Even if we use the formally stronger operation of Parikh
bounded substitution we cannot leave PCFL. There is another nontrivial charac-
terization of PCFL which proves a gap between polynomial and exponential am-
biguity [11]. By Corollary 30 we know that exponential ambiguity is independent
from bounded productions. On the other hand ambiguity which is polynomially
bounded crucially depends on bounded productions. Recall that in the construc-
tion of the skeleton grammar we have inserted terminals in bounded productions
only. By Lemma 27 and Lemma 25 this is sufficient to destroy subexponential
ambiguity. The class PCFL is not only interesting for structural research, but
also for applications. For example, the concept of polynomially bounded ambi-
guity has been recently applied in [2].
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